
AN E X A M P L E  OF AN U N O R D E R E D  G R O U P  W I T H  

S T R I C T L Y  I S O L A T E D  I D E N T I T Y  E L E M E N T  

V .  V .  B l u d o v  UDC 519.46 

The subgroup H c ~  is said to be s t r i c t ly  i so la ted  in the group if g ~ ; ' ~ . . .  ~ n  e H, ~teG, 

~.gaG,i=/0...,n. impl ies  that  ~ e / - / .  We know that  the s t r i c t  i sola t ion of the identity e l emen t  is a n e c e s s a r y  
condition fo r  a group to be o rde red .  Fo r  nilpotent,  b igrade ,  solvable  groups ,  and a lso  for  the extension of 
an Abelian group by a nilpotent group and for  a group with nilpotent commuta to r  group,  the s t r i c t  isolat ion 
of the identi ty e l emen t  is a l so  a suff icient  c r i t e r ion  fo r  the group to be o rde red  [i]. 

t h e  following quest ions were  posed at the F i r s t  All-Union Symposium on Group Theory  in 1965: Are 
there  groups  with s t r i c t ly  i so la ted  identity e l ements  which are  not o rde red  groups ,  and can a l inear ly  o r -  
dered  Abelian s t r i c t ly  i so la ted  normal  subgroup of a group with a s t r i c t ly  isola ted identity e lement  be such 
that  i ts  o r d e r  is p r e s e r v e d  under in ternal  i s o m o r p h i s m s  of the whole group [1, 2]? 

The example  cons t ruc ted  in this a r t i c le  g ives  a posi t ive answer  to the f i r s t  quest ion and a negative 
one to the  second.  

Le t  ~ ' t - {  ~,  ,~z } ,  ~ = ~ . , ' ~ z }  be f r ee  groups  with two g e n e r a t o r s  and F ~" ~ x  5 the i r  d i rec t  

product .  F o r  e l ements  of ~ , in the s ame  way as  for  words V of the alphabet  ,~1, : rz , :~7/ ,  ~C;t~ , we 
introduce the following numer i ca l  cha r ac t e r i s t i c s :  

(V) is the length of the word V. The length o f t h e  unit e (the empty  word) is a s sumed  to be zero• 

r e ( v ) = - -  v , ~f v = x [ ~ v  , ~ / , 2  ; 

0 , f f  V=t~. 

Here  the symbol  -~ denotes the graphic  equali ty of words  and is only used between words in reduced (ab- 
brevia ted)  f o r m .  If now f E F  and f =  VU , where  V e ~  , u e F  z ,  we put ~ ( f ) =  ~(V), m ( f ) = ~ ( v )  . Le t  Z 

denote the se t  of in tegers ,  Z+ (F) the subse t  of e l ements  of an in teger  r ing over  ~- with s t r i c t ly  posit ive 

coeff ic ients .  The notations Z + ( ~ )  and Z4_(F 2) a r e  defined s imi l a r l y .  If d e  Z + ' ( F )  , ¢ = nt~+...+n K fK ' 

we put ~ ( 6 ) - = ~ a x  ~ ( f ~ ) ,  m ( o ) = m a . ~ ( f £ ) ,  ~- t , . . . ,K  . In Fz we introduce a l inear  o rde r  re la t ion  ~ so 
that for  the g e n e r a t o r s  we have ~ > e ,  Yz > 8 . 

Now we cons ider  the f r ee  Abelian group M with the following bas i s  e lements :  O~ , b :  , oc e F e , 

/3 e ~ . We cons t ruc t  the s e m i - d i r e c t  product  of M and F , using an additive r ep resen ta t ion  fo r  the ope r -  
ation in M and a mul t ip l ica t ive  r ep re sen t a t i on  for  {he action of k" on ]~ .  We specify the opera t ion of F 
on /~ by the following re la t ions :  

a~ x i - -  a~ + (- t ) i  (be+ e • 5v~ ~ ) ;  (1)  

Trans la t ed  f r o m  Algebra  i Logika,  Vol.  11, No. 6, pp. 619-632, N o v e m b e r - D e c e m b e r ,  1972. Original 
a r t i c l e  submi t ted  October  18, 1972. 

© 197.1 Consultants Bureat~, a division of Plenum Publishing Corporation, 227 I['est 17th Street, New York, N. }'. 10011. 
No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any .form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the p~blisher. .I 
cop) of this article is available from the publisher for $15.00. 

341 



b ,o .X. = b #'~t • (3) 
06 b ~ ' 

b".  Y. = b  ~' ~ ~ ,  i=t, 2. (4) 

We denote the group thus constructed by ~ . Let ~ denote the subgroup of M generated by the 
# 

elements 0~, and let ~ denote the subgroup generated by the elements bcc. I/now cefl~ and 6•Z+(F) ,  

d=n,~+ ... 4-nx~ ~, then C6 denotes ntC.~,4-...+n~C.fx. 

