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Abstract — Zusammenfassung

Approximation by Circles. The problem considered is to assign a measure of circularity to a given
compact set in the plane. The measure adopted is the size of the smallest annulus containing the
given set. Two different notions of the size of an annulus, that of area and that of difference of
radii are studied.

Approximation durch Kreise. Das hier untersuchte Problem ist, einer kompakten Menge in der
Ebene ein MaB der Kreisformigkeit zuzuschreiben. Als MaBl wird die GroBe des kleinsten Kreis-
ringes gewihli, der die gegebene Menge enthilt. Zwei verschiedene GroBenbegriffe fir den Kreis-
ring werden untersucht, nimlich dessen Oberfliche und die Differenz der Radien.

1. Introduction

How can one recognize a circle (or circular arc) in the plane? We present a precise
formulation of this question of pattern recognition, and give some quantitative
answers in the context of approximation theory. Thus the problem we consider is
to assign a measure of circularity to a given compact set in the plane. Our
approach is to determine the best annulus which contains the given set and judge
the circularity of the given set according to the size of the annulus. Of course, we
must make precise the sense of “best” and “size” in the preceding sentence. To this
end let S be a compact set in the plane. We consider two different assignments of
size to an annulus. The first is the area of the annulus, the second the difference of
its radii. A notion of size having been fixed we define a best annular approximation
to S to be any annulus of least size which contains S. It turns out that with
the criterion of size corresponding to area the problem of best annular approxi-
mation of § is equivalent to a well-known linear uniform approximation problem.

This is discussed in the second section. The second notion of size is equivalent to a
somewhat novel non-linear approximation problem as we see in Section 3.

The author wishes to thank his colleagues A.J. Hoffman and C. A. Micchelli for
valuable suggestions. A brief summary of these results appeared in the Proceedings

of the Symposium on Approximation Theory held in Austin, Texas, January
18—21, 1976.
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94 T. J. Rivlin:
2. Least Area Approximation

Given a compact set S in the plane, for any complex number w put

ry(Wy=max | z—w/|; r; (W)y=min | z—w]|. )]
zeS zeS

Clearly, S is contained in the annulus

riwlz—w|<r, (w) 2
whose area is
AW)=n(r; W—ri (w)).
If
inf 4 (w)=A4 (w,) @)

then the annulus described by (2) with w=w, is a best annulus in the sense of area
which contains S. Its center is w,, and its outer and inner radii are r, (wy) and r; (w)
respectively.

Now put f(x,y)=x*+y* and let ¥ be the linear space of linear functions
ax-+by+c f(x,y) has a best uniform approximation out of ¥ on S.

Theorem 1: If w1 (o, yo) is the center of a best annulus (in the sense of area) for
S, then

: @

is a best uniform approximation to f (x, y) on S out of V, and

11 (wo)+ 13 (w
o0 =25y 20— (s 0y - AT E )

3 (wo)— ri (wo)
s

Conversely, if vy (x, ¥)=2xyx+2yoy+¢o is a best uniform approximation to
f(x,v) on S out of V then wy: (xq, ¥o) is the center of a best annulus (in the sense of
areq) for Sand if M= | f—vo |,

13 (Wo)=co+x3+ya+M; 12 (wo)=co+x3+ys—M,

M={f-vo =

and hence
r% (wWo)— 7’% (wo)=2M.

Proof:

i) Suppose w, satisfies (3) and r, (w,) and r, (w,) are defined by (1). Consider v,
given by (4), then if we put e, = f ~ v, we have for (x, y)e §

3 (Wo)— 11 (Wo)
2

and, indeed, M =|| e, || =(r} (o) — 17 (wg))/2.

If there exists v € V' such that e=f—v satisfies

13 (o) =72 ()

2 H

—<—eO (X, y)g

73 (Wo) — 17 (Wo)

hell=K< 3
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then every point of S lies in the annulus
~K<e(x,y)<K
whose area is 2 7 K, which is less than 7 (r3 (wo) —r7 (W,))-
This contradiction establishes that v, is a best approximation to f out of Von S.

ii) Suppose vy (%, ¥)=2 xq x+2 y, y+¢, is a best approzimation to f(x,y) on S
out of ¥, and ey = f — v, satisfies

—M<e,(x, )M (5)

for (x,y)eS. Note that there must exist points (x, y;); (x5, ¥,)€S such that
g (X4, y1)=—M and eq (x,, y,)=M. Every point of § lies in the annulus defined
by (5) which is centered at (x,, y,) has radii

12 (Wo)=co+x3+y5—M; 13 (Wo)=Co+x;+yo+M,

and area 2w M=mn(r} (w,)—ri (w,)). We claim this must be a best annulus.
If not, suppose that for all (x, y)e S

P <(x—h)?+(y—kP’<R?
and R?~r?<2 M. Then

2 2
1, y)—(th+2ky-(h2+k2— R ;Lr ))

R?—¢?
< s
2

contradicting our assumption that v, is a best approximation, and proving the
theorem.

