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EFFECTIVELY INFINITE CLASSES OF WEAK
CONSTRUCTIVIZATIONS OF MODELS

S. S. Goncharov* UDC 517.15

The study of computable classes of constructivizations is a central trend in the present-day constructive
model theory [1-5]. The key pursuit in this direction is to construct numerations with specified properties,
of which the most interesting is a uniform construction of an effective representation of a model, given its
specification. The range of problems mentioned is of interest from the standpoint of both mathematical
logic and foundations of the theory of information processing, which deals with the construction of semantics
for specification and programming languages with abstract data types. One of the main methods used to
prove the infinity for classes of constructive models is based on proving that they are effectively infinite.

The concept of an effectively infinite class of constructivizations was introduced in [6], where it was
used to provide a characterization of nonautostable models, to study the computability of diverse classes of
models, and to solve the problem of constructing a recursive model that satisfies a given specification or has
a specified decidable problem. The concept is closely related to studies dealing with algorithmic dimensions
of models and with the description of models of infinite algorithmic dimension and of noncomputable classes
of constructivizations [5-12].

In the present paper, we use the method to give a complete solution of the problem raised by Nurtazin
in [12], which asks whether or not the class of weak constructivizations of strongly constructivizable models
admitting weak constructivizations is computable. In [6], it was proved that for 1-constructivizable models,
the class of constructivizations that are not 1-constructivizations is not computable if such a model has at
least one constructivization that is not a 1-constructivization. The notion of n-constructivity, n € w, which
is intermediate between constructivity and strong constructivity, was introduced in [13, 14].

We say that a model (9, v) of signature T is constructive of finite type n if it is n-constructive, i.e., for
the enrichment 2t* of 9 by the constants {c,| n € N} such that the value of ¢, in IM* is equal to v(n),
there exists an effective procedure verifying whether the formulas in F,, (formulas with n alternations of
quantifiers in prenex normal form} are true.

The class of formulas in the signature ZU{c,| n € N}, true in 91, is denoted by Th (91, v), and we write
Th, (90, v) for the class of formulas in F,, true in 9*. A sequence of numerated models (M, Amy(n, m))
is called k-computable (strongly computable) if there exists an effective procedure enumerating all formulas
from the corresponding set Thy (90, Amy(n,m)) [Th(M,,, Amy(n, m))] uniformly in n.

We note that the notions of a 0-constructivization and a 0-constructive model are equivalent to the
standard notions of a constructivization and a constructive model, respectively. To study the algorithmic
properties of the class of formulas in the signature LU {c,| n € N}, we fix a Godel numbering [15].

The question of whether all constructivizations of a model are strong is closely related to the com-
pleteness of the model; a similar connection exists between n-constructivity and n-completeness. Recall

*Supported by the Russian Foundation for Fundamental Research, grant No. 93.01.1506.

Translated from Algebra i Logika, Vol. 32, No. 6, pp. 631-664, November-December, 1993. Original article submitted
September 24, 1993.

342 0002-5232/93/3206-0342 $12.50 © 1994 Plenum Publishing Corporation



that if, for any formula ¢(zg,...,z,) in prenex normal form with at most n alternations of quantifiers
and for a tuple of elements ag,...,am of M, the relation M = ¢(ao,...,am) implies that there exists a
3-formula ¥(zo, ..., Zm) for which M = Y(ao,...,amn) and M = (Vzo,...,Zm)(¥ — @), such a model is
called n-complete [6].

In [6, 9], we asked if, for models having (n + 1)-constructivizations, the class of constructivizations
that are not (n + 1)-constructivizations is effectively infinite. The question posed is connected to Nurtazin’s
problem on the noncomputability of the class of weak constructivizations for models having strong and weak
constructivizations. In particular, in [9] the problem was positively solved for limit-n-complete models, i.e.,
models that are n-complete in some finite enrichment by constants but are not (n+ 1)-complete in any such
finite enrichment.

We call a model I limit-w-complete if, for any n, there exists a finite n-complete enrichment of 0 by
constants, but there exists no finite complete enrichment by constants. A constructivization is said to be
weak [12] if it is not strong.

The results concerning the noncomputability of a class of weak constructivizations were announced in

[6]. In [9], the following theorem was proved.
THEOREM. If a model SR is limit-n-complete and has an (n + 1)-constructivization, then, given a

computable class S of constructivizations of 91, we can effectively build a counstructivization of 9t that is
not autoequivalent to any constructivization in S and is not an (n + 1)-constructivization.

At the same time, it is easy to see [6] that every comstructivization of an n-complete and n-
constructivizable model is an n-constructivization, and every constructivization of a complete and strongly
constructivizable model is strong. Note also that a computable class of strong constructivizations (k-
constructivizations) is not always strongly computable (k-computable).

The present paper concludes our study of the class of weak constructivizations for strongly construc-
tivizable models. We shall deal with constructivizations of limit-w-complete, strongly constructivizable
models.

Let us introduce some definitions and notation, which will be used below. The definitions and the main
results developed in algorithm theory are borrowed from [16, 17], and in the constructive model theory —
from [15].

The set of natural numbers {0,...,n,...} is denoted by N, and we often write @ to denote a tuple of
elements (ag,...,an). If we have (ag,...,a,) or @ and some unary function g, then g(ao,...,an) or g(a)
will stand for the tuple (g(ao),...,g(an))-

We say that the function f: N — N determines an automorphism of the numerated model (91, v) onto
(901, u) if the mapping ¢ from 9N to 9N, induced by this function in such a way that o(v(n)) = pf(n) for
all n, determines an automorphism of 1.

For a formula ¢(cg,...,¢cn) in the signature £ U {c,| n € N} and for a partial function f: N — N,
the formula obtained from ¢(co,...,cn) by replacing each occurrence of the constant ¢; by cy(;) is called
an f-image in the model (MM, i) under the induced mapping from the numerated model (90, v) to (M, u).
Similazly, every formula obtained from ¢({co,...,¢,) by replacing each occurrence of ¢; by c; such that
f(j) = iis called an f-preimage in the model (9, 1) under the induced mapping from (M, v) to (M, u). If
it is clear from the context which model is a “transmitter” and which one is a “receiver,” the phrase “under
the induced mapping from the numerated model (91, v) to (M, )" will be omitted.

If p(coy---,¢n,%,7) is a formula in the signature £ U {c,| n € N} with tuples of variables and con-

stants Z, §, and Z = (24,...,%:,), and 7h is a set of indices (mgq,...,mx), by ¥(co,...,¢n,cm,7) and
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[e(co,--+1¢ny &, §)}2, we denote the formula obtained from ¢(co,...,¢cn,%, ) by replacing all free occur-
rences of z;, by ¢, .

The main result that concludes our study of computable classes of weak constructivizations is the
following;:

THEOREM 1. If a model 9 is limit-w-complete and has a strong constructivization, then, given any
computable class S of constructivizations of 9N, we can effectively build a constructivization of 9 that is
not autoequivalent to any constructivization in S and is not strong.

Proof. If v is a strong constructivization of 9, then (9M,v) is a strongly constructive model such that
for any n, the model (M, ao, ..., an) is n-complete for some enrichment by the constants ao,...,a,, but 2
is not complete in any such finite enrichment. Without loss of generality, we may assume that the enriched
model (M, ag,...,an’) is 2-complete, and v(i) = a; for i < n'.

Let (S,7) be a computable class of constructivizations of M, where Any(m,n): N — |9} is a construc-
tivization for which, given m, we can effectively construct an algorithm verifying the truth of quantifier-free
formulas at the elements of 9, given a formula and a set of numbers of these elements.