I~o prove that the identity e lement  of ~ is s t r ic t ly  isola ted we need some auxi l iary  proposi t ions .  

LEMMA i. Let aeA , a#o , ~ Z+(~) • Then aOe A , ao~&o. 

proof. It follows directly from (2) that QOEA. Now let ~X--/7f12%+ ...-Fn~Oc~x, and, for the sake of definite- 

ness, oct >c~ , ~=2 ..... K, t7t~0 , 6=pt~+...+pauN , u, >~. for /--2 ..... N. Then 

/4 ~ /¢ 

+ * 5.  • 

Since p1n1:#O and %U1>Cr,~.for .f=3,...,A/, and o(,U, >o~g~. for  ~=2 ..... g ,  j = !  .. . . .  N, we have a ¢ ? ~ 0  

and the lemma is proved.  

LEMMA 2. Let  /z • A , 6 6 Z 4- (F) and suppose the expansion of the express ion  pc  in the basis 

e lements  contains the basis e lement  b :  with nonzero coefficient .  Then for B~ we must have ~(/3) 
m {6). 

Proof .  Let ~ = p , ~ 4 - . . . + p a f  a .  Fo r  a r b i t r a r y  f " l , . . . , N  consider  o'.p,/?j.=pd.o,.~. ~-a'Vj. , where 

~ . 6 F 2 , ~ . e  ~ , ~.~'=f],  ~zre A by I_emma 1. The proof  is by induction on the length of ~. .  The l emma is 

t rue  for  [(Vj.)=O. Suppose it is true for  Vj. such that [(Vj.)<L , L ~ /  and if now d(vj.)=L, we write vj. as 
K 

V].-~ WV'j so that {(W}=/ ; then [(Vj/)<L. Putting a ' = ~ n i a ~ i ,  we obtain, by (1), 

where/7= w, if w=.r~ I and /3--B if W=:~ (6"=,',2), from which ~(I~Vj.') &177(WVj)=)'n(Vd.)~m(~) . For 

we have ff(hO,~L and the induction hypothesis comes into force. Thus, since ~z. • is arbitrary, 
the lemma is pronged. 

LEMMA 3. Let  Oe A , 6e  Z + (F) and suppose the expansion of •6 in the basis  e lements  contains 

the basis e lement  b :  with nonzero coefficient  and su c h t h a t  {(/~) = nT(O). 
Then i)ff /5= •6/3 / (6=l,2), we have 6=V6t+6 e ,where VE~ , V=~p (~=I,2), ot6Z + (F2), 

o; e Z+ (F) ; 

2) if /3== az;/p I ($=/,2) , we have 6 = V ~ , + ~ z , w h e r e  Ve~,, ,  v = p  or y=:r$/3 (~-t,2.$~&),~1£ 
z + e z+ (z) . 

proof. Let a=n,%+ +p,£ ;then 

N M 

• j , , f  

Consider an a rb i t r a ry  t e r m  o~ the sum n : p . ~ z  {.=n..,o.a_ "U.V..=a'V. , w h e r e  V.£/" U . £ F . ,  
- -  ' ~,b ~[,'j ' . ' J  =g J j b J t ,  b z 

V / t I , ~-,:--/t . By Lemma 1, ~2 ~,4 , we put G-ni l ,+  +/7 O, • If [(V..)=O, the lemma holds, otherwise we 
J J  J J /, ".- x l ,  J 

write  ~. as V j = W V ' , w h e r e  ~(W)=-/. 
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su and/~=n.T~p (/~=,.~',~p),£:"'f.,2, ~nd assume that Vj.+ .T$p (~.~-/3 Consider b :  ~: that ~(/~)=m(~) ' - / '  
and Vj.~¢#/5. ~ &  ), 8. /.2 ; we can show that in this case 6 p~ does not occur in the expansion of a'vj 
in basis e lements .  

By (1) we have 

, .¢~ =-" ~v" 
o'~. = (gw) ~: - - gv'+ (-/) ,-,'~ (6/. + ~/. ), 

where ,.O-w i~ W-:=;:and ,~-~ , if W- ~ . _~-:.~ . Sinoe ,Zv'+ : , 6~ does not occur in the second 
t e r m  of the above sum. For  the f i rs t  t e r m  of a/v  / we have: ei ther  m(v~),,m(~)=~(i,3) and then b :  does 

not occur  i n the  expansion of ~z/v' in the basis e lements ,  by Lemma 2; or rn(v')-m(~) , but since ~(Y'}< 
[(~) , we have Y/=x~/v~ ~--t,2 , and again, by (1), we obtain 

o" x ;/ V / 

alv~--~v"+ (-n ~n~' (~.,. + ~y,~/~ ). 

