JOURNAL OF DYNAMICAL AND CONTROL SYSTEMS, Vol. 2, No. 3, 1996, 359-421

SMALL SUB-RIEMANNIAN BALLS ON R?

EL-H. CH. EL-ALAOUI, J.-P. GAUTHIER, 1. KUPKA

ABSTRACT. This paper deals with sub-Riemannian metrics on R3 in
the contact case. We study the singularities of the exponential map-
ping in the neighborhood of its pole. This is in stark contrast with
the Riemannian case where this situation never occurs.

1. INTRODUCTION

1. Sub-Riemannian geometry has attracted a lot of interest in the past
five years. To give an exhaustive list of references would be beyond the
scope of this paper.

Here we will limit ourselves to the dimension 3 and study the conjugate
* locus of a sub-Riemannian structure in the neighborhood of its pole as well
as the wave front sets of small radius.

A sub-Riemannian metric on an open subset M of R3 is a couple & =
(A, g), of a two-dimensional vector subbundle of TM, and a metricg : A —
Ry on A, such that A is a contact structure on M. It is well known [17]
that this couple defines a metric d on M. The set of the ¥ = (4, g) will be
denoted by Sub R(M).

There are many important differences between Riemannian and sub-
Riemannjan metrics. One of them is that the conjugate locus and the cut
locus of a point z contain z in their adherence. Consequently, even spheres
of small radius have singularities.

The classical model for sub-Riemannian metrics is the Heisenberg case:
M is the 3-dimensional Heisenberg group, A is the unique (up to conjuga-
tion) left invariant nonintegrable 2-dimensional distribution, and g is left
invariant. This case was analyzed by Brockett [4] and Vershik and Ger-
shkovich [19], among others. This will play a major role in our study, since
our approach is to consider any sub-Riemannian metric as a perturbation
of the Heisenberg one.
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In the Heisenberg case, the picture of the wave front is well known. Balls
are just perfect “apples,” and the conjugate locus of a point a is the a-coset
with respect to the center of the group.

In the general case, as we will show, the situation is more complicated:
the germ of the conjugate locus at the origin is a 2-dimensional surface.
The picture of the least singular case has been exhibited for the first time
by A. Agrachev in 1994 at the Ziirich congress [1].

Here we will give a generic classification of what can happen for the
conjugate loci, and their intersection with wave fronts and sub-Riemannian
spheres.

2. Statement of our main results. Associated to a sub-Riemannian
metric, there is a canonical cylindrical coordinate system (R, p,r) on Ty M
(R radius vector, ¢ angular coordinate, r third cartesian coordinate). The
line R = 0 is the annihilator of the distribution A at zero (see Sec. 4.3 for

precise definitions). For r # 0, we set p = %

As in the Riemannian case, the sub-Riemannian metric (A, g) has an
exponential mapping. Contrary to what happens in that case, a geodesic
is not determined by its initial point and initial velocity, but rather by its
initial point and a covector in Ty M (see Sec. 4.1). We assume that 0 belongs
to M and we denote the exponential mapping of pole zero by £(s, ¢, p).
Precisely, £(s, p, p) is the point at distance s from 0 on the geodesic having

the initial point 0 and the initial covector of coordinates (1, v, %) in Ty M.

The parameter p has a simple differential geometric interpretation: this is
the curvature radius of the geodesic with respect to the connection defined
in Sec. 3.

The conjugate time mapping s.(i, p) is defined as usual: the graph S of
S¢ is the set of points at which £(s, ¢, p) is singular for the first time s > 0.
The copjugate locus CL is the image of S by £.

When p tends to zero, s.(p, p) is equivalent to 2mrp. Hence CL has its
pole 0 in its closure. The precise description of C'L near its pole is given in
Theorem 1.1.

To state this let us point out a few facts:

(i) The structural group of the metric bundle (A, g) can be reduced to
SO(2) (since A is orientable). This allows us to decompose the tensor fields
associated to A according to the action of SO(2) on them.

(ii) The metric g on the vector bundle A and a choice of orientation on A
define a volume form vol,, section of the bundle A2A* of 2-skew symmetric
covariant tensors on A. vol, defines a complex structure j on A by the
formula:

For any couple (u,v) € A Xpr A, volg(u,v) = g(j(u),v). If we change
the orientation, j is changed into —j.
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(iii) We associate to the pair (A, g) two symmetric covariant tensor fields
@, V on A, of degree 2 and 3 respectively. These tensor fields depend func-
torially on (4, g), and represent differential geometric invariants of (4, g).
The interpretation of these invariants in terms of the connection canonically
associated to (A, g) will be given in Sec. 3.

As mentionned in (i), these tensors have canonical decompositions with
respect to the action of SO(2):

RQ=Q+Q2, V=W+V,.

The expressions of Qp, @2, V1, V3 in terms of j, @, V can be given as
follows:

Qofe) = 3 tr, Qg = 3 (Q) + QG v)),

Qa(0) = @~ Qo = 3(Q() ~ QG W)),
Vi(w) = 3 V0) + 5 (Vo + ) + V(o =5v),

Va(v) = %V(v) - -;—(V(v+j'u) +V(v—jv)).

Let us set §(Q) = —det, (Q - %trgQg).

The exponential mapping £(s, ¢, p) has an expansion in p at p = 0, of
the form

4
Es,p.p) =) P& (% 90) +0(p°), (L1)

i=1

where O(p®) is of the form p° f (%, v, p) and f and &; are smooth functions.

Theorem 1.1. There exists a linear coordinate system (z,y, w) on ToM
such that A(0) = kerw and the restrictions of z,y to A(0) satisfy
zoj=—y, yoj =xz. There erists a diffeomorphism ¢ from a neighborhood
of zero in TyM to a neighborhood of zero in M, such that the conjugate
time mapping s.(v,p) and the conjugate locus mapping CL(v, p) have the
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following expansions in p:

@) 5e(v,p) = 2mp — 1216 Qo(v) + 207 p* (Vi (j(w)) ~

- 3 V(i) + 016"

@ (200 = (80 ate) - Ert i)+

+(~270° Qalo + i) = TrptVaa)) i(0) +
+ 0a(p°);
we(v, p) = mp* ~ 3 p*(3Qo(v) ~ 2Q2(v)) + Os(p°).
0i(0°) is a function of the form p® fi(v, p), where f; is a smooth function
of p and v. v is the unit initial velocity of the geodesic. Moreover, the 3-jet

of ¢ (w.r.t. the gradation defined later on in Sec. 2) is unigue, and (z, y, w)
18 unique up to a rotation of x, y.

Remark 1. Obviously, z. (resp. ¥, w.) means x. o ¢~ (resp. y. o ¢,
we o ¢ 1),
We will also use the complex notations:

2=z +1y,  v=¢é'?¥,

¢y + ¢ cy ~ ¢
Qo=—}—'2-*2*‘z(2, Q2=”}—‘2-“2-Re(22),

Vi=Re(az ]z]z), Va = Re(b2%),
@ = complex conjugate of a, ¢1, ¢z € R, a,beC.

(1.2)

Then,
ze(p,p) =mp® (c2— 1) (3*¥ +3e7P¥) + —lés-wp"'i(be‘“"” —~2be2i9) 4
+ 02(p%);
3
we(ip, p) = 7" — S p* (3(c1 + ¢2) + 2 (2 ~ 1) cos ) + Os(p°)-

Theorem 1.2. (i) If the differential invariant Qo is nonzero, then £3 =
p&L + p? & + PP &3 is a sufficient jet for the exponential mapping £, in a
neighborhood of SN (0 < p < @) for a sufficiently small;

(i) if @2 = O but the differential invariant Vi is nonzero, then £* =

4

S= ptE; is a sufficient jet for the exponential mapping, locally around each
i=1

point of SN(0 < p < @) for a sufficiently small.
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As a consequence, the conjugate locus is diffeomorphic to the image of
£3 in case (i) and to the image of £* in case (ii), but locally only in this last
case. They are shown in Sec. 6, Fig. 2 for case (i), Fig. 11 for case (ii).

In a separate publication, we will deal with the stability in the case (ii)
and prove that a global result similar to case (i) of Theorem 1.2 holds.

To prove these two theorems, we construct a normal form for sub-Rie-
mannian metrics. This normal form is interesting in its own right for several
reasons, which will appear in the paper.

Theorem 1.3. Any formal sub-Riemannian metric has an orthonormal
basis (F,G) of the following form (setting e1 = F(0), e2 = G(0), e3 =
[F, G](0)):

(F =(1+y2,3)31—97y1332+%(1+7)33=

8 7] a 1 7]
=35: TV (ﬂ (y?); —‘”a_y): 51 +7)5E) ,
WNF) § G =(1+x2ﬁ)62—1‘y,361‘-5(1+’Y)63=

__:a%_z (5(y%_x%)+%(1+7)5%>,

L (with an obvious abuse of notations),

where (z, y, w) are the coordinates on ToM dual to (ey, e, e3), B,y are
power series satisfying the conditions

_ _o N _
B(0, 0, w) = (0, 0, w) = £ 0,0, w) = By (0, 0, w) =0.

Observe that if 8 = 4 = 0, this is just the orthonormal frame field of the
Heisenberg metric.

Corollary 1.4. In the coordinate system defined by the normal form
NF, the values of Q, V at 0, as polynomials in x, y, are related to v as
follows:

v =(Q+ V) (z,y) + terms of degree > 3 or terms containing w.
Let us now state our generic result.

Theorem 1.5. For generic sub-Riemannian metrics, Q2 # 0 except on
a one-dimensional submanifold of M, and on this submanifold, V3 # 0.

This theorem shows that the two situations we have studied in Theo-
rem 1.2, are the only possible generic situations for sub-Riemannian met-
rics.

3. Organization of the paper. In Sec. 2 and 3, we construct the
canonical form and the connection V respectively.
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Section 4 is devoted to general facts about the geodesics, the exponen-
tial mapping, and to our method of approximation of the conjugate time
mapping. “

In Corollary 4.6, we state a well-known elementary fact, which simplifies
considerably the effective computation of the conjugate time mapping.

This computation and the computation of the conjugate locus are carried
out in Sec. 5.

In Sec. 6, we prove our stability results for the exponential mapping
(Theorem 1.2, which is stated more precisely in the series of Theorems 6.2
to 6.5).

Pictures of the conjugate locus are shown: Fig. 2 for the first generic
situation (i), Q2 # 0, and Fig. 11 for the second generic situation (ii),
Q2=0but V3 #0.

We show pictures of the bifurcation of the conjugate locus, as we move
continuously from situation (i) to situation (ii), in Figs 7 to 11.

In case (i), we show also pictures of the wave fronts of small radius, and
their intersection with the conjugate locus (Figs 1, 3, 4, 5, 6).

Section 7, at the end of the paper, is devoted to some complements in
the case (ii): we show that, for an open set of values of parameters, the
conjugate locus has in fact 6 cuspidal lines (Fig. 12) (and not 3 as in the
approximation £% of £). Pictures of its intersection with small wave fronts
are also shown (Figs 13-16).

2. NORMAL FORMS

In this section, we will study the normal forms of orthonormal frames of
a formal sub-Riemannian metric. Such a frame X is a couple (F, G) of two
formal vector fields. Since we restrict ourselves to contact distributions, X
must satisfy the condition: F(0), G(0), [F, G](0) are independent.

A typical point of R3 is denoted by £. We call the canonical coordinates
in R3, (z,y,w), and write z for the couple (z,y). We normalize the couples
T = (F,G) by chosing dw(F(0)) = dw(G(0)) =0.

The set of these couples ¥ = (F, G) will be denoted by R.

2.1. Notations and statement of the problem.

1. F is the set of all formal power series in the variables z, y, w. We define
a gradation on F as follows: the weights of z,y will be one, that of w, two.
Let us denote by F,, the space of all homogeneous polynomials of degree

n with respect to this gradation. Then F is the completion [] F» of the
n>0
direct sum € F,, with respect to the valuation defined by this gradation
n>0
(see [5]).
2. V.F will denote the free F-module of rank 3 of all formal vector
fields. It has a basis (e;, 2, e3), where e; (resp. ez, e3) corresponds to the
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derivation '(;3_:1: (resp. 8%;’ (—9%) A gradation of F induces a gradation on

the module V. F of derivations of F: ej, es, es have the weights -1, —1, —2

respectively.
Then, VF is the completion [[ VF, of @ VF,, where VF, is the

n>-2 n>-2

3
vector space of all 3 a’e;, a, a? € Fpy1, a® € Foya.
i=1
8. The elements of V.F act on F as (Lie) derivations as follows:

9 )
L= 3L, LD =3, Lath=3L.

