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It is assumed that the investigator has set up a simple structure hypoth-
esis in the sense that he has specified the zero loadings of the factor matrix,
The maximum-likelihood method is used to estimate the factor matrix and
the factor correlation matrix directly without the use of rotation methods,
and the likelihood-ratio technique is used to test the simple structure hypoth-
esis. Numerical examples are presented.

1. Introduction and Summary

We shall be concerned with factor analysis of the confirmatory type.
It will be assumed that the experimenter has set up a particular simple
structure hypothesis in the sense that he has specified loadings in the factor
matrix that are to be zero or close to zero. In such a case the factor analysis
may be regarded as a problem of statistical estimation and hypothesis
testing. The simple structure factor matrix can be estimated directly from
the observed correlations, avoiding completely the rotational step, and
the hypothesis can be tested by a statistical test. This approach has been
considered by Anderson and Rubin [2], Howe [6], and Lawley [10], all using
the maximum-likelihood method and all arriving at essentially the same
solution. These works have not been given much attention. In fact, as far
as the writer knows, there has been no application of their method reported
in the literature. The number of existing numerical illustrations of the
method is two, viz., those given by Howe and by Lawley.

In this paper we shall consider this problem more thoroughly. We
shall show that the numerical method for obtaining the maximum-likelihood
solution involves considerable difficulties. The procedures proposed by
Howe and Lawley either fail to converge or converge at an extremely slow
rate. We shall discuss various other methods to obtain the solution. These
methods have the advantage that they always converge. One of them is
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superior to all the others and is strongly recommended. This is a generalization
of the method of resultant descents proposed by Finkel [5] as a numerical
method for minimization of a function of many variables. This method
appears to be very powerful for solving our problem. A computer program,
based on the method, will be briefly described and some results, based on
empirical and artificial data, will be presented.

2. Factor Analysis Model and Simple Structure Hypothesis

The fundamental equation of the factor analysis model is

oy y = Az + 2,

where y is a vector of p components (the test scores), z is a vector of & < p
components (the common factor scores), z a vector of p components (the
unique part of the test scores) and A = (\;,) is a p X k matrix (of factor
loadings). It is assumed that z and z are independent random vectors with
&(x) = &(2) = 0, &(22') = ¥, a diagonal matrix and &(zz’) = &, a matrix
having unities in the diagonal. From these assumptions one deduces that
the dispersion matrix = of y is given by

) T = AN + T,

The elements of A, ®, and ¥ are parameters of the model. The main
statistical problem of factor analysis is to estimate these parameters on
the basis of an estimate 8 of Z. If A, ®, ¥ satisfy (2) for a certain value of k
and T is any nonsingular k X k matrix, such that T®7T’ has unities in the
diagonal, then also A* ®* ¥ satisfy the equation for the same value of k,
where

3) A* = AT
and
“) &* = THT".

Though A* and A are equivalent from the mathematical point of view,
they may not be so from the psychological point of view. The problem of
choosing one particular psychologically meaningful A out of the infinite
set {AT'} has been called the problem of rotation, although the problem
of transformation would be a better term, since it includes also the trans-
formation to oblique factors, in which case the transformation matrix 7'
is not orthogonal and hence does not represent only a rotation. The problem
of rotation has largely rested with the psychologists, perhaps rightly so.
But once the psychological meaning is translated to mean some precisely
stated restrictions on A, it is quite conceivable that its choice will turn
out to be a problem of statistical estimation,

To resolve the problem of rotation Thurstone [14] proposed the concept
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of simple structure as a principle for finding psychologically meaningful
factors. If A,,, = 0 the mth factor does not enter into the ¢th test. The general
idea of simple structure is that if the factors have real psychological meaning,
then many tests will not depend on all the factors. The factor matrix should
have as many zero coefficients as possible. Such a matrix can then be
considered as giving the simplest structure and presumably the one with
most meaningful psychological interpretation. More precisely, ({14}, p. 335)
simple structure requires that the factor matrix A shall have the following
properties. (1) Each row of A shall have at least one zero. (2) Each column
of A shall have at least &k zeros., (3) For every pair of columns of A there
shall be several rows in which one loading is zero and one is nonzero. (4) For
every pair of columns of A a large proportion of rows shall have two zero
loadings (if k > 4). (5) For every pair of columns of A there shall preferably
be only a small number of rows with two nonzero coefficients.

