CONGRUENCES AND AUTOMORPHISMS IN CELLS
OF POST ALGEBRAS

I. A. Mal'tsev UDC 517.11

Let P be the collection of all functions defined on the set £ = {0,7,...,k-7/} with values in this
set, let K« = <A;%,T,4,V,%> be the Post algebra of finite rank k [2], and let ¢¢ be a subalgebra of the
algebra &« It will be assumed throughout that x 23 . We denote by 0(‘, ¢ # O, the set of all functions
of ¢t dependent on precisely ¢ variables, and by az(s)( /£ 3 ¢ x)the set of all functions of (¢ , taking not
more than s values. We denote by Z the algebra generated by the set of all the functions of #, , which
are expressible in the form f(f, (%)@ ... a¢,(z,) where @ denotes addition mod/ 2 , and the functions

£of1rs £y belong to #< . Given any function f € e we write £" to denote that /éﬁ()x and write df

(
for the set of values of the function { . We shall call the algebras 1(2) 2) ?x > ,:K " cells of

the algebra % .

We introduce into 2% the equivalence relation z, putting functions #+ and #2 inthe same class

if one of the following conditions is satisfied:

1) the functions #;, and 4 are identical,

2) the functions £, and £, belong to #’Km and depend on the same number of variables,

3) Jdfy = d4 , while there exists a function 4e . ‘, taking two values in the set ¢, and such that
fe=h(fz) .

The functions f, and f, will be called dual if f, =2, 12

The relation s, is clearly stable with respect to the operations ¢ ,Z2 , A ¢ . Let 9/ =g, *#by
92 =Ga%h2 1 % !?F 92,7, EZF 47 . Hthe functions ¢, and g, belong to £, then

7 (473 Lrmpr- )= ﬁa(frm (.., %, ))@ﬁz 400 @ﬁmm (Zrerm-g V), (1)
5’1 (.:L‘ """ x‘mm-f) fza(f:f I(‘I;f 7 ))$flz (‘/Eﬂ"ﬂ)y $7€7n#n /(mmm-/ )

It can easily be seen that, if g1 &2 and A, . k, are each a pair of dual functions, then it follows from
Egs. (1) that g, , 92 is a pair of dual functlons. Hence the relation =, is also stable with respect to the
operation ¥ ,i.e., %p is a congruence in 7

It was shown by A. I. Mal'tsev in [2] that there are three congruences in any subalgebra of the al-
gebra #. , namely, #, , which is the same as the equality relation, &, , which is the same as the iden-
tically true relation, and €, , under which two functions are put in the same class if they depend on the
same number of variables. It was also shown in [2] that there are no other congruences in the algebra .

We shall show that this is likewise true for cells of the algebra # , other than @) , and that there are

just four congruences in z2@

THEOREM 1. If ¢r is a cell of the algebra #. , different from im , then there are just three
congruences in it: %y, 2, . €2 . Inthe cell £ @) there are just four congruences: %, , %, . &g+ %p -

Theorem 1 is a consequence of the following three lemmas.

Translated from Algebra i Logika, Vol. 11, No. 6, pp. 666-672, November-December, 1972, Original
article submitted November 14, 1972.

© {971 Consultants Burcau. a division of Plenum Publishing Corporation, 227 West I17th Street. New York, N Y. 10011
Vo part of this publication may be reproduced, stored in a retrieval system. or transmitted. in any form or by uny means,
electronic. mechunical, photocopying. microfilming, recording or otherwise, without written permission of the publisher. 1
copy of this article is available from the publisher for $15.00.

369



LEMMA 1. Let e¢ be a congruence in the algebra <&, , containing the cell & # £/ . If there
exist in & two distinct 2 -congruent functions £, » /; dependent on the same number of variables, then
any two functions of ¢7 , which depend onthe same number of variables, are g -congruent.

By hypothesis, there exist in Ex numbers a,,..,2, > §, €z such that §, #¢, and
7", (Qq,..,q,)= gf ) fg @ay,,., ﬂn7=gz ‘
We denote by ¢, ra,, -, %,)=q.,&{) the function identically equal to £ . Obviously,

("!(x)=/, (€ (Z),.., 0n, (%)), Cp(E)=fy(0n (X); -5 Ca, (®)).

