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Le t  P~ be the co l l ec t ion  of all funct ions  defined on the se t  E~ ffi ~ O , ¢ , . . . , k - / }  with va lues  in this  

se t ,  le t  ~'~ = ~ PK ~ ~,  ~, ~ ,  ir ~ ~> be the P o s t  a l geb ra  of finite r a n k  k [2], and let  OZ be a suba lgeb ra  of the 
a l g e b r a  ~ .  It will  be a s s u m e d  th roughout  tha t  ~ ~ 3 .  We denote by ~ g, ~ ~ O, the se t  of al l  functions 

of OZ dependent  on p r e c i s e l y  ~ v a r i a b l e s ,  and by (Z(s)(/_~ s -~K ) the se t  of all  funct ions  of ~ ,  taking not 
m o r e  than s va lues .  We denote by Z the a l geb ra  g e n e r a t e d  by the se t  of all  the funct ions  of ~ , which 
a r e  e x p r e s s i b l e  in the f o r m  fCre~(~e~- . . ,~fn(z , ,~  where  (9 denotes  addi t ion r n ~ 2  , and the funct ions 

f , f ¢ , ' " ,  fn  belong to FF~ . Given any funct ion ~ ~ ~ we wr i te  /,n to  denote that  / ~ 6 ~  and wr i te  3~ 

fo r  the s e t  of va lues  of the funct ion ~ .  We stroll cal l  the a l g e b r a s  ~ f e ~ , ~ : ~  ~ ' , . . , ~ - , )  cel ls  of 
the a l g e b r a  ~ . 

We in t roduce  into ;~t:) the equ iva lence  re l a t ion  z p  putt ing funct ions [~ and /'2 in the s a m e  c l a s s  
if  one of  the following condi t ions  is sa t i s f i ed :  

1) the funct ions  /~/ and ¢'z a re  ident ical ,  

2) the funct ions /~y and /'~ belong to ~'~¢) and depend on the s a m e  n u m b e r  of v a r i a b l e s ,  

3) c~/'¢ -- ~fr~, while t he re  ex i s t s  a funct ion /7 ~ ~ '  ¢ , taking two va lues  in the se t  c~/~ and such  that  
=/~ ; F : ;  . 

The funct ions ~ and £ wii1 be ca l l ed  dual if {, mz~, 5 "  

The r e l a t ion  ~ep is c l e a r l y  s tab le  with r e s p e c t  to the ope ra t ions  ~ ,~  , a ,  ~r . I ~ t  7~= ~ ~ ¢ ,  

~e ~ = ~ ~h~ , ~¢ "~ep F : ,  h~ ---zp he " If the funct ions  ~ and ~ belong to Z ce), then 

It can  ea s i l y  be seen  that ,  i f  ~]¢ ,cje and /7¢ , h e a r e  each  a p a i r  of dual funct ions ,  then it fol lows f r o m  
Eqs .  (1) tha t  ~ ,  ~ is  a pa i r  of dual  func t ions .  Hence the r e l a t ion  ae~ is a l so  s tab le  with r e s p e c t  to the 
ope ra t i on  ~ , i .e . ,  ~p is a cong ruence  in :~¢2). 

It  was  shown by A. L M a l ' t s e v  in [2] that  the re  a r e  t h r e e  c o n g r u e n c e s  in any suba lgeb ra  of the a l -  
g e b r a  ~ , name ly ,  se a , which is the s a m e  as  the equal i ty  r e la t ion ,  ~ ¢ ,  which is the s a m e  as the iden-  
t i ca l ly  t rue  re la t ion ,  and ~e a , under  which two functions a r e  put in the same  c l a s s  if  they  depend on the 
s a m e  n u m b e r  of v a r i a b l e s .  It was  a l so  shown in [2] tha t  t he re  a r e  no o ther  cong ruences  in the a lgeb ra  ~ .  

We sha l l  show that this  is l ikewise  t rue  fo r  ce l l s  of the a lgeb ra  7 ~  , o ther  than ~ ( 2 ) ,  and that  t h e r e  a r e  

jus t  four  c o n g r u e n c e s  in ;~c2).  

THEOREM 1. If  (Z is a cell  of the a l g e b r a  ~¢4'~¢ , d i f ferent  f r o m  ; ~ t ~ ,  then t he re  a r e  just  th ree  
c o n g r u e n c e s  in it: afa ,  z / ,  aea . In the ce l l  ~ ( 2 )  t he re  a r e  jus t  four  cong ruences :  ~a . ~e~ , a~a, ~ p  . 