These conditions are not stated in a mathematically precise form. It is
therefore extremely difficult to tell whether, for a given Z, such a simple
structure exists or not or, if it exists, to tell whether it is unique or not.
Relersgl [12] investigated these conditions and modified them so as to effect
identification, He assumes that there are at least k zeros in each column of A.
Let A, (m = 1, 2, --- | k) be the submatrix of A that has zero elements
in the mth eolumn. Reiersgl further assumes that () the rank of A,,is kb — 1,
(i1} the rank of each submatrix obtained by deleting a row of A, is k — 1,
(iii) the addition to A, of any row of A not contained in A,, increases the
rank to k. Then if ¥ is identified, a necessary and sufficient condition for
the identification of A is that A does not contain any other submatrices
satisfying (1), (i), and (iit) ([12], Theorem 9.2.).

In this paper we shall use the term simple structure for any factor
matrix having zeros in specified positions. We shall assume that the experi-
menter has set up a particular simple structure hypothesis in the sense
that he has specified the zero positions in A, If the experimenter is not able
to specify such a hypothesis, it is suggested that he divide the sample randomly
into two halves and use one half to generate such a hypothesis and the other
1o test this hypothesis. We shall only assume that the following two conditions
are satisfied: (i) each column of A has at least k — 1 zeros and (i) the rank
of A,isk — I, m =1, 2, --- , k. It should be noted that there
are k& normalizations in @ and a minimum of k(¢ — 1) zero conditions. This
is equal to the number of elements of the transformation matrix 7. If, for
a given Z, the matrices A, ®, ¥ satisfy (2), a nonsingular transformation
matrix T exists such that A* = AT has k — 1 zeros in each column and
also satisfies the condition (ii) and such that ®* == T'®T” has unities in the
diagonal, If there are more than & — 1 zeros specified in one or more columns
of A, then there may be more conditions than are required to take out the
indeterminacy in A. In this case the conditions may restrict ¥.
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3. Maximum-Likelihood Solution

In this section we shall consider the statistical problems of parameter
estimation and hypothesis testing associated with the model presented in
the previous section. We shall use the method of maximum likelihood for
parameter estimation and the likelihood-ratio technique for testing the
hypothesis. These methods have been previously applied 1o the same problem
by Anderson and Rubin [2], Howe [6], and Lawley [10] (see also [11], ch. 6),
all arriving at essentially the same solution.

We assume that we have drawn a random sample of N observations

Y1, Y2, *+- , Yy from a multivariate normal population with dispersion
matrix Z. The mean vector of the sample is
1 N
7= 2

and the sample dispersion matrix is

1

_ 1< _ N N
S—Ng(ya—y)(ya—y) =5 2 Yai — 97

The distribution of 8 is the Wishart distribution (e.g., [1], ch. 7). The
logarithm of the likelihood function for the sample, omitting a funetion
of the observations, is given by

) = ~inllog [Z] + tr (S=27))],

where n = N — 1. We regard L as a function of the nonzero elements of A,
the nondiagonal elements of ® and the diagonal elements of ¥, defined
through the relation (2). We consider the function in the region where all
the diagonal elements of ¥ are positive and where A, ®, and ¥ are such
that 2 is positive definite. The maximum-likelihood estimates A, &, and ¥
are the values of A, ®, and ¥ that maximize the likelihood function. It can
be shown that the maximum-likelihood method is independent of the units
of measurements in the test scores in the sense that if a test score is multiplied
by a constant, the factor loadings for that test will be multiplied by the
same constant and the unique variance will be multiplied by the square
of the constant. We are thus free to use correlations as well as covariances.

