AN EXAMPLE OF AN UNORDERED GROUP WITH
STRICTLY ISOLATED IDENTITY ELEMENT

V. V. Bludov UDC 519.46

The subgroup A< is said to be strictly isolated in the group if gl‘," gz, ... :rn"g T, e H, q_eG.,

:qeG,é-—/,...,ﬂ. implies that yel“/ . We know that the strict isolation of the identity element is a necessary
condition for a group to be ordered. For nilpotent, bigrade, solvable groups, and also for the extension of
an Abelian group by a nilpotent group and for a group with nilpotent commutator group, the strict isolation
of the identity element is also a sufficient criterion for the group to be ordered [1].

The following questions were posed at the First All-Union Symposium on Group Theory in 1965: Are
there groups with strictly isolated identity elements which are not ordered groups, and can a linearly or-
dered Abelian strictly isolated normal subgroup of a group with a strictly isolated identity element be such
that its order is preserved under internal isomorphisms of the whole group (1, 2]?

The example constructed in this article gives a positive answer to the first question and a negative
one to the second.

Let F,—{a:, 2y} Fr=| g,,yl} be free groups with two generators and F = F, x £, their direct
product. TFor elements of E ,» in the same way as for words V of the alphabet <:c,,1’2,:c,'/, :n;'> s WE
introduce the following numerical characteristics:

£ (v) is the length of the word v. The length of the unit & (the empty word) is assumed to be zero.

oy — 1 v==a:b~v’, =12
m(v) = {v) it v= gV, 2,
0 ’ lf V=g-

Here the symbol = denotes the graphic equality of words and is only used between words in reduced (ab-
breviated) form. Ifnow feF and f=w/ ,where vef,  ,uef,, weput CF) =40, m(fl=m(v) . Let Z

denote the set of integers, Z, (F) the subset of elements of an integer ring over F with strictly positive
coefficients. The notations Z4(F) and Z4_(Fz) are defined similarly. If ceZ,(F), © = n,ﬂ+...+/7K e
we put £(¢)=rmazx ﬂ(ﬂ.), m(s)= max m(f;), j=4....,K . In F, we introduce a linear order relation < so
that for the generators we have Y’ >e, Yz >é .

Now we consider the free Abelian group M with the following basis elements: a . bf , X € Fz ,

PE F; . We construct the semi-direct product of M and F , using an additive representation for the oper-
ation in M and a multiplicative representation for the action of F on M . We specify the operation of F
on M by the following relations:

a, -z =-a + 1) (bot 52«); M

G, Yy = ey (@)
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@)

dp A u:p ’
b, Y, b«yb.' v=1h2. (4)

We denote the group thus constructed by G . Let A denote the subgroup of M generated by the
elements @y , and let B denote the subgroup generated by the elements b: . Ifnow ceM and &e Z4( F),
6=nf+...+0,f.then C6 denotes 1, +...+nCFfy.

To prove that the identity element of (& is strictly isolated we need some auxiliary propositions.

LEMMA 1. Let aed , a#0 , s¢ Z, (%) - Then aoe A, ac#o0.

Proof. It follows directly from (2) that aoceA. Now let a=n,ad’+ ...+n,<aax, and, for the sake of definite-
ness, o, >0 + (=2,...K , F0 . G=pUr. 4P, Uy , U, >U; for I/'-Z,..../V. Then

N
a6=n,aq.p,u +n,aa-§p. +£ 7B, 6 =

K N
=/7;P,0d,u + Z" n /DJ <, U Lz-]z./zd nb'/oj a“'[‘fj )

Since p,7,%0 and o, >, U for y=2,..,N, and o,y >x; z{/ for (=2....k, [=1{...,N, we have 0o # 0
and the lemma is proved.

LEMMA 2. Let aed .6 eZy (F) and suppose the expansion of the expression @6 in the basis
elements contains the basis element bf with nonzero coefficient. Then for bﬁ we must have £ ()<
mi{c).

