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Abstract. An investigation is made of the motion of fluid in a transparent rectangular vessel, heated 
beneath by a line source, using Particle-Tracking Velocimetry. The control parameters are the Rayleigh 
number (computed by the power supplied to the system), the Prandtl number and the aspect ratio 
(height to width ratio) of the vessel. When convection starts, two counter rotating rolls occur. For 
certain values of the control parameters, the flow becomes unstable and the roils start to oscillate on 
a plane orthogonal to the line source (natural swaying motion). The Lagrangian description of the 
velocity fields (i.e. particle trajectories), is extracted. Data are converted from Lagrangian to Eulerian 
framework and the time evolution is analysed. Perturbations and instabilities of the velocity field (due 
to thermal anomalies), are observed. They are related to the natural swaying motion of the roils. The 
Fourier decomposition is applied in several points of the grid to obtain a spatial portrait of the energy 
distribution in frequency domain. By means of Proper Orthogonal Decomposition a complete set of 
orthonormal functions (modes) is evaluated and the flow field is reconstructed using a small number 
of modes: POD theory states that these modes retain a greater amount of energy than that of any 
other possible decomposition. Reconstructed velocity fields and the original ones are compared. In 
this experiment the first eight modes are found to retain more than 80% of the flow kinetic energy. 
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1. Introduction 

The convec t ion  in pr ismatic  vessels has  been  invest igated for  m a n y  dif ferent  con-  

f igurations o f  the heat  source  and o f  the b o u n d a r y  condi t ions  [ 1 ]. Le t  us cons ider  

the case where  hor izontal  surfaces are isothermal,  side-walls are adiabat ic  and the 

heat  source  is located at the lower  part  o f  the vessel. The  convect ive  sy s t em is then 

control led by  three fundamenta l  parameters :  

• Ray le igh  n u m b e r  [2] 

R a -  9°~H3Q 
v~;A ' (1) 

• P rand t l  number :  

/} 
Pr  = - ,  (2) 

• Aspec t  ratio: 
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H 
L ' (3) 

where 9 is the gravity acceleration, a is the thermal expansion coefficient, Q is 
the heat generated per unit length of the line source, H and L are respectively 
the vessel height and width, n is the thermal diffusivity of the fluid, A is the 
thermal conductivity and v its kinematic viscosity. If the lower surface is uniformly 
heated, no preferential direction is assigned to the flow, except for the presence 
of side-walls. In this situation, both two- and three-dimensional flow patterns 
occur, depending on the control parameters [3, 4]. In the present experiment, upper 
and lower surfaces are kept at the same, constant temperature and a line source, 
orthogonal to the front wall of the vessel, is placed just above the lower surface 
of the vessel. The use of such a source breaks the three-dimensional character of 
the convective flow: the fluid is forced to rise at the centre of the vessel and to 
travel along two counter-rotating rolls, filling the whole vessel. When the Rayleigh 
number is increased, for ]P > 0.2 and especially for small Prandtl numbers, the two 
rolls exhibit periodic oscillations in a vertical plane orthogonal to the line source, 
as numerical [2] and experimental [5] study have confirmed. 

Characteristic time scales are introduced: 

(thermal diffusion time scale), 

(viscous diffusion time scale), 

n 2 

r t =  k 

H 2 
r v =  / /  

(4) 

(5) 

( H ~ 1/2 1 (buoyancy effects time scale), (6) 
= =Ubv 

where Nbv is the Brunt-Vaisala frequency and A T  is the temperature difference 
between the heat source and the surfaces, Rayleigh and Prandtl numbers can be 
rewritten in terms of characteristic scales [6]: 

"rt . "rv 
R a -  ~ , (7) 

rt Pr = - - ,  (8) 
rv 

Several kinds of motion can be defined varying the values of control parameters: 
• for Ra < Ra~ (where Rac is some critical Rayleigh number), at whatever 

Prandtl number, the flow field is at rest: "rt is too small, in comparison with 
rg, to determine a global motion; the heat flux is related only to conduction 
phenomena; 