Let us for the moment assume that we have obtained the maximum-
likelihood estimates A, &, and ¥. We then proceed to construct a statistical
test of our hypothesis. The hypothesis is that = is of the form (2) with a
specified k, with A having zeros in specified positions and with & having
unities in the diagonal. The maximum-likelihood estimate of £ under this
hypothesis is

S =A%A + 9.

The alternative of the hypothesis is that Z is any positive definite matrix,
Let Q be the set of all positive definite matrices of order p X p and let w be
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the set of all = of the form (2). Let Ly be the maximum of L for 2 in @ and
let L, be the maximum of L for Z in w. Then (see e.g., [1], c¢h. 3)

Ly = —in(log |S| + p)
and

L, = —in[log 2] + tr (S27%)]
80 that (—2) times the logarithm of the likelihood ratio becomes
nllog [£] — log |8] + tr (S£7Y) — pl.

This is the same expression as obtained by Lawley ([10], eq. 12). The exaet
distribution of the eriterion is not known. If n is large, however, the
distribution is approximately a x° distribution with degrees of freedom
equal to the number of restrictions on the free parameters imposed by the
hypothesis. This is a general property of likelihood-ratio tests [15]. Box [3]
has shown that it is possible to improve on this approximation simply by
multiplying the criterion by a scale factor which results in a criterion having
the same moments as x° ignoring only quantities of order ™. This requires
the calculation of the moments of the likelihood-ratio statistic, a formidable
task which has not been undertaken. The criterion will therefore be taken as

® U = nflog |£] — log |8] + tr (S£7") — p].

If m is the number of nonzero loadings in A to be estimated, the number
of degrees of freedom is

=3+ D -HE-D-—p-—m=3p—-RHe+k-1—mn

To test our hypothesis we thus compute the value of U and reject the
hypothesis at the significance level o if this value exceeds the (1 — a)th
percentile of the x* distribution with d degrees of freedom.

If the hypothesis is rejected either the number of factors or the pattern
of zeros is not tenable. The number of factors can be tested by computing the
unrestricted maximum-likelihood solution and the corresponding likelihood-
ratio statistic (e.g., [11], ch. 2). If such a test indicates that the number of
factors is tenable it is possible to test the pattern of zeros against the
alternative that £ — ¥ is positive semidefinite and of rank k. This provides
a test of the simple structure hypothesis given that &k common factors are
required.

In the preceding paragraphs it was assumed that the maximum-
likelihood estimates had been obtained. These estimates cannot, however,
be obtained essily. The reason for this is twofold. Firstly, in a medium-sized
factor analysis, with 40 tests and 10 factors, say, the number of parameters
is almost 400. Our problem is then equivalent to maximizing a function
of 400 variables. This is clearly not an easy problem. Secondly, the function
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is very complicated. If, for example, the function had been a quadratic,
the problem would have been much easier.
It will be convenient to minimize the function

F = n[log |Z]| ~ log |S] + tr (S=7") — p]

instead of maximizing the likelthood function. The funetion F is nonnegative
and is zero only when § is exactly of the form (2). This never happens with
real data. The minimum value of F is the value of the test criterion U. The
partial derivatives of F are given in [10].

9F _ y -1

Ey 2n[Z7(Z — S)Z7A®,
oF v -1
P 2nA'[Z7HZ — S)Z7A,
aF - . -1 _ -1
37 = n diag [Z7°(C — 8)27].

The elements of 9F /3 A that correspond to zero elements of A and the diagonal
elements of 0F /8% are zero.

The usual way to find the maximum-likelihood estimates is to set all
partial derivatives equal to zero and solve the corresponding equations.
In this case, however, these equations cannot be solved algebraically.
Lawley [10], using the following expression for the inverse of Z,

T = T — TTAGT 4 ANTIAY AN

transformed the likelihood equations to an equivalent set of equations for
computational purposes. This set of equations is