Proof. Let 6—p,7",+ 4Py fv. For arbitrary J=1.., N consider & Py f,/ 6(1 7 v-a v where
Ujer , yeF] , U/ f ale A by Lemma 1. The proof is by induction on the length of \{I The lemma is

true for K(YI.)=0 Suppose it is true for VJ such that f(\fl)<L L=¢ and if now Z(\j) =/, , we write \{/ as

X
V= wa.’ so that £(w/=/ ; then [(\9-’)<L. Putting a’-).','ﬂb- a,;, we obtain, by (1),
b‘
where f=W, if w=x; and p=¢ if w=x, (&=/2), from which {(pv)ém (W )=m(v )€m(s) . For

a V we have 7 (V/ )<Z: and the induction hypothesis comes into force. Thus since - pj f; is arbitrary,
the lemma is proved.

’31+bﬁ’

X
1 / / ot 4 aE
a.\{/,=(aw)\$. a\.//.+(/)é§ (b %

LEMMA 3. let ge A ,6€ 7 + (F ) and suppose the expansion of @6 in the basis elements contains

[ — 8
the basis element /Jd with nonzero coefficient and such that £ £ = m (o).

Then 1) if p = .1:6/3 (e=1,2), we have 6=V6,+6, , where VeF, , V=x5p (0=12), 6,€Z4 (F,),
c,€ 24 (F) ;

2)if p= xe"p' (é=#,2) , we have 6=V6,+6,, where VeF; , V=p or y=uxz4p (0=1,2,0#¢), €
Zy(E)c,eZ (FI .

Proof. Let @=1ayt..+11,a, ,0=p .40, 3 then

as = (n,a +...+ 7,8, Np,f+..4p, Fy) = 22,, 'da.'/(}"

I-I

Consider an arbitrary term of the sum ». p a, f n ,DJ J ,/ a'xl//- » where 3 F' L /‘} y

7‘4'/ . By Lemma 1, 2’e A , we put a-naj-f +n a . If f(v) 0 , the lemma holds, otherw1se we

L &
wr1te ;; as Y/IWV , where /(w)—/ '
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Consider bf such that {(p)=rmle) and =z, p’ (p=x]p"), €=12 and assume that Vi Zyp (V; 7‘- A

and Vv 7‘-.23./3 Bre ’, J=/,2 ; we can show that in this case b does not occur in the expansmn of a vJ

in ba51s elements.
By (1) we have
$ & v’ oy’
a'v. = (@' WIV ==Vt (1] B A (b +6
J 4 m 6N Y,

%l ),

where w=w if Wez. and w=¢ , if W= z . é€=/,2 . Since qu’+[3 , 6: does not occur in the second
term of the above sum. For the first term of @’v’ we have: either m( v’)<m@)=f(p) and then b: does
not occur in the expansion of g’v’ in the basis elements, by Lemma 2; or m(v'}-m{a) , but since £ (V') <
l(s) , we have Vérx;,'/V,/, é‘-/.Z , and again, by (1), we obtain

/

aVim - av"+ 1) Zn (5 +é’3‘/4)

Again, b: does not occur in the second term since ,65‘ v/ and for the first term we have )TI(V”)<'
m(v')=mis)=(3) , from which, by Lemma 2, bp does not occur in the expansion of 2% in basis ele-

ments. In view of the above contradiction and the arbitrary choice of the term 7. B a f’ the lemma is
proved.

LEMMA 4. Let aeA .a-n,a¢+...+/7”a« and, for the sake of definiteness, x, >0 Lim2,,. N ,/7/74 d.
I.et (] N

°‘.2,Pjv/aj+6z' pjeZ. pj>0, veF , m(v,)=m(e)=
J-
-l 7
“{(6), V’I '2‘6{\/’ , €=12, UJIEF;A

and, for the sake of definiteness, «, >« ; . /=2,... M o EZ+(/'7 where Y, occurs in the expansmn of ¢, in
terms of the basis. Then the expansion of @& in terms of the basis contams the element 5% yu, 4 g with

coefficient (/) ‘a,p, # 0 and for all other basis elements in A, of this expansion we have «. ~ Yool Uy
Proof. Put 5, =2 pJ Vu aq = Zﬂ a ; then asxn/oa u,+a,p, V,U,+ ac, + ac, . Since,

v, I:C v , using (1)- (4),we obtam

a6-=—n,,a, v'u+(-/)€ é’+(—/)n,,o,6' -

6“/‘/,

1
-ay, ?pu.+(-/)22n,. ¢u+(/) Zgn mu‘+a52.

