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Abstract — Zusammenfassung

Formalization and Implementation of Floating-Point Matrix Operations. The paper shows that
floating-point matrix operations can be implemented in a way which leads to reasonable mathematical
structures as well as to sensible compatibility properties between these structures and the structure
of the real matrices. It turns out, for instance, that all the rules of the minus-operator for real
matrices can be saved and that for all elements which are comparable with 0 with respect to <
and > the same rules for inequalities hold as for real matrices. These structures also occur in other
fields of mathematics [5], [6], [7]. They allow many theoretical considerations with floating-point
matrices. The proposed implementation, furthermore, leads to a higher accuracy of floating-point
matrix operations and allows a much simpler error analysis (Theorem 2.5).

Theorem 2.3 is the main result for the implementation. It reduces the structure of floating-point
matrices to special properties of the rounding function and to a special definition of the
operations. In chapter 1 these properties are derived as necessary conditions for an algebraic and
order homomorphism between the real matrices and the floating-point matrices.

The last chapter gives the algorithms for the implementation of floating-point matrix operations for
all roundings of the set {V, A, O, pu=0(1)b} (for definition sece chapter 1) using a special
accumulator (Fig. 3 in chapter 3). It is an essential result that the implementation of all operations
can be separated into several independent steps which means that an exchange of the rounding
does not influence any other part of the algorithm.

Formalisierung und Implementierung von Gleitkommamatrixverkniipfungen. Die Arbeit zeigt, daB
Gleitkommamatrixverkniipfungen in einer Weise implementiert werden konnen, welche eine ver-
niinftige mathematische Struktur wie auch sinnvolle Vertriglichkeitsbedingungen zwischen der
Struktur der reellen Matrizen und derjenigen der Gleitkommamatrizen erlaubt. Es stellt sich
beispielsweise heraus, daB alle Regeln fiir den Minusoperator bei reellen Matrizen erhalten werden
konnen und daB fiir alle mit Null vergleichbaren Elemente beziiglich < und > dieselben Regeln
fir das Rechnen mit Ungleichungen gelten wie fiir reelle Matrizen. Die sich ergebenden Struk-
turen treten auch in anderen Gebieten der Mathematik auf [5], [6], [7]. Sie ermdglichen viele theoretische
Untersuchungen mit Gleitkommamatrizen. Die vorgeschlagene Implementierung hat ferner eine hohere
Genauigkeit der Verkniipfungen fir Gleitkommamatrizen zur Folge und erlaubt eine wesentlich
einfachere Fehleranalysis (Satz 2.5).

Der Satz 2.3 stellt das Hauptergebnis fiir die Implementierung dar. Er fithrt die Struktur der Gleit-
kommamatrizen zuriick auf spezielle Eigenschaften der Rundungsfunktion und eine spezielle
Definition der Verkniipfungen. Im ersten Abschnitt werden diese Eigenschaften als notwendige
Bedingungen fiir einen algebraischen und Ordnungshomomorphismus zwischen den reellen
Matrizen und den Gleitkommamatrizen hergeleitet.

* Dedicated to J. Weissinger on the occasion of his 62-nd birthday.
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Der letzte Abschnitt behandelt die Algorithmen fiir die Implementierung der Verkniipfungen fir
Gleitkommamatrizen fiir alle Rundungsfunktionen der Menge {V, A, O, u=0(1)4} (beziiglich
der Definition siehe den ersten Abschnitt). Dabei wird ein spezieller Akkumulator verwendet (Abb. 3
im dritten Abschnitt). Ein wesentliches Ergebnis besteht darin, daB die Implementierung fir alle
Operationen in verschiedene, voneinander unabhingige Schritte zerlegt werden kann. Dies bedeutet
beispielsweise, daB ein Austausch der Rundungsfunktion keinen anderen Teil des Gesamtalgorithmus
beeinfluBt.

1. Mathematical Preliminaries

To be clear let us first define a few well known order properties.

Definition 1.1: A set M with a relation < defined for its elements is called an
“ordered set” {M, <} if it has the following properties:

(01) AN x=x (reflexive)
xeM
(02 AN (xSyay<z=x=z) (transitive)
x,y,zeM
(03) AN\ (xSyryS<x=x=y) (antisymmetric)
x,yeM

An ordered set is called “totally ordered” or “linearly ordered” if
04 /\ xSyvysx) (linearly ordered)
x,yeM

holds.

In an ordered set the relation < is defined as usual by
N\ (x<y:ex<yaxFy).
x,yeM

The real numbers R with respect to the addition + the multiplication - and
the order relation =< have the following properties:

(F1) {R, +, -}isafield.
(F2)  {R, <}isalinearly ordered set.

(F3)  The following compatibility properties hold between the algebraic and
the order structure in R:
(@& N\ (x<y=x+z<y+z),

xyzeR

b) A (x<yarz>o=x.z<y-2).
x,5,zeR
1t is well known that every real number x can uniquely be represented by a
b-adic expansion. Let us now give one of the usual definitions of a floating-
point system:

Definition 1.2: A real number x € Ris called a “normalized floating-point number”
if it fulfils the following conditions
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x=m-b®
m:=x0,d;d,...d, xe{+, =}
1=2d=b—1,0=d; £b—1for all i=2(1)n,

(1)

else<e2 el=o,e2z=1,wheree el,e?2are integers.

b is called the “base”, m the “mantissa” or fraction part and e the “exponent” of
the representation (1). The union of all normalized floating-point numbers with
a special representation of the number zero which generally consists of a mantissa
zero and the exponent e 1:

+0.00...0-b°1:=0

is called a “floating-point system” T<R.

