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Abstract - -  Zusammenfassung 

Algorithm 47. An Algorithm for the Solution of the 0-1 Knapsack Problem. A new implicit enumeration 
algorithm for the solution of the 0-1 knapsack problem - denoted by FPK 79 - is proposed. The 
implementation of the associated FORTRAN IV subroutine is then described. Computational results 
prove the efficiency of this algorithm (practically linear time complexity including the initial 
arrangement of the data) whose performance is generally better than that of algorithm 37 and thus 
superior to that of the best known algorithms. 

AMS Subject Classification: 90--4)4, 90 C 08, 90 C 09. 
Key words." Binary knapsack, integer programming. 

Algorithmus 47. Ein Algorithmus f'dr die Liisung des 0-1 Knapsack Problems. Wir stellen einen neuen 
Enumerationsalgorithmns - FPK 79 genannt - ffir die L6sung des 0-1 Knapsack Problems vor. Dann 
beschreiben wir die zugeh6rige Fortran IV Subroutine. Die durchgeffihrten numerischen Versuche 
zeigen experimentell, dab der Algorithmus einsehliel31ich des Sortierens der Eingangsdaten lineares 
Zeitverhalten aufweist, Er ist damit leistungsf~higer als der Algorithmus 37 und somit besser als die 
besten bekannten A!gorithmen. 

1. Introduction 

The improvement of the three phases of the MSB implicit enumeration method 
described in [2]: 

Phase 1: Solving the relaxed problem 
Phase 2: Reduction of the size 
Phase 3: Implicit enumeration (including a reduction scheme) 

explains the greater efficiency of the proposed algorithm - denoted by FPK 79 - 
for the solution of the 0-1 knapsack problem. 

Many options have been analyzed and proved in [6]; the aim of this paper is the 
description of the algorithm which has been actually implemented (section 3). 
Directions for use of the FORTRAN subroutine (section 6) are to be found in 
section 4. Computational results (section 5) show that algorithm FPK 79 is faster 
than the one of Martello and Toth (see [9]). (Algorithms have been tested both with 
randomly generated and concrete problems.) 
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2. Notations 

[2]: integer part of a real number 2 

Given a set J: 
[d] : convex hull of d 

I J I: cardinality of d 

J'\U: complement of a given subset U of d 

Given an optimization problem (P): 

v (P): optimal value of (P) 

~(P): (resp. v (P)) upper (resp. lower) bound on v (P) 

F (P): set of feasible solutions for (P) 

(P I x ~ X): (P) with the added constraint x e X 
[i.e, (3j : x i=e ) or (~Jl,J2 : X  J1 ~-'gl ;Xj2 =i~2) 
with ~, g 1, gz ~ {0, 1}3 

When (P) is a 0-1 problem in n variables 
x*: optimal solution for (P) 

V ={xeO~"[x~=O or 1 , j = l  ..... n} 
(/5): problem (P) when [ V] is substituted for V 
~: optimal solution for (/5) 

3. Description of the Algorithm 

Algorithm F P K  79 solves the following problem 

maximize c x 

(B) subject to a x _< b 

x ~ V  

whose data are such that: 

c ,a~N, ,b~  , 

max aj <_ b < ~ aj 
1 <_j<_n j=~ 

(These latest assumptions eliminate trivial solutions~ 

Note: Only few remarks follow the algorithm; for detailed proofs, see the references 
included in this description; a simplified flowchart of the algorithm is presented in 
Fig. 1. 

Algorithm FPK 79: 
Phase 1: Solving (/~): Search U c I = { 1  ..... n} such that 

[ 2a~ <-h< E a; 
j~U jeU~o[i} 

Vj ~ U cjaj >_ %lap Vp ~ U ; cjal = max {Cp/ap [ p q~ U} 
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in order to define the optimal solution Z of (/3): Yj= 1 Vj~ U; Yi=(b - ~ aj)/ai; Zj=0 
j sU 

Fje L= I\(U w {i}). 

The following algorithm NKR (expected linear time complexity) is analyzed in 
[3, 4, 6] (see also [5]). 