The Lie derivation operation is compatible with the gradations of 7 and
VF:
ifVeVF,and f€ Fn, Lv(f) € Fatm.

4. VFO denotes the submodule of VF such that: if V € VF°, then

dw (V(0)) = 0. Equivalently, VA’ = [] VF..
n>—1

Let us set (V.F)? = VFO x VFO.

5. VF is also a Lie algebra under the following Lie bracket operation:

XeVF, YeVF, [X,Y] =2, whereZ, = Y, [X;Y;].

i+j=n

6. Defintion of D. We shall denote by D the Jset of formal diffeomor-
phisms preserving the origin and the plane w = 0. This is a group under
the natural composition operation, and can be identified in a natural way
to a subset of VF as follows:

Let us denote by Dy the set of all ¢ = (1, ¢%, ¥3) € VFy such that

oot ot .
oz Oy 9%z
dr Oy

Then, D is the completion

Do P [[ VFn.

n>1

7. Definition of R, R_;, Rg. R C (VF%)? is the completion

R._l @ H(V}'ﬂ)zv

n>0
where
_ F_1,G1€VF_,,
Ra= {(F"I’G"l) F_1(0), G-1(0), [F-1,G_4] are independent } )
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Let us denote by N_; the couple (F?;,GY,), where

X
(FEI, G(ll) = (61 + 363, eg — 563),

the Heisenberg frame, and set

Ru=Na@ [[(vFE)2

n26

8. Topologies. We endow F with the topology of convergence of coef-
ficients, VF which is isomorphic to F3 with the product topology, (V.F )2
also with the product topology, R C (VF°)? and D C VF with the induced
topologies. D is a topological group.

9. Group operation and gauge group. Both D and F operate on R
as follows:

o Action of ¢ € D: p.(F, G) = (¢«(F), ¢+(G));
e Action of & € F: a. (F, G) = (F cosa+ G sino, —F sina + G cosa).

o is called a formal gauge transformation.
This action defines a semi-direct product structure on D x F denoted

D x F.

The action of D « F on R is continuous.

The semi-direct product of the group of origin-preserving formal diffeo-
morphisms with the group of formal gauge transformations will be called
the gauge group.

10. Definition of the normal forms. The following subgroups of
D « F will be needed:

Gd ={(p0, a0) € Dy x Fo ] @l =cosagz +sinapy,

cpf = —sinagz+cosop y, gag = w},

gr= {((P, a) EDxF |a0 =0, pg= Identity}.

Gr is a normal subgroup of D o F. Hence, the product set G; G is
a group G°. It is easy to check that the decomposition of a g € G° as a
product g2 91, 91 € 98 , g2 € Gy is unique.
Let us explain how we shall proceed. First, we shall prove that:
(i) Rpg meets every orbit of the action of D «x Fon R,
(i) The stabilizer of Ry in D oc F is G°,
(iii) The set of all g € D « F such that g. Ry N Ry # 0 is just G°.
(2.1)
These remarks reduce the study of the orbits of D o« F in R to those of
g° in RH.
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The usual way to study the action of a group is to construct a continuous
section of the action. But the action of G° in Rz does not have a continuous
section, that is, a section of the canonical projection Ry — Rg/G°, which is
continuous for the topology of coefficients on Ry and the quotient topology
on Ry /G°. On the other hand, we shall prove that the action of Gy on Ry
possesses such a section.

Definition 2.1. A normal form N'F is an element of such a continuous
section V.

11. Reduction to the action of G° in Ry. Taking (F,G) € R,
(p,a) € D x F, we have (p,a).(F,G) = (F,G ), where
{ F’1 = pou(F_1) cos ap + @0+ (G-1) sin ag, 22)
G__; = —os(F_1) sin e + 0. (G_1) cos ag.

If we take ap = 0 in (2.2), easy comRutati,ons left to the reader show
that there exists a unique g such that (F_,, G_,) is the Heisenberg frame,
because F_1(0), G-1(0), [F-1,G—1] are independent. Hence:

Lemma 2.2. R_yis the orbit of (FO,,G",) under the action of the
group Do « Fo. The stabilizer of (F2,,G%,) is G3.

The assertions (2.1) follow from this lemma.

2.2. Continuous sections of the action of G; on Ry.

1. Let us chose (p,a) € Gy, with ¢ = Id+ ¢pi1 + P2+ ..., @ =
Ont1+onyo+...,and (F,G) € Ry, F=F +... +F 1+ F, + ...,
G=G%+...4+Gpn1+Gn+....

Set (p,@).(F,G) = (F,@).

Easy computations left to the reader show that:

Lemma 2.3.

F, = Fy,

G}, = Gk,

. { F, - Fo = [ont1, F%] + 001 G2,,
Gr = Gn = [pns1,G% ] — any1 FO,.

The relations (2.3) lead to the introduction of the linear operator L,,,
n>0:

Ly :Dnyi X Fpg1 — (an)z’
Lo(pnt1;0nt1) = ([0ns1, F21] + @ng1G21, —ang1 FO + [0n41,G24)).

1. k<n-1,

(2.3)
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Lemma 2.4.

1. L, is injective.
2. L, is not surjective for n > 1.

The proof of this lemma is a consequence of the results of the Appen-
dix 9.1.

In order to construct continuous sections of the action of Gr on Ry, we
choose a vector space N,, C (V.F,)? which is a complement of the image
of L, for each n > 1 (the sum of A, and Im L,, is direct and is the whole
space). The sequence of choices (Mp, n > 1) determines a continuous section
in a unique way.

There are several choices for the A,,. We have made one, which is most
convenient because of its simplicity and its invariance with respect to the
action of G§.

2. Our normal form. A, is the vector subspace of (VF,)?,

T
Ny = {(y231 - zyez)ﬁ,,_l + %7n+1831 ($2€2 — zye1)Pn-1 ~ ‘2"7'n+163:
,Bn-l € -7'_11—1; Tnt+1 € 'Fn.+11

0 o
Br1(0,0,0) = 0, 741(0,0,w) = —21(0,0,w) = gjﬂmmw)=0}
Theorem 2.5. Any couple (F,G) of formal vector fields at 0, such that
F(0), G(0), [F,G](0) are independent, is equivalent under the action of the
gauge group to one of the following forms:

e1+(yPer —zyea) B(E) + 5 (L+7(9)) es,

24
e2+ (22 ez —zye;)B(§) - g (1+(8) es. 24

(NF)

B and v belong to F and satisfy the conditions
- _0.& _o -
5(0,0,w) = 0,7(0,0,w) =0, e (0,0,w) = By(o’ 0,w)=0.

Moreover, the stabilizer of any element NF under the action of Gy is
trivial, and the section is invariant under the action of G§. The action of
GS is the natural one.

The fact that the section is invariant under the action of GJ is just a
matter of trivial computations. That the stabilizers of the elements N'F
under the action of Gr are trivial is a consequence of Lemma 2.4.

This Theorem 2.5 is proved in Appendix 9.1.
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2.3. Partial normal forms.
1. If f € F (resp. Ve VF? o €D,...), let us denote by j™f (resp.
i*V, j™p,...) the element fo+ fi+...+ fn (resp. Vo1 +...Va, @o+...+

Py <-- )
J*f € JF (resp. j°V € J'VFO, jmp e J"D,...).
The action of D o< F on R induces actions of J*t1G; on J"Ry.

Definition 2.6. We call an element of a section of the action of J +lg,
on J*Ry a “partial normal form of order i" and denote it by N F*.

A normal form N'F determines partial normal forms N F* of any order
i: Any 2 € R can be written as follows:

WNFY) Z=Z_1+...+5i+...+5,+0%, T eN, (2.5)

where Oit! € (VF)? and O**! has order i + 1 in the gradation defined in
Sec. 2.1.

For our study in the next sections, we will need mainly the partial normal
forms of orders 1 and 2. Since the components 3y, 2, 3 are fundamental
for us, we call them [, @, V respectively.

WF)  B=(F2,6%) +(5Qes,~2Qea) + 0%, (26)
with @ = Q(z), a quadratic form in z.
(2=2-1+21+22+03,

2_1 = (ng G(.).l), 21 = <ng37 _gQ eS))

(NF? J (2.7)

Ty = ((y2 e1—zyez)l(z) +

+ UV e, (2P er e () - TV(2) es),

where [(2) is linear, Q(z) is quadratic, V/(z) is cubic.

Remark 2. Our normal form has three advantages which will simplify our
computations of the conjugate locus in the following paragraphs:

(1) it has a high order contact with the Heisenberg canonical form;

(2) the section is invariant under the action of the group G§, as was
already noticed;

(3) the variable w does not appear in the partial normal form N F2.
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In a certain sense, the coordinates introduced by the normal form play the
same role as the so-called “normal coordinates” associated to Riemannian
metrics: they are the coordinates in which the expression of the metric is
the simplest possible.

2. Action of GJ on partial normal forms. Let us go back, for V, to
the notations (1.2) of the introduction. Trivial consequences of Theorem 2.5
are:

Corollary 2.7. The action of G§ on the partial normal forms NF2 is
as follows. (po, o) € G transform Q, I, V in the following way:

(1)  Qz) — Q(e*(2));
(i) Uz) = U(e™?(2));
(i) V(z) - V(e*(2)),

or, a—»e % g h— g3t}

2.4. Stabilizers. With these complex notations (1.2) of the introduction,
V=WN+V; Q==0Q+Qa, we get

Corollary 2.8. The action of J*D o F on the open subset
JIGicJR, Gi= {2|Q2 # 0};

admits the following smooth sections N '
N is the set of all 55 such that

WF) == (F,G%) + (gcz es, —gQ e3), (2.8)

where Q(2) = c12? + c2y?, ¢1 < ca.
The stabilizer of any element NF is the subgroup {(¢(0), 0), (¢(x), m)}
of G§.

A quasi-section of the action of a topological group G on a set X is a
subset of X, which cuts any G-orbit in X such that the stabilizers of its
elements are discrete.

Corollary 2.9. The action of J°D o F on the subsets

J2Ga, (resp. J*G3,J%Gs) C J*R, G2 = {Z|V5#0, Q2 =0},
Gs={Z|Vi#0,Q2=0}, Go={S[1#0,Q: =0}

admits the following quasi-section (resp. smooth sections) N i, i=23,4.
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N, i=2,3,4, is the set of all j°T such that

WF) T =(F%,G6),

t

F?2=F% + ____rng 211 % e3+1(z) (~zyea+y2er) + g—V(z) es,
t

=G - %9 lzli? geg +1(z)(~zye; +2%ey) — %V(z) es,

(2.9)

with (V3(1,0) = 0, ¥3(0,1) < 0) (resp. (V1(1,0) = 0, V4(0,1) > 0),
(1(0,1) =0, I(1,0) > 0)).
The stabilizers of all elements NF 3, NF are trivial.

2.5. Codimension of some bad subsets in R.

1. We will consider the two bad subsets of R, B! and B2, that are
the complements of G; and G; U G2 respectively (G1, G2 just defined in
Corollaries 2.8, 2.9).

2. SJ*(R) denotes the set of standard n-jets of elements (F,G) of R,
i.e., SJ*(R) is the set of couples of standard n-jets of vectors.

Forcing ag to be 0, we already know, as a consequence of Lemma 2.2
and Theorem 2.5, that there is a well-defined map Iy, putting any (F,G)
under normal form, Iy : R = N_;1 @ [] Na.-

n>0
) n
Iy induces a map [I% : SJ™3(R) — N_1 D B M.
i=0
The following lemma is easy to check (left to the reader).

Lemma 2.10. 1I}; is an analytic surjective submersion.

Remark 3. II}; is a rational map.

Theorem 2.11. B! and B? are analytic submanifolds of SJ4(R), of
codimension 2 and 4 respectively.

Proof. The space N1 @ N is the space {Q(2), V(2), [(z) }, where Q, V,
are as in Secs 2.3.1, 2.4.

The set of all quadratic forms with zero discriminant is the set of multiples
of (z? + y?), hence has codimension two. Therefore, II3,(B') has codimen-
sion 2. The cubic forms V, such that V3 = 0, form a vector subspace of
codimension 2, hence IT13/(B?) has codimension 4. Lemma 2.10 implies that
B! and B? are analytic manifolds of codimension 2 and 4 respectively. [



372 EL-H. CH. EL-ALAOUI, J.-P. GAUTHIER, 1. KUPKA

3. DIFFERENTIAL-GEOMETRIC INTERPRETATION OF OUR MAIN
INVARIANTS

In the previous Sec. 2, we were led to consider @, V, [ that appear natu-
rally. Also, V3 and Q5 play a special role: They define the bad sets B' and
B? that we will have to consider in order to describe the generic situations
for sub-Riemannian metrics. In this section, we will interpret these invari-
ants in terms of classical differential geometry. For this we will associate
canonically a linear connection to a given sub-Riemannian metric.

