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NOTE ON EXCITATION THEORIES 

GAYLORD YOUNG 

The Universi ty of Chicago* 

Offner's demonstration of the excitation time equivalence, for  
all currents,  of  the theories of Hill and Rashevsky is here extended 
to a more general case which includes both. I t  is found that  any 
system of this general type may be replaced by an equivalent one of 
the Rashevsky type, thus effecting considerable simplification in the 
mathematical detail. 

It  has been shown by Offner (1~ that  the excitation equations of 
Rashevsky (2) 

tet ~ K I ( t )  - -  k ( e - -  eo) 

- - -  ( 1 )  
d i  
d---t - -  M I ( 0  - -  m ( i  - -  io) 

and those of Hill (8~ 

- ~  K ' I  ( t )  m t g ( e '  - -  co') 

di" 
- ~  = M~(e"  - -  co') - -  m ' ( e  - -  i,o') 

- - ( 2 )  

will give the same values for the excitation time (at which e ~ i) 
for  all I ( t ) ,  if the constants be related by 

/ ¢ ~ b  1 

m ' ~ m  
K ' ~ r ( K - - M )  . . . . .  (3) 
M ' ~ M ( k - - m ) / ( K - - M )  

(Co'-- io') The zero subscripts denote values at  t = 0, and r = 
(co - - io )  

Both (1) and (2) are included under 

*The author is indebted to Mr. Alvin Weinberg of the Dept. of Physics, Uni- 
vers i ty  of Chicago, for  ver i fying the computations. 

(1)Unpublished work of Mr. E. A. Offner, Dept. of Physiology, Universi ty of 
Chicago. 

(~)Rashevsky, N., 1933. Protoplasma,, V. 20, 42. 
{3)Hill, A. V., 1936. Proe. Roy. Soy. London, B, V. 119, 305. Here given in 

different notation. 
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de 
d--( = k~  (e - -  eo) q- k~2 (i - -  io) ~- a I 

di - - - (4)  
d-E = k2~ (e - -  eo) -~ k~: (i - -  io) -~- a b I ,  

and  in v iew of  the  above  resu l t  i t  seems of  i n t e r e s t  to cons ider  th is  
more  genera l  case. 

Solut ion of Equations:  T h e  solut ion of  a sys t em of  s imul taneous  
l i nea r  d i f fe rent ia l  equa t ions  wi th  cons t an t  coefficients can a lways  be 
r educed  to  quad ra tu re s .  This  m a y  be done  in a n u m b e r  of ways ,  b u t  
p e r h a p s  the  m os t  conven ien t  is in a no t a t i o n  due  to Ba r tky .  (') 

T h e  sys tem 

dx~ 
= knx~ + . . .  + k~xn + ~ ( t )  

dt 

- ( 5 )  

dxn ~ knlxl -]-. . .  ~- k ,  nx~ -~- q~,( t)  
dt P 

or,  in v e c t o r - m a t r i x  no ta t ion ,  

d X  
. = K X + q ~ ( t )  , 

dt 

has  the  genera l  solut ion 

X ~ e K t X .  + e Kt e -Kt  q~ d t  ; - - ( 6 )  

w h e r e  X~ is the  vec to r  of  ini t ial  values,  and  e Kt is a m a t r i x  which,  f o r  
a 2)<2 m a t r i x  K, is defined as  fol lows:  

e Xt ~- ~ e x,t (K  - -  h2E) ~_ _ _ 1  e x,t ( K  - -  ~IE) i f  ~ =/= 22 , 
h i - -  h 2 h2  - -  h i 

(7) 
e~ t~ -eX t [K  - ( 2 - 1 ) E ]  i f 2 ~ 2 2 ~ h  ; 

w h e r e  2~, ,~2 a re  the  l a t en t  roots  o f  K, and E is the  iden t i ty  ma t r i x .  
F o r  the  case  n ~ 2, 2~ =/: ~:, the  vec to r  in tegra l  in (6) h a s  com- 

ponen t s  ~ ,  ~ g iven  by  

(~1 - -  2~2) ~-fl g (]~11 - -  h2) Il l  -~- ]~12121 - -  (]-~11 - -  hi) I12 - -  ~2122 1 
~ ~ 8 ~ i 