In our construction, we also need a universal computable function f,(z) for the class of unary partial
recursive functions [16]; moreover, the value f}(z) is defined and equals f,(z) if fa(z) is computed in no
more than ¢ steps and n, z < ¢; otherwise, ff(z) is undefined.

We proceed step-by-step to define the following: a partial numeration pf of 9, a function z* which
reduces this numeration to a strong constructivization v, and a partial diagram D* of 9 consisting of
finitely many quantifier-free formulas in the signature ZTU{cg,...,¢qa,...}. At any step t, for every formula
9(co,---,cx) in D, a formula @(zg, ...,zx) is satisfied in 9 at the tuple of elements (p*(0), ..., ut(k)), and
pt(s) = vit(s). Note that since v is a strong constructivization, for any number ¢, tuple , and formula ¢,
we can effectively determine whether or not ¢ is satisfied in 90 at the elements u*(h).

In the construction, we will use markers of two kinds: {m, k], k¥, m € w and [m], m € w, {—1], which are
attached to g-numbers at step ¢. A marker of the first kind — [m, k] — is applied to violate the reducibility
to Asy(m, s) of the numeration p constructed via the function fi; a marker of the second kind — [m] —is
used to violate the decision procedure for Th (90, u), defined by the function fm; finally, [—1] labels a set
of numbers {0,...,n} to the elements of which it is attached constantly.

The pairs (V§®(E, &, 7), 7o) and the label * will be attached to [m, k]; with each such [m, k] having an
attached pair (V§®(E, %, §), mo) numbered mg we associate the sequence of triples

(Vg)'@(él, 511 gl)r 77—7.1, tl)) ceey (Vﬁ’@(&"” 5’1 gs), ’ﬁl., ) t,),

where the pairs
(Vglé(él) 51’ :‘71): 7?7'1)7 tery (Vg’@(é", iar y_’)y ﬁ"a)

have respective numbers my,...,m, and m;,...,m, less than my.

The number of alternations of quantifiers in V§®(E, Z,7) is called the complezity of the formula
V§®(e, ,7) and the pair (V§P(E, Z, 7), 7o), attached to [m, k).

The pair (V§®(E, %, 7), o) on [m,k] is chosen to be a formula that is potentially true at a tuple
¥(m, fr(,7M0)) in the model (M, Any(m, n)), where 7 are indices of constants from &, and we will construct
the numeration u in such a way that V§®(g, &,7) is false in the model at a tuple of elements numbered g.
For the formula V§®(Z, %, ), however, we cannot effectively verify whether it is true in (IR, Any(m,n)) at
the elements numbered fi(, o). What we can do is to determine at some step, under some additional
conditions, that it is false. Let (V§*®(&°,%°,§"),1h,) be a pair with number less than mg such that we
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cannot identify its falsity, and at some step ¢, < ¢, it will be impossible to force (V§’ ®(&°, 2*,5*), ,) to be
false at g in the model (9M, v) under construction. Then, with [m, k] to which the pair (V§&(c, Z, 7), 7o)
is attached, we associate the triple (V§*®(c’,z%,7*),M,,t,). Note that the existence of a tuple at which
3§’ D* (&, %,§') is true and V§®(c*, %, ) is false means that the function fi cannot determine an isomor-
phism of (9, ) onto (M, An y(m,n)). However, at step ¢, given a fixed set of numbers / and a natural
number n, we cannot determine whether or not the model (9M,y(m, ")) is n-complete. As opposed to
the case of an n-complete model [9], here attaching a pair to [m, k] does not guarantee the following. If a
formula of the pair is not true, and at the elements of M, fi determines a partial isomorphism extended to
the automorphism, or if a wrong pair is chosen, which does not violate the reducibility, then the falsity of
the formula can be identified. Therefore, we attach to {m, k] several markers, but each of the succeeding
pairs on [m, k] contains a formula of lower complexity, i.e., markers will be attached in order of decreasing
complexity. The markers attached to the pairs are ordered as follows: markers of different complexity
are ordered by complexity; the ordering of markers of equal complexity respects the numeration of pairs,
consisting of a G6del number of a formula and a number of the set of numbers for the corresponding marker.

For our purposes, we need a procedure that correctly verifies whether the formulas are true in the models
(9, Any(m, n)) for all important cases.

Let us denote this procedure by F(m, m, k, s, z,t). For s € N, we define it as an “approximation” of the
truth verification for formulas in Th, (9, Ayy(m, y)) with respect to the function fi; the latter determines
a partial isomorphic embeddihg at a tuple of elements 7% for which ff is assumed to be defined.

For k = 0, the value of F(, m, k,0, z,t) is defined if f} is defined for the elements of /» and determines
a partial isomorphic embedding of the model (M, x*) in (M, Any(m,n)); F(m, m, k,0,z,t) = 1if z is a
Gédel number of a quantifier-free formula in the signature £ U {cp, ¢1,...,¢n, ..}, and the formula

COy- -y Ca
[<p]7(m, 0),...,7(m,a)
is true in 9N; otherwise, F(,m, s,0,z,t) = 0.

Suppose that, for p < k, the values of F(m,m,s,p,z,t) are defined. We define the values for
F(m,m, s,k + 1,z,t) as follows. First, consider the set 7n of y-numbers. If f{ is not defined at least
for one element of 7 or does not determine a partial isomorphic embedding of (90, uf) in (M, Any(m, n)),
then, for all z, the value of F(m,m, s,k + 1,z,t) is undefined. Otherwise we consider the following four
cases.

Case 1. For the tuple (m, s, k + 1,z,t,7), one of the following conditions holds:

(1) = is a Gédel number of a formula of the form Jzp,...,z;%, where ¢ has at most k alternations of
quantifiers, and for some indices iy, ...,7; and the GGdel number z of the formula
20y-.442¢q
[‘n"]c;o,...,c;qi

we have F(h, m, k,s,2,t) = 1.

(2) z is a Godel number of Vzo, ..., z,p, where p has at most k alternations of quantifiers; there exists
a 3-formula
3y0)"')y‘mo 1/)(2;61"')1:;;11:07" <1 Ty Y0 "'1ymo)
such that its Godel number is less than ¢; there exists a tuple sg,..., sm, <t for which

M= ¢(7(mv fk(m))v 7(m’ ﬁ"l)y 7(mv 30)1 ce :7(m’ smo))v
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and the formula
(VZm,) (3001 - UmaJB(4 (), By B0s 2 m) = [[(V0, -, 2)l5m2 |)

is true in (9M, vpf(/)), where My is the set of indices of constants in the formula Vz,..., z .

Case 2. For the tuple (m, s, k + 1,z,t,70), one of the following conditions holds:

1) y is a G&del number of the formula in prenex normal form, obtained by the standard reducing
procedure from the negation of the formula with Godel number z, which has at most k + 1 alternations of
quantifiers in prenex normal form, and case 1 holds for F(m,m, s, k + 1,y,1).

2) y is a Godel number of a formula with more than k + 1 alternations of quantifiers.

In what follows, we denote by -~z a Godel number of the formula in prenex normal form, obtained from
the formula with Gddel number z using the standard reducing procedure.

Case 3. For (m, s,k + 1,z,t,7), cases 1 and 2 fail.

Case 4. For (m, s,k + 1,z,t,/m), cases 1 and 2 hold.

If, for (m, s,k + 1,z,t,7), case 1 holds but case 2 fails, we put F(m,m,s,k + 1,z,t) = 1. If, to
the contrary, case 2 holds but case 1 does not, we put F(,m,s,k + 1,z,t) = 0. If case 3 holds, put
F(m, s,k + 1,z,t,/m) = 1 (an undefined value). If case 4 is satisfied, put F(m, m,s,k+ 1,z,t) = T (an
overdefined value). Consider the value of the function F(h,m, s,k + 1,z,t). Suppose that the tuple m of
elements is not specified. Then such a tuple should be assumed to consist of those elements which, at step
t, either have markers less than [m, k] or attached to them is [m, k] itself, with markers of higher complexity
than the candidate considered.