• for larger Rayleigh numbers, at Prandtl numbers greater than unity, temperature 
gradients are still smoothed very rapidly and buoyancy effects are meaningful 
only on long time intervals: the flow is steady; 
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• for much higher Rayleigh numbers, hot and cold regions are definitely sepa- 
rated: their location in respect to external heating and cooling elements have 
to be considered to show their influence on global motion inside the vessel; 
the flow field is time dependent and usually oscillatory; 

• a further increase in Rayleigh number leads to the turbulent regime. 
For a given Rayleigh number, instabilities appear only at low Prandtl numbers: 

as a matter of fact for low Prandtl numbers, instabilities are basically driven by 
viscous diffusion when the ratio ('r~/Tg) = (Ra/Pr)1/2 is large [7] and increases 
as the Prandtl number decreases. The opposite occurs for high Prandtl numbers 
instabilities are driven by thermal diffusion and by the ratio ('rt/vg) = (Ra. Pr)I/2 
which increases with Prandtl number [3, 4]. 

In the present paper, a non-invasive optical method, Particle-Tracking Velocime- 
try (PTV), is used to define the velocity field of the system at Ra = 1.6 • 109 and to 
clarify the relative physical mechanisms. Proper Orthogonal Decomposition (POD) 
and Fourier analysis are performed on PTV data to investigate the hidden dynam- 
ics of the system. POD is applied to the time series of Eulerian velocity fields: it 
gives "the best correlated structures" describing the flow. A particular feature of 
this approach is that no hypothesis have been made about the nature of turbulence 
and no closure schemes have been adopted: time history of two components of 
the velocity are given by the Eulerian fields and evolution in time of POD modes 
is obtained. There are no other examples in literature of such an application on 
experimental data without frozen turbulence hypothesis. 

In this configuration, quasi-bidimensional hypothesis has been made about 
velocity field in the measurement plane, and observed results confirmed it. Further 
experiments have been planned to clarify the behaviour of the swaying motion near 
the end walls, where the velocity approaches zero and three-dimensional motion 
o c c u r .  

In Section 2 the experimental set-up for bidimensional convection and for PTV 
measurements is described. A review on data processing and on analysis methods 
is presented in Section 3. Results are given in Section 4. Conclusions and further 
developments are presented in Section 5. 

2. Experimental Set-Up and Velocity Measurements 

The convection is generated in a transparent rectangular vessel, by a line heat 
source, orthogonal to the measurement plane (Figure 1). The vessel is 12.0 cm in 
width, 6.0 cm in height and 10.4 cm indepth, so that the horizontal aspect-ratio is 
F = 2. Side-walls are made up of 1.0 cm thick perspex to have an optical access. 
The heating source is an electrically insulated resistance (0.8 cm in diameter) 
connected to a stabilized power supply. It is placed 1 cm above the centre line of 
the lower surface. The upper and lower surfaces are 1.0 cm thick aluminium plates. 
The temperature of the plates is controlled by two heat-exchangers consisting 
in a series of counter-flow channels in which constant temperature water flows. 
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Figure 1. The experimental set-up. 

Heat losses are vanishingly small compared to the heat input because temperature 
differences between working fluid and surrounding ambient are much smaller than 
those between working fluid and both heat source and isothermal plates. 

The velocity measurement is based on tracking of non-buoyant seeding particles 
uniformly dispersed in the field (Particle-Tracking Velocimetry). The measurement 
plane, placed at middle depth of the vessel, is illuminated by a light sheet (0.3 cm 
depth), obtained through a cylindrical lens, from a 300 mW Argon Laser beam. 
Seeding particles are conifer pollen, 80 - 120 #m in diameter. In the PTV the 
following steps can be observed: 

• a series of images is acquired by a CCD video-camera, and recorded on a 
S-VHS tape at a 25.00 Hz rate; during the recording, an animation controller 
inserts a frame code on the tape, so that each frame can be individually reached 
during the off-line analysis; 

• one out of every three frames is automatically retrieved using an animation- 
controller, and digitised by a frame grabber with 512 pixels x 512 pixels x 
8 bits resolution; the resulting sampling rate is lowered to 8.33 Hz; 

• images of seeding particles are recognised on each digitised frame and centroid 
locations are computed and stored tog6ther with the number of the frame where 
they have been found; 

• trajectories of seeding particles are obtained; a temporal series of particle 
locations is accepted as a trajectory provided that the selected maximum 
distance between two successive locations and maximum difference between 
two successive displacements are not exceeded; these criteria are equivalent 
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to the assumption of a maximum velocity and acceleration in the investigated 
field; 

• the Lagrangian velocity field is evaluated: displacements along trajectories 
are divided by the time interval between two successive frames and velocity 
samples are stored together with the location and time at which they are 
evaluated; 

• velocity samples are re-arranged in order to obtain an Eulerian description of 
the field: velocity samples are reduced to a 10 × 21 regular grid obtained from 
7 successive instantaneous fields. 