Again, 6~ does not occur in the second term since / ~  ~'/ and for the f i rs t  term we have re(v#),:" 
m(V')-m(6)-~{/3) , f rom which, by Lemma 2, #P does not occur  in the expansion of ~z/v/: in basis e le -  

eL 

ments.  In view of the above contradict ion and the a rb i t r a ry  choice of the t e r m  :z.~.a #. the lemma is 
proved.  ~ J ¢~'g- ' 

LEMMA 4. Let a e ~  , a = ~ c ~ f . . . + n : / ~  and, for  the sake of definiteness, ~/=.oc l , 6"-.2 ..... N , ~ O .  
Let 

N 

o_  ~ :,:~,:+~,, ::~ z. p] ,o ,  v,~z , ~:,,,:=,-:,:,,:= 

= &,~), v, = z ~ ' v '  

and, for  the sake of definiteness,  ul>:.// , j'=2 ..... M ,~zaZ,r(F), where Y7 occurs  in the expansion of 0 z in 
t e r m s  of the bas is .  Then the expansion of a d  in t e r m s  of the basis  contains the element b~% u ~ with 

coefficient (_~)~a,p, ¢ o , and for  all other basis e lements  in 5~ of this expansion we have ~.e ye~,  u~. 
M # 

, r o o f .  , . t  ; then . ,  : ,  . . ,  . ,  ÷ . , z ,  V, . ,  ÷ + . S i n c e ,  

v, - - - ~ ' ,  us~-,~ (~)-(~), we obtain 

a ~  = -  n I p ,  o., v, % + (- : )  n,p, ~-:: n , : , ,  o ~ , . ,  - 
, v i a  t4 ~ l¢ M 

Consider  the f i r s t  and fourth t e rms :  

s/ 
' v , ' j ~ : ~  ' ' 

-:,,p,% v, ,1- a = . = a  v,. 

By /..emma 1, a /e  A and since m ( ~ l ) < m ( V , )  =[(V I) , by /..emma 2, 6 :  does not occur  in the expan.qion 

of a'vl / in t e r m s  of the basis .  Consider the last t e r m  og z ; using Lemma 3 we find that 6 2 can occur  

i n the  expansion of a g  z i n t e r m s  o f t h e b a s i s ,  only if e i ther  v, or  ~aV7 (c~=t,2, ~=~ &) occurs  in the ex-  

pansion of ~z ' but the f i rs t  is impossible,  by hypothesis,  and the second is impossible since ~ (~c~ ~ )=  

Consider the second, fifth, and sixth t e rms :  

• , ' ~-1 22 ' 
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since = ~ , . , % , , -  % , , , ,  for a~ ~'=~. .... ~ '  . i - ~  . . . . .  M and ¥ ~ 5 . ,  ~,=,5.<7~%,, for a~ ~'-~ . . . . .  ~ ; 

f--2, .... M , we find that ~ does not occur  in these sums and fo r  all other ~ '  f rom this express ion  

we have ~<Y~%u, • 

Thus, v, occurs  only in the third t e r m  t-~ , ~  ye~,u, with coefficient ( - i )~n ,~O and the l e m -  
ma is prove %u'  

LEMMA 5. Let 

b=~ o~b~z* 6 
~=~ 

~d, for the sa~ of definiteness, =,~.o~, ~ ..... ~'. n, ÷0 • Suppose for ~ ~ in the expansion of b~ in 

terms of the basis we have ~#/~,, ~d ~'~-~'~,~,~. Let ~ z+(r), ,~=~,~.v,~.+,~ .4.~ z, 

v, ~ f, ~. ~ z,, and for the sa~e of definiteness, ,~, ~,~., /= 2 .... , ~. ~'Let V, not occur in the e~pa,~ion 

of ~ in t e rms  of the basis ~(Y,);~m('o,), ~(,~,V,) = _ _  __-~[/3,)+~(V,) and for  all V in the expansion of in 

t e r m s  of the basis let [{p, v , )~  [ ( / 3 ~ )  for an  j'=~ . . . . .  N Then the e lement  ~Av, . occurs  and only with 

coefficient n,p~ ~ O, in the expansion of ~ in t e r m s  of the basis  and for  all other  b~" " in this expansion 
w e  h a v e  ~: < ~ / / ~ / .  