3.1. Canonical connection associated to a sub-Riemannian metric

(A, 9).
1. We consider, the one form w, unique up to orientation, defined by:
(i) A = kerw,

(ii) dw = volume form over A,
and the unique vector field v on M, such that

(V) (wAdw) =dw.

This last fact is equivalent to ¢(v)(dw) =0, w(v) = 1.

The bundle A carries a natural complex structure j : A — A, defined by
dw(X,Y) = ( iX, Y)g. We extend the operator j to T'M in a natural way,
setting 7 v = 0, and call the extended operator j again.

Lemma 3.1. (i) TM (resp. T*M) is canonically isomorphic to
A @ Rv
M

(resp. A* @,y AO, where A* is the dual of A and A the annihilator of A
in T*M);

(ii) the structural group of A can be reduced to SO(2), that of TM and
T*M to SO(2) x Idg.

Proof. (ii) is an immediate consequence of (i). (i) follows from above if we
remark that A* can be canonically identified to the annihilator of Rv.

2. Distinguished coframe fields. A coframe field (wl,w?,w3) on an
open subset M C M is said to be distinguished if

@) @ +W?,y =9 (ii) w? = w, dw?® = W AW

(i) implies that w!(v) = w2(¥) = 0. If (e, ez, €3) is a frame field of M,
dual to (w!,w?,w?), then e;1,ez2 € A, e3 = v.

3. Canonical connection. TM and A will denote the sheaves of
sections of TM and A respectively.
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Theorem 3.2. There is a unique linear connection such that, if
V : TMxyTM— TM is the associated covariant derivative, then:

(i) V:TM xp A — A, (V has a restriction to the bundle A);
(ii) Vg =0 and Vw = 0;
(iii) V,v =0;
(iv) the torsion of V is v.Q dw;
(v) the bilinear form I1 : A xpy A — R, I(X,Y) = (Vxv,Y), is
symmetric.

Definition 3.3. II is called the second fundamental form.

The proof of Theorem 3.2 is given in Appendix 9.2.
Note that our canonical connection is different from the one considered
in [6].

Remark 4. Let g* be tlzle tensor representing the cometric of g: for ¥ €
% .
T*M, g*(¢) = sup {Z’%(E)y— u€Agu#0 g= 7rT-M(¢)}. Then it is easy
1Y g
to see that Vg™ =20.

3.2. Interpretation of the invariants 8, 4. Let g be any point in M.
Let (F, G) be any germ at g of an orthonormal frame field for (A, g). We can
apply Theorem 2.5 to the pair (j°F, j3°G) of infinite jets of F', G at g and
obtain the formal functions 83, v, denoted Br g q, YF,G,q Tespectively here.
The expressions of these functions with respect to the linear coordinates
(z,y,w) which are dual to the frame (F(g), G(q), [F, G] (q)) are determined
in Theorem 2.5. _

For each n, the components of degree n, O, rc,q a0d Yo, F,c,q of Brc,q
and vr,g,, respectively, define tensors belonging to the sub-tensor bundle
of T*M:

® {(SkA*)q ® (Ag)ﬁ;‘t] 0<k<n,k=n mod 2},

where S¥A* is the bundle of all symmetric covariant k-tensors on A and
(AO)Z"E'E is the (n — k)th tensor power of A®. We have used the identifica-

tion of T* M with A* @, A® introduced in Lemma 3.1. Then the definition
of the normal form and Theorem 2.5 imply the proposition.

Proposition 3.4.

(i) The tensors Bn F.G,q and Yn,F,G,q are independent of the choice of the
germ of frame field (F,G) at g;

(i) Denoting them by By g, T'n g, the correspondences ¢ € M — Bp g,
T',,q define tensor fields on M which are invariants of the structure (4, g).
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Proof. (ii) is an easy consequence of (i) which follows from the fact that if we
replace the germ at g of frame field (F, G) by another one, say (F1, G1), then
the unique mapping A € O(3), mapping the frame (F(q),G(q), [F, G’] (@)
onto (F1 (9), G1(q), [F1, Gl] (g)), belongs to SO(3). Then an easy computa-
tion shows that 8, .G, = Orcq° A and vr,¢.,¢ = TFGq° A O

The tensor fields most important to us will be those corresponding to
B, 2, 73, which we have denoted by I, @, V respectively. Note that
l, Q, V depend only on (z,y). Hence the corresponding tensor fields, which
for simplicity we shall still denote by [, @, V, belong to the tensor spaces
A*, S2A*, S3A* respectively.

3.3. Decomposition of tensor fields. Let J be a subbundle of a tensor
bundle ®?9A(p-contravariant, g-covariant tensors on A). Let J(0) be its
typical fiber. Then the structural group SO(2) of A operates on J(0).
J(0) considered as a SO(2)-module decomposes into irreducible components
J(0) = @ {Jn(0)|n € Z, n not necessarily distinct}. The representation

n
of SO(2) on J,(0) has character x™, nth power of the basic character x :
X(eio) = et9,

Later on, we shall need the following decompositions of S2A*, S3A*,
A* ® S?2A*, into isotypic components. If N is an SO(2)-module, we denote
by Ny its isotypic component corresponding to the kth power of the basic
character x, k € Z.

S0 = (28" D(S?A%, 04" = (SPA%) P(S°A%):,

AT @ S?A" = P (A" ® S2A™)..
n=3,1

A* ® A2A* is irreducible with character x.

It is easy to see that (S*A*)g can be identified with the line bundle R g,
g the tensor representing the metric, (S®A*); with the symmetric product
A*® Rg. Then (S2A*); (resp. (S2A*)3) is just the orthogonal component
of (S2A*)g (resp. (S3A*);) in S2A* (resp. S2A*) with respect to the
metric induced by g on A* ® A* (resp. A*©®3).

If g € S?A*, then ¢ = g2 + o, gn € (S%°A*)n, n = 0,2, and g =

1 . .
= (tr; q)g, where tr, ¢ is the trace of g with respect to g and trggs = 0.
2 g g g g

The determinant of ¢go with respect to g is negative or zero. Its opposite is
denoted by 8(q).

Let w!, w? be an orthonormal cofraine field for (4, g), defined on an open
subset M of M such that w?oj = —w!. Then @ =w! +iw?: A —» Cis C-
linear for the complex structure on A defined by j. A tensor T € S2A%, z €
M’, belongs to (S2A*); (resp. (S2A*)g) if and only if it can be written as
7 = Re(Ar (2)?) (resp. pr |Q?, pr € R), and & tensor T € S3A* belongs
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to (S3A*)3 (resp. (S3A*),) if and only if 7 = Re(b, (R)%), b, € C (resp.
Re(@, Q IQIZ), ar € C), @, is the complex conjugate of a,.
In particular, if we go back to the fields I, @}, V introduced in Sec. 2.3.1,

we have at the point 0: Q@ = Q2+Qg, where Qp = 3 trgQg = a ; o |dzo|2 ,
Q: = cl—'z'ﬂ Re((dz0)?). V = Va+ Vi, Vi = Re(@dz |dzo|?), V3 =
Re(b(dz0)®), where dzg = dzo + idyo, =, y being the coordinates intro-
duced in the normal form N'F, c;,c2 € R, a, b€ C.

3.4. Evaluation of Q2, V4, V3 in terms of the Gaussian curvature,
the second fundamental form and their covariant derivatives. We
refer to the notations of our Appendix 9.2.

The Gaussian curvature form is Q3 = dwj. II is a section of S2A*, Q|
of A2A*. Hence, the restrictios of VII|,, and VQ3}|, to A®3 are sections of
A* ® S2A* and A* @ A2A* respectively. Let ITI;, III3 be the components
of the restriction VII|a in (A* ® $2A*); and (A* ® S2A%);.

Then:

Theorem 3.5.

Qa(u) = iII(u, iw),
Va(u) = 11—5 I3 (5 (u), u, u),
By(u) = () = I (§(u), u, u) + 5 Vu0h(u, 5(u),

1 ) 1 )
Vi(u) = T (111 (5 (), u) + 3 VS (u, j(u)), for any u € A.
Also:

Vafo) = 35 (Voll(Gv, ) + Vyu1lw, 0)),
Bi(v)=1l(v) = % (%V,,Qé(v, Jv)+ V;Il{v, v) — V(G v, v)) ,

1 . .
W) = 55 TR0, 50) + V3.l 0) = (G0, 0)),

and K denotes the Gaussian curvature of V (K = dwj(ey, e2)):

K =6 tr, Q.
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3.5. Equation of geodesics in terms of the connection V. In the
following sections, we will use the Hamiltonian formalism to compute the
geodesics. However, one could use the Lagrangian formalism and the con-
nection V.

The following theorem gives the equations of the geodesics in that for-
malism.

Theorem 3.6. The geodesics A(s) of a sub-Riemannian metric (s is the

arclength) are parametrized by their initial tangent vector ) (0) and a real
parameter ro. They are the solutions of the following equations:

7 +II()\) =0, r(0)=ro.
Remark 5. As stated in the introduction, the first equation shows that r
is the curvature of the geodesic A with respect to the connection V.

This connection, together with the above equation for geodesics, has been
introduced independently by Rumin [16]).

4. BASIC FACTS ABOUT GEODESICS AND THE CONJUGATE LOCUS

4.1. Geodesics. Let T = (4, g) be a sub-Riemannian structure on an open
set M of R3, which contains 0. We can deﬁne a “cometric” H: T*M — R,

associated to (4, g) as follows: H(y) = —s ¢( )2 l € AR\ {0}, m =

foot of 1,[)} On each fiber of T*"M, H is a pos1t1ve serm-deﬁmte quadratic

form, the kernel of which is the annihilator A® of A. Finally, if (F,G) is an
orthonormal frame field for (A, g) defined on an open set O, then on T*0O
we have

Hw) = 3 (W(F) + #(©)7).

Definition 4.1. A geodesic is a parametrized curve A : J — M, J some
interval, which is a projection of a trajectory A : J — T*M of the Hamil-

tonian vector field 7_-[ associated to H.

Since we consider only contact structures, there are no abnormal mini-
mizing curves and the following fact holds:

Proposition 4.2. Any length-minimizing curve for (A, g) is a geodesic.

It is not true in general that a geodesic curve is minimizing, but for any
sufficiently short geodesic this will be the case (see Remark 6, Sec. 4.2 for
a precise statement).
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As we have said before, a geodesic A : [0, T[ — M is not determined
T .

by its initial point A(0) and its initial velocity 5?(0), but rather by A(0)

and the covector A(0) € T3o)M- For a general sub-Riemannian structure,

it can happen that A has several liftings, but this does not happen in the
contact case.

Notations. (1) The unique trajectory A of 7}?, of which A is the projection,
will be called the lifting of A;

(2) in analogy with the initial velocity, we will call the covector A(0) the
initial covector of A.

4.2. The exponential mapping and the conjugate locus. For ¢ > _0_;
¢ arbitrary, any minimizing curve is the projection of a trajectory of H

located in the surface H~1(c). Here, we shall take the level surface 7! (%)

(which is clearly smooth). This corresponds to the trajectories of ﬁ, for
which the time parameter s is equal to the arclength.

The intersection C of H™! ( -;—) with T§ M is a cylinder.

_ Let us denote by £E:C— M, the exponential mapping associated to H,
CCRyxC,C={(s,9)|0<s<e(®)}. e(®) is the positive escape time
of the trajectory ®(s, ) of H such that &(0,%) = . £(s,%)) = (®(s,9)),
7 denoting the canonical projection, 7 : T*M — M.

Definition 4.3. For any 9 € C the (first) conjugate arclength s.(1)
associated to 1 is the positive number 5, whenever it exists, such that for
any 0 < 8 < 8, T(s,0)€ : T(s,4)C — Te(s,)M is injective, but TG ¢)£ is not.

Definition 4.4. The conjugate locus at the source is the graph of s, :
dom(s;) — R4 (dom(s.) is the set of all 4, for which s. exists).
The conjugate locus is its image by the exponential map.

We shall denote the conjugate locus at the source by S and the conjugate
locus by CL.

Remark 6. For any 3 € [0, s:(¥) [., the curve s € [0,3] — &(s, %) is C°-
locally minimizing.