Corollary: Every compact set S has a best annular approximation in the sense
of area.

Remark 1: It is clear from the proof of Theorem 1 that there is a one-to-one
correspondence between best uniform approximations to f on S out of ¥ and best
annular approximations to S in the sense of area. In particular, then, a best
annular approximation is unique if, and only if, a best uniform approximation
to f is unique.

Remark 2: It is shown in Rivlin and Shapiro [1] that if S is a compact convex set in
the plane a best approximation to x?+ y* on S out of ¥, is

2% X+2yo y+(r?/2)—xi—y5

where (x,, yp) is the center of the circle of minimal radius circumscribing S and r
its radius. Thus for such S, there is a best annular approximation which center
(g, ¥o), outer radius r, and inner radius zero.

The characterization of best uniform approximations out of ¥ can be nea ly
described in terms of the notion of extremal signature. We recall (cf. Rivlin [2]
for details) that, in the present context, a signature in S is a continuous function,
Z, whose domain (called the base of X) is a closed subset of S and whose range
consists of the values +1. A signature, X, is extremal for V if there exist real
numbers {;, ..., {; and distinct points y;,, ..., y, of the base of ¥ such that

7*



96 T. J. Rivlin:

sgn ;=2 (), i=1,...,5.
and

Y Go(y)=0, all ve V. (6)
i=1
{1, ..., ¢ are called weights for 2. If ge C(S) let E(g; S)={zeS:|g@)|=lgl}.
Then we quote the characterization theorem.

Theorem A: A best approximation on S out of Vto g¢ Vis v*, if and only if, there
exists an extremal signature, X, for V whose base consists of at most four points

of E (g—uv*; S) such that 2 (y)=sgn (g () —v* (»)).

In view of (6} it is easy to see that there can be no extremal signature for ¥ based
on less than 3 points. Thus for our purposes only extremal signatures based on 3
or 4 points are of interest and they must have the configurations schematized in
Fig. 1. (The sign associated with each point of the base is the sign of the weight
corresponding to the point, all signs for a given base may be multiplied by —1, of
course.)
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Fig. 1

Thus, for example, we can find a best annular approximation to S when S consists
of 3 or 4 points.

1) If S consists of 3 collinear points, which may be taken with no loss of generality,
to be (£¢,0) and (s,0) where 0<s<t, then it is easy to verify that for all u,
v (X, Y)=uy+(s*+1%)/2 is a best approximation to f(x,y) on S, and so every
point on the y-axis is the center of a best annular approximation to S.

The case that S counsists of 3 non-collinear points is trivial.

ii) If S consists of 4 collinear points, which may be .taken, with no loss of
generality, to be (¢, 0), (s, 0) and (g, 0) where 0<| g | <s<t, then it is easily seen
that the situation is exactly the same as that of 3 collinear points.

iif) If S consists of 4 points, three (but not four) of which are collinear, and the
collinear points are taken to be (-t,0), and (s, 0) where 0<s<t, and (a, b) is the
fourth point, then every point (0, u/2) where u satisfies

A+ —t?<ub<a?+b*—s*

is the center of a best annular approximation to S.
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iv) If S consists of 4 points, and one is inside the triangle having the other three as
vertices, then (cf. Fig. 1b) the best annular approximation has its center at the
circumcenter of the triangle, the outer circle of the annulus is the circumcircle of
the triangle and the inner circle passes through the point inside the triangle.

v) Finally, if S consists of the four vertices of a convex quadrilateral, then
(cf. Fig. 1¢) the best annular approximation has a pair of diagonally opposite
points on both its inner and outer circles. Which pair is on the inner circle and
which on the outer depends on certain distances between the pairs of points and
is easily determined. If the points are labeled as in Fig. 1 ¢, the origin is placed at
P,, say, and with obvious notation for the coordinates of the points, if

C=(x}+x}) 4y — (G +y3) A, +(x3+y3) 4,

where 4,, i=1, 2, 3,4 is the area of the triangle obtained from the four points by
omitting P;, then if C>0, P, and P, are on the inner circle; if C<0 P, and P,
are on the outer circle; and if C=0, the 4 points are concyclic. In a similar
fashion, the area of the best annulus can be calculated directly in terms of the
coordinates of the points by the formula, which reads in the present context,

A=2x ~£—

4,
Remark: These considerations immediately imply the following geometric fact.
If S is an oval (boundary of a strictly convex body in the plane), then there is a
pair of concentric circles of which the inner one lies inside the oval and touches it
at at least two distinct points and the outer one lies outside the oval and touches it
at at least two distinct points. The question of what is the most general class of

closed curves having this property is open.