A floating-point system therefore is characterized by four constants
T=T(h,nel, e2).

It consists of a finite number of elements and has the property

(S) 0,1eTAn N\ —xeT

i xeT .

which, among others, means that T is symmetric to zero.

Let now M, R denote the set of real r x r matrices, O the zero matrix and E the
unit matrix. Then {M, R, +,., <} with the usual addition and multiplication

for matrices and the order relation defined by
A (X<Yex;<y; forall i,j=1(1)r)
X={(x;), Y=0r;)e M, R

is an ordered ring with unit element E, i.e.
M1 {M,R, +, .} is a ring with unit element E.
(M2) {M,R, £}isan ordered set.

(M3) The following compatibility properties hold between the algebraic and
the order structure in M, R:
@ N\ K<Y=X+Z<Y+2).
X,Y,ZeM, R
(b) N\ X<YAZ>0=X.Z<Y-Z).
X,Y,ZeM, R
Let now M, T denote the set of all » x r matrices with components out of a given
floating-point system T=7(b,n el,e2). Then also M, T consists of a finite
number of elements and it also has the property
(S) O,EeM, TA )\ —XeM,T.
XeM. T

This means that also M, T is symmetric to the zero matrix 0.

Definition 1.3: Let M be a set and SSM. A mapping []: M—S is called a
“rounding” if it has the property
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(R1) A Ox=x.
xeS
If {M, <} is a ordered set a rounding is called “monotone” if

(R2) A x<y=[0x=[y. (monotone)

x,yeM

A rounding is called “directed” if

(R3) A Ox=x (downwardly directed)
xeM
v A x=0Ox. (upwardly directed)
xeM

If in M a minusoperator is defined a rounding is called “antisymmetric” if
(R4) A O(=x)=—-x. (antisymmetric)
xeM

Let now T again denote a given floating-point system. Then according to [7] we
shall use special notations for the following special roundings from R into 7"

N\ Vx<x monotone downwardly directed rounding
xeR

N\ xSA x monotone upwardly directed rounding
xeR

A O, x<x A /\ Opx=—0,(—x) monotone rounding toward zero

xZ0 x<o

A x=£0,x A A Oox=—[,(—x) monotone rounding away from zero

xZo0 x<o

Further let
-V
Su(x):=Vx~|—(—A—x—B—i)-u, u=1(1)b—1.
Then we define roundings [J,: R—7, u=1(1)b—1by
/\ Ly x=o0
xefo, bt Y

Vx for xe[Vx,S,(x)
1_ H
A\ D _{Ax for xe[S,(x),A x]

1 lgx<B

/\ Dux= —Du('—x)a

where B:=o0-(b—1)(b—1)...(b—1)-b** denotes the greatest representable
floating-point number.

If b is an even number then [T,,, : R— 7 denotes the rounding to the nearest num-
ber of T

! Sinceitis not necessary for the purpose of this paper we do not define the roundings [7J,, u=1(1)b—1,
for|x|>B.
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Further special roundings [1,: R— T with the property
A (Ixle[p®' ™%, Bl=0, x=x (1—¢) with |¢|<¢¥) 2)

xeR

will be of interest where &* is a constant independent of x.

Theorem 1.1: Let [1: R— T be arounding. If we define amapping [1: M, R—-M, T
by

A OX:=(0x) ()
X=(x; e MR
then also [1:M,R—>M, T is a rounding. If further the rounding [1:R—-T is
monotone, directed, antisymmetric respectively then also therounding [ 1: M,R—-M, T
is monotone, directed, antisymmetric respectively.

Above we have defined special notations for the special roundings of the set
{V,A, O, p=o0(1)b,[1,} where each element was a mapping of R mto T.
Using (3) we can now generalize the same symbols and define mappings
{V.A, O, p=01)b,[1,} of M,R into M, T. Then it is easy to see that the
rounding [, : M, R—M, T has the property
/\ (/\ |xij|G[bel_l,B]=>D*X=(xij(1“8ij))=>
X=(x)e M,R i,j (4)

= X-0, X|<e*| X |)

where |g;|<e* and &* is defined by (2) and the absolute value is defined
componentwise.

The central question of the following chapters will be how the operations for
elements of M, T are to be defined. In order to find an answer for this question
we are now going to derive a few plausibility reasons by similar considerations
than in [7].

A structure {M, M} is defined by a set M of elements and a set M of rules
(axioms) given for the elements of M.

Definition 1.4: Let {M, M} and {T, T} be two ordered algebraic structures and let
a one to one correspondence exist between the operations and order relation(s)
in M and T. Then a mapping []: M— T is called a “homomorphism” if it is an
algebraic hdmomorphism, i.e. if

A OXE@ON=0X=Y) (5)

X, YeM

for all corresponding operations = and [¥] and if [] is an order homomorphism,
i.e.

N X=Y=[0OX=0O7). (6)
X, YeM
If X, Y are elements of M, T< M, R and = is one of the operations +, —, - for

elements of M, R then in general X =Y is not again an element of M, 7.
Therefore the operations = € {+, —, -} for real matrices on a computer only can
be approximated. From algebra it is known that the homomorph image of a ring
isagain aring. On the other hand we know already that the operations + or - even for
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floating-point numbers are no longer associative. We come, therefore, imme-
diately to the conclusion that it is impossible to realize an homomorphism between
the two ordered algebraic structures {M, R, M, R} and {M, T, M, T}. We shall
see, however, that it is possible to implement a few necessary conditions for an
homomorphism. Doing this we go as far to an homomorphism as possible. We
are now going to derive these necessary conditions.