Proof. Put 

,,, ~_ ~ , . , , , ~ .  , z ; , -~ ~ -~, 

then b~=n~/~ %u~ + n ~ ' ~  (Oz +gz ) -F ~ (/o ~ V,~ +d,) -FO~ (p,u~ V,+ o~) + (~÷bz )6 z . We transform this using 

the earlier expressions 

M 

+ ; ~ n ~ p j  +b z. ~.~u/÷b,6, %.  ~=~ ].~ ~ ~ .- . 

t ,6, v' f r om  which we see that -%u~ occurs in the f i r s t  t e r m  wi th  coef f ic ient  nt/~ ~ 0 . We can show that in the 

expansion of the remain ing te rms  in e lements of the basis th is e lement  does not occur  and fo r  a l l  other 

~ ; ~  , we have oc-~%u z, 

Consider the fourth t e rm 

6 o ~  ~o v, uj ; 

pv, 
the basis elements in the expansion of this expression have the form bcc u. , where b :  is in the expan- 

sion of b 2 in the basis elements and since, by hypothesis, for aU such bJJ we hav~ p~/3,, then ~' 
does not occur in the expansion of then fourth term. 

P' ,v 
Similarly, for the sixth term ~] b~ • ~. the basis elements have the form b;a , where F~-V I 

by hypothesis and this means that , ~  does not occur in the expansion of this expression in terms of the 
basis. -~ 

Consider the fifth term bzd ~ and assume that ~v ,  occurs in its expansion in terms of the basis. 

This means that there can be found a b 2 in the expansion of the element ~:~ in terms of the basis and 

a 0 z in the expansion of Y$ such that p~V$--/3,v l . Since ~(io~vs) ~ ~(/~)+~[Fs) , then either: ~(/3, V3) 
~ (',fJt )-I" ~( y$ ) and then ~(t5~ Vs ) ~.~(/hz )'F~(Vs )-2 <~(p~)+ ~CV$ )-/~, ~(/Jr,)+l'nCVs ) ~. ~(p,).t-mf~)~.tf/~,)+~( I/, ) - -  
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(fit Y~), from which the equation /~$ ~ =pt V~ is impossible; or ~(2~ Vs) - ff(~r)+~o[ Y$), and in this case, we 

use the fact that V~)~ ~(p,) . When ~O(l.:j~)=~(p~), we find that /~-p~ , which is impossible. Thus, 

~<~a(/3t) , but then ~(V#) ;,{(V~) ; however, ~(vt)#m(~)#tn(Vs)# ~(Ys)-/ and this means that ~(V~)-- 

~(~)-/-- m(Y$), so from the second equationwe find that Vs',," .v#V~ (CP-I,2) • By hypothesis ~(p~)~ 

{(p~ Vs), and since ~(V s) > ~(V~) , we have ~Cp~ V s) <e(,~)4"~(vs}, which means that there is a contraction when 
/~ and t/s are multiplied, i.e., p~ = p[~/ (withthe same ~ as in V$=:rSV; ). Now we see thatin the 

~(~) + I -th place on the right in the element p, V~ there can be found an element ~v~ / and in the ~)~ -th 

place on the right in the element pzYs there can be found an ¢r$ which shows that the equation P~='Pz~ 
is impossible and this means that b~c #'~ does not occur in the expansion of b 2 ~ in terms of the basis. 

Consider  the second and th i rd  t e r m s :  

M N M 

:, d;".. 
Inth is case ~,u] ,~oc, u, for "I"2.:'...M ~.~.~.u/,~ocz~ 
in this  expansion cc < co, U, • Thus the l emIna  is proved.  

L E M M A 6 .  Let  ~ 1 £ ~  b,-.~n~(b~'l'b p ' " • Y:'z )' ~=/,z, b~Z~, 

for ~'- 2 ..... N ,/-.-/, .... M , and for all bt ~ 

M 

>, lj r,,~. 

o,  ,'r, . , % . -  0.  

Proof .  Assume  the con t r a ry  and suppose,  for  the sake of def ini teness ,  that t71j 0%; ~ 0 ; then 

a f t e r  cancell ing like t e r m s  (if n e c e s s a r y ) ,  there  r e m a i n  coeff ic ients  

sume that ?, - , ~ o ~ Z  ~C~i~, t C ~ i  ~J " 
.~ o 

tr  3J , while 

then ~----0.  Here  ~(,~') 

of the word  Y . 

n~ ~ o for some ~=Z...I N .  As- 

W e  proceed  for  the second sum and a s sume  that  ~=. rmU~ L ~C/j}, 
~5.~o 

A# 

- o ,  

denotes the length of the word 0( ,  jus t  as when V e  ~/  ~(V) denotes the length 

~ s  -~ or~s Let  cc$ denote one of the indices a'~ . g=t, .. . .  A/ such that  ) ; then cog--y& t 