3. Least Difference of Radii

In this section, we retain the notation of Section 2, but here instead of 4 (w) we
consider

r(w)=ry (w)—ry (W), (7)

inf r (W)=r (wy), 8

w

and if

we call the annulus described by (2) with w=w, a best approximation (in the
uniform sense) to S, and r (w,) its radius.

A first observation is that a best uniform annular approximation need not exist, as
is evidently the case if S consists of 3 or more collinear points. In this case r (w)
tends to zero as w tends to infinity. Indeed, if

inf r (w)=o ©

w

_ then either there is some sequence of centers {w,} such that
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rw,) | o (10)

and w, — W as n— o0, in which case w is a center of an annulus of best uniform
approximation to S, or [w, | T 00 as n—oco for (a subsequence of) every sequence
of centers satisfying (10). In the latter case we claim that « is the opening of the
narrowest strip in the plane containing S. For, if S is contained in the strip

d, (0)<Re(ze 9 <d, (6) 11

with . —(d, —d,)=2 &>0 and the (topological) diameter of S is D then there is an
annulus centered at any p €® with p>d,+&+(D?/4¢) containing S and having
a radius less than o, contradicting (9). Similarly, if for each 6, 0<8<2r, the
narrowest strip of the form (11} containing S satisfies d, (6)—d, (8)>a, then
given & >0 there exists N (g) such that for n> N every annulus centered at w, and
containing S has radius greater than o+ &, contradicting (10).

If (8) holds and we let G, (w,) be the circle | z—wg |=r, (wy) and G, (wg) be the
circle | z—wq | =r, (w,) then we clearly have

Lemma 1: If w, is the center of a best uniform annular approximation to S then each
of G, and G, contains a point of S.

Suppose now that S is a finite set of 4 or more points.

Lemma 2: If w, is the center of a best uniform annular approximation to S then
either G, " S or G, N S contains more than 1 point.

Proaf”: Suppose, the Lemma false so that, in view of Lemma 1, each of G; » S and
G, n S contains exactly one point, say A=G, n S and B=G, n S. Let 0 denote
the point w,.

Fig. 2

i} A isnot onthe closed segment 0 B. Choose Pon 0B near 0. Then |04 | < |OP|+|PA]|
and r={0B|—|0A|=|0P|+|PB|—{0A4|>|PB|—|PA|. Thus by choosing P
close enough to 0 there is an annulus centered at P containing S (recall that Sis a
finite set of points) and having radius <r (w,), a contradiction.
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ii) A is on the closed segment 0 B=0B'". Let P’ be near 0 on the line passing through
0 and perpendicular to 0 B’. Then
|PPB|<|PA|+|AB |, r=|AB |>|PB|—|P'A|,
and we conclude as in case 1).

Theorem 2: If S is a finite set of 4 or more points and w,, is the center of a best
annular approximation to S then each of G, and G, contains at least 2 points of S.

Proof:
i) G, contains only one point of S, call it D. Then G, contains points Py, ..., P, of §
with k>2.

a) None of P,, .., P,is on closed 0D. Choose P on 0D. Then
I10P|>|0P,|—|PP,|, i=1,..., k.
Butfori=1, ...,k
r=|0D|~|0P;|=|0P|+|PD|~|0P;|>|PD|-| PP,
and we obtain a contradiction in a, by now, familiar fashion.
b) Py, say, is on 0D. Choose P on 0 P, then
|OP|+|PP;|>|0P,|=|0P|+|PP,|, i=2,...,k.

Now consider the annulus centered at P with inner circle containing P, and outer
circle containing D. Its radius is  (w,) and it contains S when P is close enough
to 0, thus it is a best annulus for S, but its boundary contains only the points
P, and D of S, contradicting Lemma 2.

ii) The case that G, has only one point of § leads to a contradiction by a similar
argument.

Corollary: If S is a finite set of 4 or more points such that
inf r (w)=ua,
w
and S is contained within a strip of opening o, then each bounding line of the strip
contains at least 2 points of S.