We already mentioned that the set M, T has the property
(S) O,EeTA /\ —XeM,T.
XeM, T

Further a rounding [J: M, R—M, T was defined by
(R1) A OX=X.

XeM,T
Let us now for a moment assume that the rounding [J : M, R—M, T would define
an homomorphism between the ordered algebraic structures {M, R, M, R} and
{M,T,M, T}. If we then for M =M, R restrict (5) to elements of M, T we get
immediately because of (R 1)

(R) AN XEY=OX=*7Y).

X, YeM,T
We shall use this formula later to define the operation [, *e {+, —, -}, in M, T
by the corresponding operations x € { +, —, -} in M, R and the rounding function
O:M,R—M, T

From (6) we get for M=M,R immediately that the rounding has to be a
monotone function

(R A X£Y=0Ox=0O70).
X=(x)eM,R
If we further replace X = — E in (5) we get in the case of multiplication:

A OE=n=0-EnQgy = (—E)E]DY:)D(—EI Y)( = -7, ie.

YeM, R (5).{R1) SL(RT)

R4 A D(=X)=-0OX.

XeM,R

This means that the rounding also has to be an antisymmetric function.

The conditions (R 1), (R2) and (R4) do not define the rounding function uniquely.
For instance we have already seen that the special roundings (J,: M, R—M, T,
pu=o0 (1) b, which we have defined above all have these properties. However, as
we shall see in the next chapters, these properties together with formula (R) for the
operations of floating-point matrices do already define the structure {M, T, M, T}
of the floating-point matrices.

It still remains the question whether an arithmetic for floating-point matrices
which fulfills all our assumptions (R1), (R2), (R4) and (R) can be implemented
on computers by fast algorithms. We shall answer this question positively within
the last chapter for all roundings of the set {V,A, 0, u=0(1) b}.
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2. The Structure {M, T, M, T} of Floating-Point Matrices

Let us first summarize our main results. We have seen that the floating-point
matrices M, T have the property

(S) O,EeM,TAn )\ —XeM,T.
XM, T

A rounding [ : M, R— M, T was defined by
(R1) A OX=X.

XeM, T

As necessary conditions for an homomorphism between M, R and M, T we have
derived the further properties

(R2) A X=Y=0OX=£07Y monotone
XeMR

(R4) A OFX)=-0X antisymmetric
X, Ye M, R

and

(R) AN XEY=0X=xY) forall xe{+,—,.}.
X,YeM, T

We are now going to define the special structure of an ordered ringoid and shall
later prove that this under the assumptions (S), (R1), (R2), (R4) and (R) is the
structure of the floating-point matrices.

Definition 2.1: A set S in which an addition, a multiplication and an order relation
are defined is called an “ordered ringoid” if

(D1) N X+Y=Y+X

X, YeS

D02 \/ A\ X+0=X

0cS XeS

®3) \/ A X-E=E.X=X

EeS\{0} XeS

P4 A X-0=0.-X=0

XeS
(D5)  There exists an element ¥ € S\{E} such that:
() ¥-Y=E
b) A\ ¥-X-VN=(¥-X)-Y=X-(F-)
s N

X, Ye
© N P X+V=V.X+V¥.Y.
X,YeS

(D6) ¥ is unique.

{S, £} is an ordered set, i.e. the order properties (01), (02), (O3) hold as well
as the following compatibility properties between the algebraic and the order
structure:
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(©OD1) (XLY=>X+Z<Y+2)
X, Y, ZeS

(0OD2) (XSY=VY.Y<¥.X)
X, YeS

(OD3) N\ (OSXSYAZ20=X.Z<Y.-ZAZ-XSZ-Y).
X,Y,ZeS

We are now using the uniqueness of ¥ for the following

Definition 2.2: Let {S, +, -, <} be an ordered ringoid. Then we define a minus-
operator and a subtraction by

N —X:=7.X (1)
XeS§
N X=Y:=X+(-Y). (2)
X,YeS

Simple consequences:

(D et ¥=—E

(D5a) = (=E)-(—E)=E

(DSh) = —(X- N)=(=X)- Y=X (=)
(D5¢) = —(X+V)=(-X)+(-Y)
(OD)= XZY=>-Y=-X).

Theorem 2.1: In an ordered ringoid {S, +, -, £} the following properties hold:
(@) E£0, —E+0, —E&E.
Further the same rules for the minus-operator hold as in R, for instance:

b N 0-X=-X

XeS

© /N —X=(-E)-X=X.(-E)
XeS§

@ X/_\S —-(=X)=X

(e) /\ —(X-Y)=-X+4+Y=Y-X
X, YeS

() X/y\s(_X)'(_Y)zx' Y

(g) O respectively E is the only neutral element of the addition resp. multiplication.
(h) O is the only right neutral element of the subtraction.