4 

I~J-~{ l  .... ,n}, U=O 

if IJ l< lO then 

Apply the followin9 algorithm CKR (see [3, 4]): 

1.1 Use the sorting method called "Insertion Sort" in [10] in order to sort in 
decreasing order the elements of 

R = U {c/a~}. 
j e J  

It is assumed that the data are renumbered so that 

cj~/aj~ >_ qUah >_... >_ c~q/ajq where q = r J I 

1.2 k**--rain{k[ ~ a i > b - ~ a j }  
p=l  jeU 

1.3 U=-Uufjl,j2,...,jk,_~} 

if ~ a j = b  then L----I\U 
j~v else i*-jk*; L - I \ ( U  w {i}); 

goto 6 

2i~( b -  Z @/ai; 
jeU 

R =_ U {c /a j}  
j~J  

2.1 Find k ~ d such that G/ak is the median element of the three elements located 
at the beginning, the middle and the end of R. 

2.2 Construct the following (R,k)-partition of J: 

U (J, R, k) =~ ~j ~ J\{k} t c/aj >_ cffak}; 
L(J,R,k)=~J\(U (J,R,k) ~ {k}) 
[elements of {jed\{k}[cj/a2=ck/a~} are distributed in U(J,R,k) and 
L (J, R, k) in order to minimize the number of permutations] 

if ~ a i > b then J - U (J, R, k); goto 1 
j~v~va, e,k) else U~U~) U(J,R,k) 

if ~ aj = b then L-~ I\U; goto 6 
j~U 

19" 
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5 if ~ aj+ak>b then i~k; L=-I\(Uw{i}); 
jeU 

)ci~( b -  Z aj)/ai; 
j~b' 

goto 6 
else U=-Uw{k} 

if ~ aj=b then L~I\U;  goto 6 
)eU 

else J = L (J, R, k); goto t 

End of Phase 1 

Is the solution of (B) integral? 

7 if 2~ V then x*~Y; v(B)~-v(B); stop 

Find a lower bound on v (B) by the classical greedy algorithm of [7] 

8 Construct S e V such that 

[ Xae-lij~ U; xi+-,0; by denoting L={ll, t2 .... ,ltL t} 
j - 1  

1 if xlj<b- ~ ak- ~ %x_l~ 
X lj~-- k~U k=l j = l , 2  . . . .  ,{L[. 

0 otherwise 

v_ (B)+-c x_ 

9 tY(B)*- [_v (/~)] 
if v (B) = 6(B) then x* +-_x; v(B)~-v (B); stop 

Phase 2: Reduction of the size of (B): 
The upper bounds on the optimal values of the following subproblems are values of the 
laorangean relaxation of (B) associated with cjai (optimal multiplier associated with 
ax<_b for (B-)); i.e. Vj~ {1, ..., n} Ve ~ {0, 1} 

#(B [ xj = ~) = [ci b/ai + max {(e - (eja 0 a) x t x ~ V; xj = e)J : 

Notations: 

xj+--e " xj must be fixed at e6 {0, I} in order to improve the current value of v_ (B) 

Xo=ijellxa~O} X1 =U~I lxs~ - l}  

10 Xo--X~-O Xz-{1, . . . ,n}  

I O if j~U 
Vj e U ~ L, given ej = 

~1 if j e L ,  

i f  d(B}xj=-gj)<_f(n) then xj~--1 --gj 
X l _ e j - ~ X l  _ejk,.) {j}; X2 ~-~X2\{J} 

* = X 2 \ ~ s  VjcX2, i f a j>b-  ~ akthenxj~0;Xo--=Xovo{j};X 2-  ':~ 
keX 1 
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11 if X2=  0 then x*+-_x; v(B)+--v'(B); stop 

273 

12 Hierarchy of variables: Let the variables of the reduced problem be reindexed in 
the following manner (see [6]): 

* when n < 1000: use the "Quicksort" method (see [10]) in order to arrange in 
increasing order the absolute values of the optimal relative costs of(B), that is 

c i - - -  Vj e X2 

(i always denotes the basic variable index) (see [2]). 

* when n >_ 1000: the arrangement based on the relative costs of(B) is realized by 
the Quicksort method with a threshold value - denoted by t - which leads to 
unsorted files of length t or less. 

