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Summary -- Zusammenfassung 

The Finite Element Method for Elliptic Equations with Discontinuous Coefficients. 
Numerical solutions of boundary value problems for elliptic equations with discon- 
tinuous coefficients are of special interest. In  the case when the interface (i.e. the 
surface of the discontinuity of the coefficients) is smooth enough, then also the solution 
is usually very smooth (except on the interface). To obtain a high order of accuracy 
presents some difficulty, especially if  the interface does not fit with the elements 
(in the finite element method). In  this case the norm of the error in the space W~ is 
of the order hl/~ (see e.g. [1]) and on one dimensional case it is easy to see that  the 
accuracy cannot be improved. In  this paper we shall show an approach which avoids 
this difficulty. The idea is similar to [2]. We shall show the proposed approach on a 
model problem -- the DII~ICHLET problem with an interface for LAPLACE equation; 
this will avoid pure technical difficulties. The boundary of the domain and the inter- 
face will be assumed smooth enough. The sufficient condition for the smoothnees 
can be determined. 

Die Methode der finiten Elemente fiir elliptische Gleichungen mR diskontinuier- 
lichen Koeffizienten. 1%umerische L6sungen yon l~andwertproblemen elliptischer 
Gleichungen mit  diskontinuierlichen Koeffizienten sind yon besonderem Interesse. 
In  jenem Fall, we die ,,Sprungfl/~ehe" (d. h. die Flgche der Sprungsteile der Koeffi- 
zienten) genfigend glatt ist, ist auch die L6sung normalerweise glatt (aul]er auf der 
,,Sprungfl~che" selbst). Es bereitet einige Schwierigkeiten, einen hohen Grad yon 
Genauigkeit zu erzielen, speziell, werm die ,Sprungstelle" nicht mit  den Elementen 
zusammenfiillt (in der Methode der fiuiten Elemente). In  diesem Fall liegt die Norm 
des Fehlers in dem l~aum W~ in der Gr6i]enordnung yon hi~ ~ (siehe z. B. [1]) und im 
eindimensionalen Fall  kann man leicht erkennen, dab die Genauigkeit nicht verbessert 
werden kann. In  dieser Arbeit wird ein Weg (s [2]) gezeigt, welcher diese 
Sehwierigkeit vermeidet. Der vorgeschlagene Weg wird an einem Modellfall erl~utert -- 
das DmlCHL~T-1)roblem mit  einer Sprungfii~che fiir die LAP~Ac~-Gleiehung; dadm'ch 
werden rein teehnische Schwierigkeiten vermieden. Die Randfl/~che und die ,,Sprung- 
fl~che" werden glatt genug angenommen. Eine hinreichende Bedingung fiir die Glatt- 
heft kann angegeben werden. 

1 This work was supported in part  by National Science Foundation Grant 
NSF-GP 7844. 
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1. The  Principle  ~ o t i o n s  

Le t  En be the  n-dimensional  EUCLIDIan space. P u t  x - - ( x  l . . . . .  Xn). 
Le t  D O and  91 (D1 c Do) be bounded  domains  wi th  smooth  boundar i e s  
D o and  D 1 1. F u r t h e r  let us assume t h a t  Q~ c Do, and  let D 2 = D o - -  D 1. 
Le t  the  spaces W~(Dj), j =  1, 2, (resp. (W~(D}), j = 0 ,  1) for k >~0, 
k ~< 0, will be the  f ract ional  spaces on D i (resp. D;-), see e.g. [3]. Fu r the r  
let W2 ~ (Do) = W~ (.01) ~ W~ (D2) (~- means  direct  sum). E v e r y  funct ion 
u e W~ (D)o can be wr i t t en  in the  fo rm 

u = ( u .  us), (1.1) 

where ul e W~ (D1) and  u 2 e W~ (D2) [see e.g. [3]] 2 and  let  

II = Ilu11   + % 

F u r t h e r  let ai > 0, i = 1, 2 be given. L e t  us define W~ (D 0, a 1, a2) c W2 k (Do) 
for k ~> 1 the  space of all funct ions u = (ul, u2) such t h a t  

ul  = u2 in W~/') (Di), 
(1.2) Ul ~ ~A2 1/2 

al  ~ = a2 Z~- in W~ (Di), 

where n is the  outside normal  to D~. 

Definition 1.1. Let there be given number k ~ O, k' ~ O. A system of 
linear manifolds M~ (Do) c W~' (Do), 0 ~ h ~ 1 will be said to be k-proper i f  
M~ (Do), has the following property. For every f E W Z 2(Do), l >~ O, it is 
possible to find a vh (f) E M~, such that for every l >~ p, p <~ k', p >~ 0 

[I f -  vh (f)[l~ (~0) ~ C (p, l)h" I] f Ilw!. (~0) (].3) 
where 

# = min  (k - -  p,  l - -  p).  

Such spaces are discussed in [4]. I f f  E W~ (Do) then  we place f = (fl, f2). 
B y  the  cont inuat ion  theo rem we m a y  cont inue f~ e W~ (Di) in W~ (En) 
while preserving the  norm.  