Furthermore in an ordered ringoid for all elements which are comparable with O
with respect to the relations < and = the same rules for inequalities hold as in R,
for instance

(@) N XSYAUSV=2X+USY+V)

X,Y,U.VeS



Formalization and Implementation of Floating-Point Matrix Operations 247

() N\ (OSXZYAOSUSV=0sSXUZYVAOSUXZVY)
X, Y, U, VeS

k) AN (XSYSOAUSVL0=>XUZYV2ZOAUXZVY20)

XY, UVeS

()] N\ (XSYSOAOSUSV=>XVSYUZOAVXZUYZO)
X, Y,U,VeS

Proof

(@): follows immediately from (D 3), (D4) and (D 5).

b): O—X=0+(-X)=—-X.

(c): from (D5b) we get with Y=E immediately — X =(—E). X=X .(—E).

@: ~(=X)=(=B)(-B)X) = (-B(~B)X = X.

(D5bh)

©: —(X=YV=(—E)(X+(-Y)) = (—E)X+(—E)((—E) Y)(dz)—X-l—Y:Y—X.

{(DSc)

0: (-X)(~N=(~B)X)(~E) V)=(-B)((~E) X) V)=((—E) (~B) XY=X7Y.
(D5b) (D5h) (D5a) .
(g): we assume that E’ would be another neutral element of the multiplication,
then E=E.E'=E'.E=E'.
The proof for the addition follows analogously.

(h): PH)=X-0=X+(—0)=X+0=X, i.e. O is right neutral element of
the subtraction. Let us assume O would be another right neutral element
of the subtraction. Then because of definition 2.2:
N X-0=X+(-0)=X=-0=0 = —(~-0)=0=0'=0.
XeS

@ D4 @
(@): ODN)=X+ULY+ULSY+V
G): OD)I=0=XUSYUZLYV
k): (OD2)=0=-Y=-XA0Z-VE< —UW?SI,)XU; Yrzo
{): (OD2Y)=0=-Y<-XA0ZUZ V?O._é’ —(Yo)= —(XV)(O=D>2)XV§ YUgO..
Remark: In general there do not exist inverse elements of the addition in an ordered

ringoid. But nevertheless the subtraction is no independent operation. It can be
defined by the multiplication and the addition.

Theorem 2.2: Let {S, +, -, £} be an ordered ringoid with the special elements
{—e,0,e} and let us by M, S denote the set of all r x r matrices with components
out of S. In M, S the equality, addition, multiplication and order relation are
defined by the usual formulas over the components. Then also {M, S, +, -, £} is an
ordered ringoid with the special elements {¥, O, E} with

—e 0...0 0 0 ...0 e o0 ..0
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Proof: (see [5] and [9]) (D 1), (D2), (D3) and (D4) are immediately clear. Further,
the matrix ¥ = —E fulfills (D54). It is also easy to see that for all X, YeM,S
the properties

(D5b): P.(X-Y)=(P.-X). Y=X.(¥.Y)and
(D5¢): P -(X+V)=(P.-X)+(¥.Y)

hold. In order to prove (D6) we have to show that ¥ = —E is the only matrix
of M, S which satisfies (D 5).

Let ¥=({;)+E be any element of M, S which satisfies (D5). Then we get by
(D5b) with Y=Eforall Xe M, S: ¥. X=X -V, ie. the element commutes with
all X e M, S. For X we now choose special matrices X k:=(x’i‘j), k=1(1)r, with

. {e for i,j=k

xk =
H o else.

Then from ¥ . X*=X*. ¥ follows immediately {; ={,;=o for iFk, i,k=1(1)r.
That means that ¥ is a diagonal matrix. Now we choose a matrix X =(x;;) with
x;=eforalli,j=1(1)r. Then from ¥ . X =X . ¥ follows {;;={;; for alli,j=1(1)r.
This means that all diagonal elements of ¥ are equal. We denote this element by (.
Let now x, y be arbitrary elements of S and X, Y the matrices

X 0..0 y 0 ...0)\
X ... 0 0 y..o0

x=|° y=|? 7Y .
0 0..Xx 0 0 ..y

If we then apply (D54, b, ¢} of M, S for these matrices ¥, X, Y we get
a) {-{=e
b A Cxp=Cx)-y=x-(

x,ye8

o A {x+p=C0+C ¥

x,ye8
This means that the diagonal element { of ¥ fulfills (D5a, b, ¢) in S. Since
YE£Eitis {+e By (D6)in S therefore {= —e and (D 6) in M, S is proved.

We still have to prove that in M, S also the order- and the compatibility
properties hold. Since (0 1), (02), (03), (0D 1) and (OD2) are easily to see we just
prove

(OD3): OSXSYAZ2Z0=0<x;;Sy;rz zoforallij=1(1)r=

1J=

= 05X, 2,;<y, gy forallijv=1()r = X.ZgY.-Z. N

(0D3), Theorem 2.1 (i)
Remark: Theorem 2.2 allows many applications. Let for instance R be the real
number field, T a given floating-point system and S another floating-point
system let us say of double length. Then R=>S > T and it is proved in [ 7] Theorem
5.1 that, if the arithmetic in S and 7 is properly implemented, {R, +, -, £},
{8, +, ., £yand {T, +, -, £} are all ordered ringoids. It folows by Theorem 2.2,
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therefore, that also {M,R, +,., <}, (M, S, +,.,<} and {M, T, +,-, <} are
ordered ringoids (Fig. 1).

[7] Theorem 5.1 [7] Theorem 5.1
R — S > T
J Theorem 2.2 l Theorem 2.2 l Theorem 2.2
M, R M,S M, T

Fig. 1. Definition of the operations in M,S and M,T by Theorem 2.2

This remark describes exactly the way how matrix-operations on computers are
usually defined. The matrix-operations in M, T for instance are defined by the
floating-point operations in 7 and in general there are no obvious compatibility
properties valid between the matrix operations in M, S or M, T and M, R.