J=2 &t =2 Lo 4

Consider the first and fourth terms:
, ¥
-n U=
,p,ad,v, a, av,Jnguj

By Lemma 1, a ‘e A and since m(v, )<m(v ) —f(v) , by Lemma 2, bP does not cccur in the expansion
of a v in terms of the basis. Consider the last term a8, ; using Lemma 3 we find that b ' can occur

in the expansion of g, in terms ofthe basis, only if either v, or Y, @=12, d% &) occurs in the ex-
pansion of O, » , but the ﬁrst is impossible, by hypothesis, and the second is impossible since £ (z FRA )=

ety )+1>8(6)= C(s,).
Consider the second, fifth, and sixth terms:
V/
(—f)[zlglﬂdeUJ+Z‘ﬂn&/,}y :\,
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since °‘£Uj$°‘7“r‘y5 «, 4, for all (=tyowN 5 j=f,...,M and yz“z:‘f/‘ Ygal%.d’g«,ul for all cJ=/,....N

j=2,..., M , we find that éy‘; v does not occur in these sums and for all other &Z(y’ from this expression
£X,

%7
we have OC<)20C/U,

\'A
Thus, 4 V'« occurs only in the third term (—/)5/7, P, yl«u with coefficient (-/}5 mp#0 and the lem-
ma is proved.® '’ e

LEMMA 5. Let

N A,
b=2 n[:bd'+ b
o= ¢

and, for the sake of definiteness, «, >, ¢=2,...N.n,#0 . Suppose for all b: in the expansion of bz in
terms of the basis we have g# 3, , and {(p)< f{p,). Let 6€ Zy (F), a=§ ,D‘/'Zé{/&dz € Z, 6.>g,
v, e /'; U € Fz , and for the sake of definiteness, Uy >l; J'-- 2,...,M. Let ¥ notoccur in the expansion

of g interms of the basis Z(V,)zm(@), {(/@, )= f{p,)%’(v,) and for all V in the expansion of & in
terms of the basis let [(/3, v, ) f(pa ) for all j=4,..., ¥. Then the element 4 A% occurs and only with

coefficient 77,0, % &, in the expansion of bs in terms of the basis and for all other [7 AY in this expansion
we haveoc <o, U, .

Proof. Put
M . N A
s =J.=Zz P, V/l‘// 4 _E ﬂbbdd '

then b6 =n,p, 0/ éﬁ’v’ +nb (c,+61)+é, (P, 4+6,) +b,(puv+e,) + (6+6,)6, . We transform this using
the earlier expressmns

AY ﬂ,,
b6=n,p,b ., +/72 Py uruJ
Ay
+E2J§npj «u+b Zi,oj u+baz+266

A%
from which we see that 6‘, g occurs in the first term with coefficient 7,45 #0 . We can show that in the
)
expansion of the remaining terms in elements of the basis this element does not occur and for all other
AY
é« » we have <o, u,.,

Consider the fourth term

M
Z,DVU
J-/

b,"

2

AY
the basis elements in the expansion of this expression have the form /JarUj , where b‘p is in the expan-
Y,
sion of é in the basis elements and since, by hypothesis, for all such baf we have /614 3, » then 4 of’ !
does not occur in the expansion of the fourth term.

Similarly, for the sixth term 2 b - 6, the basis elements have the form 65" » where Y#V,

=
by hypothesis and this means that b Y does not occur in the expansion of this expression in terms of the
basis.

Consider the fifth term 6,6, and assume that Z):' " occurs in its expansion in terms of the basis.