As a result, the velocity is given on 210 points of the field at a rate of  1.19 Hz. 
This frequency is much greater than those involved in the convection phenomena 
under investigation (from previous LDA measurements the integral time scale is 
about 30 seconds). The acquisition starts after a time lag sufficient for a fully 
developed regime to be reached and is stopped after 1255 seconds. 

3. Data Processing 

3.1. FROM LAGRANGIAN TO EULERIAN FRAMEWORKS 

The Eulerian velocity field u(P, t) is obtained by splitting the measurement area 
(on which Lagrangian description is given) in 210 (Ax by Ay)-sized, rectangular 
regions S( i , j )  = {(x(i) - A x / 2  < x(i) < x(i) + A x / 2 )  fq (y(j) -- A y / 2  < 
y(j)  < y(j)  + Ay/2)}.  The centres P ( i , j )  of these areas are used as nodes of 
the Eulerian representation, giving at P(i, j ) ,  at time t, the mean value of the 
velocity of all particles that during the time lag t - At~2 < t < t + At~2 belong 
to the region S(i, j) .  In the present experiment, the described parameters are set 
to be A x  = L/21,  A y  = H/ IO and At  = 21/25 s. The number of velocity 
samples is a function of the position of the node P(i, j )  and of the time t, because 
particle trajectories are not uniformly described in space and time. Two different 
explanations can be given: the particles scatter better near the lateral wall through 
which the light passes first; the particles that seed high velocity regions (i.e. above 
the heat source) are more than those observed in low velocity regions (i.e. near the 
comers of the vessel and beside the heat element). In Figure 2 the mean number of 
samples used at each time to evaluate the velocity in the nodes P(i, j )  is given for 
the whole grid. 

The aim is to extract representative fields that at each instant contain as much 
data as possible. Two factors play an essential role: the resolution Ax, Ay of the 
grid and the averaging time At. Inverse .distance interpolation algorithm is applied 
to obtain velocity samples on areas where no particles are found: it affects less than 
5% of the nodes of the grid at each time. 
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Figure 2. Mean number of samples used to obtain the velocity in the nodes of the grid (21 x 10) 
each 0.833 seconds. 

3.2. PROPER ORTHOGONAL DECOMPOSITION 

The Proper Orthogonal Decomposition is a mathematical tool which permits the 
extraction of spatial and temporal flow structures from a turbulent field. It provides 
a rigorous mathematical framework for their description [8]. This tool is in a 
practical sense without approximations and can be applied to a wide variety of 
turbulent flows of current interest [9]. This means that the measured velocity fields 
can be reconstructed completely after decomposition. 

Recent developments in turbulence studies point two separate ways: experiments 
and simulations. There is a lot of information implying the existence of coherent 
structures and revealing something about their spatial and temporal characters. 
Recen~ applications of dynamical system theory to turbulence suggest that such 
flows reside on relatively low dimensional manifolds or attractors [9-12]. The basic 
concept is that dissipative systems have relatively low dimensional attractors. Thus, 
although the phase space for turbulent thermal convection is infinite-dimensional, 
the trajectory of the system is drawn into a finite dimensional attracting set, as 
a result of dissipation [13]. The flow may be described with reasonable com- 
pleteness by the interaction of a relatively few spatial structures [12]. POD is a 
statistical technique that contributes to deterministic dynamical analysis [8]. The 
POD decomposition was introduced in the context of turbulence by Lurnley [14, 
15] and applied to various kinds of fluid-dynamic fields [16-18]. The same tool 
was applied in other fields with the name of Karhunen-Lo~ve decomposition or 
principal component analysis and it seems to have been rediscovered several times 
[9]. 