Proof:

(=}

Ly
-PZ

Py

 —
P

QQ' [ T,

&)
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Let L, and L, be the bounding lines of the strip. Suppose L, contains only point
D of 8. Let the perpendicular to L, at D meet L, in A. D A may be extended
sufficiently far to 0 so that the annulus with center at 0, outer circle containing D,
and inner circle containing A contains S, has radius o — thus making it a best
annular approximation to § — yet its inner circle contains at most one point of S,
contradicting Theorem 2.

Remark: If S is the set consisting of the unit circle | z|=1 and its center, z=0,
then it is easy to see that a best annulus containing S has radius 1. Among these is
the annulus centered at w,=1/3 and having radii r, (wg)=4/3 and r, (w,)=1/3.
For this annulus G, contains only one point of S, the origin, and G, contains only
one point of S, the point z= — 1. Thus even Lemma 2 fails if we drop the requlrement
that S be a finite set of points.

In order to say more about arbitrary compact S we relate the problem of best
uniform annular approximation to a non-linear uniform approximation problem.

Consider
F(x,y; bk, t)y=((x—h)y*+(y—k?)*">~¢

The following equivalence is clear.

Lemma 3:

p=min max | F (x,y;hk, t)]= max | F(x, y; b, k,7)|
(h, k,t) (x,v)el x,yeS

if, and only if, the annulus centered at w: (h, k) with r| (W)=t—p and r, (W)y=t+pu
is a best uniform annular approximation to S.

Suppose now that (h, k) is the center of a best annulus with r;=t—py, r,=t+pu
and 0<ry <r,. Let

D={(x,y)eS:|F(x,y; h,k, )| =p}.

Suppose, further, that (x,y)eD and let ¢ (x,y)=(¢, (x,¥), ¢, (%), ¢3(x,)
be the vector

- . . OF . ' _ o
(sgnF(x,y;h,k, t)gh—(x,y, k7). sgnF (x, y; bk, ¢ )%I,%(x,y;h,k, t),
sen P (5,35 S i k) ).
Then we have

Lemma 4: Let p be any unit vector in R>, then
max (p, ¢ (x, y))=0. (12)

(x,y)eD

Proof : Suppose (12) to be false. Then for the vector g

max (g, ¢ (x,y))<6<0,
(x,y)eD

(0. ¢ (%, y; Bk, 1) <6<0, all (x,y)eD.

or,
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Now D=D, u D, where D;c{z:| z—w|=r},i=12

Let U, and U, be open sets such that: D,cU;n S=W,i=1,2;

sup |z—w|<i< inf |z—w]|,
zeW; zeWa

there exists g, >0 such that for 0<e<e¢,

0<§SF(x,y;ﬁ+8q1, k+&q;,t+eqs), (x, )€ W,
0> —%zF(x,y;iHs g, k+eq,t+egs) (x,y)e Wy,

[F(x,y;h+eq, k+eg, t+egs)|<u—5
for (x,y)e S (W, u W,) for some & >0, and
(g, 0 (x, y;h+eq, k+eq, F+eqs))<6/2<0, all (x,y)e W, u W,.
Then
F(x,y;h+60qq, K+8y qp t+eo g3)=F (x, y; b, k, 1)
+e0(a 0 (%, y; h+e gy, k+edyt+egs))
for (x, yye W, and some ¢in [0, &, ], and
F(x,y;h+eq gy, k+eo qo t+80 a3)=F (%, y; 1, k,7)
~e0 (¢ ¢ (6 s htEq, K+E4s, T+E43))
for (x, yye W, and some £in [0, ¢,]. Thus
| F(x, y; h+eo qs, k+60 ds t+80 g3) | < pi+ (g0 5)/2
on W, u W,, contradicting the definition of p.

With notation and hypothesis the same as in Lemma 4 we have

Lemma 5: If (12) holds then there exist points of D, (X1, 1), ..., (X Vi) With
k<4 and

k
0= Z A; &; (x5 vp) i=1,2,3,
j=1
where A, +...+4,=1and 4;>0,j=1, ..., k.
Proof : Consider the compact set in R>

¢ = {(¢1 (X, y)» ¢2 (X, y)> ¢)3 (X, y)) (xa .V) & D} .

In order to prove the lemma it suffices to show that the origin (in R®) is in the
convex hull of @ in view of Caratheodorys theorem (cf. Rivlin [2]). But if
the origin is not in the convex hull of @ there exists a hyperplane

h(X, Y, Z)=co+tc, X+cy Y+ Z=0
such that % (0, 0, 0)=c, >0 and
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h (¢1 (x’ y)a 4)2 (x: y): ¢)3 (x> y))SO:
for all (x, y)e D; that is for all (x, y)e D
¢y @1 (%, V)¢ &, (X, ) +c3 05 (x, )< — ¢ <0,
contradicting (12).