This means that there can be found a 4,

a 6, inthe expansion of Vs such that /52'8--/3, . Since [(pzvs)é [(/51,)"'{“/5) then either: Z(/JZV)<
é’rp,H ¢ty,) andthen £(p, V,)<l1p,)+Llvs )~ z<é’(pb)+f(vs )—14 (g )4m(V;) & Lip,rmie)= Eoa )l (¥, ) =

in the expansion of the element § : in terms of the basis and
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£(gY,), from which the equation f,¥;=pV  is impossible; or { (B Vs) = 4 (7,) +£( V), and in this case, we
use the fact that {(/az)é {(ﬂ,) . When f(pz) =£(3,) , we find that PP » which is impossible. Thus,
f(,ezj<f(/;,) , but then Z(vs) >€(V,) ; however, L(v,)zmle)= m(Vg)® £(V,)~7 and this means that £ (v,)=
f(\{g)—/ = m(¥), so from the second equation we find that V;= 1 V,’ (@=1,2) . By hypothesis /(/s,v,)z

(4, Vs ), and since {(v)>€0v,) , we have £(3,v;) <lp+tl Vg ) which means that there is a contraction when
A, and ¥, are multiplied, i.e., g = p":t:a'/ (with the same § as in st:l‘d V,’ ). Now we see that in the

Z(v,) + 1-th place on the right in the element f,V, there can be found an element .2‘,‘/ and in the {(V,47-th
place on the right in the element p,¥% there can be found an Iy which shows that the equation £,y =G,
is impossible and this means that é:’y does not occur in the expansion of 62 &, in terms of the basis.

Consider the second and third terms:

-~

n,ZM;ID-bﬂI +Z)2 6'6'”
L J

‘I ‘.// J-f J “ J

In this case «,4; <o;u, for J=2n.M o &ogu, <oty for (=2,... . N, j=f.. M ,and for all 6:"”
in this expansion « < <, U, Thus the lemma is proved.

LEMMA 6. Let § ¢ B, b-ﬁn(b +6° ), e=12, beB, b= Em(é/:’w”, ),

A
d=142, 8#¢& and b+6, =0. Then
N M

Proof. Assume the contrary and suppose, for the sake of definiteness, that 5 n‘;a + 0 ; then
after cancelling like terms (if necessary), there remain coefficients n 7l= 0 for some a—/ LN . As-
sume that { —maxff(« ), [(Y« )] . We proceed for the second sum and assume that Zsma:c [{(/J,

o m, ;ea g
1487 A )] , while if

Em - 0 [}
J .

then fz=0 . Here /(x) denotes the length of the word (X, just as when V€ f'-, A ¥) denotes the length
of the word VY .

Let o, denote one of the indices ay . 4=/,..,#/ , such that f(t:!:I =4 ; then a= Yéd' or o
= y “&’- In the same way, /, denotes one of the indices J’J and {(/,,) = {, ; and in this case /z ::):,j

or J = Y5y
Since £#d' , we have &, # /¢
In 6, we choose a basis element ba‘ with nonzero coefficient and if ¢,>¢, , then b’ does not

occur in the expansion of [7 in terms of the basis and b +b 7€ a. ThlS is a contradiction. If f >/
then § 7(=0 and in the expansion of & , there can be found an element b with nonzero coefficient and

It
144 /,) f and this element does not occur in the expansion of &, interms of the basis; again §,+4, #0 .

This contradiction proves the assertion.
THEOREM. There is an unordered group with strictly isolated identity element.

Proof. We choose the group & described above and show that it is unordered and that it has a strict-
1y isolated identity element. From (1)-(4) we obtain relations for the elements & éeeM
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e e

Qe+ G T, ‘=’ée_be'y/,

e
Qg+ Gy, = &, +6:‘Y2.

From which, if @, > , then 6 > 0 or if g,< 0, then 6840 . We obtain a contradiction with the first of

these relations. If 4,>0 then b <0, orif g,<0, we have é >0 . We obtain a contradiction with the
second relation, Consequently, G does not have any linear orderlngs

Since G/M ~ F and F has a strictly isolated identity element, M is strictly isolated in (. This
means that it is sufficient to show that if C€ M .6€ Z , (F)and Cé=0,then ¢=0 . Consider two cases:

1) c=aeA. Let as=0; we write 6 as follows: 6=6Y, + 6, , where Y, € F, . ev,)=Cls), mw,)
=rmfe), 6,€ Z 4 (F), ©,€7Z,(F) and V, does not occur in the expansion of 6, in terms of the basis. If
£(%,)=0, then {(g)= 0 and o€ Z(F); then by Lemma 1, go=0 implies that @=0 . Let lv)so .