Note: The parameter t is an increasing function of the size m = [322 [ of the reduced 
problem, and could be fitted at the end of phase 2. But for a practical point of view, its 
values are in fact chosen as a function of the size n of the given problem; for example, 
for the randomly generated problems of section 5, the different values of pairs (n, t) 
are: 

n 1000 2000 ] 5000 

t 8 10 

7500 

/ 

/ 35 60 
J 

Phase 3: Implicit enumeration for the reduced problem (including a reduction 
scheme): 

I 

(i) After renumberin 9 the variables from 1 to m = IX  2 [ (from the smallest ] c j -  C--( aj 
I ai  

to the highest ones), explicit enumeration of the set of the unit cube vertices of gm 
is realized: 

- by applying a Iexicographical search for the unit cube of R ' -  2 (associated with 
the subset of variables whose indices are in I =  {3,4 . . . .  ,m}): startin 9 from x} 
defined as x) = [:g~J Vj ~ I, 

the 2 m- 2 other unit cube vertices x} (j = 2,..., 2 m- 2) are searched in the following 
order: 

xf  : ( l - x '  x l ,  x~ . . . .  , 3, X m  h 

x ,  ~ : (  x ~ , l - x L  ~ . . . .  , x~l 

x t : ( 1 - x ~ ,  1 - x i ,  x~ . . . .  , x t )  

x ; : (  x'~, x L l - x L . . . ,  x,~,) 

x ~ ' -~  : (1 - x~, 1 - xL  1 - x~ . . . . .  1 - x~) 
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- by solving the following auxiliary problem for each 0-I vector 
x~ (k = 1 ..... 2 m-2) of Nm-2 considered as parameters: 

[ c~ x~ + max el xl + c2 x2 
1 (PA) t S.t. a t x 1 4- a 2 x 2 ~ b - a x x~ 

x : , x 2  e {0, t} 
L 

(ii) The arborescence associated with the explicit enumeration of the set of soiutions 
is implicitly searched as follows: 

Given a node of this directed tree, that is a partition {So, $1, $2} of X z 

ISo ={ j lx~=0}  
where $1 = {J l xj = 1 } 

the following tests are applied to the subproblem 

(P)=--(BIxj=O V j~XowSo;  x j = l  V j e X  1 wS1) 
i.e. 

I ~ c j+max  ~ cjxj 
j e X  1 u S  1 j s S  2 

t s.t. ~ ajxj<_b(P)=b- ~ a~ 
j~S2 j~X1 WSl 

xj=O or 1VjeS 2 

(The upper bound used is the value of the lagrangean relaxation of(B) associated with 
c f f  ai  

i.e. g(P) = cl b/ai + max {(c - (ci/ai) a) x [ xj = 0 Vj e Xo u S O ; 

x j = l  V j ~ X I u S I ; x j = O  or 1 Vj~_Sz}): 

13.0 z ~  ~ cj 
j ~ X 1 u S  1 

13.1 if g(P)<_v_'(B) then ~xsF(P) ' cx>v_(B)  
goto 13.13 

13.2 if b (P) < 0 then F (P) ~- 0; goto 13.13 

13.3 if b(P)=O then x ~ O  VjeS2 
So=-So u S2; $2=0; 
goto 13.10 

13.4 VjeS2 i f  a~>b(P) then xj~O; So-So  ~ {j} 
s2 -= S2\{j} 

13.5 if $2=0  then goto 13.10 
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13.6 if ~ aj<b(P) then x j ~ l  vies2 
J~s2 $! = $1 ~ $2 ; $2 = 

z~v(P)= ~ c; 
j e X  1 u S  1 

goto 13.10 

13.7 if f(P)<_v_(B) then ~x~F(P):cx>v(B) 
goto 13.13 

13.8 Let x (P) be the optimal solution of a relaxation of (P) 
i f  x(P)EF(P) then z~-v(P)=cx(P) 

goto 13.10 

13.9 Find v(P) by any heuristic method; z~-v_(P) 

13.10 if z>v(B)  then p(B)~z 
if  _v(B)=tY(B) then v(B)~v(B); stop. 

reduction of the size of (B): 