To define the ordering of type w on the set of markers of the first and the second kinds, with [m, k] we
associate the Godel number of the set (m, k), and with [m] the number of the tuple (m); [—1] is the least
marker.

There is no loss of generality in assuming that the constructivizations Any(m, n) for any m € N and v
are one-to-one [18].

We proceed to define our construction by steps.

Step 0. Define pu°(3) = (i) for i = k, a%(i) =i for i < k, D° £ 0, r(m, k, 5,0) = 0; attach [~1] to i < k.

Step T+ 1 = 2t + 1. We verify if there exists a marker M with number less than ¢ and such that one
of the following cases holds:

A. M is equal to [m, k] and is not labeled by *. We have two possibilities.

Subcase (1): One of the following is satisfied:

(1.1) The mapping An(f2**(@t)~1(n)) does not determine an isomorphic embedding of a submodel of
M in M.

(1.2) For z <t a number of a formula in F,, either F(m,m, k, 3,2,t) = T (i.e., an overdefined value)
for some s, or the value of F(m, m, k, s, z,¢) is not equal to the truth value of an fi-preimage, where f,f is
defined at the elements of .

(1.3) M has a marker (Vyo,...,yx B(¢, Zo,7), ) with number p of complexity n + 1, and associated
with them is a triple (Yyo, ..., yx (¢, 20, 7), Mg, to) with number mg of the pair (Vyo, ..., yx ¥(¢, Zo, 7), o)
less than p. Moreover, the function fZ* is defined at 7% and there exist tuples 7, h consisting of elements

less than £, ng,...,n, <t, such that for a Gddel number G%, of the formula

¢, 51 Yoy -4y Ys

th(ﬁlo)l Cm, Cngr+++1Cn,y
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we have F(r, m, k,n,Gn,,t) = 1, and the formula
[& D*(z, &0, 81)2%, 2

is true in the constructive model (%, Any(m,n)) at the elements with numbers fi (), 7, h. Here g
are indices of constants from &; Zp is a tuple of variables with the same indices as in ¢; the indices of
constants from € consist of those elements which either have markers less than M, or they have M to which
a marker of complexity higher than n is attached. The set & of all constants of the formulas in D?® is
divided into three subsets: & are defined immediately above; &y are constants with indices from yg; €; are
all the remaining constants. In the tuples z and ¢, Z; and &, £, and &, the corresponding variables and
constants have equal indices.

(1.4) M has a marker (Vyo, ...,y ®(E, Zo,7), My) numbered p of complexity n + 1. Moreover, at step
T, associated to (Yyo,...,yx ®(E, Zo,7), Mg) is a subformula t(M)(¢, Z,7) of Vy&®(c, Z, §), obtained by the
elimination of quantifiers Yy, ..., ¥, and a tuple of elements 7l expanding g and satisfying the following
conditions. The formula ~&(, Zo, §) is true in (MM, uT) at the elements pT (mT ); fT is defined for mg ; for

61 (Ey g))
Chulrma)r Cpu(mT )

F(m',m, k,n,G,t) = 1, with some tuple @' for the elements of which f,;r is defined. Here 7o are indices

a Godel number G of the formula

of constants from &, consisting of those elements which have markers less than M and {m, k], with markers
whose complexity is higher than the complexity of the formula Yyo, ...,y ®(¢, Zo, 7).

We consider the second possibility.

Subcase (2): (1) fails; we have

Rang ff N Dom f§ D {0,...,7(m, k,0,2t)},

and there exist numbers n, p < T such that one of the conditions (2.1) or (2.2) is satisfied.
(2.1) M is marked by the pair (Vyo,...,y: (¢, &5, 7'),Mg) with number mg of complexity n + 1, and

there exists a tuple ng,...,n, <t such that for a Godel number G}, of the formula
¢, 56,3/01---,1/,,
Tt (yng)s Crigr =+ 3 Criyy

we have F(r/, m, k,n,G%,t) = 1 for some tuple 7/, for the elements of which f7 is defined. Here 7 are
indices of constants in the tuple &, with markers less than M.

(2.2) M either is not marked or has a marker with number 7 > p of complexity n+ 1. In addition, for the
markers on [m, k] with numbers less than p, the lowest complexity of a marker on M is higher than n + 1.
For any s < n and z < r(m, k, s,t), where z is a number of an s-formula, the value of F(m,m, k, s, z,t) is
defined and equals 0 or 1. Further, suppose that a number of (Vyo, ...,y ®(¢, &, 7), ™) is equal to p, and its
complexity — to n+1. Assume that there are no tuples #/, nf,, ..., n}, < tsuch that F(m, m, k, n, G';I ,t) =0,

where G;,‘l is a Godel number of the formula

Z,Z0,Y0y- -1 Yk's
$
!

= !
ka(ﬁl,ﬁ;'o),cﬂo, . .,Cn;.l,

347



Finally, let F(m,m,k,n, G;',t) = 1 for all @', ng,...,n}, < t such that G;,'l < r(m,k,2t) and let the
following formula be true in (90, u%*):

3235, 39 [-%(5,5,7) & & D] 7,

where the set & of all constants of the formulas in D?* is divided into three subsets: & are the constants
whose indices lie in 7hg; € are the constants whose indices either have markers less than M or M with a
pair of complexity higher than n + 1; ¢; are all the remaining constants. The corresponding indices in Z;
and &; coincide; the tuples & and iy are equal.

We proceed to condition B.

B. M = [k, is not labeled by *, and satisfies the following condition:

There exists G < t such that the function f?! is defined at the Godel number G of the formula Vz,. .., 2
®0(E, 2) in Thy, (M, 1); its value is 1. Suppose that (Iz7)(& DT (&, Z,§) & (32) ~®o(Co, Z, Z) is satisfied in
(97, 4*) at the tuple &, consisting of constants whose indices have markers less than M; % are variables
with indices 7 for which the function u?t is defined, but ¢; is not in &.

If such an M does not exist, we proceed to the final stage Z of the step, described below.

If such markers M exist, among them we choose one that is least.

If, for M, subcase (1) of A holds, and M = [m, k], then we mark by M all the numbers ¢ for which
p?t(i) is defined, attach * to M, and pass to the final stage Z of the step.

I, for M, subcase (2) of A holds, we choose the least p satisfying (2). Suppose that condition (2.1)
holds for M and the pair (Yyo, ...,y ®'(¢, T, ¥'), M) with number my, of complexity n+ 1. Then we must
remove all markers of complexity at most n+1 from M and remove M with these markers from all numbers
to which they are attached. Define r(m, k, 3,2t + 1) = r(m, k, 3,2t) + 1 for s < n and pass to the final stage
(2).

If, for M, conditions (2.2) are satisfied, we consider the pair (Vyo,...,yx ®(¢, %, ), ) with number p
for which these conditions are met. By (2.2), the formula

33z, Ay [-1<I>(E, 2,7 && th] le '::

holds in (9, u?*), provided the constants are appropriately divided into groups & and &. We find the

tuples (ig, i1, 7i2) such that in (9M,v) the following formula is true:
[415(5, z,9) & [& D”]'E‘E"]

2 ?

&

Lo

under the interpretation of the variables (Zo, Z, &1, §) by the elements (vu®(3), viig, vfi1, vAiz), where
fi, 7, and 7m; are indices of constants from &, &, and &;, respectively. We extend i%} to &/, so that

g'(m, ™) = (i, 1), and then extend g’ to a2*+1, so that

Rang z***! N Dom g%*! D {0,...,2t + 1}.