Put V=w,V, W,=W, , if w,-=:r£" (e=1,2) and w=¢,if W=7 .a,=£ n‘.a«‘_ . By (1)-(2), we obtain

/
7
N 1 /
’ & v, wy,
a6 = 6V, + Ao~ a,V;+ac,=-a,y,+ () Ermﬁ(bq +6, ' tas, .

(2l
/

WV,
If w=x" then m(V')<Z(wv') and, by Lemma 2, b&, does not occur in the expansion of g, V/ in terms
of the basis. By Lemma 3, b / may occur in the expansion of a6, only when 6,=V,6,+ ¢,, where

GeZ(F), 6,eZy (F)and V or v,= 23V, b8=12 , d#¢, but the first is impossible since V, does
not occur in the expansion of 6 in terms of the basis by hypothesis, and the second is impossible since

{(J:‘, v,) >C(v,)={(6). Hence Qo=0 implies that
!

N wv,  wy,
z, Hé(bd' +by°(. ) =0,

from which, by Lemma 6, @,=0 and hence @=0 . Suppose now that W=2¢, If m(v/)< E(V’) then

f(a)V )= Z(V)>n7 (v’) and, by Lemma 2, b:f” does not occur in the expansion of a, V’ in terms of the
basis. Suppose (7 occurs in the expansion of ag,, 1n terms of the basis. Then, by Lemma 3, G,=

¥%,9;+ 6, , where VzeF and either V,=V, or V,=zZyV,, d=1,2,0#¢,0 e Zy(R), 6,€Z 4 (F) , and sup-
pose Y, does not occur in the expansion of 6, interms of the basis. Since V, does not occur in the

expansion of 6, in terms of the basis, VZ,LV7 , consequently, VZ‘TJ V,’ . We have @6 = av+a, Vz-+ ag, »
where

M
E ) - m a .
a,~ag, nz-/ LR

Further, from (1)-(2), we obtain

/ / 6ﬁ (VII ‘4/ ) JM (V/ VI )
ac=-av-a,v, + (1, nl6+6, W) Um (646 M+as,,
1y M2y ) g OGOy, )’E x A )"H’x 4

£

v,
and since § " does not occur in the expansion of @,+01 )V,I+a64, in terms of the basis, by Lemmas 2 and
3, aé=0 implies that

~1° Zin, (8, +b )+(—/) Z;mk(éd,fbm) ,

but then, by Lemma 6, Q=0 and g,=0 , and so =0 .
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VI
If g(V) 0,by Lemma 1, bd’, does not occur in the expansmn of a, V =@, and, as in the preced-
ing case, aé=0 1mp11es that 2=0. Finally, let Z(V) m(v, "y >0.
Then v =r; p V, and d#¢£ . By Lemma 3, b v occurs in the expansion of ag, in terms of the

basis if 6,=¢,'V,+ 6, , where Vz-V, or V,= V (f,fd} but then V,=V; and this is impossible. Let &,
and &, be chosen as in the above case. We have ac=q, vra,V,+as,, where a,=ag,,

/

N ’
/ 3 viov
veav=(a~a)V+ec) Bn (646, ).
ail Qz (Z /)’ (,"{ /A ‘L. yad‘;
Put
ﬁ
- -, - m,a
az a, s Par K)/K'

then

’ J‘ﬁ (é‘;l V,’ ) éﬁ ';/ \4/
Vt+av,=av' ) 5m (6,+ +(+, (6'+
Qv+, vy=a, v, + ) &My, éyN/K 1) A 7 (ba'. by«. )g
I
and since m(V, "< Z(V) by Lemma 2, b does not occur in the expansion of g, V in terms of the basis.

Again, using Lemma 6, we find that gg -=0 implies that @=¢. Thus, the case aeA has been fully con-
sidered.