We shall in the last chapter propose another implementation of floating-point
matrix operations by fast algorithms which leads to such compatibility properties
as well as to a much higher accuracy of floating-point matrix computations.
This implementation is based on

Theorem 2.3: Let {S, +, -, <} be an ordered ringoid with the special elements
{—e,0,e} and {M,S, +,-, £} an ordered ringoid in the set of matrices over S
with the special elements {—E, O, E}. Let further T be a subset of S with the
property (S), [1:S—T a rounding with the properties (R1), (R2), (R4) and
{T,H, [, £} again an ordered ringoid with the same special elements {—e, 0, e}
where the operations in T are defined by the rounding [ and formula (R).

Then the set M, T of matrices over T has also the property (S) and the mapping
(1: M, S— M, T which is defined by
/\ OX:=(1d xij)
X=(x;)eM,S
is a rounding with the properties (R1), (R2), (R4). If in M, T operations [#],
x € {+, .} aredefined by
(R) AN XBEY:=0O0(Xx*Y) forall e {+, -}
X, YeM, T
then {M,T,H, [, <} also is an ordered ringoid with the special elements
{—E, O, E}. Further between the structure in M, S and that in M, T the following
compatibility properties hold:
(RG1) N X*YeM, T=XEY=X%Y) forallxe{+, —, -}

X, YeM, T

(RG2) A (X«YSUsV=>X@YSUR V) forallxe{+, —,.}.

X, Y, U VeM,T
Proof: The properties (D1), (D2), (D3), (D4) and (D5) of M, T can easily be
verified. As an example we prove the property

(D5¢): (—E)BX;[]((—E)-X):D(—X)——D X=-X. 3)

(®4) ®1)
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(~HEE B N=0(-BH 0X+1)=0(0(-X+1)=

(R1)

D((—X)+(~Y))(=(—X)EE(—Y)(‘~3‘)

DS5Om, s )

=(-EERX)B(-BHIY)

=0(-X+7)

The proof of (D 6) follows simifar steps than the proof of (D 6) in Theorem 2.2.

(D 6):

We have to show that —E is the only element in M, T which fulfills
(D5a, b, c). Let ¥ =({;;)+E be any element of M, T which satisfies (D 5).
Then we get from (D5b) with Y=Eforall XeM, T:Y O X=X Y,
i.e. the element ¥ commutes with all X e M, T. For X we now choose the
special matrices X*:=(x¥), k=1 (1) r, with

. {e for i,j=k

xk=
H o else.

Then from ¥ [[] X*=X*[] ¥ follows immediately {;={,;=o0 for ik,
i, k=1(1)r. This means that ¥ is a diagonal matrix. Now we choose a
matrix X =(x;;) with x;;=eforall i,j=1(1)r. Thenfrom ¥ [ X=X [1 ¥
follows {;;=(;; for all , j=1(1) r. This means that all diagonal elements of
¥ are equal to an element (.

Let now x, y be arbitrary elements of 7'and X, Y the matrices

X 0 ..0 y 0 ..0

o X ... 0 (4] (4]
X= ,y=|°%"7

o o X 0o o y

If we now apply (D5a, b, ¢) of M, T for these matrices ¥, X, Y we get
a) ([{=e
b A (BEE)Y=C(Ex)Hy=x0(0Y

x,yeT

o A {(BxHE)=¢OxBCIY)

x,yeT
where H and [] denote the addition and multiplication in the ringoid
{T,H, [, <}. This means that the diagonal element { of ¥ fulfills
(D5a, b, ¢)in T. Since Y+ E it is {Fe. By (D6) in T therefore (= —e
and (D6)in M, T'is proved.

We still have to prove that in M, T also the order- and compatibility properties
hold. As a subset of M, S M, T of course is again an ordered set, (OD1) is a
simple consequence of (OD 1) in M, S, (R) and (R2).

(0D2):

A (—E)I]X;D((—-E)-X)=D(—X)(-R—;)—D X=—X. 4)

XeM,T R1)

XSY = —Y<-X=>(-EEOYS(-EHOX=>QY<@X.

(0D 2)y, s “@
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(OD3): OLXZEYAZ20 = X . ZLZY. ZAZ-XZZ' Y =

(0D 3}y, (R2), (R)
=>X[HZSYHLZAZOXSZHY.

The compatibility properties (RG1) and (RG2) are simple consequences of (R1),
(R2)and (R). (RG 1) and (RG 2) for the subtraction can be proved by the definitions
(1) and (2), (4) and the corresponding properties for the addition. W

Remark: Theorem 2.3 allows many applications. Let again R be the real number
field, T a given floating-point system and S another floating-point system for
instance the system with double length in the mantissas. Then R2S2 7. If the
mappings from R into S respectively from S into T are monotone and antisymme-
tric roundings and the operations in S respectively T are defined by formula (R)
then it is proved by [7] Theorem 5.1 that {R, +,., <}, {S, +,-, <} and
{T, +, -, £} are all ordered ringoids. Theorem 2.2 proves thatalso {M, R, +, -, =}
is an ordered ringoid. If we now define operations in M, S by formula (R)
Theorem 2.3 proves that also {M, S, +, -, <} becomes an ordered ringoid with
compatibility properties (RG1) and (RG2). Now we can repeat this step and
define operations in M, T by the operations in M, S and formula (R). Then by
Theorem 2.3 also {M, T, +, -, £} becomes an ordered ringoid and again the
compatibility properties (RG 1) and (RG2) hold (Fig. 2).