= 5 - ~ c  t. In the s ame  way, / ~  denotes one of the indices ] j  and [(/~) = ~ ;  and in this case  ~/z ~ ] /  

or 1 :  Yi'l: 
Since ~ o  ~ , we have ¢c$¢=]t. $ 

In b/ we choose a bas i s  e lement  b~6 with nonzero  coefficient  and if 81 ~, g 2 then b P does not ' % 

occur  in the expansion of b z in t e r m s  of the bas i s  and b/+b 2 ~ 0. This is a contradic t ion.  I f  ~ , ~  , 

then bz~0  and in the expansion of b 2 there  can be found an e lement  b ~  with nonzero  coefficient  and 

~(]t)  ~ ~1 and this e l em en t  does not occur  in the expansion of b 1 in t e r m s  of the b a s i s ;  again b,÷b z ~ 0 . 

This contradic t ion p roves  the a s se r t i on .  

THEOREM. There  is an unordered  group with s t r i c t ly  i so la ted  identity e lement .  

Proof .  We choose the group ~ desc r ibed  above and show that i t  is unordered  and that  it has a s t r i c t -  
e 

ly i so la ted  identity e lement .  F r o m  (1)-(4) we obtain re la t ions  for  the e lements  clg,be~/d: 
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g 

e 

a e +  ae.~ e --  b e + b ; .  Y 2. 

F r o m  which, if  ae ~" 0 , then b e ~- 0 o r  if  a e ~  O ,  then 0 . We obtain a con t r ad i c t i on  with the f i r s t  of 
¢ e 

these  r e l a t i ons .  If a e ~,0 , then  b e < O ,  o r  ff Oe < 0 ,  we have ~ > 0 . We obtain a con t r ad i c t i on  with the 
second  re l a t ion .  Consequent ly ,  ~ does  not have any l i n e a r  o r d e r i n g s .  

Since G/M ~ F and ~" has  a s t r i c t l y  i so la ted  ident i ty  e l emen t ,  M is s t r i c t l y  i so l a t ed  in ~ .  This  

means  that  i t  is  suf f ic ient  to show tha t  ff C~/V/ . ¢ e Z + (~-) and C 6 = 0 ,  then C - 0  . C o n s i d e r  two c a s e s :  

1) C = a  c A .  Let  c t 6 - O ;  we wr i te  6 as  fol lows:  6=¢5,V t + ~z , whe re  V, ~. F, , e (V,)-~e(6),/=,7(V, ) 

=rrT{6), Ote ~ + ( F  z ), 0 2 ~ Z +  (~-) and V I does not o c c u r  in the expans ion  of 6 2 in t e r m s  of the b a s i s .  If 

E (V, ) - -O ,  then [(6)= 0 and O e ~ + ( F z ) ;  then by L e m m a  1, ad=O i m p l i e ~ t h a t  a = O  . Le t  La[VI).~O . 

Put  Yt=WtVt' W t = W  t , i f  w,=~vi t (e=t,2and w,-e , i f  w,=% ,a,=~%a~i . By (1)-(2),we obtain 

6 ~  r, We/ _Wv; 
a ~ - a ~ , v , + a v t = o , v , ÷ a 6 z = - a , ~ ' + ( ~ )  n / l ~ z  + 0 ~  z ) + a ~  2 . 

If w=a:~, t , then m(V,9,g(wv,') and, by L e m m a  2, b wv~ ~% does not o c c u r  in the expans ion  of a~ V, t in t e r m s  

of the b a s i s .  By L e m m a  3, b ~, '  may  o c c u r  in the expans ion  of a e  z only when @ =  ~ 6  s + 0 4 , where  

o~¢Z+(~), 6¢ ~ Z +  (F).and VZ=V t or  .vz=.TgVt, ~=/ ,2  , (~#8, but the f i r s t  is  imposs ib l e  s ince  g t does  

not occur  in the expans ion  of 6 e in t e r m s  of the b a s i s b y h y p o t h e s i s ,  and the second  is imposs ib l e  s ince  

~(~d V,] >~(V~)-~(~;)° Hence O d - O  impl i e s  tha t  

a ._ Wv; wV,' 

from which, by Lemma 6, a:t-O and hence ~ - 0 .  Suppose now that ug=~. If m(V/)<  ~(V/), then 

f(~V,t)  .. ca(V/) ~.rrr (V/) and, by L e m m a  2, [3 wv/ does  not occu r  in the expans ion  of a,V ~ in t e r m s  of the ¢;  
bW~, bas i s .  Suppose ~ "  o c c u r s  in the expans ion  of a d  2 , in t e r m s  of the ba s i s .  Then ,  by L e m m a  3, 6z-- 