As we pointed out in the introduction, the main difference from Rieman-
nian geometry is that the point 0 lies in the adherence of CL. The main
object of our study in this paper will be the germ of CL at 0.
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4.3. A basic property. Let H be any Hamiltonian homogeneous of degree
A on T*M. Let k be a regular value of H. H~!(k) is a smooth hypersurface

in T* M. ®(s, ) denotes again the trajectory of H such that B(0,9) = 1.
Let o be the Liouville one-form on T*M, a(Vy) = 4(Tn(Vy)). Let C;
be the open subset of C, where ®(s,.) is defined. Set ®,(v) = ®(s,v),
®,:C; - T*M.

The following result is well known, but for the convenience of the reader,
we shall supply a simple proof.

Lemma 4.5. ®, preserves the Liouville one-form o, restricted to
HL(K).
Proof. (®5)*a denotes the pullback of a.
L (@)0) =Ly (@®)a),  Ly=igd+dig.
L and 7 are the Lie-derivative and contraction operators respectively.
izza = A H. Hence, since H is constant on H1(k),
dizoly-1x) = 0.

Otherwise,
iz da=dH
which is also zero on H~(k). Hence, Lyaly-1(x) =0. [

The lemma has the following important Corollary 4.6. Let (z, y, w) be
a coordinate system on M such that at 0,

gla, = (dz)% + (dy)?, dz(v) =0, dy(v) =0, dwla, =0, dw(v)=1.

(z,y,w) induces a Darboux coordinate system (z, y, w, p, ¢, 7) on T*M.
In this system a = pdz + qdy + rdw.

Let (R, ¢, ro) be the cylindrical coordinate system on the fiber Ty M
at 0:

7o is the restriction of 7 to Ty M, p= R cosy, ¢ = Rsing.

Then the couple (¢, 7o) is a cylindrical coordinate system on C. (C is the
surface R =1.)

T T T
X = = X'r =T s ¥y [ ==z i3 ] . ?
Set X, 335(3,%7‘0), 0 a"_Oé’(s ©,70), Xo a(pf,'(s ©,70)- Then
these vectors are the projections on T'M of the vectors

. dy(p, o) 9(¢,ro)
H (@s (d)((p, ro)) ) s Td, o ’ TP, Btp ’

respectively.
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Ds(p,70) TPs(0:70)
org By
since they are tangent to C C T3 M. By the invariance of ¢ of Lemma 4.5,

Tq)s((pa 7'0) — T@s((p, TO) _
a( aro ) = a( B0 ) = 0 for all s. Moreover

a(H (s(p,70))) = 2H(®s(0,70)) = 1.

Hence, the values of the covector ®,(p, o) on the vectors X, X,, X, are
1, 0, 0 respectively. Now dz A dy A ®s(p,m0) = r(@s(p, m0)) dz A dy A duw.

For s = 0, a takes the value 0 on the vectors r

Corollary 4.6.

dz A dy A dw (Xs, cha X'ro) =

1
= ———————dz Ady A Bs(p,70) (Xey Xy Xry) ==
r(®@4(p,70)) o{170) (Xo, X, Xro)

1
= ————dz Ady (X, Xr,)-
@ tpro) N Ko Xro)

Notation. Let us set D = dz A dy (X, Xro)-

4.4. Equations of geodesics in normal form.

1. The most convenient way to write the equations of the geodesics is
to introduce the Hamiltonian liftings f, g : T*M — R, of the vector fields
F,G: f(¥) = (F,v), g(¢¥) = (G,9). Then the Hamiltonian H has the

expression H = -;—(f'2 + g3).

Let A : I — M, s — A(s), I interval, be a geodesic parametrized by
arclength and A : I — T*M, s — A(s) be its lifting. Let (z,y,w) be any
coordinate system on M and p, g, r : T*M — R be the dual coordinates.
Finally, let { } denote the Poisson bracket on T™M associated with its
canonical symplectic structure.

The equations determining A are:

(& LYo pa) FE) +9(A6) G0,

| o zf(Ms)) 9(A9)) {1, 9} (A(5)), (41)
_9%@ = f(A(s)) {g, F}(A(5)),

(O B IE o) 2Ll (A(s)) 9(As) =5, ag(A(s))
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In fact, if we know a solution A(s), f(A(s)), g(A(s)), r(A(s)) of the
equations, then p(A(s)), q(A(s)) can be computed since there are smooth
functions A, B, C, D: M — Rsuchthat p=Af+Bg,q=Cf+ Dg.

To study equations (4.1), (i), (ii), (iii), we shall use the results of The-
orem 2.5, Sec. 2. Let us start with an orthonormal frame field (F, G) of
(4, g) on M. There exists a formal diffeomorphism ¢ and a formal function
a at 0 such that the formal fields

F =, ((j°°F) cosa + (j*G) sina),
G = ¢u (~(j®F) sina + (j®G) cosa)
are in normal form N'F (with Q diagonal).

By Borel’s theorem, ¢ and a are, respectively, the infinite jets at 0 of a
€ diffeomorphism ® and a C*° function A. Then the vector fields

F=9, (FcosA+Gsind),
G =®. (—F sinA+ G cos A)

are C® vector fields having their infinite jets in normal form. Obviously,
® and A are not unique, but the only thing that will matter later is their
infinite jet at 0.

On a neighborhood of 0 in ToM, ® will be a diffeomorphism onto a
neighborhood of 0 in M. Hence, the functions zo®~1, yo®~!, wo @~ will
form ‘a coordinate system in a neighborhood of 0 in M. Since our study is
local, we can assume that the image of ® is the whole of M.

To simplify the notations, from now on, we identify z o @1, yo 1,
wo &1 with z, y, w respectively and we replace the frame field (F,G) by
the frame field (F cos A + G sin A, —F sin A + G cos A), which defines the
same metric.

The gradation on the ring F of infinite jets of germs at 0 of functions on
M induces canonically a gradation on the ring S of infinite jets of germs
at 0 of functions on T*M as follows: the gradation on F is defined by the
following trivial action of R%, on R%: a € R}, a.(z, y, w) = (az, ay, a®w).
This action lifts canonically to a symplectic action of R} on T*R3:

a.(z,y,w,pq,7) = (az,ay, a’>w,a™'p,a"l g, a7?7).

It is clear that the Poisson bracket { }:S x S — S is homogeneous for

this action, if 4 € Spm, v € Sn, {4, v} € Spym- (S= [I Sn.)
n>-2

2. Formal expansions of the variables f, g, {f, g}. In the gradation
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just defined on S, we have the expansions
f=Ff-1+fi+fa+ f3) g=g-1+g1+g2+g@)-
6={f g} =0-2+0+0:+ 6

(here if u = f, gor 0, ux € Sk, and u(y € S(k H Sn), (2
n>k
and
-1 =p+yg, g9-1 =q—w£, f —y%—, g1 = —z%ﬁ,
fa= %(2(yp—xq)l+rV), g2 = —5(2(yp-xq)l+rv),
b2 ={f-1.9-1}=r o ={f-1, 1} + {f1.91} =2rQ.

5 $2+ 2
01={f—1:92}+{f2,!}—1}=4(yp—~zq)l+r(§V+ 2y l),

of _yf-zg On
f —t9g =§=46& + &), b= 7 " 50"
44 is the component of degree 4in~,
ff ar—" yf L1+ = Mo + 1 + 02 + 7(3),
-z
no=2-f—-2—g, m=mQ, m=nV.

3. In our subsequent dealings we shall be constantly computing with
expansions and the following lemma will be useful to get estimates of the
orders of terms.

Lemma 4.7. Let u € S, and assume that u is linear in p, q, r. Let
T =1T18% + et 4Ly =167 + et 4w = w72 +
wee®M 4. p=preM dpemt 4 g=qet +enti 4. r=
r1 € +rae™ 4 | be formal expansions in a parameter € with coefficients
in some R-algebra A; then u(z1e% +... ,y16% +... ,w1€%24... ,p1 €™ +
QL ETM .., T E™ + ... ) will start with terms of degree at least

min (min {Pm + Qo2 /P, Q integers, P+2Q =n+1}+ 1,
min{Pal + Qo2 / P, Q integers, P +2Q = n+2} +7'2).

The easy proof of this lemma is left to the reader.
It will be convenient to use the following complex notations:

z=z+iy, h=f+ig, (=p+igq
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As a first application of the concepts just introduced, we will prove the
following proposition which will be useful later on:

Proposition 4.8. For any compact K of C, infg s, > 0.

Proof. Let A : [0,5] — M be a geodesic parametrized by arclength s, such
that A(0) = 0, and let A : [0,S] — T™M be its lifting. Its initial covector
A(0) is cosp dzg + sinpdyg + redwg € Tg M. Then

z(A(s)) =e®s+0(s%),  h(A(s)) =¥+ O(s),

w(/\(s)) = 0(s), r(A(s)) = ro + O(s).

Using expansions (4.2) and Lemma 4.7, we see that h((.;\(s)) = ~i(ro +
O(s?)) h(A(s)) and z(A(s)) = [, h(A(s)) ds + O(s®). Hence, h(A(s)) =
e (1 —irps+ O(s?)) and
h(A(s)) = e (1 ~irgs+ O(s?)) and z(\(s)) =€ (s—i + O(s%)).
(4.3)
Finally,

d'w(dAS(S)) = (f af )(A( )) + 0(53)

Hence, w(A(s)) = %33 + O(s%). The expansions of z(A(s)) and w(A(s))

imply the proposition. [J

4.5. Equations of geodesics in reduced form with new time and

expansions of solutions in terms of py = -%- Since we are interested
T

0
in the conjugate locus near the origin, Proposition 4.8 shows that we need
to consider the values of rg near co only. In this section we shall obtain
1

expansions of the geodesics in terms of the parameter pg = —

0
To do this, we shall make a change of variables and also reparametrize
the geodesics. The change of variable will be

~ P ~ _q
(xaysw1p7Q7r) - (xyyywyp = ;s q= ;)

on the open subset (1™ M), of T*M, where r # 0. This change is equivalent
to replacing the symplectic structure on T*M by the associated contact
structure defined by H.

-~ h v A i~ C

Letf—{-§=§,h~——f+ b e=

since f, g, h, 8 are linear in P4 then f, g, ’I;, @ are smooth functions
in (z,y,w, D, Q), affine in P, .

. Note that
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Let A : [0,S] — M be a geodesic parametrized by arclength starting at
0 whose lifting A : [0, 5] — T*M lies in (T*M),. We make the following
change of parameter s — &, ¢ the new time,
t=1tr(s) = / r(A(s)) ds. (4.4)
0
The inverse change is ¢ — s = sx(). Let A(t) = A(sa(2)), A(t) = A(sA(2)).
Then X, A satisfy the following system of equations:

(@ 28O __5@w) 5@Ae) + ER6) AE),
o DO _s e

< (ii) tA = FA®) F(A®) + (A1) ¢(A(t)), (45)
(i) ( (t)) £ ) € (A(t)),

{ where f f—£+gg;

The expansions (4.2) give the following expansions:

F=h+Fh+fa+fs T=01+0+5+7s),
7l=7;1+71.3+/f;4+’};(5), 5=§0+§2+§3+§(4),
£=E+Es), =12+ +7s)s

where, if u = f, g, h, 8, £ orn and uy, is homogeneous of degree n and u(y)
starts with terms of degree at least n:

I

( h=C—iZ, hg=—iz Qéz)’ ha= —ig (2l(z) Im(?z) +V(z)) ,

— 2
b =1, 8 =2Q(2), B = 41(:) I 2) + 2v(2) + Eli(a),

)
N

= 2
| B3= 41(z) Im(hy 2) + gV(z) - 3-‘—zi—l(z), since ( = hy +1 g, (4.6)

1 8 1. =
& =5 m(f12) 30, m =5 Im(h 2),

1 = =
m=3 (Im(h; 2) Q(z) + Im(hs.2)).

Let X : [0,T] —» M, A : [0,T] — (T*M), be a geodesic and its lift-
ing, such that A(0) = 0, A(0) = pgcosypdzg + posinwdye + dwo. Then,
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d ~ ~ , ~ o -
Eiz()\(t))lt=o = h(A(0)) = pge*¥. z(A), h(A), w()) are smooth functions
in t, ¢, pp, and we can expand them in powers of pp :
2(N) = po 21 + pf 22 + pf 23 + o 24 + 0 Z(5)s
(4.7
h(A) = po H1 + p§ Ha + p§ Ha + p§ Hy + p§ H(s),

where z;, H;, 1 < i < 4 are smooth functions of ¢ and ¢, z(), H(sy are

smooth functions of ¢, , po. Since w(A(0)) = 0 and %w(’):(t)) = n(A()),
then the relations (4.6) and Lemma 4.7 show that

w(X) = pg we + ,Dg w3 + pg wy + pg W(s)- (4.8)
From (4.6) we can also conclude that using Lemma 4.7:
8(A) = poe™ + O(ph), BR) = 1+ 203 Q(z1) + £ Ba(z1, Hn) + O(pf).