[7] Theorem 5.1 [7] Theorem 5.1
R — S — T
Theorem 2.2
Theorem 2.3 Theorem 2.3
M, R —M.,S —-M, T

Fig. 2. Definition of the operations in M,S and M,T by Theorem 2.3

The ringoids in M, S and M, T which we mentioned in this remark differ by the
definition of the operations essentially from those which we have discussed in the
remark after Theorem 2.2. The following considerations show that floating-point
matrix computations using the operations of Theorem 2.3 lead to much higher
accuracy and allow a much simpler error analysis than those using the operations
of Theorem 2.2.

Without giving the proof we mention the following well known

Theorem 2.4: Let T=T (b,n,el, e2) be a floating-point system and []:R—>T a
monotone rounding and let & (7] x):=x—[] x denote the absolute rounding error
and £:=06 ([0 x)/x the relative rounding error. Then

N BT S| x| SB=> Ox=x(1—¢) with|e|<e*=[x—Ox|<e* | x]) (5)

xeR

where Lid-n _
. ‘Z“b fOI'-D:D (6)
bt for O+

Computing 16/3 17
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is independent of x and [[] : R— T denotes the rounding to the nearest floating-point
number.

If we apply this theorem to floating-point operations we get immediately the
following

Corollary: Let T=T (b, n, e 1, e 2) be a floating-point system, [] : R— T a monotone
rounding and -
(R) N xEy:=0O(@x=*y) forall xe{+,—,-,/}

x,yeT
Let further 8 (x[® y):=x*y—(xEy) be the absolute rounding error and
g:=0 (x (¥ y)/(x = y) the relative rounding error. Then we get for all xe{+,—,./}

A B Sixxy|SB = xE y=(x+y)(1—2) with | e| <&* =

x,yeT (7)
=>|xxy—xFEy|Se* | x*yl|)

where &* is defined by (6).

Theorem 2.4 and the Corollary are the base for most rounding error estimations
in Numerical Mathematics. It should, however, be clear that such estimations
only lead to reliable error bounds if formula (R) is correctly implemented. Error
estimations for floating-point matrix computations have to take into account
that the matrix multiplication is defined by scalar products. If the floating-point
matrix operations are defined in the sense of Theorem 2.2 by the basic floating-
point operations, therefore, we get relatively complicated and inaccurate formu-
las. If we define the floating-point matrix operations, however, by Theorem 2.3
we get by corresponding considerations which led to the Corollary above imme-
diately the

Theorem 2.5: Let R be the real number field, {M, R, +, ., <} the real matrices,
T=T(b,nel,e2) a floating-point system and [1:R—T a monotone and anti-
symmetric rounding and let in T operations be defined by formula (R). Then by [7]
Theorem 5.1 also {T, B, [-1, <} is an ordered ringoid. If we now define a rounding
O:M,R-M, Thy

/\ OX:=(d xij)
X=(x,)eM,R
then

/\ (/\ |xij|€[bel_1§B]=>DX=(xij(1"3ij))$‘X"DX|§8*'|X|) ()

X=(x;)e M, R ij
where B:=o0-(b—1)(b—1)...(b—1)-b*,|&;|<e* and &* is defined by (6) and
the absolute value is defined componentwise.

If in M, T operations [¥, = € { +, -} are defined by
(R) A XBEY:=OKX=*Y)

X, YeM,.T

then with Z:=(z;;):=X + Y for all x € {+, —, -} the following formula holds:
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A (N lz;led Y Bl=X B Y=(z;(1—¢,) =

X, YeM, T i,j (9)
=X+ Y-XEY|Se* | X = Y|).

Proof: The proof follows immediately from the definition of the matrix operations
and formula (4) in chapter 1. W

The results of (5), (7), (8), (9) respectively can simply be transformed into
x—&*|x| =SOx Sx+e&*|x]
xxy—e*|xsy| SXEY Sxxy+e*|xsyl
X—-e*|X| =0X =X+e*|X|
XaY—e*| X YV|SXEHYSX*«Y+e*| XY

Remark: Theorem 2.5 remains valid if R respectively M, R are replaced by an
ordered ringoid in a floating-point system {S, +, -, <} respectively {M, S, +,-, <}.
Then, for instance, it covers also the mapping from a floating-point matrix
system M, S with a mantissa of n digits into a system M, T with a n,<n
digit mantissa.

3. Implementation of Floating-Point Matrix Operations

We are now going to discuss the question whether and how the structures which
we have derived in the last chapter can be implemented on computers by fast
algorithms. Theorem 2.3 is the basic theorem for the implementation. It reduces
the structure of floating-point matrices to a special definition of the operations
and special properties of the rounding function. In chapter 1 we have derived
these properties as necessary conditions for an homomorphism.

By Theorem 2.3 formula (R) the.operations Fl, *e{+,-}, in M, T have to be
defined by

(R) A XEY:=0OX=*Y) forall xe{+,.}.

X, YeM, T
If X =(x;;) and Y=(y;;) then in case of the addition we get
XBY:=0&+1)=(x;Hyy.

Therein the addition on the right hand side means the addition in T which by
assumption is properly defined and there is no problem connected with the addi-
tion.