5e~+~, ,  where %eft and either Ve=V ~ or V~=%V',  3=/,~,~÷S, o~eZ+(5), ~,~Z+ (F), and s~p- 
p o s e  V e does not o c c u r  in the expans ion  of Oz in t e r m s  of the ba s i s .  Since V~ does not o c c u r  in the 

expans ion  of 6 e in t e r m s  of the b a s i s ,  V z ~V~ , consequen t ly ,  Vy--2?d V/.  We have a ~  - ~ ~+ a z 5-4- ae~  , 
where  

M 

F u r t h e r ,  f r o m  (1)-(2), we obtain 

H V/ V/ ~ M / , 

I 

--b,c' does  not o c c u r  in the expans ion  of ~+az)V,+a ~ in t e r m s  of the ba s i s ,  by L e m m a s  2 and and s ince  

3, a n -  0 impl ies  that  

but then,  by L e m m a 6 ,  0 I = 0  and Gz-~O , a n d s o  a-~O . 
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If ~ (Vg= 0 by L e m m a  1, b v/ does not occur  in the expansion of ~,V/=~ and, as in the p r e c e d -  , ~z 

ing case ,  ~ = 0  impl ies  that n - - -0 .  F ina l ly ,  let  ~ (V/ ) -oT(V/}  : ' 0 .  

Y ,_ -t // Then ~ -  ~ Y~ and ~ By L e m m a  3, b ~' occurs  in the expansion of aO~ in t e r m s  of the • ~ , :  

bas i s  if Oz-~a .Yz+~ ,  where  V,--V/ , or  5 = : ~  / (&~.~}; but then Yt =V~ and this is imposs ib le .  Let ~a 

and 64 be chosen as  in the above case .  We have r~O.~ ~+~z~+~zo~,  where a z = n  g , 

/ 

a, v, + az ( % - a , ) v , ' +  . ng, 

Put 

a, -a , -  a , -  £ 

t hen  

v_' v/ E, * v,' v/ 
/de', jl! 

f/ 
and since m (V ; ) •  u ~ (V,) , by L e m m a  2, does not occur  in the expansion of a~ Vf in t e r m s  of the bas i s .  

Again, using L e m m a  6, we find that  a¢1.=0 impl ies  that ~ = 0 .  Thus, the case  a e A  has been fully con-  
s ide red .  

2) Now suppose that  C~l~l . C=~I +~ . g2e~ , ~ e ~  , ~ie Z # ( F ]  . Again we a s sume  that C ¢ = 0  and 
show that c = a  . Since we have a l ready  cons idered  the case  c ~  A, we a s sume  that c ~ A ,  i .e . ,  b ~ 0 .  

When 8 [ ~ ) = 0 ,  we have c~ ~ 0 if c ~  0. The proof  is by induction. Suppose for  ~ such that  

rr/(¢)+[(~} < L we have proved  that the identity e l emen t  is s t r i c t ly  isola ted.  Choose 5 such that r'o~}+~(~} = 
L , c ¢ - O .  Cons t ruc t  Q and ~ s u c h t h a t  rr~(6~)+8(~)~L , ~ . = 0 w h e n  c e = 0  and c , - 0  f f a n d o n l y  
if C = 0 .  Thus, we have shown comple te ly  that the identity e lement  in the group is s t r i c t ly  isolated.  

Thus, le t  6 6  Z+(F} , ~'(6}~0 and let  us wri te  ~ as follows: 

+ 

L e t  C E M  , c = a + b  , a E A  , b e ~ 3  , b~O. We wri t e  b a s  

sot t does not occ  expa ion of b 2 i n t e r m s  of the basis, f o r a l l  such 

that b~  ~ occurs  in the expansion of the e lement  b" ,a:17vc [ for  ~=2 .. . . .  A/, n ~ a  • We wri te  ~, as 

6 , - -p ,  u,+. . .  +PM UM so that  u , > ~ .  fo r  / - - 2  . . . . .  M .p,  >a . Fur the r ,  let V, not occur  in the expansion 
of Cz in t e r m s  of the bas i s .  Cons ider  two cases :  

1) ~ =  ::U 8 V/ .  Then £ ( ~ ) - - ~ ( 6 ) - - m ~ ) -  t . If now ~(/aIVl) = vP(/~,)+E(~), noting that  E(/3,) ~, 

~(/3K.), ~{~) ~ ~ ( 5 )  for  all /8, r such that  b :  ~ occurs  in the expansion of b , for  all 5 in the expan-  

sion of ¢ , we can use L e m m a  5 and find a bas is  e lement  b 2  v' in the expansion of b6 with nonzero co-  

eff icient .  Then we have bZC/3~} =~(~,)+~(~}=[(/J~)-bmC~)+/ > m ( 6 ) ,  which means ,  by L e m m a  2, that b~  v' 

does not occur  in the expansion of a 6  in t e r m s  of the bas i s ,  as  a r e su l t  of which (a +6)~ ~ O. 