2t+1 Vﬁ2t+1-

Now, define

Attach M with (Vyo,...,u ®(¢ Z,7), ) to all the numbers in Dom p**?; remove all markers greater
than M and remove from them all labels and associated triples. Attach the pair (Vyo,...,y ®(G, Z,§), ™)
to M. Further, with each pair (Yyg,...,y. ®'(¢,&,¢),™p) of complexity n + 1 with a number less than p,
we associate the triple

(V9052 ¥, ®'(E,2,7),70,1'),
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where ¢/ < T is the least number such that the following formula is true in 9:
Vz (35 & D* (%0, 2, §) — VZ (%0, 2, 2)),

with the constants replaced by appropriate variables (if, of course, such ¢’ exists). As t(M) we consider the
formula &(¢, Z, 7) and take I to be equal to the tuple z2**(fg, 71;). For all the other pairs attached to
markers of the formula, we use the same tuples as at stage T and pass to the final stage (7).

If M is a marker of the second kind M = [k] satisfying case B, we consider the formula Vzo,...,z,
&(¢, ) and the function fZ%, for which this case holds. Next, choose the tuples 7o, 7, 73, 73 such that
fig is the set of indices from &;, and the formula

& D* (%o, £, 7) & ~®(Zo, %, Z)

is true if the variables &g, Z, §, and z are replaced by the elements vit(rho), v(7h1), v(7h2), and v(h3),
respectively. Here Z5 have the same indices as €, and 7, is the tuple of numbers, not lying in 7ip, for which
B2+ is defined. Consider z%*+1 D 2 satisfying a%**!(n!) = m! for n; and m; such that #; = (7o, .., Ax),
my = (m), ..., m}) Rang z***+! D g U my Uy U g, and iz, fi3 are the tuples such that

pE*(7,) = my and p®t(m;) = mas.

Attach M to all the elements in Dom p?ttt. Attach Vzo,...,z,%9(¢, z) to M. Remove all the markers

2+l g p2t+l

greater than M and remove from them all labels and associated triples. Define u and pass to
the next step.

Remove all markers greater than M and remove all labels from them.

Step T -+ 1 = 2t 4+ 2. We find the quantifier-free sentence ¢ with the least number such that ¢ ¢ D%*+!
and —p ¢ D?*1 If the function u?**! is defined for indices of all the variables in ¢, then we put D2 =
D2+l {p} if p is true in (M, p?*+1). If not, put D*+2 = D¥+1 U {-p} and pass to the final stage (Z).

Otherwise we pass immediately to the final stage (Z) of the step.

FINAL STAGE Z

If zT*! is not yet defined, consider the extension iT*! of the map aT such that
Dom 27! N Rang ﬁT‘“ o>{o,...,T+1}.

Put pT+1 = paT+L. For all pairs on the markers, the formulas and tuples remain the same as at stage 7.
Let DT+ = DT, if r(m', ¥/, 5, T + 1) is still undefined, we put r(m’,k’, s, T + 1) = r(m’, k', s, T) and pass
to the next step.

The description of the construction is completed. We are going to consider some of its properties.

Note that if, after step to, no markers less than {m, k] are either attached or removed and the pair {m, k]
marked by (Vyo,...,yx ®(E, Z,7), o) constantly stays at the elements of 7, then, for any s, ¢ > to and
z, if F(m,m,k, 3,2,t) = 1, then, for ¢’ > t, F(m, m,k,s,2,t') is equal to 1 or T; if F(m,m,k,s,2,t) =T,
then, for any t' > t, F(m,m,k, s,2,t') equals T.

LEMMA 1. The family of formulas {D*| ¢ € w} has the following properties:

1) D* is consistent;

2) Dt g Dt+1;
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3) for every quantifier-free sentence ¢ in the signature T*, there exists a step ¢ such that ¢ € D* or
- € D,

4) p& Yy € UD* & p € UD* and ¥ € UDY;

5) p € UD? & —p ¢ UDY;

6) ~p € UD* & p ¢ UDY,;

7) ¢V € UD* & p € UD? or 4 € UDY;

8) p = ¥ € UD* & ¢ € UD! or ~p € UDY;

9)t~geuUD'and g p € UD! =t~ pc UDY

10) t ~ t € UDY;

11)t~ g€ UD* - g=t € UDY

12) if t1 & q1,...,tn = go € UD* and P(ty,...,t,) € UD?, then P(q;,...,q,) € UD"

The Proof follows immediately from the definition of steps of type 2¢ + 2.

We define the model IR(D), taking the quotient set M(D) = {co,...,Cn,-..}/ =, where ¢; = ¢; if
¢ = ¢j € UD?, as the universe.

Evidently, the lemma implies that = is indeed an equivalence relation on C = {cg,...,¢n,.-.}

We say that a formula P(t;/ =,...,t,/ =) is true in M(D) if P(t1,...,tn) € UD'. From the properties
of the equality relation it follows that the definition does not depend on the choice of a representative.
¢n is interpreted by the equivalence class ¢/~. Thus, we obtain a model 9M(D) of the signature L* =
ZU{co,.-+1Cny...}. Define pu(n) = cn/~. Since each step of the construction is effective, it is easy to see
that the sequence {D*|t € N} is computable, and we have an effective procedure to verify the property
M(D)  P(vny,...,vne).

Indeed, since M(D) k= P(vny,...,vng) & (I)P(ca,,-.-1Cn,) € Dt & (VE)(-P(cn,...,cn) & D), the
property mentioned is decidable.

Our present goal is to show that the model constructed is isomorphic to 91, and that u is the desired
numeration.

The next two lemmas follow readily from the definition of step 2t + 1.

LEMMA 2. If the marker M = [m,k] is attached infinitely many times, then lim 7(m,k,0,t) = oo;
hence fi is a total function and Rang f; = N.

LEMMA 3. If the marker M = [m, k] is attached infinitely many times, then the function fi determines
an isomorphism from (9M(D), i) to (M, Any(m, n)).

LEMMA 4. Suppose that [m, k] is the least pair such that [m, k] is attached infinitely many times
and the markers of complexity n + 1 and higher are attached to [m, k] infinitely many times, whereas
all markers of lower complexity are attached to [m, k| finitely many times. Let ty be a step such that,
after to, no markers less than [m, k] are either attached or removed and no markers of complexity lower
than n 4 1 are either attached to or removed from [m, k]. Let Mg be the tuple of all elements at which
[m, k] with some marker or some smaller marker stay constantly after step {o. Then, for all ¢ > to, Az At
F(my,m, k, s,z,t) is a well-defined function for s < n + 1, i.e., for each s-formula ¢ with number z,
F(#ho,m, k,s,2,t) = T does not hold; if ¢ is true in {9, Any(m,n)), then F(ig,m, k, 3, z,1) equals L or
1, and if it is false, then F(rho, m, &, s, z,t) equals L or 0. But if F(rho, m, k, s, z,t) € {0,1}, then, for all
t' > t, we have F(tho, m, k, 3, z,t) = F(tho, m, k, 3, z,'). Moreover, for any s-formula ¢ with number z such
that s < n+ 1, there exists a step ¢ at which F(g,m, k, s,2,t) € {0,1}, and each marker can be attached
to [m, k] a finite number of times.
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The Proof follows immediately from the definition of a counter, namely from the fact that the markers
of complexity at least n + 1 are attached to [m, k] infinitely many times. In this case, g is taken to be a
stable set of numbers, and we can remove a marker from [m, k] if either some smaller marker is attached or
the corresponding formula is identified as false, which ensures that it cannot be used twice.

LEMMA 5. If the conditions of Lemma 4 are met, then the model (M, y(m, fi(ho))) is (n + 1)-
complete.