From this we get the following relations using Lemma 4.7:
. d~,~ ] ’ N o
(1) Eih(A(t)) =—i(l+ 22 Q(21) + p3 63(=1) + O(pg)) R(A®R)),
. d ,~ 1, .
(1) Ew(’\(t)) =3P Im(H, () 21 (t)) +

+ %pg (Im(ﬁ1 ) Zl(t)) Q(zl (t)) +

+Im(Hs(t) z1(8)) + Im(H(2) 23(t))) + O(63),
() 22(W0) =RAE) ~ sk a Ol 0) mEH 20) + O

) Sr(R0) = ~34rR0) mEN20) g2 (@20, ) +

L +O(p3)-

1
Setting p = - we get

@ Sp@) = p(E0) (b2 I 21(0) T2 (518, walt)) +
+0(p5))- (49)
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These equations imply the following ones:

4

3 Hi(t) = i Hu(0), SHa(0) = ~i Fa?),

%H3(t) = —i Ha(t) — 26 Hy(2) Q(21(2)),

%H4(t) — —i (Hy(t) + 03 (2 (8), FL(8) Fu(8) ),
%zl(t) = Hi(b), %zz(t) = Hy(t), %zs(t) — Hy(t),

%z,;(t) = H(t) —in@)(a®) IF) 2 ®),

<
Edim(t) = %Im(ﬁl (t) 21(8)), (4.10)
%’M(t) = ';‘(Q(n () Im(H1(2) 21(t)) + Im(Hs(t)z1 (2))+
+Im(Hi(t)z3(t))),
with initial conditions z;(0) =0, 0 < <4, Hi0)=0,2<i<4,
| %(o) =0,2<i<4, d—;tl(t)) — H,(0) = €%, wy(0) = wa(0) = 0.

4.6. Computations. The only informations we will need in the following
are the expressions of the functions 21, we and the values z;(27, @), i =
2, 3, w4(21r, (p). )

The computations of z; are trivial,

i

Hi(t) = ei®=9,  z(f) = ? (1—e-it). (4.11)

In particular, Hy(27) — Hy(t) = 721(t). The following two remarks make
the computations trivial:
(1) Let & be a continuous periodic function of period 27 and let u be a

solution of the equation dq;it) = —iu(t) — i k(t) H1(t) such that u(0) = 0.
Then
2 2
/ u(t)dt =14 / z1(t) k() dt. (4.12)
0 0

In fact, u(t) = —i Hi(¢) [J k(r)dr. u(@r) = —i Hi(2r) [o" k(t) dt. Inte-
grating the equation for u, we havé .

2 27

i / w(t) dt — i / k() Ha(£) dt.

0 0 0

2
u(2r) = %dt =
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Hence,
27 27 2n
u(t)dt = [ (Hi(2m) — Hi(t)) k@) dt =1 | z1(t) k(2) dt.
[#o%-] /

(2) Let P be a polynomial in 2z and Z, P(2,Z) = Y, Gm,n 2™ Z". Then

27

3 = (m 4 n+ 1)! gilm—ntlle
[ 5 Pl 71 0) = 21 Ty CERED ST

0

(4.13)

This is a direct consequence of the following simple computation:

x > ( )I gilm—n)e

- i 24 m+n)per”T
/zl(t)mzl(t)"dt=/zl(t)m"'"e'"te Zinegi=2n P
0 0

Applying (4.12) to the equation for Hs and the fact that

t

2(t) = / Ha(r)dr, (2(0) =0),

0
we get
27
23(27) = 24 /z1 (t) Q(21(2)) dt.
0
¢

But Q(z) =c12?+cy? =
we get

1 ; i (22+7%) + —c—l—:g-—cz |z]%. Applying (4.13),

z3(2m,0) =wl(ea—c1) (349 +3e7*¥) + 67 () + ) et?.  (4.14)
Applying (4.12) to the equation for 24, we get

2n

(2T, 0) =i / gV(zl(t)) () dt +

]

2n
+26 /(-2 2 () +2 Im(F1() 2 (£) —

[1}

- @ z1(t))) (1) 2 (8) .

But |21 (t)|> = 2(1 — cost), Im(H1(t) z1(t)) = 1 ~ costt.
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Finally,
27

24(2m, p) = —5—2—1 / z1(t) V(21(2)) dt.
0

1~ 1 1
Since V(2) = %bzs + 5 bz + EE Iz|* z+ 50 1z|> Z, applying (4.13), we get

1, 4. - s .
2427, 0) =574 (5 bett® —2be'2“"——2662“”+3a> . (4.15)

Clearly,
wa(t) = %(t——sint), and ws(t) = O; (4.16)
1 27
wa(2w) = 3 /(Im(ﬁl () 21(t)) Q(=1(t)) + Im(Hs(t) z1(t)) +
0
+ Im(H1 () 2(2)) ) t,

2
wi(zm) =3 [ 1@ Qa)dt+
0

27

+ % / (Im(ﬁa(t) z1(t)) + Im(H;(2) Z3(t))) dt.
0

Applying (4.13), we get
wy(27) = —3% (2(c2 — c1) cos2p + 3 (c1 + c2)). (4.17)
The preceding considerations allow us to state:

Lemma 4.9. For any T > 0, there ezists a compact neighborhood Kt
of 0 in R and a smooth mapping € : [0,T] x S x K — M, (t, €%, pg) —
E(t, 0, po) such that: (i) the curve t— E(t, 0, po) is the geodesic parametri-
zed by the new time starting at 0 with initial covector

Po cos p drg + po sin dyg + dwyg

(covector for the lifting parametrized by the new time).
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(ii) & has expansions in powers of Po:

~ . l_e—-it
2(E) = poe'?® ( - ) + p§ 23 + p§ 24 + O(3),

-~ 1 .
w(€) = 504 (t —sint) + pgwa + O(p})-

(4.18)

4.7. Relations between the arclength s and the new time {. In view
of Lemma. 4.9, we have:

for any T > 0, there exists a smooth function v : [0,T] x S x Kt — R
such that

p(E(t, ¢, po)) = po exp( ph v (t, 0, po)), for all (t,, p0) € [0,T] x S x Kr
(see 4.9).

Lemma 4.10. Using the notations of Lemma 4.9, for any T > 0 there
ezists a smooth function py : [0,T] x S x Kr — R such that the length of
the geodesic T € [0,t] — E(T,, po) for any (¢, ¢, p0) € [0,T] x S* x Kr is

s(t, 9, po) = pot + p§ (£, ¥, po)- (4.19)

The mapping [0, T)xS1x K — Ry xS'x Kr, (t,0,p0) ~ (5(t,%,p0), ¥, po0)
is a diffeomorphism onto its image.

Proof. Inverse function theorem. [
Notation. The inverse diffeomorphism is of the form

(8(s, ¢, p0), @, po), 6: 8([0,T} x S* x Kr) x S* x Kr — Ry,

8(s, , po) = o8 + pg pa(ro s, ®, po)- (4.20)

5. EFFECTIVE APPROXIMATION OF THE CONJUGATE TIME AND THE
CONJUGATE LOCUS

This section is a bit computational but absolutely necessary. All the
main formulas are established in this section.

5.1. The method for computing the conjugate time mapping.
1. Let us look for conjugate times in the case of initial conditions
(¢, po) € C such that pp is small (on a neighborhood of infinity on C).
Our Lemma 4.9 shows that

2(E(t, 0, p0)) = po 21(t, ©) + p§ 23(t, ©) + 0§ 2a(t, ©) + pf 25(t, @, Po)(- )
5.1
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By Corollary 4.6, the determinant D we have to compute has the expres-
sion

0(zoE)(s,p,p0) 0(z0E)(s, go,po)>. (5.2)

D(S,(p,p0)=1m< 8,00 a(p

Denote by Z the function zo&; then (zo&)(s,0,p0) = Z(6(s, ©, P0)s P, po).
Hence,

=~ 8Z (6, ¢, 0Z (6, p, o6
D(s,w,po)=1m<( (6/: po) (3‘:’ p")-a-p—o)-
(82(6) SO,PO) + aZ(‘s’ P pO) _6_6)
Oy ot O/ )’

Let D be the composition

D(t, ¢, po) = D(s(t, ¢, po), ¢, po)- (5.3)

Then we have

Lemma 5.1. D has an expansion in terms of pg, of the form

(1. D=poD = po(Dy+ pd(D2+ D) + p3Ds + O(p})),
o —Im < (21 le 6z1)
{ 3. =Im<(z1— % 32:3)
(5.4)
=Im((3z3—t% %),
le 824 624 321
{ 4. 3—Im ((Zl—t—) ———) +Im ((424—t-5t—)%)

aZ(é’ ©s PO) + aZ(67 P, PO) ﬁ

Proof. Let us first compute

Opa ot dpo’
We know by (4.20) that
06 _ 8 46/.L2 6u2
B0 = "7 P00, " 0% Bires)
and by (4.19),
a6 )

=—— +0(pd). 5.5
5o =~ +Oh) (55)
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Therefore, a straightforward computation shows that

6Z(6) ©, Po) 0Z(6,p,po) 06 _ 0z 2 Oz3
B0 T ot opg \ATiE TH 323“t"é‘t’) +
0
+ o8 (4 24 — t%)) + 0(p8)- (5.6)
t=6
Now, we compute
0Z(8, ¢ p0) , 9Z(6:¢,p0) 08
dp ot Oy’
By (4.20),
o6 ~
g O(p5); (5.7)
therefore
8Z(6,0,00) . OZ(b,p,po) 06 ( 8z1 30z 46z4) 5
+ — = po== 4+ P32 +ph= ) +O(pf).
a(p ot 6(,0 0 6(,0 Po a(p Ao a(p s (pO)

(5.8)

All these relations, (5.6), (5.8) in particular, hold for ¢ as large as we
need, for pg small.

Plugging (5.6), (5.8) into the expression (5.3) of the determinant D gives
the result. O

2. The equation D = 0 can be rewritten as

Dy + p§(D2 + D3) + p3Ds + O(p5) = 0; (5.9)
we can compute D;: formula (4.11) gives
Lttt t
Dy =4sin 3 (sm 5~ 508 E) (5.10)

t
The function (sin 5~ 5008 %) does not vanish for 0 < ¢t < 2.
Hence, in the case of the right invariant metric on the Heisenberg group,

for which Dy = Dy = D3 = O(p}) = 0 in formula (5.9), the conjugate new
time is constant and equal to 2x. Since in that case r is constant, we get

2
sc(p, o) = Fo

Plugging this value into formula (4.18), we get that z(27r) = 0, since in the
Heisenberg case z3 = z4 = O(p3) = 0. Therefore we get the well-known
result that in the Heisenberg case the conjugate locus is the w-axis.



SMALL SUB-RIEMANNIAN BALLS ON R3 391

Proposition 5.2. For any compact neighborhood K of the circle {r = 0}
in C, infC\K te > 0.

Proof. This is similar to that of Proposition 4.8.

It follows that for any & > 0, there is a B > 0 such that |pg| < B implies

te(, po) > 2w — €. Moreover, one can easily compute Latt=2m

ot

9D 7 (2m) = —2m. (5.11)

This shows that one can apply the implicit function theorem to solve
Eq. (5.9) around any point (t,, po), with ¢ = 27, po = 0.

There is an open neighborhood W = T'x U’ of the subset {27} x S1 x {0}
in Ry x 81 x R, (81, the circle) such that the set of solutions of (5.9) in W
- is the graph of a smooth function %, : U —T,such that tc((p, 0) = 2r, and
the domain {(t, ¢, p0)|0 < t < Zc(%, po), (s po) € U’} does not contain a
solution of (5.9).

These last considerations and Proposition 4.8 allow one to conclude:

Theorem 5.3. There is an open neighborhood V of 0 in M and an open
neighborhood U of infinity in C such that the conjugate time mapping of
Zlv, our sub-Riemannian metric restricted to V, has domain U and is the
mapping te|u, te restricted to U.