BA = (7 + ATTA)TIANTS,
¢ = (ATA)TATTIST A AT TIA)TT — (ATTA)T,
¥ = diag (S — A®A),

where = in the first equation means that the corresponding elements are
to be equated only when they correspond in position to nonzero elements
of A. Lawley suggested an iterative procedure to solve these equations.
This procedure involves (1) finding initial estimates A, , &, , and ¥, , (ii)
using these estimates in the right-hand side of the equations to determine
new estimates A, , ¥, , and ¥, , and (ili) repeating this until convergence
is obtained. Howe [6] suggested a slightly different procedure with the object
of increasing the rate of convergence. It is extremely difficult to establish
exact conditions under which such iterative procedures converge. All we
can do is to hope that the procedures converge if the initial estimates are
close enough. In the last section of this paper we shall give an example
where Lawley’s procedure actually diverged. In cases when convergence



K. G. JORESKOG 171

oceurs it is usually very slow. It is quite possible to stop at a point in the
iteration where there is no change in the value at the decimal place to which
aceuracy is desired, and yet the correct estimate is a long way off.

Because of these difficulties we have investigated the possibilities of
solving our problem by other kinds of methods. Efficient numerical methods
for minimizing a function of several variables have been devised by numerical
analysts. For a review of such methods we refer to Spang [13]. We shall
deseribe three methods here.

To simplify the description we assume that the arguments of the function
F have been arranged as a vector z of ¢ components z, , 2, -+ , %, , Where

g =m+3kE -1 +p,
and m, as before, is the number of nonzero loadings in A. We also assume
that we have found initial estimates A, , ®, , and ¥, , represented by the
vector z”. These estimates do not affect the final solution. They may,
however, affect the number of iterations required to reach the solution.
The closer the initial estimates are to the final solution the more rapidly
will the procedure converge. In all methods to be described we shall construct

a sequence of points ', z®, - -+ in ¢-dimensional space such that

F(x(t'+l)> < F(l’“)) .

The process will continue until no further decrease of the function is possible.

The first method is the method of steepest descent (see, e.g., [13]). In
this method we determine z“*" by moving from z‘ along the direction
in which the function is decreasing most rapidly. This direction is called
the (negative) gradient and is defined by the vector

@ _ a_E}
g = [ax ez

We thus determine the new point 2" as
(7) x(i-rl) = x(f) + a(i)g(i)
where o' is a suitable positive constant. If the gradient vector g** is not

zero and if the step-size o' is sufficiently small, the step will always result
in a decrease of the function. The choice of the step-size a'” is of some
importance for the rate of convergence. The optimal choice of «'* is such

that the function F is minimized on the line

y = x(i) + ,Yg(i), v > O_
The optimal value can be approximated by various interpolation procedures.
Davidon [4] has suggested finding a trial point 2’ on the line and then
interpolating cubically using the values of F and the slopes at = and 2.

This involves the computation of the function and the gradient at two
points in each iteration, but this is usually worthwhile. We have used
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Davidon’s interpolation technique not only in this but also in the other
two methods which will be described and have found that it works quite
satisfactorily.

After arriving at the new point 2"**” we again determine the gradient
and move along it. After many repetitions we arrive at a point from which
no improvement is possible, in other words, at the minimum. We know
when this happens, for at the minimum all the partial derivatives are zero,
i.e., the gradient vector is zero.

The method of steepest descent has often very slow convergence. This
is s0 because the path to the minimum is long and irregular. The step taken
in each iteration is often very small and the gradient is changed considerably
from one iteration to the next. It is possible to accelerate the convergence
by, in every third iteration, moving along the direction which is the resultant
of the two preceding gradients. We thus determine " and z“*® as in
the method of steepest descent but instead of determining 2 from z“*?
by the formula (7) we determine z°*® as

(8) x(i+3) - x(i+2) + a(i+2){x(i+2) _ x(i)].

This is the method of resultant descents proposed by Finkel [5]. If F were a
quadratic function in two variables, the resultant direction would pass
through the minimum and the function would thus be minimized in three
iterations. For nonquadratic functions further iterations would be necessary.
Finkel has reported that the method is fairly successful even for general
functions of ¢ variables. We have found that the number of iterations is
often reduced by a factor five as compared to the method of steepest descent.