The Proof follows by contradiction. Let s be the least number less than n +°1 and such that
(M, v(m, fr(™g))) is not (s + 1)-complete. We choose an (s + 1)-formula Y§ ®(Zo, Z,7) and a tuple &,
so that this formula is true at @ when the constants & are interpreted by the elements of ¥(m, fr(mo)) and
there does not exist a 3-formula ¢(C, Z) such that ¢(&o, T) is true at @, whereas Vz($(&o, T) — Y§®(Co, Z, 7))
is true in (9N, v(m, fr(o)).

Suppose that 7 is a tuple for which v(m, fi("h)) = @, and  is a tuple of constants with indices
from . Now, for the fi-image of the (s + 1)-formula (V§)®(&, ¢, §) which has number G and is true in
(9, Azy(m, z}), there exists a step t; > to such that F(mg,m, k,s + 1,G,%;) = 1; the existence follows
from the fact that AzAt F(mo,m, k, s+ 1,z,t) is well defined. By definition, this means that there exists a
3-formula @(&o, Z), which is true at @ when the constants & are interpreted by the elements of y(m, fi(ho))
and the formula Vz(¢(&y, ) — V§®(&, %, 7)) is true in (M, vfa*(mg)). The argument given above implies,
however, that the (s + 1)-formula Vz(¢(g, Z) — V§®(&o, Z,¥)) is false in (M, v(m, fe(Mo))); hence, for the
number G’ of its fx-preimage, there will exist a step ¢t > to such that F(#g,m,k,s + 1,G',t) = 0. But
since Vz($(Co, ) — V§®(o, Z, 7)) is true in (M, viat(my)), it follows that x should be attached to [m, k], a
contradiction.

LEMMA 6. If the conditions of Lemma 4 are met, then markers of arbitrarily high complexity cannot
be attached to [m, k].

Proof. By Lemma 5, if markers of arbitrarily high complexity are attached, then the model
(M, y(m, fi(™o))) is (n + 1)-complete for any n, which is impossible by the assumption of the theorem.

LEMMA 7. If the conditions of Lemma 4 are met, we can find the greatest number n such that the
markers of complexity n + 1 are attached to [m, k] infinitely many times.
The Proof follows from Lemma 6.

LEMMA 8. Suppose that the conditions of Lemma 4 are met, and after step f; > to, no marker
of complexity higher than n + 1 is either attached to or removed from [m,k]. Let /iy be the tuple of all
numbers which either have markers less than [m, k], or [m, k] with some marker is attached to them and
never removed. Let fi be a total function, Rang fi = N, and the model (M, v(m, fi(7o))) be (r + 1)-
complete for » > n. Then, for any number z of an s-formula, s < r+ 1, there exists a step t; > to such that
Vt > t; F(m, k,n,z,t) = F(m, k,n, z,t3) € {0,1}; if F(m, k,n,2,t) = 1, then the corresponding formula is
true, and if F(m, k,n, z,t) = 0, then it is false.

Proof. We will use Lemmas 5 and 7 to prove that the conclusion of this lemma is met for n+1 < s < r+1.
Suppose that s is the least number for which the desired conclusion fails with formulas of complexity
s+ 1< r+1. It suffices to show that for the number G of any formula ¢ of complexity s + 1, there exists a
step ¢ such that F(m, k, n,z,t) € {0,1} and this value coincides with the truth value of ¢. By the definition
of F, the value of F cannot vary after that step, because otherwise it would equal T, from which it follows
that [m, k] will not be used again, a contradiction.

Let a formula ¢ be false in (9, Azy(m, )} and let it be of the form V§¥ (&, ¢, 7). Since the ¢-formula is
false, there exists a tuple & such that the formula —¥(&, ¢, &) with number G is true in 9. But ~¥(&, ¢, &)
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is now an s-formula, where F is well defined.

If the formula ¢ with number z is false, has form 3§¥(¢, ), and is true for the fi-preimage, then there
exists a tuple & for which ¥(¢, &') is satisfied. But then that formula will be false for the fx-preimage of this
&, which, by the induction hypothesis, is identified by the procedure F. In this case, however, * is attached
to [m, k], and after that step, it cannot be attached anywhere, a contradiction. In the opposite case, the
negation of the formula in question will be true for the fi-preimage and, by construction, the identification
of falsity for ¢ reduces to finding that its negation is true; this case will be treated below.

Let a formula ¢ be true in (M, Azy(m, z)). Suppose that it has the form V§¥(¢, 7). Since the model
(9, 7o) is (r + 1)-complete, there exists a 3-formula § which is true at the given tuple, whence the formula
V§¥(Z, §) follows. That § is true will be identified after some step. It remains to prove that the fx-preimage
of the implication

vz (6(%0, 2) — Y§¥(Z, 7))

is true in ("M, ). Suppose not. Consider the tuple & for which the fx-preimage is false. Then the procedure
F determines that the s-formula ¥(E,&') is true at the fi-image of & and, therefore, the negated formula
will be true at the fi-preimage. In this case, * is attached to [m, k], after which [m, k] can no longer be
attached elsewhere, a contradiction. Thus, the procedure F determines that a formula of the form V§¥(¢, §)
is true.

If the formula ¢ with number z has the form V§¥(¢, ), then the fact that it is true implies that there
exists a tuple & for which ¥(¢, &) is satisfied; this allows us to define the value of F for this formula.

LEMMA 9. If all the markers less than M = [m, k] are attached and removed finitely many times, and
if labels are attached to each of these markers finitely many times, then both M and the labels attached to
M can be used only finitely many times.

Proof. Suppose, to the contrary, that M is attached infinitely many times. Consider step %o, after
which no markers less than M are either attached or removed. Assume that no labels can be attached to
or removed from these markers. Since only a finite number of labels can constantly stay on M, we consider
a step t1 > o after which no labels of this type can be attached to or removed from M. Let mg be all
numbers such that, at step £, they either have markers less than M, or M with some marker constantly
stays on them.

Note that, after step 1, * cannot be attached to M, since it can be removed only in the case where a
smaller marker is attached to M. Therefore, whenever M is attached after some step, it will have some
pair attached. The conditions of Lemma 4 are thus met for {m, k]. Now, by Lemma 7 there exist a step
t; >t and a greatest number n such that, after step ¢3, no markers of complexity n + 1 (and higher) can
be attached to M, whereas the markers of complexity n are attached infinitely many times. By Lemma 6,
there exists an r > n such that the model (,v(m, fi(Mo))) is r-complete but not (r + 1)-complete. By
Lemma 8, the procedure F is defined for numbers of all s-sentences with s < r.

Consider the enrichment of 9 by the elements Gy = v(m, fi(o)). We know that (9, y(m, fx(ho))) is
not (r-+1)-complete by assumption, from which it follows that there exist elements & and an (r + 1)-formula
V§¥(¢, Z,§) satisfying M = V§¥(y(m, fx(Mo), d,F)). At the same time, if, for every 3-formula ¢, we have
M = o(y(m, fe(o), @), then there exists a tuple k such that M k= o(y(m, fx(M0), k)) but the formula
VH¥(y(m, fx(o), k, §)) is false in M.

Now, we choose the tuple 7 such that y(m, fi (7)) = @ and consider step ¢; > tg at which the function

1 is defined for all numbers from (rig, 7).
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We observe that each pair can be attached to M only a finite number of times. Indeed, the pair is removed
only when a pair with a smaller number is attached, or if the corresponding formula -¥(y(m, fx(m0)),
¥(m, fr(m)),v(m, i)) with number G; is true in M and the procedure A\zAt F(m, k,n,G5,t) yields 1 at
some step. This ensures that the pair (V§®(&,Z,§), ™) can no longer be attached after that step.