B y  [4] we m a y  a p p r o x i m a t e  f l  b y  a l inear combina t ion  of "hi l l"  func- 
t ions wi th  the  desired p r o p e r t y  in En and  therefore  also in W~ (D1) and  
similar  to W ~ 2 (D~). 

Now let us fo rmula te  our problem.  Le t  f ~ W~ (Do), g ~ W~ (.(20) 
and  let ai, i = 1, 2, a = (a~, a2) be posi t ive  numbers .  Then  the  p rob lem 
P (a, f ,  g) will be to find a weak  solution u such t h a t  

?u 
- -  ~ -~x~[ a (x) ~ - /  = f on Do, (1.4) 

i = l  

i For simplicity, let us asstmm that the boundary D6 and Di are C o. 
2 In [3] the spaces arc denoted by H s (D) (resp. H 8 (F)). 
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u = g on Do, (1.5) 

a n d  a (x)-----al on t91 a n d  equa l s  a 2 on  D2. 
T h e  fo l lowing  resu l t  holds .  

T h e o r e m  1.1. Let k > -  1, s > 1/2. Then there exists exactly one 
solution u of the problem P (a, f ,  g) in W~ (Y2o, al, a2). Moreover we have 

il u I[w~ (,o) ~< C (q,/~, s) Ill, g Ib,~ (1.6) 
where 

and 

Ilf, g Ib,~ = IIf IIw~ (m) + II g IIw: (~) 

q - - m i n ( k + 2 ,  s @  1/2) 

see e.g. [5], [6], [7] 3, 

(1.7) 

2. N u m e r i c a l  So lut ion  of  the  P r o b l e m  P (_a, f, g) 

L e t  ~t (h), i : 1, 2, be  a f u n c t i o n  def ined  for  h e (0, 1). F u r t h e r  le t  
v~ ~ M R ( M  R be  r - p r o p e r  a n d  the  c losure  is t a k e n  in W~ (~9o)) be  such  

t h a t  v~ : (Vh, 1, Vh, ~) m i n i m i z e  on  ~ t h e  q u a d r a t i c  func t iona l  

(v) = j e x  + (h) - -  + 

j = l , 2  t~ D~ 

~i ]=1 ,2  O.f 

v = (vi, v2). 

N o w  t h e  fo l lowing  t h e o r e m  holds.  

T h e o r e m  2.1. Let k > - -  1/2, s > 1, r ~ 1 ,  r ' =  1 and u = ( % , % )  
the solution of the problera P (a, f ,  g). Further let Y~i (h) = C h - %  C > O, 
ai > 0, then 

II u - vh Ilwi(~.) 4 C(~)h" llf, g Ib,~ 

1 3 (~1 ]C 3 
k + l ,  ~ = - - ~ - ,  / ~ + ~ - - e  2 ' §  

GI G2 GI G2 
s - - e  2 ' s - - e  2 ' 2 ' 2 ' r - - l ,  

1 ~ 1 ~ ]  
r 2 s 2 ,  r - - ~ - - e - - ~ - j ,  

with 

tt = ra in  

with s > O, arbitrary. 

Proof. L e t  us  define t he  fo l lowing q u a d r a t i c  f u n c t i o n a l  

(2.2) 

G2 
2 ' 

(2.3) 

s In this paper C is a general constant different from place to place. 
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j = 1 , 2  "q5 i 

( ~ ~., 1 )~ (2.4) 

If  k > - -  1/2, s > 1, then using the theorem 1.1 and SOBOL~V'S embedding 
theorems for fractional spaces we get on integrating by  parts 

]=1 ,2  O i i 

7"=1,2 Oy 

+ 2 ~., f a j ( ~ u i )  v i d x  --  
j = l ,  2 0 j  

~ ~u~ ~ ~u 2 
- -  2 a s ~ -  v2 ds  § 2 a2 ~ v 2 d s  - -  

2a~ ~ ~u2 a~ I ~ze2 ~2 

t" ( )u~ bu~ ) 

"~- a 1 ~ -  § a 2 ~ (v 1 -- v2) d ~ -~  

91 

1 f l  5u~ ~u~52 

N o w  because (%, %) is the solution in W~ (~o, al, %) we have for every 
v e W~ j~ (O~) 

a 2 - ~ -  vds_ = a 1 ~ -  y ds,  
.o~. .(2; 

and therefore 

2 a e ~ - n  v ~ - - a  2 ~ - n  vl d s  = 
O; 

~ul ~u2~ 
= ~ alTO§ ~)(v2--vOds. 

_(2" 
So we see that  

R~ (v) = K~ (v) + F~ (v) (2.5) 
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where 

X x 

i=1,2 9 i i 

9~ 9"0 

+ 4:~p2(h) ~ a i - ~  @ a2 ?n ) ds_. 