2) Now suppose thatceM , c=2+b6,a€eA ,beB ,6€ Z (F). Again we assume that Co=0 and
show that =0 . Since we have already cons1dered the case ce A, we assume that ¢ A, ie., b#0.

When e(6)=0, we have C6% 0 if c+# 0. The proof is by induction. Suppose for © such that

me)+lio) </ we have proved that the identity element is strictly isolated. Choose 6 such that /77(g)+€(6) =
L,co=0. Construct ¢, and & suchthat rm(G)+e(s)<Ll ,(G=0 when co= 0 and C,=0 if and only
if ¢=0. Thus, we have shown completely that the identity element in the group is strictly isolated.

Thus, let e Z,(F) . {(6) >0 and let us write 6 as follows:
6 =v,6, + 6, ,where ¥, €F,, m(V))=mlc), 6,€ Z,(F, ), 64€ Zo-(F).

Let ceM , c=a+b .ael , beB, bt0. We write b as
N
B
5-5 n56d£+

so that b does not occur in the expansion of bz in terms of the basis, f(p’) Z f(ﬁx) for all By such
that b occurs in the expansion of the element &' e, >0y for ¢=2,....N,ndtg . We write ¢, as

G=Ptht.. 4Py Uy sothat u, > for j=2,....M .5 >0 . Further, let ¥, not occur in the expansion
of &, interms of the basis. Consider two cases:

Dy v Then e(V)=Z(6)-m(a)— /. Inow £(p,V,) = 208,04 £(v,) , noting that 2p,) =
CiBe) f(v) = € (V,) forall By such that b occurs in the expansmn of &,forall V, inthe expan-
sion of ¢ , we can use Lemma 5 and find a basis element b in the expansion of 46 w1th nonzero co-
efficient. Then we have f(ﬁ, v,) —-g(p,)Jr(’(V,) [(/31)4’”7(";)"'/ > mm (s)» which means, by Lemma 2, that bp' '
does not occur in the expansion of a6 in terms of the basis, as a result of which (@+6)s#0.

This contradiction shows that {(p, V)< f(ﬁ,7+/(V) ,i.e., B, I/Z, :Cc , which means that f(@,)> a.

We can show that for an arbitrary basis element b in the expansion of the element b such that
fgek)=/(ﬁ,) and for an arbitrary V; in the expansion of 6 such that Z(»g)=c”{v,) , we must have {(ﬁ,‘ Vs)<
A (px) + ((‘fs ) since otherwise all the conditions of Lemma 5 would hold and the expansion of b6 would
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Y,
contain the basis element 6:' ® with nonzero coefficient. This element does not occur in the expansion
of @6, by Lemma 2, and then we obtain (a+b)e #0. Hence for all such B¢ and V; , we have t(ﬁx Vg)<

1t ’
Z(/G")+((‘/s)’ which means that Sy =B, L, , Vs L,V

Suppose the expansion of 6 contains the element V, such that Z(V,) = [(6)—/,€(Vz) =m(s) . For

this element, we again must have V; = x, vzl . Otherwise {f(p, V)= [(A)-i-{(yt) and £(p,Ve) 2 (B Vy)

for all A; in the expansion of § in terms of the basis §,“ and for all V; in the expansion of 6 . In-
deed, f{a,yt)= [(/3,)-}- ly,)—1. It (’(pb-)éé’(p,)—/ or /(V,)=£(v,)~/ » the inequality holds, but if L) =
Z(p,) and £{Vt)=f(l{) , by what has been proved above, [(/64- V)< f(/s‘;)+f( V), from which £(z; V) <
) + {(Vt)"z < [(/3,)+€(v,) -/ and again we can use Lemma 5. Further, f(/;,V,l )=f(p,)+/(v,)—/—
Z{p,)+m(@/> rm(s) » since /(/3,)> ¢ , and we can use Lemma 2 to obtain (a+6)o 740.

We choose ="CZs . 6,=x;/6 i then ¢g=co=0, =0 ifandonlyif c=0 , /(6,)4m/6)<f(6),
m(e,)={(c,) < m(e),and then m(6,)+ L G,)< mis)+iE)=L.