Let us consider turbulent, time stationary, convective flows. They are represented 
by a state vector v: 

v = (u, 0, ; ) ,  (9) 
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where u, p and 0 are fluctuations of velocity, density and temperature field respec- 
tively [9]. For incompressible flows, neglecting the influence of temperature, (9) 
becomes: 

v = u. (I0) 

Although the physical characters of the problem suggest to many authors the use 
of v = (u, 0) as state variable for convective problems [9, 10, 13, 22], we will 
focus the attention only on the fluid motion and on the flow configurations. For 
our purposes only velocity fields in POD are utilised. The result of decomposition 
consists of a set of orthonormal functions representing the flow. The state variable 
v can be expanded in a set of admissible vector functions {~(n)} such as 

vi(x,t)  = ~ A(n)(t) ~ n ) ( x )  (11) 
7~ 

and the modal coefficients are uncorrelated: 

(AkA l) = Ak6kt, (12) 

where angle brackets represent time averaging and the overbar indicates the com- 
plex conjugation. The two point spatial correlation tensor can be written as: 

Kij (x, x') (xi(x,t)vj(x',t)) ~-~" ¢~(k)~x~-r~(k) = = Ak i t ) ' e j  (X'). (13) 
k 

The set {tIdn)} is usually referred to as "coherent structures" or "modes". 
It can be shown that K is hermitian, non-negative and square integrable (in a 

physical ground). These properties assure the existence of a unique convergent 
spectral representation for K [9]. It means that the {tI '(n)} exist and are unique, 
forming a complete set of orthonormal functions. Eigenvalues An can be seen as 
the mean square of the projection of each mode on the velocity field. They have the 
interpretation of giving the mean energy of the system projected on the ~n-axis 
in function space. An measures also the average relative time spent by the system 
along the ~n-axis [9]. The mean energy of the system is given by the sum of the 
eigenvalues: 

= f K/j(x,x ' )  dx = ~ Ak. (14) E 
k 

POD is optimal in an energetic sense because, among all decompositions, it is the 
most efficient. The projection on the subspace used for modelling will contain the 
most kinetic energy possible in an average sense [8]. It means that the amount of 
energy retained in the subspace (for a given number of modes) is larger than that 
obtained from any other decomposition. 

Three computational steps are used: 
• evaluation of the two point correlation matrix: 
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x') = (vi(x, t)) (15) 

performed on time of all PTV images; 
• resolution of the integral equation: 

f K / j ( x , x ' ) ~ ) ( x  ') d e  = Anfft~k)(x) (16) 

to extract eigenvalues A~ and eigenvectors {q(n)(x)}; 
• determination of the instantaneous coefficients for the decomposition, A (n) (t): 

A(~)(t) = q('~)(x) • v(x, t). (17) 

4. Results and Discussion 

4.1. VELOCITY FIELDS 

4.1.1. Mean velocity fields 

The Eulerian field plotted in Figure 3 shows the mean velocity field, averaged over 
the whole acquisition (1255 seconds), for Ra = 1.6 • 109. The plume rises in the 
centre of the tank, above the heating element, and follows the tank travelling along 
two counter-rotating vortices. Isovalues of horizontal and vertical components  of 
the mean field are also plotted in Figure 3. In the horizontal one, continuous lines 
are for right-to-left velocities, dotted lines for left-to-fight. In the vertical com- 
ponent plot, continuous lines represent downward velocities, dotted lines upward 
velocities. It can be noted that, with respect to the vertical centre line, the horizontal 
component is anti-symmetric whereas the vertical one is symmetric. 

4.1.2. Instabilities of the flow and velocity perturbations 

When the Rayleigh number is increased over the threshold, instabilities start and 
the plume oscillates on a vertical plane (natural swaying motion). This behaviour 
is shown in Figure 4. The Eulerian fields are taking at t = 5 s and t = 15 s. At 
t = 5 s the plume is turning on the left, at t = 15 s the plume is turning on the 
right. From 5 to 15 seconds, the plume returns back to the right side. 