T h e o r e m  1 is a consequence  of the fol lowing t h r e e  l e m m a s .  
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LEMMA 1. Le t  ~ be a c o n g r u e n c e  i n t h e  a l g e b r a  ~-~g?'~ , c on t a in ing  the ce l l  0 ~  , ~ ( ~ ) .  If t h e r e  
e x i s t  in ~ two d i s t i n c t  ee - c o n g r u e n t  func t ions  /~ , F'z d e p e n d e n t  on the s a m e  n u m b e r  of v a r i a b l e s ,  then  
any two func t ions  of 0 / ,  which  depend  o n t h e  s a m e  n u m b e r  of v a r i a b l e s ,  a r e  ~ - c o n g r u e n t .  

By h y p o t h e s i s ,  t h e r e  e x i s t  in  /;~: n u m b e r s  a ¢  .... .  a a  , ~¢, ~ such  that  d~¢ ~ and 

p c r a < , . . . , a , , ) = - g ¢  , / 2  ( a ¢ , . . . , a , , ) = d ~  . 

We denote  by C i ( ,:v/r. . ,sg~)(&-O,. . . ,e-O the  func t ion  i d e n t i c a l l y  e q u a l  to  g" . O b v i o u s l y ,  

ct ~=~=~ c%<=), . . . ,c , , , ,~z~,  %~=~ =See,, <=>, . . . ,  c,~,, c~r >).  

..,,.{1) 
Since (2 ~b~= , we have e#~ =-mc~= . The  fo l lowing  func t ions  be long  to  the  a l g e b r a  o~ : 

Z , if ~ = / . 2  , 

~UZV(X)== b ~ , if ~ ~/.2 . 

Since, for any numbers ~z , ~ on 2~ we have (~$~a$(CSrz))-=~gl~ag(Clz (~e}), i.e., ~a(~)~-~Cg (~), all the func- 
tions of $¢~(¢), which depend on the same number of variables, are ~ -congruent. 

Let ~ be an arbitrary ~7 -place function of 6g , ~¢d ~fc¢). We shall show that ~ is ~ -congruent 

with an . -place function of ~¢), Let 6~ and h be fixed numbers from the set 0 e~. We introduce the 
functions 

otherwise, 

{~. if ~c ~d~. 
P ( ~ )  = O~ otherwise. 

T h e s e  func t ions  obv ious ly  be long  to the  a l g e b r a  0 / .  Since  6a((~)~Ch(:r ) , we have  ¢ t ' a e , c a ~ C ~ e ) ) - ~ c ~ e , c ~ c ~ e ) ) ,  

i.e., c~) -=~e~d~(z ) ; hence  

and c o n s e q u e n t l y ,  

Oc{ Coe} ~ e  p r:~} , 

p (~ c~e,, ,..., ~,., )j =-=c~(ycr¢,..., ~e,,)), 

~ C ~e t ~ "'" ) ae ,'7 ) ~- z "a¢ ( oe / , . .. ~ m , ) .  

LEMMA 2. Le t  ~ be a c o n g r u e n c e  in the  a l g e b r a  ~ ! ~ ) .  If t h e r e  e x i s t  in  ~ce) two d i s t i n c t  e - 
c o n g r u e n t  func t ions  /~ , r"~ , d e p e n d e n t  on the  s a m e  n u m b e r  of v a r i a b l e s ,  then  ~e a e p  i f  the  func t ions  r~¢ 
and /2 a r e  dual ;  o r  a~ ~ ~ a ,  o t h e r w i s e .  

As  in I . e m m a  1, i t  i s  e a s i l y  shown tha t  any two func t ions  of £c¢) , dependen t  on the s a m e . n u m b e r  of 
v a r i a b l e s ,  a r e  ~" - cong ruen t .  It f o l l ows  f r o m  the t r u t h  of the c o n g r u e n c e  

~c.~,, . . . ,  ~,~ec a c =~,..., %)--= ~(~c t ,.., =,,~®CoC~¢,..,%) Ccef.,{o,¢}) 

t ha t ,  i f  ~ In=~[o  c a and  Ct~t={gt } , then  ]1 ~ . Le t  ~ be  an a r b i t r a r y  func t ion  of ~ z )  ~¢ ~7~¢;, 

and  @h= {a~.az} . We i n t r o d u c e  the  t h r e e  func t ions  

/ ( ~ ' # r " J : r n J  = , if h C ~ ,  , . . . , a c n ] . , t l $ ;  

~ ( ~ , . . . ,  ~, ,)  = / c a 6 , . . . ,  z . ,  )@t;  

O[ ', if ~ 0 ; 

U(~)  --- l a  z otherwise. 
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Since t~ ~/" ) - - h ,  the func t ion  ~z (~) is  dual  to the f u n c t i o n  ~ and d is t inc t  f r o m  h , and u (~  ~ ~¢ ,..., at,, )) 
-=e a C~ (~c¢,...,~cn)) , so  tha t  ~ ~ c a  • 