Consider the pair (V§®(Z, Z,7), ™) numbered mg, where & is a tuple of constants with indices from
mmg. Choose a step t; > t; at which a pair with a number greater than the number of (V§®(So, Z, §), ) is
attached to M and after which to M we can attach only pairs with numbers greater than mg.

By Lemma 8, the procedure AzAt F(m, k, s,z,t), s < n, is well defined for all ¢ > ¢o. This implies that
when M is attached again at some odd step t3 > t3, for the pair (V§®(co,Z,7), ™) we have the following
cases: all the conditions for (V§®(&, Z, §), M) to be attached to M are satisfied, which is impossible by
assumption; a pair with a smaller number of complexity at most r + 1 is attached to (V§®(o, Z, §), m); or
there exists a step t < t3 such that the triple (V§®(&, Z, §), m,t) is associated with M and with the pair
attached to M. If, in the first case, the corresponding formula is false, its falsity will be determined by
Lemma 9. If the formula is true, then, by definition, we can find its fi-preimage that is false. Whenever
the fi-image of this preimage is identified to be true, * is attached to [m, k], and the latter can no longer

be attached elsewhere, a contradiction. In the second case, the formula
(¥2) ((32) (& D*(co, %, 2)) — (¥§)2(Co, £,7))
must be true in . By the choice of @, however, there exist tuples ; and 7 such that

& D*(y(m, fi(mo, ™)), v(m, 1)) & ~&(v(m, fi (o, ™)), ¥(m, 1), 7(m, 7))

is true in M.

Finally, consider the number G5 of —~®(y(m, fr{mo, ™)), v(m, 1), v(m,7)}). Note that in view of
Lemma 8, there exists an odd step t, > t3 such that F(m, k,n, Gx,t,) = 1. In this case, condition (1.3) is
satisfied for M at that step, and * is attached to M and never removed, a contradiction. This completes
the proof of the lemma.

LEMMA 10. Each marker is attached a finite number of times.

Proof. Consider the least marker M that is attached infinitely many times. Then all of the smaller
markers can be attached and removed only a finite number of times. Consider a step ¢o after which neither
of these markers is either attached or removed. In this case, M cannot be a marker of the second kind,
since such markers can be removed if a smaller marker is attached. Let M = [m, k]. By Lemma 9, M can

be attached a finite number of times, which contradicts the assumption.

LEMMA 11. There exist infinitely many markers that are attached and never removed.

Proof. Assume that there exist a finite number of steps at which some markers are used, never to be
removed or attached again. Let ¢y be the step such that all such markers have been attached before, never
to be removed. Consider the number m such that the function numbered m is total and identically equals
1, and M = {m] is greater than all of the markers which stay constantly. We turn to step ¢; > ¢, after which
the markers less than M and M itself are neither attached nor removed. Such a step exists by Lemma 10.
If, at step t1, M is attached to some number, then it can no longer be removed, since markers of the second
kind can be removed only when a smaller marker is attached. But we have assumed that now M cannot
stay constantly on this number. This means that, at step ¢;, M is not attached, nor will it be attached to

some number after this step. We proceed by obtaining a contradiction to this statement.
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Consider a quantifier-free formula ¢(co, .. .,¢,) such that ~p(co, ..., ¢,) belongs to D2, at some t; > 3,
which exists by Lemma 1. Let G be a number of the formula ¢(co,...,¢c,). Choose 3 = 2t 4 1 in such a
way that t3 > max {t3, G} and f53(G) is defined and equals 1 by the choice of m. In this case, M must be
attached at step t3; this contradicts the argument given above.

LEMMA 12. For every n, there exists a tg such that i*(n) = g (n) at all ¢ > .
The Proof follows immediately from Lemma 11 by virtue of the fact that z(n) = g*(n) holds for all
t > to for the numbers n to which the marker is attached and is not removed after step zo.

LEMMA 13. For every m, there exist n and ¢y such that i*(n) = m at all ¢ > ¢,.
The Proof follows immediately from Lemmas 11 and 12 in view of the fact that for a partial numeration
A%, Rang j* contains all m < ¢, and at step ¢, some marker is attached to all n for which z*(n) is defined.

LEMMA 14. The models 9t and 9(D) are isomorphic.
The Proof follows readily from Lemmas 12 and 13 by virtue of the fact that the function g = lim a¢
determines an isomorphism from (9M(D), 1)) to (MM, v).

LEMMA 15. Suppose that, after step ¢;, no marker of complexity higher than n+ 1 is either attached
to or removed from [m, k], and that the markers less than [m, k] are neither attached nor removed. Let
Mo be all numbers such that, at step ¢;, they either have markers less than [m, k] or the marker [m, k]
(with some other label), which cannot be removed from these numbers after step ¢;. Let fi be a total
function, Rang fi = N, and the model (M, v(m, fi(7x))) be (= + 1)-complete for r > n. Finally, suppose
that there exists an isomorphism ¢ from Mt to M such that p(vi*t(Mm)) = v(m,m). Then, for all ¢ > ¢,,
Azt F(m,m,k,s,z,t) is a well-defined function, with any s, i.e., for each s-formula ¢ with number z,
F(m, m, k,s,2,t) = T does not hold; if ¢ is true in (M, Any(m,n)), then, starting from some step t > ¢;,
F(m,m, k, s, z,t) is undefined or equals 1, and if ¢ is false, then F(m, m, k, s, ,t) is undefined or equals 0.
Moreover, if s < r + 1 and m D g, then F(h,m, k, 3, z,t) € {0,1} for some ¢t > ¢;, provided the values of
() do not change and f;*(7n) is defined after step t;.

We use induction on s to prove that the procedure is well defined.

Let s = 0. Then all of the conclusions are met, since AzAtF(m,m, k,0,z2,t} is defined as a decision
procedure for quantifier-free formulas.

Let 39 > 0 and suppose that the above statement holds for all 5 < 3.

First, we consider true formulas. Let z be a number of an so-sentence V§p(¢, 7), true in (9M, Any(m, n)),
and suppose that, at some step t > t;, F(#, m, k, s, 2,t) is equal to 0 or T. By the definition of F', this
means, however, that there exists a tuple & such that for z; a number of the formula —¢(g,&'), we have
F(rm, m, k, 50— 1,2,t1) = 1 but the formula Y§p(¢, ) is true in (M, Any(m, n)) and, consequently, —¢(¢, &)
is false. This implies that F is not well defined already at stage so — 1, a contradiction.

Next, let z be a number of an sg-sentence of the form IFp(E, §), true in (M, Any(m, n)), and suppose
that F(m, m, k, 39, 2,1) is equal to 0 or T, for some ¢ > ¢;. By definition, this means that for —z a number
of the negated formula —37¢(¢, §), F(m, m, k, 50, -z, t) is equal to 1, from which it follows that there exists

a 3-formula (3z)¥ (&, Z, Z), where & is a tuple of constants with indices from 77, such that the formula
(Vi) ((32)‘1’(607 z, z_) - Vg—“P(i’ '.':’))

is true in (91, vu’ (7h)), whereas ¥(&,¢,&) is true in (9M,y(m, fi (7)), v(m, fr (1)) for some tuple &,
where 7; are indices of constants from 37¢(¢, 7). Now, it follows immediately that there does not exist an
isomorphism ¢ from 9N to M such that (vu‘e(me)) = v(m, fi(o)).
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Second, consider the formula V§p(&, €, 7) numbered z, false in 9. Suppose that F is not well defined for
its number, i.e., that F(rg, m, k, 30,2,1) is equal to 1 or T for some ¢t > t;. Then there exists a 3-formula

(&, £) which is true in (M, Any(m, n)), whereas an fi-preimage of the formula
(v2) (¥(C0,2) — VFp(%0, 2, §))

is true in (9, vu'o(Mp)). This means that there does not exist an isomorphism ¢ from M to M such that
p(vute(m)) = y(m, fe(m)), a contradiction.

