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NOTE ON EXCITATION THEORIES

GAYLORD YOUNG
The University of Chicago*

Offner’s demonstration of the excitation time equivalence, for
all currents, of the theories of Hill and Rashevsky is here extended
to a more general case which includes both. It is found that any
system of this general type may be replaced by an equivalent one of
the Rashevsky type, thus effecting considerable simplification in the
mathematical detail.

It has been shown by Offner® that the excitation equations of
Rashevsky @

d
L KI(t) —k(e—e,)
di S O
Z=MI@®) —m(i—i,)
and those of Hill®
LK1t — R (¢ —e)
N )

dv .
=M€ —e') —m (¢ —1i)

will give the same values for the excitation time (at which e = 1)
for all I(t), if the constants be related by

K=k
m=m
K =1 (K — M) S Y
MeMk—m)/(K—M)
The zero subscripts denote values at £ = 0, and 7 = %_——zf")—)— .
0 Yo

Both (1) and (2) are included under

*The author is indebted to Mr. Alvin Weinberg of the Dept. of Physics, Uni-
versity of Chieago, for verifying the computations.
Chi 1) Unpublished work of Mr. E. A. Offner, Dept. of Physiology, University of
icago.
(2)Rashevsky, N., 1983. Protoplasme, V. 20, 42.
(9 Hill, A. V., 1936. Proc. Roy. Soc. London, B, V. 119, 305. Here given in
different notation,
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g_t‘izku(e—eo) ko (i—io) +al

di SRR O
E’an(e—eo) ‘f“kzz(i—io)—,'ably

and in view of the above result it seems of interest to consider this
more general case.

Solution of Equations: The solution of a system of simultaneous
linear differential equations with constant coefficients can always be
reduced to quadratures. This may be done in a number of ways, but
perhaps the most convenient is in a notation due to Bartky.«

The system
d
dﬂ’? = K12, + + kinn + 1 ()
----- (5)
dz,
—d—-t—=kmx1+"'+knnxn+¢n(t) ,
or, in vector-matrix notation,
aX
has the general solution
t
X::e’”XO-}-eK‘fe~“q;dt ; - - - = (6)

0

where X, is the vector of initial values, and e** is a matrix which, for
a 22 matrix K, is defined as follows:

eKt=

" 68 (K — 1,E) - o M (K — LE) if by A o
(7)
efFt —eM[K— (1 —1)Eif hy=1=1 ;

where 1,, 1, are the latent roots of K, and FE is the identity matrix.
For the case n = 2, 1, =% 1., the vector integral in (6) has com-

ponents ¥,, ¥, given by
(21 - 12) Tl = (kll h— 12)111 '_I_ k12I21 i (kll — 11)112 — k'12I22

-(8)
(11 —_— 12) ¥, = k21111 + (kzz —_ }-2)121 —_ kzllm — (k22 —_— ]»1)[22

) MacMillan, W, D., Dynamics of Rigid Bodies, pp. 413-434.
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where
t
Ié;(t) = {‘(p;e—"”tdt ------ (9)
Jo

The first component of § — 5'¥ is

{ (ku — ;»2) z + k12k21} qu
+ Eio (Fous - Koo —215) Fioy

9, — —{(kn_lz) (kll_ll) +k12k21}(F211+F112) . 1
! — kyp (Boyy + oo — A — A2) (Faps + Fizo) (A —42)*
+ {(kn ‘—'11)2 "l" k112k21} F212 - - - (10)

+ Kao (Fry + Koo — 201) Fiomy
where
Fnijieht[ii . - - - - - - - (11)
Using the fact that 1,, 1, satisfy
(Frr — 2) (boy — A) =kpokny  (sothat A, - Ao =loy + kzn)
this simplifies to
Bre= {{bu — A) Fi1s -+ BioF 101 — (Biy — 4) Fope
— kioFon}/(h—4) - - - - (12)
The second component, obtained by interchanging the subscripts, is
By = {ka1Fys1 + (Koo — 42) Fzs — ks Fop — (K2 — A1)
Ford/(lh—22) o - = = - - - - (13)
Application to Excitation Theory: In (4) take x, == e — ¢,

Ty =1 —1,. Since now ¢, == b ¢, it follows from (9) and (11) that
F,; = bF,,;, and (12), (13) reduce to

----- (14)

'32 = [{kn + b (kzz — }-2) }Fln —{kn + b (kzz —1‘1) }Fzm] /(11 —-12) .
------- (15)
Since the initial conditions are z, =z, = 0 at t = 0, the first term on

the right of (6) is absent; hence x, and x. are given by (14) and (15)
respectively.

The excitation time is to be determined by setting ¢ = 1 ; that is,
x1—x2'=io""eo,01'
{k11—12""‘k21+ b(k12 _k22+ 12)} a'Jn

—{ku—lx'—kzl*‘*"b(km—kzz—'—ll)}av]zz:(]»1-“12)(7:0—60)
----- - - - (16)
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where
i
J.-,(t):e“*f[(t)e—*l'dt )
0

Denoting the respective brackets by A and B, this may be written
G;A J11~aBJ22= ().1_;52) (io"‘—eo) .

In connection with (16) consider the corresponding equation ob-
tained with different (primed) constants in (4). If the correspond-
ing 1, are equal, then J;/ = J,;; . The two equations will then be iden-
tical if

roaAd=a A’
r a-B=—-ea*B’ }

Subtracting, re(4A — B) =&/ (4’—B) orra(l — b)) = a' (1 — b’).
Using this in (17) gives

"'a'{kn""k21+ bk — 22)}:&’{k’11—k’21+ b'(k'u—"klzz)} >

------ (18)
which, with
1=11'
D=1 }- Y e )
#(1—V)=ra(l—D>)

constitutes four relations on the six quantities k;;, a, b, sufficient to
make (16) identical for the primed and unprimed systems. These re-
lations correspond to the equations (8) in the special case there con-
sidered, but are less restrictive since the latent roots in (19) may be
numbered in either order. Thus Offner’s case has the solution

Ke=m
m =k
K’ —r(K — M) Tttt (20)

M —K(k—m)/(K—M) |

as well as that, (38), given by him.

The above results show that any system of type (4) can be re-
placed, at least insofar as regards excitation time, by an equivalent
system of type (1) (or(2)). Thus the fit to observation can not be
improved by passing to the more complicated case (4) ; but, by allow-
ing for a greater variety of mechanism, this may provide a more
flexible physical interpretation of the values of the constants in (1).