Thus the minimization of (2.1) and (2.4) in Ma leads to the same 
element v~. 

Let us assume now that  there exists ~h ~ M~ such that  

Rw (~h) ~< C h ~ Ilf, g ~ .  (2.7) 
Then obviously 

R,, (v~) <~ C h e. II f, g I ~  (2.8) 
so we have 

j ~-xT" d_x + 
j=1,2 9j 

+ ~1 (h) 9~ (v~.e -- ~ ) '  d~ + ~.. (h) ~ (v h -- v~.~)2 d~ < 
9.0 9; (2.9) 

9; 
l ( ~ul ~ 2  ] 

Because of the embedding theorem and the theorem 1.2 the right hand side 
of (2.9) is majorized by  

[ ' '1 C h e ~ + - ~ ) - t - ) ~ - ~  llf, g ~.  (2.10) 

We have 

II u - v~ IEw~(9o) ~<C h" + [~(~(~) + %v, (h)) J llf, g Irk,,. (2.11) 

By the basic property of M~ (f20). (See definition 1.1) and theorem 1.1 
there exists va such that  

where 

and 

#=min(r - -p ,  q--p) 

q = m i n ( k + 2 ,  s +  1/2). 

(2.12) 

(2.13) 

(2.14) 
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So we have 

- Ilwi(~0) + ~ (h) f (~h, ~ -u2)~ds_ + 

1 (~u~)~ds (2.15) 
+ f + (h) ] - + 

a?~ ~91 
1 ( b u , ) 2  ] 

+ - ~ ( ~  f k ~ ) d8 . 

Using (2.12) for p = 1/2 + e and p = 1 and the well known embedding 
theorems we have 

JR~p (~h) ~ C[  h(q'-l)2 -~ (~1 (h) -~ ~ (h) h (q'-l/2-s)2 ~- 

1 1] 
where 

q' = min (r, q). 

Put t ing  ~ (h) = Ci h -~'~ we have 

(2.16) 

R~ (~) ~< o h ~' llf, g I1~,, (2.17) 
with 

1 3 ~1 3 a2 
v : m i n  k + l ,  s - - ~ ,  k ~ - 2 - - - e  2 ' k - ~ y - - e  2 ' 

GI (72 GI ~2 
s - - e  2 ' s - - e  2 ' - 2 - '  2 ' r - - l ,  (2.18) 

1 al  1 a s ]  
r 2 e 2 ' r 2 e - -  ~ - ~  . 

By using (2.10) and (2.11) we have 

I] u - -  v~llw~(o.) ~ C h ~ Ill, g [Pk, s 

where v is given by (2.18). 

3. Conclusions  and R e m a r k s  

The approach tha t  we have shown can be used more generally. Le t  
us ment ion : 

(a) The ease of general elliptic equations, 

(b) the ease of pieeewise smooth r ight  hand  side; here we formally 
p t t t  a 1 = a2, 

{c) e i g e n v a l u e  p r o b l e m ,  etc .  

References  

[1] RIVKI~D, V. JA.: On an est imate of the rapidi ty  of convergence of homogenous 
difference schemes for elliptical and parabolic equations with discontinuous 
coefficients (Russian). Problems Math. Anal., Boundary Value Problems, Integr.  
Equations (Russian), pp. 110--119, Izd. Leningr. Univ. Leningrad. 1966. 



The Finite Element Method for Elliptic Equations 213 

[2] BAB~JgKA, I . :  Numerical solution of boundary value problems by perturbed 
variationM principle. Technical note BN-624, Univ. of Maryland, The Inst. for 
Fluid. Dyn. and Appl. Math. 1969. 

[3] LioNs, J. L., and E. MAGE~S: Problgmes aux limits non homoggnes et appli- 
cations. V . I .  Paris: Dunod. 1968. 

[4] BAB~J~KA, I . :  Approximation by hill functions. Technical note BN-648, Univ. 
of Maryland, The Inst.  for Fluid. Dyn. and Appl. Math. 1970. 

[5] ~]~rTEr~, Z. G. : A general theory of boundary value problems for elliptic systems 
with discontinuous coefficients (Russian), UkrMn. Math. 2.18~ 132--136 (1966). 

[6] ~E~'~]~L, Z. G. : Energy inequalities and general boundary problems for elliptic 
equations with discontinuous coefficients (Russian). Sibirsk Math. ~. 6, 636--668 
(1965). 

[7] ~ElrT~L, Z. G. : The solution in L~ and the classical solution of general boundary 
value problems for elliptical equations with discontinuous coefficients (Russian). 
Uspechi Math. Nauk 19~ 230--232 (1964). 

Ivo Babu~ka 
The Institute ]or .Fluid 

Dynamics and Applied Mathematics 
University o] Maryland 
College Park, Maryland 

U.S.A. 