The type of cycle represented by (8) will be called a eycle of order 1.
The procedure is easily generalized to cycles of higher order. Figs. 1 and 2
show examples of cycles of order 2 and 3. In these figures all directions
except those which are continuations of broken lines are taken as the gradient
direction. Each new point is taken so as to minimize the function along
the line. This guarantees that the function is decreased in each step.

In a cycle of order 1 most of the computation time is devoted to the
computation of the function and the gradient at the points z‘” and z'**?,

x(i+4)

Figure 1
A Cycle of Order 2
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Figure 2
A Cycle of Order 3

The time to compute the resultant direction is small compared to this time.
It is therefore clear that the time for a cycle of order 2 is approximately
two times larger than for a cycle of order 1, the time for a cycle of order 3 is
three times larger than for a cycle of order 1, ete. We have experimented with
cycles of orders 1, 2, 3, and 4 and have found that high-order cycles are
better far away from the minimum, whereas low-order cycles are better
in the neighborhood of the minimum.

4. Numerical Illustrations

The author has constructed a computer program for the IBM 7094.
This program performs the computations involved in the generalized method
of resultant descents as described briefly in the preceding section.

The input to the program consists of the correlation matrix S and a
specification of the zero positions of the hypothesized factor matrix. The
initial estimates A; and ®, , necessary to start the iterative procedure, may
either be determined by the program or specified by the user. In the former
case these initial estimates are determined by an oblique rotation of an
unrotated orthogonal factor matrix. The method of rotation is the least-
squares procedure deseribed in [9]. The unrotated factor matrix, necessary
for this rotation, may either be determined by the program or specified by
the user. In the former case the unrotated factor matrix is computed by the
method of Joreskog ([7], pp. 43-48). Thus there is great flexibility in the
program in that data may be analyzed making use of various results from
previous analyses.

The program is written in FORTRAN IV. The FORTRAN list and
a brief deseription [8] of the program is available from the author.

The author has also programmed Lawley’s method ({11}, pp. 82-83)
and the method of steepest descent. These methods cannot be recommended,
however, since they are usually much slower than the generalized method
of resultant descents.

In this section we shall give some results obtained by these computer
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programs. To illustrate the methods we shall use the same data as used
by Lawley [10] and Howe [6]. Lawley’s data consists of eight tests with
the following correlation matrix:

of zero and nonzero loadings:

-

1.

0.691
0.679
0.149
0.409
0.382
0.346
L0.270

1.
0.791 1.
0.285
0.505
0.443
0.471
0.355

0.314
0.472
0.372
0.426
0.254

1.

0.470
0.385
0.434
0.218

The simple structure hypothesis is represented by the following pattern

X X X o o X X

X

o o o o X X X

0

1.

0.680 1.
0.639 0.576 1.

0.504

X
0.

X X X X X e

0.452 0.39

1.4

Using only this information the program determines the following initial
estimates,

A,

I

70.229
0.167
0.

0.

0.554
0.626
0.381
10.656

0.694 0.
0.717 0.214
0.758 0.306
0. 0682
0. 0418
0. 0213
0. 0485
0. 0.

7

P,

1.
0.368 1. ;
0.485 0238 1.

¥y

0.350 |
0.215
0.222
0.535
0.203 |
0.356
0.440
L0.569.
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To save space we have here written ¥, as a column vector though it is a
diagonal matrix. The value of the function F at this initial point is

F, =10.275.

Using these initial values we have performed 180 iterations with Lawley’s
procedure. The behavior of the function in these iterations was as follows.

The procedure diverged. In the first 79 iterations the function was
decreased in a regular eyclical manner but then it started to increase rapidly.
In the 180th iteration one of the elements of ¥ became negative. We had
therefore come outside the region of definition for the function F.

The important question now arises whether actually the absolute
minimum was reached at the 79th iteration. The answer is no. The results
of the 79th iteration are

[0.286 0.658 0. | [0.361]
0.232 0.699 0.203 0.210
0. 0.780 0.367 L 0.160
A= | O 0. 0.677| & _los31 1. g, = |04
0.616 0. 0.375 0526 0.169 1.J 0.237
0.655 0. 0.214 0.378
0.456 0. 0.404 0.434
0.607 0. 0. 0.631

and the value of F at this point is
F;y = 5.468.