Further, let z be a number of a false formula 3§¢(¢, ). Suppose that F(m,m,k, s, z,t) is equal to 1 or
T for some ¢t > ¢;. By definition, there then exists a tuple & such that for G a Godel number of the formula
¢(&, &), F(m,m,k,3 — 1,G,t) = 1, where sq is the complexity of 3§p(¢, §), which means that F is not well
defined already at stage sg — 1.

To complete the proof, by induction on s we show that for z a number of some formula of complexity
s,if s <7+ 1, then F(m,m, k, s, z,t) € {0,1} for some t > ¢;.

If s is equal to 0, the conclusion follows immediately from the definition of F. Consider the least s < r+1
for which the conclusion is not true. For a formula of complexity s, which is true in (%01, Any(m, n)) and is
quantified J, we use the induction hypothesis and the fact that the procedure is well defined, proved above,
to state that there exists a step ¢ > t; at which the conditions of case (1) specified in the definition of F are
satisfied for this formula, and that F(, m, k, s, z,t) = 1 holds for its number z. Similar considerations show
that the required condition will be met for the formulas of complexity s which are false in (9, Any(m, n))
and are quantified by V. Now, suppose that the formula VY§¢(¢, 7) of complexity s is true in (9, Any(m, n))
and is quantified by V. Since (9M,v(m, fi(Mo))) is (r + 1)-complete, it follows that there exists a I-formula
(32) ¥ (éo, Z, z), where & is a tuple of constants with indices from 77, and the formula

(VZ) ((32)¥ (%0, &, Z) — Vip(Z, 7))

is true in (9, v(m, fi(h))), whereas ¥(&, ¢, &) is true in (M, ¥(m, fi (™)), y(m, fi(M1))) for some tuple &'.
Since there exists an isomorphism ¢ from M to M such that p(vu'*(m)) = v(m, M), it follows that

(VZ)((32)®(co, 2, §) — Y§—9(Z, 7))

is true in (M, vu’i(m)). Therefore, for the number z of V§p(¢, ), the conditions of case (1) in the definition
of F will be satisfied at some step, whence the required conclusion follows.

It remains to consider the case where a formula of complexity s, quantified by 3, is false in
(M, Any(m,n)). It follows by the argument given above that for a number —z of its negation,
F(g, m, k,3,z,t) = 1 at some step ¢ > t;, in which case for z, we have F(mg, m, k,s,2,t) = 0. The
lemma is proved.

LEMMA 16. For any m and k, if fi is a total function, then f; does not determine an isomorphism
of (MM(D), 1} onto (M, Any(m, n)).

Proof. Assume, to the contrary, that the constructive models (9, Any(m,n)) and (9M(D), u) are
isomorphic. Then there exist a recursive function f; and an isomorphism ¢ from 9(D) to M such that
pp(n) = v(m, fi(n)) for all n. Consider the marker [m, k]. By Lemma 10, there exists a step ¢ after which
no markers less than or equal to [m, k] can be attached or removed. For [m, k], we then have one of the
following three cases: * stays on [m, k] constantly; at least one of the markers of the form (V§®(&, Z, §), )
of complexity s + 1 constantly stays on [m, k] and the model (M, y(m, fi(719))) is s-complete, where iy is
a related tuple; neither of the two cases holds.
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First, we prove that the last case is impossible. Suppose that, at step ;, 7ho consists of all numbers
with markers less than M, or with M itself to which a certain label was attached at some step, never to be
removed.

Consider the tuple @, = (m, fi(mg)). The model M is not (n + 1)-complete but is n-complete for
some n over . Therefore, there exist an (n + 1)-formula V§ &(do,Z,J) and a tuple b such that M k=
V§®(ao, b, 7). But if, for every 3-formula ¢(&,z), we have M |= ¢(&,b), then there exists a tuple & such
that M = o(a,¢) &V§®(a, ¢, 7). Since fi is a total function that determines an isomorphism of (MM(D), u)
onto (M, Any(m, n)), it follows that there exists an isomorphism ¢ from 9 to M such that p(vu'e(my)) =
¥(m, fx(70)). Consider the tuple , satisfying v(m, fi(m)) = &, and the pair (V§®(&o, Z, §), ). Since fi
is a total function and Rang fi = N, there exists a step ¢; > to such that

Rang f{* N Dom fir 2{0,...,7(m, k,t0)}.

By Lemma 15, the procedure AzAt F{hg, m, k, s, z,t) is well defined for s < n. Therefore, for the marker
M and the pair (V§®(&, £, §), ), the following conditions are met at step 2t +1 > ¢;:
(1) There does not exist a tuple 7 such that for G® a number of the formula

_'Q('/(mv fe (7710))’ 'y(m, fx (ﬁ"))) 7("’" ﬁ‘))

and for any t > to, F(m, m, k,n, G*, 1) is not equal to 1 because

(V5)@(v(m, fi(mo)), v(m, fi(7R)), §)

is true in 9N and AzXt F(/mg, m, k, 3, z,t) is well defined by Lemma 15.

(2) After step to, the values of u' and ' at the elements of 7y do not change. Consequently, after
step t; > to, the values of functions ' and p! also remain unchanged at /gy because f; determines an
isomorphism of (9M(D), u) onto (M, Any(m, n)) and i = lim ;' determines an isomorphism ¢ of (IM(D), 1)
onto (OM,v), defined by the rule pu'* (o) = v(m, fe(fho)). Now, for every 3-formula ¢(3, ) such that
P(vutr o, yu'rmm) is true in 9N, the formula

(337) (3""')"'§('/l-1'tl (ﬁlO)r z, 37) & ¢(V“tl (7?"0)’ i)

is also true in 9. Therefore, for the pair (V§®(,Z,7), ) at an odd step ¢; > t; such that f;? is defined
at the elements from g and 7R, if M does not have a marker of complexity lower than n + 1, then all of
the conditions for M to be attached and for the given pair to be attached to M are satisfied. Since smaller
markers cannot be used, it is the marker M proper that is attached, a contradiction. If, starting from some
step T”, a pair (V§®'(&o, &, §), ™) of complexity not higher than n + 1 stays on M constantly, we choose
one with lowest complexity and consider the formula ¢(®,7’) and the tuple AT’ constructed for this pair
at step 7". By construction, for these ¢(®,7') and m'T ', the formula —t(®,7') is true in 9 at the tuple
uﬁ“(ﬁz’T'), and after that step, M with the pair (V§®'(&, Z,§), ') constantly stays at the elements of
m'T’. Since the function fi determines an isomorphism and ﬁ‘(ﬁm'Tl) stabilizes after step 77, it follows
that the formula mentioned is also true for the fi-image of these elements in the model (9N, Any(m, n)).
By virtue of the fact that AzAt F(shg, m, k, s,2,t) is a well-defined procedure for s < n, it is easy to see
that, starting from some step t3, F(to, m, k,n,G%,,t) = 1 will be satisfied for the Godel number G?, of the

formula .
Ty Y0545 Ysy
Chh (o)1 Cngr e+ 1 Cnyy
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In this case, conditions (2.1) are satisfied at some step for such a marker, which, therefore, must be removed,
a contradiction. This means that the case where M has a marker of lower complexity is also impossible.
Now we prove that case (2} is unfeasible. Assume the contrary. Let at least one of the markers of
the form (V§®(&o, Z, ), ™) of complexity s + 1 stay on M constantly. Suppose that (I, y(m, fi(re))) is
s-complete for a related tuple Mmy. Among such pairs, we choose one with lowest complexity and consider
the formula ¢(®, ') and the tuple m'T’, constructed for this pair at step T". By construction, for these
t(®,7') and AT’ the formula —t(®, ') is true in M at uﬁ.“(ﬁm'Tl), and after that step, M with the pair
(V§®'(co, T, §), ') constantly stays at the elements of T’ . Now, since ﬁ‘(ﬁt’T') stabilizes after step 77, it
follows that —¢(®, ') is true in (9, v) at vat(m'T"). The fact that f determines an isomorphism implies
that the fi-image of this formula will be true at the tuple v(m, fk(ﬁz'T')). Using Lemma 15 and the fact
that (9, v(m, fe(™o))) is s-complete, we assert that Azt F(mg, m, &, 3, 2,1) is well defined for s, in which
case after some step ta, F (g, m, k,n, Gp,t) = 1 is satisfied for the Godel number Gy, of the formula