To clarify the physical reasons for this behaviour, let us briefly refer to the 
monodimensional convection model [20J, in which a loop shaped pipe is heated 
from below and cooled from above. When the control parameter is small  (i.e. for 
low values of the temperature difference between hot and cold points), the flow is 
steady and the temperature distribution, after regime conditions have been reached, 
has uniform values in each ann of the pipe. For higher values of control parameter, 
hot and cold regions (if compared with the surrounding fluid) are formed near 
the hot and cold points: they maintain their identity during their revolution along 
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Figure 3. Mean velocity fields. (A) Mean field, (B) mean horizontal field, and (C) mean 
vertical field. 
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Figure 4. Instantaneous velocity fields. (A) Plume on the right and (B) plume on the left. 

the pipe: those regions will be called "blobs". Suppose that a hot blob is formed 
near the hot point: due to its lower density, it accelerates towards the upper cool 
region, where its velocity takes the maximum value. At this point it decelerates 
towards the lower hot region where the velocity is minimum: it generates velocity 
anomalies. Therefore, the time for the action of heating effects is much longer than 
that for cooling: the hot blob transfers momentum at each revolution producing 
oscillations. As a consequence, a feed-back process takes place: the presence of 
a hot blob enhances oscillation and oscillations increase the hot blob intensity. 
Similar effects are present for cold blobs. 

In Figure 5 the vertical component of the velocity is plotted: isovalues of 
velocities that in modulus are higher than a fixed threshold are reported. Veloci- 
ty anomalies are clearly observed rising over the heating element and travelling 
alternatively on the right side and on the left side of the vessel. These regions of 
the flow maintain their identity (perturbation of velocity and thermal fields) when 
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travelling 'along the rolls, so they transfer momentum to vortices. Instabilities of 
the roils are driven by velocity anomalies, related to thermal blobs. They are the 
assignable cause of the swaying motion of the plume. Successive fields are plotted 
in clockwise sense to provide a readable representation. 

4.1.3. Fourier analysis, a spatial portrait 

Eulerian velocity fields are obtained at a frequency of 1.19 Hz, much higher than of 
investigated phenomena. This means that a spectral analysis of velocity time series 
can be successfully performed at each point of the grid. The power spectra exhibit 
different characteristics depending on their location. Power spectra of horizontal 
and vertical velocity components have been evaluated along two horizontal lines, 
at two different heights: y/L = 0.42 and y/L = 0.23 and a qualitative description 
is obtained looking at their contour plots, given in Figure 6. The abscissa represents 
the horizontal position along the lines at the given level. Frequency is reported on 
the vertical axis. 

The horizontal velocity at y/L = 0.42 shows different behaviour between the 
side and the centre of the vessel. At the side, energy is distributed over a wide 
range of frequencies, whereas above the heat source, only one peak at 0.0577 Hz 
is observed. This frequency matches the frequency of oscillation of the plume 
and corresponds to the life time of the velocity anomalies shown in Figure 5. 
Vertical velocity spectrum is characterised by two main frequencies along the 
whole line. The higher corresponds to the inverse of the oscillatory period of the 
plume (0.0577 Hz) whereas the lower one (0.0172 Hz) is in good agreement with 
the inverse of the period of fluid particle revolution along a vortex. 

At the lower level (y/L = 0.23), both plume oscillation and particle revolution 
frequencies are present in horizontal and vertical velocity spectra. Maxima are 
located near the centre of the line, above the heat source. 

4.2. PROPER ORTHOGONAL DECOMPOSITION 

After Eulerian velocity fields are obtained, POD is performed on the set of data. 
In Figure 7 the modes from two to four are shown. The first mode is close to 
the mean field, all the others show different spatial patterns with characteristic 
structures located at different spatial positions and with different symmetries. POD 
theory states that using a given number.of modes, reconstructed fields retain an 
amount of energy larger than that of any other decomposition [8]. In other words, 
a low number of POD modes is sufficient for a good description of instantaneous 
fields. In Figures 8b and 8c an example of reconstructed fields is plotted. It is to 
be noted that five modes are sufficient to obtain an overall agreement. Increasing 
the number of modes up to 25, only a few differences between the original and 
reconstructed field can be recognised. A quantitative evaluation of the differences 
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Figure 7. POD first four modes. (A) First mode and (B) second mode. 