. 1)
Since ¢¢ 2&, , we have &, =g

y The following functions belong to the algebra ¢¥ :

2 if a=uU ,

tuw(x)={u. i AU .
Since, for any numbers 2 , § on E, we have (té,as (t‘"(z))s“i,/a‘ (6q, (=), 1.e., Cq(X)=g,Cp (), all the func-
tions of #S”, which depend on the same number of variables, are % -congruent. '

Let ¢ be an arbitrary » -place function of & , ?¢ 7(’:). We shall show that ¢ is =& -congruent

with an » -place function of ®{”. Let o« and h be fixed numbers from the set &g. We introduce the
functions

Y . if 2éd and yedy:
Q(ﬁ,y)={d otherwise,
p{r)_{x, if «xedyg,
“ld otherwise.

These functions obviously belong to the algebra (¥ . Since Cd(’:}‘yc/, (x) , we have g(%,C (x))= o §(2,6,(2))
i.e., ¢y () =gty (2 ) § hence
QCy (), X) ZQGlbyy,(2),x),

Cp () =, p(x],
and consequently,
P(g (%y,...,2Z,)) Ezca;(;(r,,..., %)),

9(Xy, 2y )= g Cy (X, Zy).

LEMMA 2. Let @ be a congruence in the algebra iw . If there exist in £? two distinct e -
congruent functions #, . /2 , dependent on the same number of variables, then % 2#, if the functions ¢,
and f, are dual; or & =2 &,, otherwise.

As in Lemma 1, it is easily shown that any two functions of £, dependent on the same number of
variables, are e -congruent. It follows from the truth of the congruence

FCT s X ) B (X gy, Xy VE gy QT oy B )BCH (2, 2,) (d‘?s{a,f})

that, if ¢;/=g;® ¢, and d9={07},then ¢, =,¢, . Let h be an arbitrary function of 2%, n¢ %",
and d'%={a,a,} . We introduce the three functions

0., if Hlx,.,%p)=a,;

(g 5oy X =
7[( {2 /7) {/’ if h(x’ ,"'Yxﬂ}-az‘.

G Xy, Xp) = £(X,,., X, )OT;

a; if x=0;
u(z) = az otherwise.
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Since « (f' )=/, the function «(¢) is dual to the function »# and distinct from 4 ,and w (fco,,. ., 2,0
=g U(g(%y,.,%,)) , SO that 2 ep.

Assume now that the functions f+ and /2 are notdual. Let /f/, fye ;?: . The fact that /4 and

fz are not dual implies that one of them does not belong to ”’

is satisfied:
a) dy, ¢ 0¢, and Jf, €04

b) dr,=dy, or dp s dy, and there exist in £, numbers a,,..,2,,,2,,,.--.4,, such that

and also, that one of the following conditions

Fr@u sy @) 2y @y s@pa) 1 f(Rgg 1)@ ) # £ (Qg gy 3pp).

We shall show that case a) reduces to case b). Assume that £ é 3?,: ! and let dy,={a,,q, },
df, ndy=d, or alternatively, ¢, 70f,=@. We choose in 2“2 function g suchthat gcd,) = a,,
g(x)=d, if x # &, . Obviously, the functions 9 (Fed, 9(f;) are not dual, and they satisfy condition b).

) ’It‘:kef the case b). Let f£,(@,,.,Q/;)# £,(@4,.-,%) (if not, then this is true for /z ). We choose in
Z 4/, the functions

af{ ’ 1f x=0 v .
Uj(x) = ) (€=Ayh)
a2¢' . if 2'# 0»
and let
L 0) = £y (U LX),y Ung2)), EQ(X) Ay (L)), ().
The functions ¢,,¢, are not dual, ¢, e 2z Ot =dy, ,and £,5,¢,.

Let (%) be any function of 2’2 and §4={¢,,4,}. We introduce the functions

a if h(x)= g/ >
A, = '
(Z) { /  otherwise,

é if a=£00)
/72( x) = { 7 + 1 14 '
gg otherwise.

Obviously, 4,(t,(/)) g hy(t,ch,)) « It can easily be seen that Ayt () =4, and for some aéfyx , we have

1(2)

My (ythy ) = ¢, 180 that h=yc, . Hence any two functions of p are = -congruent.