This  contradic t ion shows that  ~(/~I ~) < ~{/~, } + ~ (~  ) '  i .e . ,  18, ~ " / a / : ~  / , which means  that  ~ ~,} - O . 

We can show that  for  an a r b i t r a r y  bas i s  e lement  b :  ~ in the expansion of the e lement  b such that 

~ x ) = [ ( / 3 , )  and for  an a r b i t r a r y  ~ in the expansion of 5 such that  ~(VsJ=~(V,), we mus t  have ~(Z,V$) "= 

~(]3 x ) + [(Vs ) since otherwise  all the conditions of L e m m a  5 would hold and the expansion of bo would 
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conta in  the bas i s  e l emen t  _¢  with n o n z e r o  coeff ic ient .  This  e l e m e n t  does  not o c c u r  in the expans ion  

of ~5 , by L e m m a  2, and then we obtain (a+5)~ ~ 0 .  Hence fo r  al l  such  /3~ and V$ , we have ~(/z~Vs),~ 
/ - /  ! 

~' (/5~) + d(V~), which means  that  ;6,  ~ / ~ $  , Y s ~:.~ V s 
Suppose the expans ion  of 6 conta ins  the e l emen t  V~ such  that  [ (V  e) = ff(6)-t ,ff(Ve)=m(6) . F o r  

this  e l emen t ,  we again  mus t  have V~ ~ ~£ ¥;  . O therwise  ~vY(/~ Ve)~ [(/~)+~(ge) and ~{'/~, ~) ~ ~(/~ Vf~) 
for  all /3~ in the expans ion  of b in t e r m s  of the bas i s  b :  ~ and fo r  al l  V~ in the expans ion  of  O . In-  

deed,  ~ , ~ ) =  [(/~,)+ d (y , ) - - t .  If t~C/~i)~Cp,)-! or  ~(V~)~(V , ) - /  , the inequal i ty  holds ,  but ff vQ/3J = 

d(l~,) and d(V~)=[(V~), by what has been proved above, ~(Pi Vt~ ": ~(f~)+[( Vg ), f rom which t'{/a z V~ ) 

g(/~i) 4- ~(V~)-2 ,: [ ( i ~ ) + f f ( v ~ ) -  / and aga in  we can  use L e m m a  5. F u r t h e r ,  [(l~,V z )=~(/~)+f(V¢)-l-- 
[(~)-Fm(~]> rn(~} , s ince  [(/z,)> 0 ,  and we can use L e m m a  2 to  obtain ( a + ~ ) ¢  ~ 0 .  

We choose  C~--"O:Z'$ , ~ c ~ ¢  ; then C~g--e-~ = O ,  c, -- 0 if and only if ¢=g  , [(al)(.m(o ) < ~(~), 
re(o, ) ~ { (~ )  ~ re(O) , and then m(~,)+ f (O~)< mC¢;)+~{~)= L. 

f o r  

and 

[(VS}>[(Vl) then, s ince  m(~)~zn(~}  w e h a v e  m(Vs)< S(V$) and VS~:~3Vl  (8~/,2),fromwhich, I , S 

in view of the case  c o n s i d e r e d  above ,  the expans ion  of ¢ cannot  conta in  an e l e m e n t  V 7 such  that  ~(V I ) 
~X-I [ 

=m(~)~E~o) - / and ~ ~ V~ 

Suppose in the expans ion  of 6 in t e r m s  of the bas i s  the re  can be found an e l e m e n t  Y s such tha t  

[(V s )= [~Y I )~m(~) and VSz ~73-[V/ . We can show that  then ~ = 8 .  

We have m(o)=~(6). Let  C= a + b  whe re  b is as  in the f i r s t  c a se ;  then if vP(/~)= ~(/3,) + ~(V~) 
we have ~(/3,) + ~(~)~ ~(/~) + [(Yi) fo r  all  /~i such  that  ~:~ o c c u r s  in the expans ion  of ~ in t e r m s  of 

the bas i s  and fo r  all  V$ in the expans ion  of 6 ° Hence we can use L e m m a  5 and find in the expans ion  of 

b~ an e lement  b A ' with nonz e ro  coef f ic ien t .  By L e m m a  2 the e l e m e n t  ~/~v, o c c u r s  in the expans ion  

of a d  p rov ided  ?(/~,V,) ~ m[6) and this  is poss ib l e  only if [ ( / Z I ) = 0  . 
£ 

Now the e l emen t  ~ can be wr i t t en  a s f o l l o w s :  ~ =  n 1 b : + . . . + n ~ b ~ a  . 