{01 ifjeU\X1 
Yje(U\X1)~(L\Xo), given ej= if jeL\Xo 

if  ff(Blxj=ej)<_v(B) then xy - l - e j  
Xt-~- - -X1  _~jw {j} 
X2 =X2\{j} 

if  X2 =0  or XI c~ So:P 0 or X o n $15~0 then x*~-_x; v(B)~v_'(B); stop 
if  z = v (P) then goto 13.13 

13.11 reduction of the size of (P) 
{01 i f j eUnS2  

Vj ~ $2, given ej = if j e L c~ S 2 

if  ~(P[  xj = e~) < v  (B) then xj~- 1 - ~ 
$1 - ~j =- S, _ ~j w {j} 

$2 -= S2\(j} 

13.12 if $2~-- ~ then 
if  x~F(P) and cx>v(B) then 

v_ (B)*--cx 
i f  v (B) = g(B) then x * ~ x; v (B)*--_v (B); stop 
repeat the phase of reduction of (B) (step 13.10) 

goto 13.13 
else Branching step in the lexicographical search framework 

13.13 Backtracking step in the lexicographical search framework 

Note: 
(i) Two other algorithms with a linear time complexity for s61ving the knapsack 

relaxation are also proposed in [1, 8]. 

(ii) Reduction phases: xj ~-e e {0, 1 } does not imply that x* = e (when v (B) =_v (B), for 
example). The dominance relations between variables described in [4, 6, 11, 12] 
are not implemented in this code. 
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(iii) Steps 13.8 and 13.9 are not performed for problems with randomly generated 
data. 

(8~ 

(9) 

[0 to 6) 

Find a lower bound on 
the value of (B) 

initial incumbent~ 

Find an upper bound 
on the value of (B] 

Solve the 0-1 continuous knapsack (/~ ] 
texpected linear time complexity algorithm) 

f71 

I ~  Is the solution of (/~) integral? - ~ _ y ? s  _ / 

IS THE VALUE OF (B) FOUND? 
(10/ yes 

REDUCTION ~ n o /  Are lower and upper bounds on ~ Y"~ r . . . . . . . . . . .  " 
of the size of [B} _ ~ ' ~ , ~ _  The value of (B) equal? ~ / / ' - ~ - ~ "  k IBKNIIIN All~ 

n o  (1 I I 
~ Are all of the variables of I BI eliminated? 

~ (121 
Sort the data of the reduced problem (hierarchy of variablesl 

+ 

Implicit lexicographical enumeration with the starting 0-1 solution 
defined as the optimal solution of l ~  with fractional variable assigned to 0: 

Given a subproblem [P/ 

/13.1 and 13.2) 
yes / 

- \  Is it possible to find a feasible solution of (P), better than the incumbent? ~ no 

yes 
"q (13.3 to 13.61 

Is the optimal solution of(P? trivial? \ no 
\ [including a reduction phase of (P)! 

(13.7) v 
yes / Is it possible to find a solution of (P~ \ no 

better than the incumbent? /- 

Find a lower bound on the value of (P) ] (13.8 and 13.9) 
�9 ; (13.10 

] ~ _ _  no 

no @ ~ >  yes 

L 
I THEVALUEOE, ,FOUND? ' yes <TE.MINAT I 

/,, Is the optimal solution of (F found? ~ yes 'r 
7 -f (13.11) 

REDUCTION 
of the size of (P) 

~" i13.t2) 
no Are all of the val:iables of 

\ tP/eliminated? 

[ BRANCHING STEP 

~x yes 

~ - - - - : ~  yes 
no ( New Incumbent ~ , @ ~ - - +  

v no [S THE VALUE OF (B) \ ) _ f f ~  T ~ E R ~ N A ~ - ]  
~ _  FOUND? 

1"13.131 
- - - - - - ~ - [  BACKTRACKING STEP ~-~- 

Fig. 1, A f lowchart  of the a lgor i thm 
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4. The FORTRAN Subroutine 

4.1 Parameter List 

Parameters of the FORTRAN IV subroutine FPK 79 are described at the beginning 
of the code (see section 6); entrance to the subroutine is achieved by using the 
statement 

CALL FPK79 (C, A, B, N, XG, N1, ISORT). 