A s s u m e  now t h a t t h e  funct ions  t~¢ and ($ a r e  not  dual .  Le t  f¢ , [~ e ~ . The fac t  tha t  /'~ and 

f~ a r e  not dual  i m p l i e s  tha t  one of t h e m  does  not  be long to ~¢~v and a l so ,  that  one of the following condi t ions  
is  s a t i s f i ed :  

a) 0~, ~ ~;~ and ~r, ~ ~,; 
b) O~¢eo~/,z or d/~-cO'~¢ andthere existin ~ numbers t~/~,...,tzm,a~¢ ..... a~n suchthat 

We sha l l  show tha t  c a s e  a) r e d u c e s  to c a s e  b).  A s s u m e  tha t  r~/ ¢ ~ ¢ )  and le t  d/'/-~ {a / ,  a~ z } , 

d~'¢ na~h--~ o r  a l t e r n a t i v e l y ,  dr'¢ n6 ' /~  ~ ~ .  We choose  in ~ ~ a funct ion ~? such  tha t  f(d¢) -- c~¢, 

(~e)= a¢~ if ac ~ a(¢.  Obvious ly ,  the funct ions  ~ (/c¢) . ~ct~ ) a r e  not dual ,  and they  s a t i s fy  condi t ion b).  

T a k e  the c a s e  b).  L e t  ~¢ cacr,..,ctcn)~ ~c/caer,..,a2, ~ {if not ,  t hen  this  i s  t r u e  f o r  /~ ). We choose  in 
; f r 2 ~  the  func t ions  

ui (~c)  = ~ ~ / , . . . , n )  
t a x i  , ~f ~r¢o,  

and l e t  

(¢) 
The func t ions  ~¢, ~ a r e  not  dual ,  ~ e ~'~ , cP~/-d~/'¢ , and b¢---zt ~ . 

Le t  /~c~c) be any funct ion  of g ¢ c ~ ) x ~  ° and ~ "  {g~, $~}. We in t roduce  the funct ions  

hock)  ~- {~/ 'otherwise,if h ( ~ ) ' ~ ,  , 

Obvious ly ,  /TtC g,,Ch¢ ) ) =_~ h$C ~2th¢)) 

he (~2(l~¢~---c ~ , s o t h a t  h--~c~. 

Now le t  

P, P¢ , ' " , , o n  

/ f i e  , if ~r=~¢(O), 

otherwise. 

• It Can easily be seen that hz(l¢cn¢)) oh, and for some c~dE~ , we have 
~¢c2) 

Hence any two functions of ,-At axe ~-congruent. 

n be an arbitrary essentially multi-place function of ~cej. There exist in ~ functions 

such that 

~C ~¢ j...,ac n)=- PCp¢C~¢)~ ... ~Pn (se,)J. 

With each number i-- /,..., rr we associate the number O, if the function Pi (a~) takes values, of only one 

parity; otherwise, we associate wish it two numbers ~, lff , such that the number PC' (~¢~) is even, and the 

number Pi(&~) odd. We introduce the functions C t'=/,... ,m ): 

We have the c o n g r u e n c e s  

l~i 
' if Pi ( ~  ] takes values of just one parity; 

', if ,Oit'~r ~ is even; 

I t S ,  if ~id'~:~) is odd. 

w h e r e  

PCp~ C~ttac¢))e... ePnc~n c~n))) ~zp(p~(coc~))e ,..epnCcoc~n))) , 

¢J C9e ¢ ,..., a ~ n ) ~ a t C  ~e¢ ,. . . ,  ocn )" 

~ = ~  CO,:..,O) . Lemma 2 is proved• 
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LEMMA 3. 
two a ~ - c o n g r u e n t  func t ions  /'r , ~'z , d e p e n d e n t  on d i f f e r e n t  n u m b e r s  of v a r i a b l e s ,  t hen  any two func t ions  
of ~ wi l l  be ~ - c o n g r u e n t .  

L e t  / ~  ~ , r~ ~ ~ ,  m ~ ,'7 and ~ ~ ~ . We have  the  c o n g r u e n c e s  

, " cZ , 

. :~ '2 , ~  n - 2  n 

L e t  ~ be  a c o n g r u e n c e  in  the a l g e b r a  :~r _~ ~t~ con ta in ing  the c e l l  ~ .  If t h e r e  e x i s t  in  

(2) 

We i n t r o d u c e  the t w o - p l a c e  func t ion  ~ : 

f 0, if ~:~ is even. 

F r o m  (2) we ob t a in  the c o n g r u e n c e  

0. if ~ is even, 
) [ l, if g isodd 

Not ice  tha t  the func t ions  A(a~¢) , ,~(,~:) be long  to ~ : ~ ,  t ha t  they  a r e  not  dua l  and  a r e  o n e - p l a c e ,  and  tha t  

On app ly ing  L e m m a s  1 and  2, we ob ta in  the  p r o o f  of L e m m a  3. 