In the case of multiplication, however, we get

XBY:D(X‘Y)'=D<Z xivyvj> (1)
v=1
where in

L Yo )

17*
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the multiplications and additions denote the real multiplication and addition.
In order to generate (1), (2) seems to be necessary. But (2) even on computers
with a so called accumulator of double length is only very seldom exactly
representable. It will turn out, however, that in such cases it is sufficient to
replace (2) by an appropriate and representable value

z xiv yvj (3)
v=1
with the property
D(X'Y)=D<Z xivyvj>:D(X,‘\’Y):D<Z xivyvj>- 4
v=1 v=1

Then (4) can be used to define X [[] Y. By the following algorithms we shall
especially prove this assertion. This proof should be understood as an existence-
proof. Although it is given by a realizable and fast algorithm even faster al-
gorithms might possibly exist.

In order to realize (4) we first have to calculate the products x;, - y,;. If x;; and
y;; are floating-point numbers of n digits in the mantissa x;,-y,; can exactly
be generated within an accumulator of L=2n digits. Let us assume that this is
done. Then (4) can be generated if we show that the sum

=0 (z xi>=m (;) 5

can be implemented on the computer where the x, i=1(1)r, denote L=2n
digit floating-point numbers and z is an n digit floating-point number. It should
be mentioned that the algorithm which we shall discuss below also could be
used to produce a floating-point number z defined by (5) of n,n+1,...,L=2n

T

correct digits just by rounding the intermediate result ) x; to other lengths.
i=1

The following algorithms give the implementation of formula (5). The whole
algorithm can in principle be separated into the following nine steps:

1. Decomposition of x; i=1(1)r, i.c. separation of x; into exponent part e,
and mantissa m;.

Elimination of zeros among the x;, i=1 (1) r.

Execution of the exponent order e, Z¢,2>...2e,.

Execution of a strong exponent order e; > ¢, > ... >e,.

Addition from left to right.

Addition from right to left,

Normalization.

Rounding.

ARSI SN

Composition, i.e. combination of the resulting exponent part and mantissa
to a floating-point number.



Formalization and Implementation of Floating-Point Matrix Operations 255

o OHEAOHE OHB OHE O DT O -

x; = m; - bY DC  Decomposition ALR Addition from left to right
ZE  Zero elimination ARL Addition from right to left
z=m-b° EO  Exponent order N Normalization

SEO Strong exponent order R Rounding
C Composition

fength of the accumulator:

[ 1 [ 1]
! T

~

binary L + 2 digits of binary

digit base b digit
L=2n

Fig. 3. Flow diagram of the summation z=[] (Z xi)= O (Z Xi): and length of the accumulator

i=1 i=1

Fig. 3 gives a graphical diagram of these nine steps. Between these steps labels
are used to denote the cuts of the explicit flow diagrams which we shall discuss
below. The whole algorithm uses an accumulator of one digit which can be a
binary digit in front of the point and L+ 2 digits of base b plus one further binary
digit after the point. If n denotes the number of digits of the floating-point
mantissa then L=2n.

The algorithms have especially to take care that the formulas (R1), (R2), (R4)
and (R) are strictly realized. This means that they really have to be valid for all
X, Ye M, T respectively M, R and not only for some of them or mostly. Under
these requirements a further reduction of the length of the accumulator should be
difficult respectively impossible.

The following algorithms give the implementation of formula (5) for all roundings

of the set {V,A, O,, u=0 (1) b}. It is an essential result that the whole implemen-

tation can be separated into nine independent steps as indicated in Fig. 3 and its
T—

context. This means that the intermediate result ) x; can be chosen independ-
i=1

o (5)

In the flow diagram of Fig. 3, therefore, instead of the rounding R any one of
the roundings [Je {V,A, [0, u=o(l)b} can be substituted and we get the
correct result which is defined by this rounding and (5) without changing any
other part of the algorithm. Explicit algorithms for the steps 8 (rounding) and 9
(composition) are not given in this paper. With respect to these algorithms we
refer to [7].

ently of the rounding function such that

ol

Oe{V.A.O.u=0(1)b} x,eT

M~
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In the following flow diagrams, as usual, rectangles denote statements; circles,
lables; and figures with six edges, conditions. A further special and obvious
symbol is used to denote the “for statement”. The input numbers x;, i=1(1) r, are
denoted by x;=m;-b° the output by z=m.b* The k-th digit of m, respectively
m is denoted by m; [k] respectively m [k].

my = mant (x;)
& 1 =exp (%))

L

Fig. 4. Decomposition and zero elimination

ir=1(Dr-1

Fig. 5. Execution of exponent order e; 2e,2...

v
Y
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jr=i—l(Dr=2

m: = m—sign{m)

1 gy Tt L
My 1 = sign(m;) x 0.10...0

al
Fig 6. Execution of a strong exponent order ¢; >e,> ... >¢,

The algorithm works similarly than the “algorithm for the execution of the addi-
tion with a short accumulator” as given in [7] where for Qur purposes n is re-
placed by L. Since we have to add not only two but 7 floating-point numbers
of length L we first order the x; by their exponents. Figs.4, 5 and 6 give the
algorithms for the decomposition, zero elimination, the execution of an exponent
order and a strong exponent order. After these steps the x,, i=1 (1) r, are ordered
into a strong decreasing chain of their exponents

e;>e>...>e,. 6)

The mantissas m; of the x;, i=1(1)r, have no carry. But they can have leading
ZeT0S.