Proof. Let us take U " defined just above. U’ ®, the complement of U "inC,
is compact. By Proposition 4.8, there is ¢ > 0,-such that s.(p,7) > € for
all (g, o) € U'°. We replace M by a smaller neighborhood V, m such a
way that the posxtlve escape time e(yp, pg) of any point ¥ of Ue (for the
equation of geodesics with arc-length time) is smaller than € (for instance,
look to the expansion (4.3) of geodesics). We just replace U’ by the subset
U of the (p, po) such that 3c(p, po) < e(y, po), where 5 is the arc-length
time corresponding to t.. U is again an open neighborhood of infinity in
C. O

3. A straightforward computation gives the following expansion for
te(, po):

1 ,
te(ip, po) = 27 + 5= (p§(Da(2m, 0) + D;(2m,¢)) + p3D3(2m, ) + O(5),



392 EL-H. CH. EL-ALAOUI, J.-P. GAUTHIER, 1. KUPKA

We note that 2, (2m,¢) =0 = %%(271’, ) by (4.11). Hence, as we already
know, D;(27) = 0, but also

 (2m,g) = - —orm( 22 02
Di2m,) =0, Da(2m,p) = —2m tm( 5t 52 ) o),

Ds(2m,0) = 2 Im ( %? (?;4 ) (2m.0). (5.12)
Hence, one has
te(p, po) = 21 — pEAs — p3A3 + O(pf),  with
(5.13)

_ 0z Oz _ 0z, Oz
20=1m( 222 r ), 25 =1m( 2 22) ar, .

5.2. Computation of the conjugate time and conjugate locus . Let
us compute Ay and Aj.
Computation of Aj: Ay =Im (

%1 (om, ) = €.

By formula (4.14) :

% tam ) S (om, w))

(27r, @) =3im(co—c1)(e3*Y — e~ ) + 6mi(cs + c2)e*¥;

Ay = Im(31.1r(cz —c1) (%% —e 2P L 6mi(cy + c2)) = 67 (c1 + c2).

Computation of Az : Az =Im (021 (2n ,(p) 30 (27r, (p))
By formula (4.15):

624 (27"a p)=5wi (2i bett? 44 be2iv — 4,55621':;!) ;

Ag = 57 Im(—2be%% — 4be™3% + 4 Ge'¥);
Az = 57 (2Im(be**) + 4 Im(@e*¥)) = 107 Re(b (:€%)3) —

— 207 Re(@ie*?);
A = 107 V3(3 (v)) — 207 Vi (3()), (5.14)

where v denotes the unit initial velocity of the geodesic.
Hence we have the formula

to(p, po) = 2 — 6mpf trg Q — m pj (10 V3(j (v)) — 20 V1 (§(v))) + O(p)-
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To compute the conjugate locus, using the notations of Lemma 4.9, we
get

2(E (e, p0), 91 P0)) = po 21(te, ©) + P 23(te, ) + P 2alte, ) + O(0]);

o}
21(te, ) = 2 (2m, ) = 22 (2m,0) (] B2 + 3 A3) + O(e5),
z3(te, 19) = 23(27,0) + O(08), 2a(te,p) = za(27, ) + O(pF).

Hence,

~ o}
2(E(te(p, p0), s P0)) = poz1(2m, ) + p§ (23(2m, @) — A2 5?(2«, v) +

o
+p§(za(2m, ) — Az %(27& ©)) + O(p});
Z1(27|', QO) =0.

To compute the other terms, we note that

0
z3(2m,0) — Az —;%(Zm p) =
=¥ (e‘i“’ z3(2m, ) — Im (__c')_ (e7* 23(2m, 0))) —
] a(P b
—Im (i ™% z3(2m, <p))) = e (i Im (€™ z3(2m,¢)) —
o .
S —ip
5o Im (e™* 23(2m, tp))) .
Similarly,
621 i . -3
24(2m, ) — A3 5(211', p) = e (z Im{e™* z4(2m, ) —
9 —i
"% Im (e~ 24(2m, cp)))
By formula (4.14),
e z3(2m, ) = 7 (ca — 1) (€*¥ +3e7#¥) + 67 (c1 + c2).
Hence, Im (e“"“’ z3(2m, (p)) = —2x (cg — ¢1) sin2¢p;
021 : .
23(2m, ) — A2 E(%r,(p) =27{cy—c1)e'¥(2cos2p—isin2¢) =

=4m(cy — ¢1) (cos® p — i sin® ).
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By formula (4.15):

e 24(2m, p) = 5mi (% bedi¥ —2pe 3¢ —2'de""°+3ae‘i“’> ;

Im (e~ 24(2m,¢)) = 5 (—g— Re(be3'?) + Re(a‘ei‘f’));

a
Z4(2‘ﬂ', SO) - AS -étz—l(zwa (p) =
= 5me’’ (—gz Re(be?®'?) +iRe(@e™) — g Re(b(ie*?)?) — Re(aiei“’)).

Going back to vector notation and to the notations of Sec. 3.3, we get
that

2a(2m, ) — A5 L2 (2m, ) =
=57 (~314(0)i00) + Vi) (6) = Vi () v - § i) ).
Computation of w(t., ¢, po):
w(te, @, po) = P walte, p) + pg walte, ©) + O(pd) =
= un(zm ) + o} (wa(2m, ) - Za2(2m,0) 82 ) + 0GR
we(2m, p) = 2m, ?—;3(2 m, ) =0,
wa(2m, ) = —312[ (2(c2 ~ c1) cos2p + 3 (c1 + c2));
wl(te, 0, 0) = 2 0 — 3 78 (2 ez ) cos2p +3 (c1 + ) + O(g3).
Finally, let us make a last coordinate change. In vector notations, we set
@§) =7 =2~ 2w (K0)iE) ~K([iE)s).  (5.15)

We get the final expressions for the approximations of the conjugate time
mapping (using (4.19)), and the conjugate locus, summarized in the next
theorem:

Theorem 5.4. Muking the coordinate change (5.15), the following ap-
prozimating formulas hold for the arc-length conjugate time mapping s. and
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the conjugate locus C'L, provided that we restrict our sub-Riemannian met-
ric to o sufficiently small neighborhood U of the origin 0 on M:

(i) sc(v,p0) = 2mpo — 67 P t15 Q + 207 pj (v1 (3(v) - ';-V:a(j(v))) +

+O1(03); (5.16)
(ii) CL is the intersection with U of the image of the following mapping &.:
Ze(v,
fc(’l), PO) = 'LUC((’U,’:())))) y
~ 45 .
Ze(v, po) = | =87 p§ Q2(v) — 5 7AG Vs(J(v)))v+ (5.17)

+(-27 R Qa(o +50) = Trof¥a(s) ) (6) + Oa(rB)
we(v, po) = 7 p§ — 37 p§(3 Qo(v) — 2Q2(v)) + Oa(pf),

v being the unit initial velocity of the geodesics.

In complex notations, (i) and (ii) of Theorem 5.4 give, with v = €*¥:

¢

1 ; )
8¢ = 2mpo — 6mpd try Q + 20mph ( 3 Re(bie3**) + Re(&ie’“’)) + O1(pd);

ZC(QO, po) = ng (ca —c1) (33"‘1’ + 3e—i<p) +

1 . — A
+ompki (b6 — 25e77%) + 05 ()

3
{ we(p, po) =7 p§ — 5“/’3 (3(c1 + c2) +2(c2 — 1) cos2¢) + Os(pp).

6. STABILITY OF OUR APPROXIMATING FORMULAS FOR CL

6.1. Genericity.

Proposition 6.1. There is an open dense subset of Sub R(M) (in the
Whitney topology) for which the following holds:

(i) condition Q2 # 0 holds everywhere on M ezcept on a dimension 1
smooth submanifold (could be empty);

(ii) condition Q2 # 0 or Q2 = 0 but V3 # 0 holds everywhere on M.

Proof. This follows immediately from our Theorem 2.11 and standard trans-
versality arguments. [
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In this paragraph, we will study more precisely the approximation of CL
in these two generic situations, (i)} and (ii) of Proposition 6.1.

6.2. The case Q2 # 0 (generic points for generic elements of
Sub R(M)). In this section, we restrict ourselves to w > 0 in R2, and
po > 0.

1. Representation of the exponential mapping as a suspension.

Theorem 6.2. There ezist a constant n > 0, a neighborhood U of SN
{0<po< 17} in Ry x C, a neighborhood V ofé'(Sﬂ {0 <po<n}) and a
coordinate system (0, p,€) in U, p unchanged, a coordinate system (Z,7,z)
in V, such that the expression E in those coordinates of the exponential
mapping 18 a suspension

(o, p.¢) = ( Eo(a, ) ) + ( O(()E) ) = Ein(0,p,€) + ( O(()E) )(’6.1)

€
where O(g) has order one at least in €, and

Eo(0,0) = 0 922 (2m,0) + 25(2m, ). (6.2)

Proof. Let us go back to the expression (4.7), (4.8) of the exponential map-
ping, for the new time ¢:

( 2(t, ¢, po) ) - ( po 21(t, ) + p3 23(t, ) + O1(0) ) = &t 0, po)

w(t, 9, po) P8 wa(t, #) + O2(pp)- " Ples)

To represent this map as a suspension of a map between two-dimensional
spaces, we will make simple coordinate changes at the source and at the
image of £. N _

First, observe that we can consider £ as a mapping from dom(£)N {21r -
n<t<2m+mn,0< py <n}into {w > 0} for 7 sufficiently small. We make
the following coordinate change at the source:

t—27w

(t, %, p0) — (d = pg sy po).

In the image, first we make the change (z,y,w) — (:v, Y, = 1/%) At

the source, we apply (o, @, pp) — (0,9, €), solving the equation w = we? =
 pg + O(p})- _
Then we notice that for the z-component of £,

2(0,p,6) = &3 (ai’g;m, o)+ za(2m, cp>) FOEY. (6.4
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Hence, we can make a second coordinate change in the image:

-~ T -y
(x,y,e)——» (z—6_37y—‘6—:;"5)- O

2. Stability. To determine CL, that is, the singular set of £, in an
appropriate open set U, we shall show that E;, in (6.1) is a sufficient jet for
€ on U. This will show that in a neighborhood of zero, CL is diffeomorphic
to the singular locus of E;,. In order to prove that E;, is a sufficient jet,
we will use the fact that Ey is a “Whitney map” in a neighborhood of S.

We say that a map F' between 2-dimensional manifolds is a Whitney map
if:

(1) Its singular set S at the source is a smooth curve.

(2) Restricted to its singular set, F|g is injective and proper.

(3) The image curve F(S) presents only fold points and cusp points

as singularities (for these concepts see Whitney [20]).
(6.5)

By well-known facts of singularity theory, Whitney maps are stable, in
the sense of Thom and Mather (Whitney [20], or Mather [13]).

Let us consider the map Ejy, restricted to a neighborhood

Sa={(0,p)| —67trgQ ~a< o< -6rtr,Q+a}

of the circle So, So = {(0, )| 0 = =6 wtry Q}, & > 0, sufficiently small.
It is easy to check that for o small enough, the restriction Eyplg, is a
Whitney map. By (4.11), (4.14), we have

Eo(0,0) = o (c?s (p) o (cos(tp) (4cz + 2c1 + cos(2¢)(c2 — cl)))'
sin ¢ sin(p) (2cz + 4y + cos(2p)(c2 — €1)) (6.6)
We already know that the circle Sy is the singular set of Eplg, for o
sufficiently small, and it is obvious that the conditions (1), (2), (3) stated
above are satisfied. Therefore, for ¢ sufficiently small, Ey is R.L. equivalent
to our Ep + O(e) in (6.1) and, since O(e) is smooth, it is possible to check
that the diffeomorphisms appearing in the R.L. equivalence relation between
Eg and Ey + O(e) depend smoothly on e. Therefore, the following theorem
holds.

Theorem 6.3. If Q2 # 0, there is a constant eg > 0, a constant a > 0,
a neighborhood

Sa,eo = {(0,p,€)| —brtrgQ—-a <o < —6brtryQ+a,0<e<ée}
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of So = {(0,p,6)|]o = ~6brtr,Q,0 < € < &}, a neighborhood S of

Ein(So) in M N {w > 0}, and diffeomorphisms Z: S ey — 5, E : S — 8§
such that:

(i) E preserves the foliation & = constant, Z' preserves the foliation w =
constant;

(i) E=Z o0 Ejppo=-1.
The set of singular values of Ey|s, ¢, is given by the approximation (5.17)
of CL at order p} for pp =1, i.e.,

(5)-wvaa( =22, )

—sin® @

It is a closed curve, without self-intersection, presenting 4 cusps at ¢ = k—g,

0 < k < 3. Hence, the same holds for sections of CL by planes w = &2 for
¢ small enough. The pictures are shown in the next section.

6.3. The case @, =0 but V3 # 0 (generic singular case).

1. In this degenerate situation, we will also conclude on the stability of
our approximating formulas for CL, but in the local sense only (that is, for
germs at points of S), because of the self-intersections of CL, as we shall
see.