Lemmas 3, 4 and S help establish the following necessary condition for a best
uniform annular approximation.

Theorem 3: If w:(h k) is the center of an annulus which is a best uniform
approximation to S, with 0<r, (W)<r, (W), then there exist a positive integer
k<4, positive numbers 44, ..., A, distinct points zi, ..., 7, of S and disjoint subsets

Loand I, of {1, ...,k} such that | I, |+| 1, |=k,

k
% A=1, (13)
j=1
Y =2 Ay (14)
J jel1 Jjelz
an
UYL o Il b (15)

jely 7y (W) jela T, W)’

where| z;—Ww|=ry forjel, and| z;—W |=r, forje 1,.

Proof: We need only observe that if

\Zj—W|=Tz W), ¢, (Zj)=(E_xj)/r2 W), ¢, (Zj)=(E—y]')/7'z W), ¢4 (Zj)z -1,
and if

\Zj‘W|=r1 W), ¢, (Zj)= —(E"xj)/ﬁ W), ¢, (Zj)’—— ‘(E"Yj)/rx W), ¢35 (Zj)=1'

Remark: Conditions (13), (14) and (15) have some interesting consequences. We
must have k>1. If k=2 then I;={1}, I,={2}, say, and A;=A,=% Thus
(z, —W)ry=(z,—~W)/r, and the points z; and z, lie on the same ray issuing
from w. (This is precisely the situation in the case of the best annular approximation
described in the Remark following Theorem 2.) k=3 is impossible, for if k=3
then we have, say, 4, +4,=1,=% and

Zy—W Zy—W  Zz—W
20, +24, =3
£ Fy T2

a contradiction. Finally, if k=4 we areled to A, +1,=4;+4,=%1and

Zi—W Zy—W Za—W Zy—W
i, g2, R =0, BT 0, A
Fy &1 ) Ty

which has the geometric interpretation that if z,, z,, z, z, are viewed from w the
two points of the outer circle and the two points of the inner circle are strictly
interlaced angle-wise.
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When S consists of 4 points, k=2 is impossible. For suppose the points are A,
B, C, D and 4 and Blie on the same ray issuing from the center, 0, 4 and D are on the
inner circle, B and C on the outer. (See Fig. 4.) Consider the annulus of which

Fig. 4

the inner circle contains 4 and C and the outer circle contains B and D. (See
Fig. 4.) (Suppose for the moment that A C is not parallel to B D.) The line segment
AB joins the inner to the outer circle of this new annulus, and since the length
of a line segment joining the inner to the outer circle of an annulus is minimal,
if and only if, the segment is radial, the radius of the new annulus is less than
| AB| — which is impossible (| A4B| being the radius of a best annulus) —
unless A, B, C, D are collinear, in which case the hypothesis of Theorem 3 is not
satisfied, in contradiction to our assumption. If A C is parallel to BD (see Fig. 5)
then S is contained in a strip whose opening is less than | A B | leading to a contra-
diction of our assumption that the original annulus was a best approximation to S.

Fig. 5



104 T. J. Rivlin: Approximation by Circles

Thus we have

Theorem 4: If S consists of 4 points the two points of S on the outer circle of an
annulus of best uniform approximation to S interlace angle-wise with the two points
of S on the inner circle, as viewed from the center of the annulus.

Proof: If the 4 points are concyclic the theorem is certainly true. Suppose the
4 points are not concyclic. An annulus of best uniform approximation has
2 points on its inner circle and two on its outer circle according to Theorem 2,
hence the hypothesis of Theorem 3 is in effect, and as we have just seen, k=4,
which proves the theorem.

Remark 1: A set of 4 points can fail to have an annulus of best approximation
only if the four points are collinear or are the vertices of a (convex) quadrilateral
with a pair of opposite sides parallel, in view of the Corollary to Theorem 2. For
example, the points (0, 1), (£4, 0) have no annulus of best approximation.

Remark 2: If one of 4 points is in the convex hull of the other three a best annular
approximation exists and it is only necessary to consider the 3 annuli determined
by the 3 pairs of pairs of points. It is easy to see that the “inside” point is on an
inner circle in each of the three cases.

Finally, we remark that the interlacing condition in Theorem 4 is not sufficient
for best annular approximation to 4 points. This can be seen in the case of the
points (0,0), (2,0), (4,0), (0, 1). The best annular approximation is centered at
{2,5/2). The annulus centered at (1, —7/2) is not best although the interlacing pro-
perty obtains with respect to this center. However, the radius » (w) has a local
minimum at this point.
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