r elements x;, i=1 (1) r, with the property (6) could be added in a natural way
without accumulation of rounding errors by addition from right to left.
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The whole sum

3 % o)

however, can be suffering from catastrophic cancellation. Since in general the
magnitude of the result z is not known at the beginning it is difficult to estimate
the number of digits over which this addition would have to be carried out. We
begin, therefore, the whole addition with an addition from left to right as described
in Fig. 7. It delivers the magnitude of the result z. If no further addition from left
to right by the algorithm of Fig. 7 is possible the mantissa m has no leading zeros
(but possibly a carry) and L+2 digits of base b on the right hand side of the
point. If k— 1 elements of the x; are already added we have

o

g

=

g
]

W

i

2o

_,@

true

false

myi=m

e 1=e

)

ir=2yr—(k-2)

& = epk-2
mj : = Mirk—2

r:=r~(k-2)

Fig. 7. Addition from left to right
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e—e23
and
r ¥ r—k )
m-b+ Y m b | Zb T = Y bz b T —b Y b >
i=k i=k  (6) i=o

2 . 1
>be_1—be" Z b"gbe’l—be‘3 L
i=o (8) 1-b

ébe—l_be—zébe—z.

f j:=L+2~(e|—e)+1J r m : = sign(m) x 0.0. ..01 J

N
L+2
®22
- true - -
< mfjl=0 "l J:=J+1_]
d:
[ m : = sign(m) % 0.0.. Om[1]. . m[L+2~{&—e)ld ]
l
e—e
: 4
 false L2 < OvmILi31 £ 0 rue

E= g r m:=m-b? 1 l;: = s&gn(m) x O.1m[1].. .m[L+1T1]
- - - .|

Fig. 8. Addition from right to left

259
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Le. in the whole sum at most a cancellation of one further digit can occur and
the rest can be added from right to left as described in Fig. 8. We use for this
purpose again the accumulator which we have described in Fig. 3. In order to
allow a simple description we have assumed in the algorithm of Fig. 8 that the
(L+3)-rd digit is a full digit of base b. It could, however, be represented by a
single binary digit.

The algorithm in Fig. 8 is following the strategy that after every addition the
intermediate or final result m is correct within the possible carry digit and the
first L+2 digits on the right hand side of the point. The (L -+ 3)-rd digit on the
right hand side of the point carries the information which is necessary to get the
correct results in all cases of the roundings V, A, (J, and [J,,.

Since after the addition from left to right m in general has already L+2 digits
of base b the case ¢;—e =<2 can not be treated in a separate and simpler branch
as in the case of an addition of two elements of length L.

Fig. 9 finally gives the algorithm for the normalization.

false

m(L+2}  0vmL+31% 0 >“_El

L m : = sign(m) x 0.1m[1}. . .m[L+1]1 ]

|

Fig. 9. Normalization

References

[1] Christ, H.: Realisierung einer Maschinenintervallarithmetik auf beliebigen ALGOL-60-Com-
pilern. Elektronische Rechenanlagen 10, H. 5, 217222 (1968).

[2] Herzberger, J.: Metrische Eigenschaften von Mengensystemen und einige Anwendungen,
Dr.-Dissertation, Universitit Karlsruhe, 1969, p. 1—49.

[3] Knuth, D.: The Art of Computer Programming. Addison-Wesley, 1969, Vol. 2.

[4] Kulisch, U.: An Axiomatic Approach to Rounded Computations, Mathematics Research
Center, The University of Wisconsin, Madison, Wisconsin. Technical Summary Report Nr. 1020,
Nov. 1969, p. 1—29, and Num. Math. 18, p. 1-—17 (1971).

{5] Kulisch, U.: Rounding Invariant Structures. Mathematics Research Center, The University
of Wisconsin, Madison, Wisconsin. Technical Summary Report Nr. 1103, Sept. 1970, p. 1—47.

[6] Kulisch, U.: Grundlagen des Numerischen Rechnens. Niederschrift einer vierstiindigen Vorlesung,
gehalten im WS 1970/71 an der Universitat Karlsruhe, S. 1-—250.

[7] Kulisch, U.: Implementation and Formalization of Floating-Point Arithmetics, IBM T.J. Watson-
Research Center, Report Nr. RC 4608, Nov. 1973, p. 1--50, published in part in Computing
under the title: Formalization and Implementation of Floating-Point Arithmetics.



Formalization and Implementation of Floating-Point Matrix Operations 261

[8] Kulisch, U.: Uber die Arithmetik von Rechenanlagen, Universitit Karlsruhe, Aug. 1974,
S. 1—74, to appear in ,,Uberblicke Mathematik 1975*. Mannheim-Wien-Ziirich: Bibliographi-
sches Institut.

[9] Ullrich, Ch.: Rundungsinvariante Strukturen mit duBeren Verkniipfungen. Dr.-Dissertation,
Universitat Karlsruhe, 1972, p. 1—67.

[10} Wilkinson, J. H.: Rundungsfehler. Berlin-Heidelberg-New York: Springer 1969.
[11] Yohé, J. M.: Roundings in Floating-Point Arithmetic. IEEE Transactions on Computers,
Vol. C-22, No. 6, June 1973.

Prof. Dr. U. Kulisch

Dipl.-Math. G. Bohlender

Institut fiir Angewandte Mathematik
Universitidt Karlsruhe

KaiserstraBle 12

D-7500 Karlsruhe

Federal Republic of Germany