Now let 7, be an arbitrary essentially multi-place function of % . There exist in ;i’k’ functions
Ps Py »---» Py, Suchthat

QUXy 50y X )= PUPULE)® - @ Py (X))

With each number <= 7,..,» we associate the number 0, 1f the function p,; cx) takes values of only one
parity; otherwise, we associate with it two numbers !f, 2 » such that the number 2/ ¢ 6’, ) is even, and the
number A;(é/) odd. We introduce the functions (¢ ¢= 1,...,7 ):

0, if pyca) takes values of just one parity:
Jicx) = 6" if pcx) iseven:
bf. if oica) isodd.
We have the congruences
PPy (G ()@@ Pn (G, (X)) SpP(Py(Co( X))@ «+ -@Pr(Cr(Xn))) ,
QR oy By )Eg Cu( Xy, ., 2y

where a=g¢ (0,..,0) . Lemma 2 is proved.
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LEMMA 3. Let # be a congruence in the algebra 3% £ ¥, containing the cell ¢¢ . If there exist in #
two & -congruent functions f; , f2 , dependent on different numbers of variables, then any two functions
of & will be  -congruent.

Let fe®” , fpe 7, men and a € Ec . We have the congruences

. m n
Qlf) e Ch (£p) . e, Cp Bxly
Afrfa;"EzAﬂ-i".: . e o= cf (2)

We introduce the two-place function g :
{ 0, if 2, iseven,
9753 =11, i x, isodd.

From (2) we obtain the congruence

(Tegucinxcl =y igucinwc,
We denote (Z(gxc) ) * 02_ by ¢, »and (Zcgx a2 ”*Ca, by g, . Obviously, g,e #Z" , 9,€ #: and

o, if g iseven,
Jexg2) = { 1, if g isodd

Notice that the functions A(ag,) , A(Ag,) belong to £‘?’, that they are not dual and are one-place, and that

4(89) =4 8(89)).

On applying Lemmas 1 and 2, we obtain the proof of ILemma 3.

We denote by ¢ a one-to-one mapping of the set E, onto itself and with every function 7:57(',(
we associate a function ¢*e #, , such that

PLT SR T Y SR ) @)

The mapping « : /—-—/“ is an automorphism of the algebra #x ; automorphisms of this kind, of sub-

algebras of the algebra ®. which are invariant under the mapping « , will be called internal automorphisms
of these subalgebras {2]. A. I. Mal'tsev showed in (2] that all automorphisms of the algebra #. are inter-
nal. The following theorem shows that all automorphisms of cells of the algebra #x are likewise internal.

THEOREM 2. K the subalgebra ¢¥ of the algebra %, contains the algebra 7?,,({), then all its auto-
morphisms are internal.

Let « be an automorphism of the algebra ¢z . Since duality of functions is invariant under iso-
!
morphisms, o is an automorphism of the semi-group <& [2]. We shall show that here, corresponding to

(1) 1(1)

functions of < » we again have functions of ¢ . For this, we only need to show that functions of

a’va®” do not map into functions of & “ . Assume the contrary, i.e., that there exists a function fecr !
such that /#01") and that for some a of Ex we have s™=c,; then

ol o« ol
(f*cq) =/*Cd »

o
i.e., for some é we have ¢ = ¢, , whichis impossible.

There thus exists for every « of £, a unique Y of £, such that c;=cy , L.e., corresponding to
the automorphism of we have a one-to-one mapping §0 : T—4§ of the set E/( onto itself. In turn, the
mapping ¢ generates an isomorphism of the type (3) of the algebra ¢x . In order to show that o« is the

same as oy , we shall show that all functions in « remain invariant under the mapping r =o(e(;/ .

This is obvious for functions of 2"’ . Let f ec” and

‘rf(xf } 2N ) ﬁﬂ)Jr = 9{11 1"'7¢ﬂ) .

7(1)

In view of the invariance of the f unctions of ¢ , for arbitrary a,,..,a, of E« we have
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r
[fcca )., Ca cxN]'=gcc, (@),:..,0, (2,
¢
[r (Cal®) ;s Ca (XN = flCo ) .., Cq (23,

so that the functions / and g are identical.

COROLLARY. If & is a cell of the algebra %, there exist precisely «/ distinct automorphisms
of the algebra ¢r , and all these automorphisms are internal.
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