The e l emen t  a can be wr i t t en  as  a =  ,.'n,a/~...+,*-nxo,[#. We use L e m m a  4 and find in the expans ion  of 

$ i . . . .  o~ a bas i s  e l emen t  ~ / 1  u, w th nonz e ro  coef f l cmnt .  We use L e m m a  5 and fred m the expans ion  of 6~ 

a bas is  e l emen t  b~fu, with n o n z e r o  coef f ic ien t .  Now, in view of  these  a s s e r t i o n s ,  (a+b)c~ = 0 p r o v i d e d  

", f rom whieh % -  

We wri te  0 in the f o r m  O~V~+ O~, where  V$~r ~=~'Ys ! and bP(ys)~m{o). Again  we use  L e m m a s  4 

artd 5 to find tha t  ~ ~-- ~ ~ f r o m  which ~--- ~ .  

Now, again let bf(V~)~m(c~), but V$~o$Y: (F=/,2);then, by L e m m a  5 the bas i s  e l emen t  /7 v~ o c -  
c u r s  in the expans ion  of ~o • *¢ 

By L e m m a  3, the e l e m e n t  ~:~ o c c u r s  in the expan.qion of a g ,  only if the expans ion  of e5 conta ins  

an e l emen t  V~ such  that  V~ :~ ~v 3 v s tA--t, 2) but this is imposs ib l e  s ince  then [( V z ) > ~(~} . 
Cons ide r  the r ema in ing  c a s e  ~(/3~V~), ~(/~.,) + ~f(V~). But then f ~ / 5 ~ c $  ; if the expans ion  of o c o n -  

ta ins  an e l emen t  V~ such  that V~ y~ ,T~'V; and ~(V~)~m~o) , we have ~(/~,V~) = ~(/3,) + ~(V~) and ~V~)~ 
~> ~ ( ~  V~)for al l  /3~ such  that  ~:~ is in the expans ion  of ~ and v~ is  in the expans ion  of ~ . By L e m m a  

~,v~ 
5, . ~  is in the expans ion  of ~o with n o n z e r o  coef f ic ien t ,  but  s ince  v~(/~ V~):~ m(~), by L e m m a  2, ~:~ vz 

does  not o c c u r  in the expans ion  of ~zo.  

Thus ,  it r e m a i n s  to c o n s i d e r  the case  2 : ~ 1  ~= :zr~/Y/ • Again,  suppose  tha t  o =  vT~ 1 + ¢z '  ~1 e Z +  (F2);  

V, we make the fol lowing a s sumpt ion :  V, does not o c c u r  in the expans ion  of O z in t e r m s  of the bas is  

vf(Vt)=m(6) ; but then m(V~)--m(~). 

We can show that  vQV,) = if(d). If the expans ion  of o in t e r m s  of the bas i s  con ta ins  a V s such  tha t  
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This  m e a n s  t ha t  we can  put  Q = C~C~ t , ~ = :z'~6 ; t hen  

2 ( o , ) +  (o, ) , + m /_, . 

Consequen t l y ,  we have  p r o v e d  tha t  the  i den t i t y  e l e m e n t  i s  s t r i c t l y  i s o l a t e d .  

COROLLARY.  An A b e l i a n ,  n o r m a l ,  s t r i c t l y  i s o l a t e d  s u b g r o u p  of a g roup  with a s t r i c t l y  i s o l a t e d  
i d e n t i t y  e l e m e n t  cannot  have  any l i n e a r  o r d e r i n g s  which  a r e  p r e s e r v e d  unde r  i n t e r n a l  i s o m o r p h i s m s  of the  
whole  g r o u p .  

The  p r o o f  fo l lows  d i r e c t l y  f r o m  the  c o n s t r u c t i o n  of the g roup  G .  

Note 1. In v iew of the  above  c o r o l l a r y  the  M a l ' t s e v - P o d o e r y u g i n - R i g e r  cond i t i on  [1] fo r  o r d e r a b i l i t y  
cannot  be  w e a k e n e d .  

Note  2. In  an  o v e r - o r d e r e d  g r o u p  s t r i c t  i s o l a t i o n  and  i n f r a - i n v a r i a n c e  of i t s  s u b g r o u p s  i s  a n e c e s -  
s a r y  and s u f f i c i e n t  cond i t i on  fo r  convex i ty  of  a s u b g r o u p  [1]. As  our  e x a m p l e  shows ,  in  the  c a s e  of an  o r -  
d e r e d  g r o u p  th i s  cond i t i on  i s  no l o n g e r  su f f i c i en t .  

lo 
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