When @ = 0, using a simple rotation, we can assume that V5 (1,0) = 0,
V3 (0,1) = b > 0. Our formula (5.17) for the approximation of CL can be
rewritten:

Ze=15-b
¢ 2P0 —25in(2¢) + sin(4¢p)

T, ( 2 cos(2¢p) + cos(4yp) )
’ (6.7)

tr
we = mpg — Im—L=p.

2
Remark'7.
(1) The determinants
0%, 0%,
9z, 07 9pa O
A1=det(apo’ %)’ By =det | 510 Hu |
Opp Oy
Ag=det | g0 5P
Bpy Oy

are, respectively, up to nonzero constant factors,

A; =sin?(3p), A; = sin(3p) cos ¢, Az = sin(3¢p) sin . (6.8)
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These determinants vanish simultaneously for sin(3¢) = 0, that is, ¢ = k%,
0<k<S.

(2) The map defined by formula (6.7) has period = in ¢.

(3) The image of the mapping (6.7), shown in Fig. 11 in the next section,
presents 3 cusps which are double points of this mapping.

To analyze the stability, we will proceed as in the previous section. But
there is a crucial difference from the previous case: the approximation E;,
is not a sufficient jet globally on the singular locus any more, although,
locally along the singular locus, it is sufficient everywhere.

Remark 8. The reason for this is that the restriction of E;, to its singular
locus is invariant under the involution pg — pg, ¢ — @ + 7, a fact not true
for the mapping E.

2. Representation of £ as a suspension.

Theorem 6.4. If Q2 = 0, there exists a constant n > 0, a neighborhood
U of SN {0 < pg <7} at the source, a neighborhood V' of E(SN {0 < po <
n}), and a coordinate system (o,p,¢) in U (¢ unchanged), a coordinate
system (T, ¥, W) in V, such that in those coordinates, the ezponential map
E has the suspended form (6.1), where

Eo(o,p) =0 ( Z?If:z ) + 24(2m, ). (6.9)

24(2m,p) has already been computed (formula (4.15), where we can
choose V3 (1,0) =0, V3(0,1) = b # 0).

Proof of Theorem 6.4.
Our approximation of the exponential mappuug 10 NOW

g(t 0, p ) _ ( K4 ) _ Po Z]_(t, SD) + pg Z3(t,(p) +pé 24(t780) + 0(,08)
, 05 PO w pRwa(t, ) + pwalt, 0) + O(pR) :

We will proceed as in the proof of Theorem 6.2. Our first coordinate
t— 27+ 6mtr 2
p3 ngoa‘paPO)-
0
Our first coordinate change at the image will be again

(z,y,w) — (a:,y,e= \/_-17-13)

Our second coordinate change at the source will be the same as in Sec. 6.2.1,
We get for the z-component of &:

change at the source will be (¢, ¢, pg) — (a’ =

z(0, p,€) = £*(a(cos p,sin p) + 24(2m, Lp)) +0(e?).
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The second coordinate change at the image is
- T ~
(37%5)""(97=;;,y=6%,€)- a

3. Stability. As before, we consider the map Fy in a neighborhood S,
of the set

So = {(a,(p)/a =207 (% Re(bie®i¥) +Re(az'e*s°))},

Se={(c+h9)|(0,0) € So, |n < a}. (6.10)

Again, we already know that for o small enough, the singular set at the
source of Eylg, is exactly the circle Sp (see (5.13), (5.14)), and the singular
locus CL in these coordinates is given by the expression (5.17) for pg = 1.

But the map Fjy is not a Whitney map any more since the property (2)
of Whitney maps fails to be true : Ey|g, is not injective.

Nevertheless, the two other conditions for Whitney maps hold, and the
germs of Ep along Sy are stable.

As a consequence, we can state the following theorem.

Theorem 6.5. In the situation where Q2 = 0 but V3 # 0, the conjugate
locus CL is of the form

15%r bph (2 cos(2¢) + cos(4y))
( A )= 15’2_'?ipg(—2sin(2cp)+sin(4<p)) +0(p)-

We

TpE — 37t Qph

Sections of CL by the level surfaces w = constant, w # 0 are closed
curves, presenting 6 cusp points (when counted at the source).

We shall see below that in general there are six distinct cusp points al-
though the approximation at order p} presents only 3 cusp points at the
image, due to the fact that it is invariant by the involution of above Re-
mark 8.

6.4. Pictures. In this section we will show a certain number of sub-Rie-
mannian pictures. None of these pictures has required numerical integra-
tion. They just required evaluation of our approximating formulas.

1. First, we deal with the case where Q2 # 0.

Figure 1. The sub-Riemannian small sphere (wave front). The equations
of the approximation are (from (4.18)).

Z(t, Po; (P) = pPoZ1 (t) + Pg 23 (ta W)1 with

zl(t)=25in% (cos<<p--t2-),sin( ~-;-)) (6.11)
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z3(t, ()0) = ($3(tv (p)a y3(tv So))a where

z3(t, ) = (24cot cosp + 24 cit cos(p — t) +
+ 24 cot cos(p ~ t) ~ 6cit cos(3p — &) +
+ 6ot cos(3p — t) — 6t cos(p +t) +
+ 6 catcos(ip +t) — 42¢; sinp —
— 18c2 sin i + 2¢; sin 3y —
— 2co 8in 3¢ + Bc; sin(p — 2t) +
+ 6cg sin(p — 2t) — B¢y sin(3p — 2t) +
+ 6c2 sin(3p ~ 2t) + 21c; sin(p — t) +
+ 27¢cy sin(p — t) + ¢1 sin(3(p — t)) —
— cosin(3(p — t)) +3cysin(3p — t) —
— 3¢z sin(3p — t) + 15¢; sin(p + t) —
— 15¢3 sin{p +t))/12, (6.12)
y3(t, ) = (42¢2 cos ¢ + 18 ¢; cos(p) + 2 ¢z cos(3p) —
— 2c¢1 cos(3p) — 6¢y cos(p2t) —
— Bcg cos(p — 2t) + 6 ¢y cos(3p — 2t) —
— B¢y cos(3p — 2t) — 27¢; cos(yp — &) —
— 2lca cos(p — t) — c1cos(3(p — t)) +
+ cacos(3(p — t)) — 3c1 cos(3p — £) +
+ 3c2 cos(3¢ — t) + 16¢; cos(p +t) —
— 15¢3 cos(ip + t) + 24eytsinp +
+ 24cytsin(p — t) + 24cot sin(p — t) —
— 61t sin(3p — t) + Beat sin{3p — t) +
+ 6crtsin(yp + t) — 6¢at sin(p + t))/12,

2
w(t, po,p) = %(t — sint). (6.13)

Notice that this last formula is the same as in the Heisenberg case, as we
have shown.

In these formulas, ¢ € [0,27], pg is small, and s = pot is the radius of the
sphere (remember that s is the arclength). We obtain the following picture

=, = —1. = —,
for co = .85, ¢1 52, s 160
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RN
7 TGN
/////if‘l":- BAWNC

Fig. 1. Generic sub-Riemannian small sphere (wave front).
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In Figs. 3 to 6, 13 to 16, we will give a detailed representation of the

region marked by (A) in Fig. 1, which corresponds to ¢ close to 27 or s

close to 2mpg.
Figure 2: The generic conjugate locus CL at generic points.
The expression is that of formula (5.17). We draw the picture for w > 0

only.

s

Fig. 2. Generic conjugate locus CL at generic points.
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Fig. 4. Region (A).
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Fig. 5. Region (A).
(Same picture as Fig. 4, but the intersection with the
conjugate locus has been marked.)
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Fig. 6. Region (A).
(Same picture as Fig. 5
from above.)
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As one can see, the intersection of the wave front and the conjugate
locus is a closed curve, presenting 4 cusps. Moreover, the intersection of the
sphere with the cut-locus is a line segment, the endpoints of which are 2 of
the 4 cusps.

2. Now we show how the approximation (5.17) of order p of the conjugate
locus C'L changes when we start from ¢; # ¢ (i.e., @2 # 0) and move to
C1 = Cy (i.e., Q2 = 0)

We show a succession of pictures for the following values of ¢1, ¢3 : ¢; =
—1, c2 = a - 1, «a being specified under each picture.

DR %
Y,

Fig. 7. a=0.1
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Fig. 10. a = 0.005

Fig. 11.a=0

Of course, in the figures (Fig. 7 to Fig. 10) the sections w, = ¢ have 4
cusp points for € sufficiently small. For a larger € they have 6 of them which
coalesce in pairs, to produce the final picture, Fig. 11, with 3 cuspidal lines
only.
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7. THE GENERIC CASE FOR Q3 =0
In this section, we give numerical results on the conjugate locus and the
wave fronts of order 5 for the following values of the parameters:

Ci = —-1, Ca = —l, lz = —0.1, l1 = 0,
-1 (7.1)
tig = T 21 =130 =to3 =0,
where V(z) = Y tijzty.
i+j=3
We use our partial normal form N F2 of order 3

(1+42(0+ fz))% —zy(l+ f2 )a%+

0

+2(14+Q+V +uwg+hi)5,

(N}-S) = 5 9 wa
(1+22(+ fz))a—y -zy(l+ fz)ab;—
—;(1+Q+V+wg2+h4)%
with the following choices:
2 1 1

f2($1 y) = gmya gZ(za y) = Oa h4(.’L‘, y) = 5:22 y2 + '5'1‘3 Y.

We apply the same method, but take the approximation of order 5 instead
of 4 in py for conjugate points. We get some complicated formulas that we
do not give here. Just evaluating these formulas allows us to draw the
following picture:

Fig. 12. The conjugate locus CL of order 5, for Q2 = 0.
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410

This picture shows that there are actually 6 cusps, and not 3 (even for

w, arbifrary small).

ical sub-Riemannian wave front in that

Now, we show pictures of the typ
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Fig. 14



411

SMALL SUB-RIEMANNIAN BALLS ON R3

Fig. 15

1
1

/]

R

Fig. 16.
Wave front plus intersection with the singular locus marked on it.
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Figures 13 to 16 are obtained by evaluating the approximate equation of
the geodesics of order 5,

{ 2(t) = po 21(t, @) + pRz3(t, ) + phza(t, ) + pi2s(t, v), 72)

w(t) = p§wa(t, ) + pfwa(t, @) + pj ws(t, ¥);

t t t
z1(t, ) = 2sin - (cos{p — = },sin{y — = }; 23 is given in formula (6.12).
) o= ) (e~

Wy = -2—(t —sint); all the other terms z4, 25, wq, ws were computed using

Mathematica. We do not give the formulas here because they are too long.

Observe that, in Fig. 16, the intersection (marked) between the wave
front and the conjugate locus is a closed curve presenting 6 cusp points. In
Fig. 14, we see that the intersection of the sphere and the cut-locus consists
of 3 line segments having one endpoint in common. The other 3 endpomts
of these segments are 3 of the 6 cusps.

It is an interesting observation that this will also hold, for the approx-
imation at order 4 only in pp, an approximation for which the conjugate
locus has only 3 cuspidal lines (Fig. 11).

8. TABLE OF MAIN SYMBOLS

M,%, Sub R(M) Sec. 1.1.

A g Sec. 1.1, 2, Sec. 3.1, 2, 3, Sec. 4.
E,R o, T,p Sec. 1.2, Sec. 4.3, 5.

Brcq, YFGqs BnFGq, YnFGy»

Bpg, Tng, A%, A Sec. 3.1, 2.

SEA*, S2A*, (S2A%)2, (5%24%),,

(S3A*)3,(S3A%)1,6(Q) Sec. 3.2, 3.

S, CL Sec. 1.2, Sec. 4.2.

5i, 5-,' Sec. 1.2

F,G,R Sec. 1.2, Sec. 2.

B,y Sec. 1.2, Sec. 3.2.

Q’ V; Q27 QO, V37

Vi,trg @, v, 1 Sec. 1.2, Sec. 2.3, Sec. 3.2, 3.
Ty, w, 2 Sec. 1.2, Sec. 2, Sec. 4.4.

F, Fa, VF, VF,, VF° Sec. 2.1.1, 2, 3, 4.

D, Do, R_l,RH, F_..l, G_l, F_(_)_l, G‘ll Sec. 2.1.6, 7.

D F Sec. 2.1.9.