(*)MacMillan, W. D., Dynamics of Rigid Bodies, pp. 413-434. 
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wh ere  

I ~  ( t )  --- ~ ~2~e-~,tdt 

Th e  f irs t  componen t  o f  # --- e K t ~  iS 

#1 = 

wh e re  

{ ( k l l -  22) 2-~ k,2k21} F,,I 

÷ ( ( ~ , - - ~ 1 ) 2  ~ - ~ ,~1} F2~ 

- - ( 9 )  

1 

(21 - -  ~2) 
- - ( 1 0 )  

F,,~j = eX~tI~j . . . . . . .  (11) 

Us ing  the  f a c t  t h a t  21, 22 sa t i s fy  

(kll  - - 2 )  (k~  - - 2 )  = k 1 ~ i  (so t h a t  ~1 ~ 25 = k~ -{- k ~ ) ,  

th is  simplifies to 

- -  k ~ 2 F = ~ } / ( 2 ,  - -  25) - - - (12) 

T h e  second componen t ,  ob ta ined  by  i n t e r c h a n g i n g  t h e  subscr ip ts ,  is 

F : ~ } / ( ~ ,  - - 1 : )  . . . .  (13) 

A p p l i c a t i o n  to  E x c i t a t i o n  T h e o r y :  In  (4) t ake  x, ~ e - -  e~, 
x2 ~-  i - - / o .  Since  ,now ~2 " -  b ~o1 i t  fol lows f r o m  (9) and  (11) t h a t  
F . ~ j  = b F ~ ,  and  (12) ,  (13) reduce  to  

- - - ( 1 4 )  

~ = [ ( ~  + b ( ~  - -  2~) }Fll, --{~2~ + b ( ~ :  - -  Z~) }F~,] / (21 - -  ~ , ) .  
. . . . . .  (15)  

S ince  the  ini t ial  condi t ions  a re  x~ --- x2 = 0 a t  t = 0 ,  t he  f i rs t  t e r m  on 
the  r i g h t  o f  (6)  is ab sen t ;  hence  x~ and  x2 a r e  g iven  b y  (14) a n d  (15) 
respect ively .  

Th e  exc i ta t ion  t ime  is to  be  d e t e r m i n e d  by  se t t ing  e ~ -  i ; t h a t  is, 

x~ - -  x~ = i~ ~ e~ , o r  

. . . . .  ( 1 6 )  
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where 

J i j ( t )  ~ - e  ~'t I ( t ) e - ~ ' t d t  • 

Denoting the respective brackets by A and B ,  this may be wri t ten  

a A Jl l  - -  a B J~  ~- (X1 - -  X2) (/o - -  eo) 

In connection with  (16) consider the corresponding equation ob- 
tained with  different (primed) constants in (4). I f  the  correspond- 
ing 2, are equal, then Jis' ---- J~J. The two equations will then be iden- 
tical if  

r a A -~  a" A " } 
r a D = a ' D "  - -  - (17) 

Subtract ing,  r a ( A  - - B )  ~ a'  ( A ' - -  B ' )  or r a (1  - -  b )  ~ a" (1 ~ b ' ) .  

Using this in (17) gives 

- - ( 1 8 )  

which, wi th  
il ----- li" 1 
~ = ~2" ] . . . . .  (19) 

a ' ( 1  - -  b ' )  ~ -  r a ( 1  - -  b )  

constitutes four relations on the six quantities kis, a, b, sufficient to 
make (16) identical for the primed and unprimed systems. These re- 
lations correspond to the  equations (3) in the special case there  con- 
sidered, but  are  less restrict ive since the latent  roots in (19) may  be 
numbered in ei ther  order. Thus Offner's case has  the solution 

m' --- k 
K" ~ r (K - -  M) 
M" = K ( k - -  m ) . /  ( K - -  M )  . 

as well as that,  (3),  given by him. 

- (20) 

The above results show tha t  any  system of type (4) can be re- 
placed, at  least insofar  as regards excitation time, by an equivalent 
system of  type (1) ( o r (2 ) ) .  Thus the fit to observation can not be 
improved by passing to the more complicated case (4) ; but, by allow- 
ing fo r  a greater  var ie ty  of  mechanism, this may  provide a more 
flexible physical interpretat ion of  the  values of the  constants in (1).  