between the original and the reconstructed fields can be given using the percentage, 
non-dimensional, mean square error e% defined as: 

e ~ ( t ,  n )  = I 0 0 -  (v (x ,  t) 2) 

where angle-brackets indicate instantaneous spatial average. In Figure 9a the time 
averaged behaviour of  e~ is plotted v e r s u s  the number of  modes used to rebuilt 
the velocity field. Using 200 modes, the averaged value of  the percentage error is 
about 1%. The contour lines corresponding to e% = 5% and e% = 15% are plotted 
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in Figure 9b. Those contour lines show that the error in the reconstruction of the 
original instantaneous field is a function both of the number of modes and of the 
time at which the reconstruction is performed. This is because the eigenfunctions 
of the correlation matrix are the "most correlated" structures in an average sense, 
but not at the generic time t. For example, at t = 310 s, 50 modes are requested to 
obtain an error of 5% and at t = 315 s, about 150 modes are requested to give the 
same approximation. It is to be noticed that using the total number of modes, the 
error disappears. 
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In Figure 10 the cumulative kinetic energy is shown: the first eight modes 
(1.94% of total number of modes) retain more than 80% of the total energy, while 
the first 38 modes (9.22%) retain about 90% of the energy. 

Modal amplitudes of POD can be regarded as the time evolution of the degree 
of correlation between velocity field and POD modes. In Figure 11 the time series 
of the first four amplitudes are plotted: first one is always greater than zero. It 
does not exhibit any regular behaviour. All the others have mean value close to 
zero, with periodic oscillations. This is confirmed by the Fourier analysis of the 
series: power spectra of the first modal amplitude does not show any sharp peak. 
All the others present two sharp peaks, at two characteristic frequencies: 0.0172 
and 0.0577 Hz (Figure 12), corresponding to fluid particle revolution and plume 
oscillation, respectively. 

5. Conclusions and Further Developments 

The PTV analysis of convective flow permits very large structures that fill the 
whole vessel to be shown. Instabilities are driven by velocity perturbations, related 
to thermal anomalies. These regions of relatively high velocity are detected using a 
portrait of the vertical component: they are observed travelling alternatively to the 
left and right side of the tank, following ~ e  mean flow. Natural swaying motion of 
the plume can be related to the transfer of  momentum from those regions (hot and 
cold blobs) to the rolls. 

Results of POD analysis give information about structures that are "the best 
correlated" with velocity fields. Characteristics of these modes were given for a 
unique case. Our aim is to investigate the behaviour of modes both in space and 
time domain when control parameters are changed. 
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Power spectra are localised on characteristic frequencies depending on the 
grid position. The non-stationary nature of the flow suggests the application of 
wavelet decomposition to investigate temporal evolution of energy distribution on 
each point of the grid. Wavelet decomposition gives information both in time and 
frequency domains simultaneously. 

Particle trajectories are given only in the section lighted by the laser sheet: no 
measurement was performed on the direction of the heating element. Nevertheless, 
three useful considerations can be made about bi- and tri-dimensionality of the 
flow fields. 

• The experimental set-up breaks the symmetry of the system, resolving indeter- 
minations of the flow in the direction of rolls' axis (like in Rayleigh-Brnard 
convection, if preferential directions are not imposed by aspect ratios) and 
about their rotation. 

• There are few doubts about the existence of a transversal component of velocity, 
along the heating element (meandering motion) [21, 22]. But the observation 
of trajectories of seeding particles, performed on more than 200 consecutive 
images (,-~ three minutes) and the visual observation of the same particle in the 
light sheet for some time, suggests that flow nature in this experience is at least 
planar. Transversal component characters are the low values of intensity and 
the long period of oscillation. Stereoscopic investigations are planned for the 
future to detect meandering motions together with two-dimensional analysis 
in sections located near the front and rear walls. 

• Despite the planar nature of the flow, observation of velocity anomalies sug- 
gests these regions are limited along z-axis: their influence on the flow can 
be thought of as a function of their position over the heating element. Conse- 
quently, the flow can exhibit planar motions that are functions of z-position of 
the section. This behaviour is planned to be investigated with two colour laser 
sheets that illuminate two different parallel planes: different colour particles 
are recorded on different buffers, giving information on different sections at 
the same time. 
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