G, @0,Gr, Do x Fp Sec. 2.1.10.
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Ly, Np, NF Sec. 2.2.1, 2.

i*, IJm NF Sec. 2.3.1.

j Sec. 1.2, Sec. 3.1, Sec. 3.3.
c1,c0, N, W,G1,G2,G3,G4 Sec. 1.2, Sec. 2.4.
SJ, Ny, 1%, B, B Sec. 2.5.2.

w, v, wh,w?,wd e, e0,e3 Sec. 3.1.1, 2, 3.
TM, A, I1, Q, I, 1113, K, w}, 98 Sec. 3.1.3, Sec. 3.2, 3.
¥, H, ’I—'Z, A A Sec. 4.1, Sec. 4.2.
C, 5, S¢,y @, Cs,ﬁ, ®, o, Sec. 4.3.

p’ q? r’ f’ g? {}’ 97 771 h” C, 6 Sec' 4'4'1’ 27 3'

P0, f": 7 ﬁ, 5, E, E, 7,0 q Sec. 4.4, Sec. 4.5.
s, t Sec. 4.2, Sec. 4.5.
H;, z;, w; Sec. 4.4, Sec. 4.5.
a,b Sec. 1.2, Sec. 4.6.
D, Dy, Ds, Dy, D3 Sec. 5.1.1.

te, Az, Ag Sec. 5.1.3, Sec. 5.2.
) Sec. 1.2, Sec. 4.7.
E1 E01 gy E'i'n. : , Sec. 6.2.1.

£, E, Saeqr 50,5, 5, 5 Sec. 6.2.2.

b Sec. 6.3.1.

f2, 92, ha Sec. 7.

J Sec. 9.1.1.

9. APPENDICES

9.1. Construction of normal forms.

1. In this section, J denotes the 2 x 2 matrix J = ( _01 (]3 ), C(z) the

2 x 2 matrix

2 —_
C(z)=(_?i,y xzzy>=—-Jzth.
0
.0 | bz
Wewrltea— i
oy

With these notations, our normal form can be rewritten under the matrix-
differential operator form:

t t
(NF) ((Id+ C(2)B(z,w)) %) - _z_é_.{_ (1+9(z,w)) —a%-,

B(0,w) =0 =~(0,w) = %(0, w). _ (9.1)
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We denote by V,,: The vector subspaces V,, C From1 X Fry1, 1 > 2,
- — ) — _ OVn+1 !
Vo =4 (Bn-1,Y41) / Bn1(0,w) = 0 = ¥4 (0,w) = -—8-;-(0, w)p.

Ifn=-1,0,weset V,={0}. fn=1,V; C {0} x Fo,
V1 ={(0,Q(2))/Q quadratic}.
N, : V,, = (VF,)? is the operator

Nn(ﬂn—177n+1) =
x
= ((y2 e1—zyez)Pny+ %%.4.163, (z2e2 ~zyer) Buot — '2"7n+133)-

Then N, = Im(NV,).
Our Theorem 2.5 can be seen as a corollary of the following lemma.

Lemma 9.1. The operator M, = L, 4 Ny,
My, Doy X Fnr1 X Vo — (an)2, is injective.

Since the dimension of Dp+1 X Fpy1 X Vi is equal to the dimension of
(VF,)?, this statement is equivalent to: (a) L, and N, are injective, (b)
Im(N,,) is a supplement of Im{L, ), which is exactly what we need.

Observations: dim Fp, = (p+1)2, dim Fopt1 = (p+1)(p+2), dim VFp, =
(p+2)3p +4), dmVFyp_1 = (p+1)3p +4), dimVsy, = 2p(p + 2),
dimVopi1 = (p+1)2+ (p+2)? - 2, dimD,, = dimVF,. This shows
that dim(Dn,,.l X Fp1 X Vn) = dlm(V]‘-n)2

Our proof of the fact that A/ is a normal form is given just below. In
this proof, the heuristic selection rules that we apply for the choice of N,
will appear clearly.

An alternative proof (but this proof does not put in evidence the selection
rules we have chosen) is to check directly Lemma 9.1, i.e., the kernel of M,
is reduced to {0}.

2. By Lemma 2.3, we have to consider the equations

{ Fr’;-—l - Fp1= [‘PnyF21] + an Ggly

s

GTL*I - G'nr“]. = [‘pn; G(_).l] - an Fgl.

We set
F_y—Fpy=AL A + A2 2 +430 —6—,
z 8 ow (9.2)
Gy ~Gn-1 =B} - + B2 E + B3 e
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An, = (A}, A2)t, B, = (B}, B2)t, deg AL = deg B} = k;
d a d 1 :
S | 2 3 [ ¥ —
Pn = Ppi1 % + Pn+1 a_y' + Pr+2 a_wv QO:L+1 - ( (pg:i ) ’ deg (p:z. =n.

Any f € F,, can be written in a unique way as

f= Y hEne

A<m,A=m mod 2

hence we have

n—Xx n=X\

n—X\
An=ZAAwT, Bn=ZB,\wT, Qn= ) o) w 2 ,
3 3 n—utl 3 3 n—p+l
An+1=ZAuw 7, Bn+1=ZB“'w 2,
We use the following matrix notation:

A} Bj
CA=<A§; B%), D, = (A3, BY).

The equations above are equivalent to

n—-A+3
(Exn)da03 — ‘-‘—4———<Pf\_2 2t J — Jay_y = Cx,
0<A<n+1l, A=(n+1) mod?2;
n—p+4 2t . J
(B n)deph — —— 22" I = 5 a2+ (1)’ 5 = D,

0<u<<n+2, p=n mod?2.

Here d,¢3 (resp. dzwi) denotes the Jacobian matrix of ¢ (resp. <pr)
w.r.t. z.

3. Elimination of the ¢3}’s.

Lemma 9.2. P, Q are homogeneous polynomials in z, of degreen. There
does exist a unique system U, V of homogeneous polynomials, degU = n+1,
degV =n — 1, such that

ou ou
—5-5+yV=P, a—y—mV—Q.

They are given by
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Therefore, if a)-; is given, the equation FE) , determines uniquely 3,
Pr-2-
Let us write 9§ = Exn 0%, 932 = Exn 93 a-
But ¢%_, can also be computed using Ex_3,n. One gets
P32 = Ex-2,n P52

The system E) , has a unique solution as soon as the compatibility relations

Exn 952 = Ex-2,n ¥3-2 (9:3)

are satisfied (here 92z =0ifv <0,orv>n+1,orv#n+1 mod 2).
These compatibility relations can be rewritten

(Cr=1,n) 58;&,\-«1 + l%)—?’)ax—s Jz = %A\q - B%B’\“l -
A(n—A+3)

T )
A=(n+1) mod 2.

Ci-3z,

By Lemma 9.2, this equation has a unique solution oy—; = @x-1, €r—3 =
&3 , and we can state the following lemma.

Lemma 9.3. The system E) » has a unique solution &%, $5_s, Gxr—1, if
one requires that @5 _, have the following form:
L
A-2

Then, ay_3 = Gxr_3, @)"l’a)“'a) is the unique solution of Cx-1,n. @5 =
Exn i, with ax-1 = @x-1.

(Cr-32+ ar_3J 2).

P
Pr-2 =

4. These two Lemmas 9.2 and 9.3 allow us to construct normal forms.
For this, we make a combinatorial choice allowing us to solve in a unique
way some of the equations E) ,, Ez,n. The other equations, which will not
be satisfied, will lead to residual terms that are the coefficients of the formal
pormal form. We will illustrate this in the case of our normal form N.

Our choice will be the following: for &,, we will take the value given by
the equation C, », except in the following cases: (i) n =0 mod 2, v =0,
(i) n=1 mod 2, v=1.

Once the o are chosen, we always take p) = Ej @) for this choice of
ax-1 = Qxr-1.

Finally, for 3 we always choose the solution of E3 ,,.

In case (i), n =0 mod 2, ag will be the solution ap of Can,

0 3n 6A2 632 3n

5.2 + 7 o Jz= “a—y- ~ 5z TCOZ, (9.4)
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because there is no equation Cy , to determine ay.

This choice for op and the choice of &, for a; imply that the systems Ej ,
and Ej, can be solved exactly. Therefore, the residual terms AF*, Bg,
AL, BES are zero. Applying Lemma 9.2 again shows that the residual
terms A3 ™%, B3 ™ are also zero.

In case (ii), n = 1 mod 2, v = 1, we do not use C3, as previously to
determine oy, ag (a1 = &1, ag = &3), but to simplify as far as possible the

terms in — in the normal form, we determine o as follows:

We solve E;,, and El n 8s functions of a;, A, B, D. This determines
W&, ©Z, ¢3 as functions of a;. This being done, we replace ¢3 in Eg’n to get
the system

= n+1 J ot
(Eg,n) Tz‘Pg— 4 ‘P?th=D2+<ZC1z) +Za1.

By Lemma 9.2, this system has a unique solution 03 =75, o} = 73, We
express that @ is given by E'f‘,n, 7 = E} . ©3, to get a relation which
determines uniquely @; = @, and shows that Al = B = 0, A3 =
B3 res _. AS res _ B3 res — (3,

But, in general we get that AJ® # 0, B* £ 0.

5. Finally, let us note that the residual terms are given by the relations

n—A+3 ..

1 2z J—0x1J-Ch-1. (9.5)

C, = Tof5 -

Since @5_, = (Cx—32z+ J z@x-3), and since

A—2
- n=A+3_
Or1 = Tl — ———Pi22 P -1,
where 1
P = /\—_5(0,\—32+J25,\-3),
we have
n—-A+3 s
o1 = _"r—y (P52 — P5-2)»
n— /\+3 -
o= =2 (F5_2 — Pi-2)»
res n—)\+3 e _n- /\+3 .

R=ye —ze;, frz= (a/\-s - ax—s)

For <p“, we take the solution E3 ncp“ of E3 and it is easy to give the
explicit expression of A3™F, B3*§ res Finally, notice that it is also possible to
give explicit formulas for A", Bm in terms of A and B.
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9.2. Proof of Theorem 3.2. Assume that V does exist. Let (w!,w?,w?)
be a distinguished coframe field on a certain open M C M.

Voi=-33 wiew, i=13
Vw? =0 (w}, standard Cartan’s forms [9]).

1
—2—Vg = [Vw! 0uw! + Vw2 0 wl|, wya(@ = symmetric tensor product).

3
[le O w! + Vu? @wz] = —Z(w} ® (w? cwh) +wJ2- ® (v’ ®w2))
j=1
and )
1 . )
0= §Vg = —-Z(w} ® (W Owh) +qu2 ® (o’ @wz)).

Jj=1
Hence,

wi =wl=wl+uwi=0 (9.6)

Let (e1, ez, €3) be the dual coframe of (w?,w?,w3);
Ve; =w%®ez, Ves =w§ ® ey, Ves =w§®el +w§®ez.

Otherwise, e3 = v| )y, therefore (Vx,Y), = wi(X) w(Y) + w3(X) w?(Y).
II being symmetric, one has

wé A w? +w§/\w2 =0on A x A.
But, since V, v = 0, wi(e3) = w?(e3) = 0. This shows that
wiAw +wiAw? =000 TM xup TM'. (9.7)

Let us compute V in the coframe (w?!, w?, w?).
The torsion T of Vis T : TM xp TM — TM, with

wloT =dw! + wi Aw? +w} Auwd,
w?oT = dw? +wf Aw! + w2 Aw, (9.8)
w3 o T = dus.
Hence, since
T=e3®@du® d' +winw? +wined =dw? +wiAw! +winw?=0.
Set
S S : . _
dw* = —2-2 A;.,kwJ Awk, A;-,k +Ap; =0, i=12, (9.9)
wi = EB,‘c’jwk.

Because wi(es3) = w3(es) =0, B} 3 = Bj; =0.
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By (9.7), B} 3 =B?;. By (9.6), Bi o+ Bi, = 0. Therefore, we have the
equations

3 3 2
1 .
3 Z A},kwj Awk + Z B,ﬁ,gwk Aw? + Z B,iyswk Aw? =0,
k=1 k=1 k=1
1 3 3 2
'2‘ Z A?,kwj /\wk+ZBg,1wk /\wl +ZBg,3wk/\w3 = 0,

Al,+Bl,=0, Aj3—Bi,+Bj3=0,A43, - Bi3=0,

A3, -B3 =0, A3+ B33=0,A3, - Bi;+B;, =0.
Hence, Bll,z = —A%,z’ B%,s = Atli,l’ B%,l = A%,z, Bg,s = —A§,3;
A3, + B3, - Bi3=A3; - B3, —Biy= Aj3—Bio+ B3 =0.
Hence,

1 ‘ 1
B}, = -B, = ‘2‘(A§,3 + A3,), B}, = By = §(A3 1 — Al 3),
321,2 = —B§,1 = “A%,z: B1,1 = —Bl 2= A%

This determines the w} and shows that V is unique. In the same way,
these formulas determine uniquely a connection with the required proper-

ties. [
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