We denote  by ~ a o n e - t o - o n e  mapp ing  of the  s e t  E~ onto i t s e l f  and with  e v e r y  func t ion  : ~ K  
we a s s o c i a t e  a f u n c t i o n / ' ~ 7 ~ ,  such  tha t  

p ~ :  ~.,, , . . . ,  ~,..,) = C / C~¢.,, :/-",-.., ~,., :P'/~J ¢ • (3) 

The mapp ing  ~ : / - - . - f '  i s  an  a u ~ o m o r p h i s m  of the  a l g e b r a  ~ '~ ; a u t o m o r p h i s m s  of t h i s  k ind ,  of s u b -  
a l g e b r a s  of the  a l g e b r a  g ~  which  a r e  i n v a r i a n t  u n d e r  the  ma pp ing  0¢ , w i l l  be c a l l e d  i n t e r n a l  a u t o m o r p h i s m s  
of t h e s e  s u b a l g e b r a s  [2]. A. I. M a l ' t s e v  showed  in  [2] tha t  a l l  a u t o m o r p h i s m s  of  the  a l g e b r a  g ~  a r e  i n t e r -  
na l .  The fo l lowing  t h e o r e m  shows  tha t  a l l  a u t o m o r p h i s m s  of c e l l s  of the  a l g e b r a  g ~  a r e  l i k e w i s e  i n t e r n a l .  

T H E O R E M  2. If the s u b a l g e b r a  O~ of the a l g e b r a  ~,~ c o n t a i n s  the  a l g e b r a  ,-~ , t hen  a l l  i t s  a u t o -  
m o r p h i s m s  a r e  i n t e r n a l .  

Le t  c~ be an  a u t o m o r p h i s m  of the  a l g e b r a  oZ. Since dua l i t y  of func t ions  is  i n v a r i a n t  u n d e r  i s o -  
t 

m o r p h i s m s ,  ~ i s  an a u t o m o r p h i s m  of the s e m i - g r o u p  0/ [2]. We s h a l l  show tha t  h e r e ,  c o r r e s p o n d i n g  to  

func t ions  of oZ ~H> , we a g a i n  have func t ions  of 0~ ¢¢v . F o r  t h i s ,  we only need  to show tha t  func t ions  of 

~ / \  0~ m do not  map  into  func t ions  of ~ : ~ ) .  A s s u m e  the  c o n t r a r y ,  i . e . ,  tha t  t h e r e  e x i s t s  a func t ion  / ~ :  

such  tha t  / ' ~  o~ Cv and tha t  f o r  s o m e  ~ of ~ we have  /¢~-- c a ; then  

i . e . ,  f o r  s o m e  ~ we have  e~ = co_ , wh ich  i s  i m p o s s i b l e .  

T h e r e  thus  e x i s t s  f o r  e v e r y  o~ of ~ a unique ~/ of E~ such  t ha t  vx-=c ~ , i . e . ,  c o r r e s p o n d i n g  to  
the  a u t o m o r p h i s m  ~ we have  a o n e - t o - o n e  m a p p i n g  ~o : 37 ----~/ of the  s e t  E/( onto i t s e l f ,  in t u r n ,  the  
mapp ing  ~ g e n e r a t e s  an i s o m o r p h i s m  of the  type  (3) of  the a l g e b r a  ~ . in o r d e r  to show tha t  o~ i s  the  

s a m e  as  c ~ ,  we s h a l l  show that  a l l  func t ions  in ~ r e m a i n  i n v a r i a n t  u n d e r  the  m a p p i n g  ~- ~ c~ ~ ¢ .  

This  is  obvious  f o r  func t ions  of ~¢(¢)  . Le t  f ~c~ ~ and  

f/c~e~ ,..., ~,;]r ,,, ~ :~¢ ,.-.,~.n) • 

in view of the invariance of the functions of OZ ¢:~; , for arbitrary a~,,...,a,, of ~ we have 
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E f ~'ea, c ~ ) , . ,  ear, C~)~3 r= ~Cc,~ (~r~ ,:. . ,  e,2,,c~) , 

t'f ¢c,~ir~ ) ,..., c,~,, c~))]~ f (c~), c~#~ ,..., ca,, c~,)~ , 

so that the functions F and ~ a re  identical .  

COROLLARY. If ~ is a cell  of the a lgebra  ~ '~ ,  there  ex is t  p r ec i s e ly  
of the a lgebra  ~ ,  and all  these au t om orph i s m s  a re  in ternal .  

/ dist inct  au tomorph i sms  

lo 

2. 
3. 
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