= =
Cy o1 Y0y -0 -y Ys»
ﬁq,r]

Ef).(ﬁl,ﬁlo)l Cngr+-+1Cn,,

But then conditions (2.1) will be satisfied at some step for such a marker, which, therefore, must be removed,
a contradiction. This means that case (2) cannot hold.

‘We have shown that * constantly stays on M after some step. For # to be attached to M, there are also
several possibilities. Namely, they are listed in conditions (1.1)-(1.4) specified for the odd step to.

Condition (1.1) fails because fi determines the isomorphism of (0D}, u) onto (M, Any(m, n)).

(1.2) also cannot hold since it follows from Lemma 4 that the procedure verifying whether
AzAtF(m, k, s,z,t) is true for s < n is well defined at all ¢ > ¢3. Moreover, the isomorphism is deter-
mined by fir and, consequently, the truth values of sentences are preserved under taking their fi-images.

We turn to condition (1.3). Suppose that, at step to, M has an associated triple (V§®(co, Z,§), ™, t)

and there exist tuples m; and 7 such that the formula
~®(v(m, fi(mo)), 1, 7)) & (39) D* (vm, fi(o)), M, 7))

is true in 9M. This is so because AzAtF(m,k,s,z,t) is a well-defined procedure for ¢ > tg, from which it
follows that F(m, k,n,G,tp) = 1 implies that the left conjunctive term is true. The truth of the right
conjunctive term follows immediately from the definition of the step. Now, since the function fi determines
an isomorphism of (M(D), u), (M, v), and (M, Any(m, n)), the formula

353z (~@(vutorne, 7, §) & 3z & D (vu'omg, Z, 2))
will be true in 9. This contradicts the fact that with M we associate only those triples for which
(V£)(3z & D*(vp'*mg, 3, Z) — (V§)~8(vu'ing, Z, 7))

is true in 9. The fact that the pair with which the given triple is associated constantly stays at the elements

of mp until step 1o is reached implies that
(V2)(3z & Dt (vutmg, 2, 2) — (V§)-8(vuimo, Z, 7))

is true in 9M. This is also a contradiction, which proves that condition (1.3) cannot be met.
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It remains to consider condition (1.4). Suppose that a pair (V§®'(o, Z, §), /') is attached to M at step
T', and that M with this pair stays constantly until step ¢ is reached. For the pair (V§®'(&, , ), '), at
step T’ we define a formula ¢(®,7') and a tuple m'T', for which, by construction, -t(®,7n') is satisfied in
M at the tuple Vﬁtl(‘ﬁ'llT’), and after this step, M with the pair (V§9'(%, Z, 7), ') constantly stays at the
elements of m'T’. Since a*(m'T") stabilizes after step T", it is easy to see that —¢(®, ') is true in (9N, v)
at Vﬁ.‘(rh’T'). The fact that the function f,. determines an isomorphism implies that the fi-image of the
formula is true at y(m, fx ('r"n.'T’)). By Lemma 15, Az:t (g, m, k, 3, z,1) is a well-defined procedure for all
s. But if * is attached to M at step tg, then, for the Gédel number G}, of the formula

E) 56»1/0, ooy Ysy

éj;.(ﬁ;,ﬁxo)v Cngye++1Cn,;
F (o, m, k, n, Gl tp) = 0 must hold, which contradicts the fact that F is well defined. This completes the
proof of the lemma.

LEMMA 18. The constructivization u of 9 is not strong.

Proof. Assume the contrary. If the theory Th(9R, u) is decidable, then the characteristic function for
the set of Gddel numbers of sentences in this theory is recursive and has a number, i.e., it is equal to f.
First, we show that M equal to [k] is attached at some step, never to be removed. Assume it is not. Fix a
step to after which no markers less than M are either attached or removed; this step exists by Lemma 10.

Let g be all numbers to which the markers less than M are attached at step 3. There exists an n such
that (90, vzto(7g)) is n-complete but not (n + 1)-complete; the models (IM, viato(hg)) and (IM, u(rme)) are
isomorphic by Lemma 14, in view of the fact that vite(mg) = uf(ho) at all ¢ > to. Therefore, there exist
an (n + 1)-formula V§®(&,Z,7) and a tuple 7’ such that V§®(&, Z, §) is true in (9M, vate(rng)) at v(m'),
and for every 3-formula ¢(Zo, Z) which is true in 9 at vite(my), v(m'), the formula

353z(~B(vu'tormo, 2, §) & d(vpome, )

is true in 1. By Lemma 13, there exist a step ¢; > to and a tuple 7 such that i*(7h) = @’ at all ¢t > ¢;.
By Lemma 14, the formula V§®(&, ¢, §), where the tuple of constants  is equal to &, is true in (9, p).
Hence, for its Gddel number G, the value of fi equals 1.

We consider an odd step t; > t; such that f;*(G) = 1. By the choice of Y§®(o, Z,§) and v(7@'), the
conditions of case B now hold for M at step ;. Since smaller markers cannot be used, it follows that the
marker M should be attached, an impossibility.

We have thus proved that M will be attached at some step, never to be removed. In this case, M is
marked by the formula Y§®(¢, ) with Godel number G, and fi(G) = 1, i.e., the formula considered belongs
to Th (9, ). At the same time, we define Z*° so that for some tuple 7, the formula —®(&, 7) is true in
(9M, viate(tho)) at va*o(m). All the elements of g and 77 are marked by M, which cannot be removed after
this step, and so ~®(&p, §) is true in (9, u(Ro)) at p(m) by Lemma 14. This conflicts with our previous
considerations.

By the properties of the construction proved above, we obtain the required algorithm to build a con-
structivization that is not strong and does not Lie in the given computable class of constructivizations. The
theorem is proved.

THEOREM 2. If 9 is strongly and weakly constructivizable, then, for a given computable class of
its constructivizations, we can effectively build a weak constructivization of R that is not autoequivalent
to any constructivization belonging to this class.
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Proof., If there exists a tuple @ such that (91,a) is complete, then every constructivization of a strongly
constructive model M is also strong (see [6]}). But the model I has a weak constructivization and, therefore,
is not complete in any finite enrichment by constants. If, for every n, there exists a tuple @, such that the
model (M, &,) is n-complete, then M is limit-w-complete, and the result follows by Theorem 1. If the latter
assumption does not hold, then there exists an n such that 9 is limit-n-complete, in which case the result
follows from [9].

COROLLARY 1. The class of weak constructivizations of a strongly constructivizable model is either
empty or effectively infinite, i.e., given a computable class of weak constructivizations, we can effectively

build a weak constructivization that is not autoequivalent to any constructivization belonging to this class.

COROLLARY 2. The class of weak constructivizations of a strongly constructivizable model is either
empty or infinite and not computable.
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