The maximum-likelihood estimates (correct to three decimals), obtained
by the generalized method of resultant descents, are

[0.353 0.644 0. | [0.352]
0.268 0.676 0.241 0.224
0. 0769 0.451 r 0.144
o]0 0 0651 o |goa g 0578
0.601 0.  0.369 0588 0.088 1. 0.242
0.662 0.  0.187 0.380
0440 0.  0.400 0.439
losoo 0. 0. | L0.640.]
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and the minimum value of F is
Fow = 5.202.

Inspecting the differences between A;, and A we see that the largest
difference is 0.084 for \;; . For the factor correlations the largest difference
is 0.094 for ¢,, . Thus, with Lawley’s procedure, the best possible result
i8 not correct to one deeimal. This is not considered satisfactory.

We proceed to report the analysis of the same data with the method
of steepest descent and the generalized method of resultant descents. As
mentioned already in the introduction, these methods converge by theory.,
The results can be obtained as accurately as desired. We have chosen to
terminate the procedures when all the partial derivatives are less than a
preseribed quantity e. We have used several ¢ and have found that when
e == 0.0001 the result is usually correct to three decimals.

We have performed 300 iterations with the method of steepest descent.
This procedure is extremely slow. After 300 iterations the value of F was
5.213 (c.f., Fo;, above) and the partial derivatives were still of order 1072
This is a surprising result since the method of steepest descent is generally
regarded as an efficient method for minimization. We conclude that the
method of steepest descent cannot be used for our purposes.

TABLE {1

Number of Cycles Required To Reach the Solution with
the Generalized Method of Resultant Descents

Lawley’s data Howe"s data
Cycles of Number of Number of Number of Number of
order cycles steepest descents cycles gteepest descents
i 75 i50 5 10
2 21 84 3 i2
3 k4 54 3 18
4 12 96 3 24

With the generalized method of resultant descents we have used cycles
of order 1, 2, 3, and 4. The number of cycles required to reach the solution
with ¢ = 0.0001 is given in Table 1, column 2. Since a cycle of order 2 is
equivalent to two cycles of drder 1 ete., we have, for the sake of comparison,
given in column 3 the number of times a step was taken in the direction of
the steepest descents. We thus see that the method was most effective when
we used cycles of order 3.

In his report Howe [6] has used a set of artificial data representing five
tests and two factors. The following correlation matrix was used
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- -

1.
043 1.
0.50 0.56 1.

035 040 044 1.
10.30 0.37 041 0.58 1.}

It was postulated that the first three tests should be loaded only in factor 1
and the last two tests only in factor 2. This constitutes an ideal simple
structure and the method of Howe is restricted to such cases. Our method
is not, however, restricted to such pure patterns only.

Using the initial estimates

0.6 0. [0.64]
0.7 0. 0.51
A=108 0 | &= [1' } ¥, =036,
0. 08 0.0 1. 0.36
0. 07}  0.51
the following maximum-likelihood estimates were obtained
[0.619 0. ] [0.617 ]
0.703 0. 0.505
A=|o799 0. | ¥= [1' } ¥ = |0.362].
0. 0.796 0.702 1. 0.366
0. 0.729 | 1 0.469

These results agree with those obtained by Howe. The number of cycles
required to reach the solution is given in Table 1, column 4, and the number
of steepest descents taken is given in column 5. In this case the method is
most effective with cycles of order 1. This is probably due to the fact that
the initial estimates were very good in this case.

We have deliberately chosen to illustrate the methods with small sets
of data. It should be pointed out, however, that the method is quite feasible
even with larger sets of data. We have also analyzed several other sets of
real data. The time taken to analyze Lawley’s data was approximately
10 seconds. Data with 17 tests and six factors took approximately one minute.
Another set of data with 33 fests and 10 factors took approximately six
minutes, This gives a rough idea of how fast the computation time increases
with the number of tests and the number of factors.
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