Thus, it remains to consider the case 2: T, = x;’ V,/ . Again, suppose that 6=V,6, + 6,,6, € Z,(5);
for V, we make the following assumption: V, does not occur in the expansion of O, in terms of the basis
and [(v,)=m(6) ; but then m (v, )=m(q) .

We can show that /(V,)= {(5). If the expansion of o in terms of the basis contains a Vg such that
Z(xg)> K(V,) , then, since m{t{f)‘ m(s;, we have ﬂ‘i(xg )< f(vs) and Vg =Z4 VS/ (8=1,2), from which,
in view of the case considered above, the expansion of ¢ cannot contain an element V, such that J(V,)
=m(s)={(c)— 1 and v,z:cé'/v,’ .

Suppose in the expansion of 6 interms of the basis there can be found an element V; such that
Z(VS )= {(V,)=ﬂ7(6) and v = :Ud'/v; . We can show that then J=¢.

We have m(a)r-{(é) . Let ¢c=a+6 where / is as in the first case; then if {(p,v,)= {(/5,)+ Z(V,)
we have Z(ﬂr) + [(V,)a f(/@z:) + f(vt) for all £ such that bf occurs in the expansion of &4 in terms of
the basis and for all Ye in the expansion of 6 . Hence we can use Lemma 5 and find in the expansion of
b an element § A% with nonzero coefficient. By Lemma 2 the element bj’v’ occurs in the expansion
of ag provided Z}/% v,) = m(c) and this is possible only if /(/6,}=0 .

Now the element # can be written as follows: & = n, b::’ ...+, 175”

The element a can be written as ag= /77,al,+...+mlal, . We use Lemma 4 and find in the expansion of
/ [

as a basis element é‘; ) with nonzero coefficient. We use Lemma 5 and find in the expansion of 45
Edr T

v,
a basis element & with nonzero coefficient. Now, in view of these assertions, (a+6)6 =0 provided

d] ul
Ye)yu, = x,u, from which o= Y I
We write G in the form G,V;+ o, , where Vo= x;/vs/ and /(vs)=m{@). Again we use Lemmas 4
and 5 to find that «,=Y; ), from which ¢=4,

Now, again let £ V)= m(s), but Vo= p Vsl (d=1,2) ; then, by Lemma 5 the basis element b‘v’ oc-
curs in the expansion of 46 .

v,

By Lemma 3, the element QL’ occurs in the expansion of Q¢ , only if the expansion of & contains
an element Y, such that v, = 1‘3 V¢ 1§=7,2) but this is impossible since then f(l/, 1> () .

Consider the remaining case Z(p,v,) < f(/f,,‘ + Z{lg) . But then /6,1,6’11:6 ; if the expansion of & con-
tains an element v, such that v, ¥ :L‘B"VZ, and Z(VL)=mb) , we have f{/jlvz) = f(p,)"’ Z(Vt) and f(,G,V,)Z
=/ (p; Yg)for all p; such that 5:" is in the expansion of & and ¥, 1is in the expansion of 6 . By Lemma

v, Y
5, 65’ * is in the expansion of 46 with nonzero coefficient, but since /(p, V,)>rm(s) , by Lemma 2, bf' £

does not occur in the expansion of ae.
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This means that we can put = c;cé'/ y G = Z,6 ;then

o)+ m(s,) < Lle) +m(e)=L.
Consequently, we have proved that the identity element is strictly isolated.

COROLLARY. An Abelian, normal, strictly isolated subgroup of a group with a strictly isolated
identity element cannot have any linear orderings which are preserved under internal isomorphisms of the
whole group.

The proof follows directly from the construction of the group & .

Note 1. In view of the above corollary the Mal'tsev-Podoeryugin-Riger condition [1] for orderability
cannot be weakened.

Note 2. In an over-ordered group strict isolation and infra-invariance of its subgroups is a neces-
sary and sufficient condition for convexity of a subgroup [1]. As our example shows, in the case of an or-
dered group this condition is no longer sufficient.
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