All the parameters are integer; their meanings and the associated mathematical 
notation (in brackets) are: 

Input parameters 
C objective function (vector) 

A left hand-side of the constraint (vector) 

B right-hand side of the constraint (scalar) 

N problem size (scalar) 

(c) 
(a) 
(b) 
(n) 

ISORT scalar associated with the data arrangement for the reduced problem, in 
connection with the increasing order of the absolute values of the optimal 
reduced costs of (/~) 
= 0 if Quicksort method is performed 
> 0 (see phase 3 (ii)) if Quicksort method with a 

threshold value is used. (t) 

Output parameters 
XG optimal solution of (B) 

N 1 optimal value of (B) 

(x*) 

(v(B)) 

4.2 Main Local Variables 

a) n-dimensional vectors: 

XE = current solution (i.e. associated with v (B)) before algorithm stops; optimal 
solution of(B) at the end of the algorithm (indices are not in the initial order) 

XG = solution Y with Yi = 0 

IP = reference to the initial order of variables and to the heuristic solution: 

)C 1 if IP (]) < - 1 0 0  0 0 0  vj E L x- 
-J = ~l) if -n<IP( j )<O 

X: given a current solution x, allows to compare values of xj and Y~: 

1 i f j ~ S o n U  or j~Sac~L 
X(j)= 0 otherwise 

b) (n + 1)-dimensional vector: 

DA = absolute values of the reduced costs arranged in decreasing order 
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c) scalars: 

M = n u m b e r  of variables (n) 

L 1 --r ight  hand-side of the constraint  (b) 

F V C  = v ( B )  

S U P  = rain ( j lx j  not  eliminated} 

I Z 4 1  = Iv (/3)] = if(B) 

N = 2 
J~X 1 v S  1 

N1 =p(B)  

N3 + K2  = if(P) defined in phase 3 (ii) 

p i t  = b -  2 aj- 2 aj 
JeXI~3S 1 J e S 2 n U  

K 2 R  = 2 a j  

j e s  z 

4.3 Code Structure 
S ta tements  

(i) Phase 1: - Relaxation !2 to154 

(ii) Phase  2: - Heuristic method 155 to 176 
- Elimination of variables 178 to 216 

(iii) Phase  3: - Hierarchy of variables 217 to 322 
- First current soIution 323 to 355 
- Parameters  for solving problem (PA)  356 to 380 
- Resolution of  problem (PA) 381 to 435 
- New current solution 437 to 470 
- Implicit enumerat ion 471 to 570 
- Solution in the initial order of indices 571 to 596 

5 .  C o m p u t a t i o n a l  R e s u l t s  

Subroutine F P K  79 has been tested on a CII  HB IRIS 80, on an IBM 370/168 and on 
a U N I V A C  1110 with a lot of problems with randomly  generated - up to 7500 
variables - and concrete - up  to 200 variables - da ta ;  no breakdown occured. 

All the times are in milliseconds on a U N I V A C  1110; n denotes the size of problems. 

Tables 1, 2, 3 and 5 concern n = 50-, 100-, 500-, 1000-, 2000-, 5000,, 7500-variable 
problems with data generated from a uniform distribution: 

Vj~ {1 . . . .  , n} c f i  [0, 100[ a j e l 0 ,  100[ 
and 

(i) b~ max a j, ~ aj for tables 1 , 2 a n d 5  
Ll<_ j<n  j = l  
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(ii) b = ~ ~ aj with ~ = .2, .5, .8 for table 3 (only for n = 1000); a set of 50 problems is 
j = l  

considered for each size. 

Tables 4 and 6 consider more realistic cases: n=75- ,  100-, 150-, 200-variable 
problems with a concrete origin, whose features are summarized in Table 7 (see 
[3, 11] for more details). 

Computational times of Tables 1, 2, 3 and 4 include times for the data arrangement 
which leads to the solving of the relaxed problem. Tables 5 and 6 are relative to 
problems whose data are supposed to be arranged so that 

c y a i  > c i+ ~/aj  + 1 J = l ,  2 . . . . .  n - 1. 

Table 1 summarizes times phase by phase for algorithm F P K  79 whose total times 
are compared to those of algorithm MSB 71 (with the use of Quicksort method [10] 
for data sorting). 

Tables 2 to 6 contain comparisons between algorithms F P K  79, MSB 71 and the 
algorithm 37 of Martello and Toth (the authors'  code published in [9] and 
Quicksort method for data sorting were used). Algorithm F P K  79 is shown to be the 
fastest method in all these cases. 

More extensive computational results can be found in [6]. 

Table 1. Average times in milliseconds for randomly generated problems (when data have to be sorted for 
solving the relaxed problem) 

50 

I 100 

500 

1000 

Relaxation 

3.0 

5.6 

27.9 

50.7 

Reduction 

1.2 

2.4 

10.6 

23.6 

Implicit 
Enumeration 

2.4 

5.2 

11.5 

9.6 

Total 
Time 

13 

50 

83 

gain 
MSB 71 

31.3 

36.8 

51.2 

59.5 

I65 

533 394.3 105.5 7500 33.8 

2000 112.2 31.8 21.2 62.0 

5000 281.0 81.1 28.8 390 - 
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Table 2. Average times (Maximum timest in milliseconds/'or randomly generated problems (when data have 
to be sorted .]br solving the relaxed problem) 

n MSB 71 F P K  79 MT 78 t 

50 9.6 (17.0) 6.6 I 13.2} 10.3 ~ 20.2~ 

100 20.9 f 31.7} 13.2 ( 31.31 22.0 { 37.2) 

500 t02.4 1213,0/ 50.0 ( 105.61 110.7 f 151.2} 

1000 207.4 ~309.3) 83.9 t 142.8) 203.8 ~ 268.2~ 

2000 435.3 1720.6) 165.2 I 266.0) 416.1 t 469,9) 

5000 - 390.9 [ 532.01 1109.0 (1370.0t 
] 

7500 - 533.6 (1042.0t - 

Table 3. Average times in milliseconds for randomly generated problems in 1000 variables l when data have to 
be sorted for solving the relaxed problem} 

FPK 79 

~x= 0.2 

b=,x ~ aj 6=0.5 

e=0.8 

Relaxation 

56.2 

55.3 

Reduction 

25.9 

25.0 

50.l 23.6 

< b < ~ aj 50.7 23.6 max aj 

Implicit 
Enumeration 

13.4 

14.2 

8.4 

, 9 . 6  

I MT 78 
Total 

I Time 

94.5 1- - -209.2~ 

82.1 ~ ~  

83.9 

4, Table 4. Average times l Maximum timesi in milliseconds aor concrete problems ([3, 11], Table 7~ (when data 
have to be sorted Jbr solving the relaxed problem) 

Series 

3 

n 

1 200 

2 100 

100 __ 

100 

l - L 

MSB 71 FPK 79 MT 78 

42.1 I 78.8) 25.8 I 60.0} 42.1 ( 5 6 5 )  

26.2 t 37.9) 16.1 ~ 22.0) 22.5 ~ 35.2) 

19.8 ( 25.4) 12.3 I 16.2) 18.5 ( 2 2 . 2 )  ] 

259.1 (2581.7) 239,0 (2540.6) 673.2 (7570.8) ] 

108.8 (1315.7) 52.6 t 259.4~ 174.2 [1969.2) 

19.2 ~ 25.8l 12.6 [ 19.2) 19.0 [ 232) 

28.3 ( 37.91 16.1 I 26.2) 22.2 ~ 34..8) 
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Table 5. Average times (Maximum times) in milliseconds for randomly generated problems (when data are 
supposed to be arranged so that cJaj>_ cj+j/aj+~ j =  1, ..., n -  1) 

50 

100 

500 

1000 

2000 

MSB 71 

4.9 (11.5) 

10.2 (22.4) 

32.7(111,3) 

55.1 (156.9) 

104.0 (390.5) 

FPK 79 

4.1 ( 9 . 6 )  

8.4 (26.1) 

25.5 (85.3) 

40.3 (101.5) 

67.5 (134.0) 

MT 78 

5.6 (15.6) 

11.3 (26.6) 

36.8 (77.4) 

51.5 (116.0) 

84.8 (138.6) 

5000 143.4 (243.4) 183.1 (444.2) 

Table 6. Average times (Maximum times) in milliseconds for concrete problems [3, 11] (when data are 
supposed to be arranged so that c ja j  >>. cj + 1~a j+ 1 J = 1,..., n -  1) 

Series n ~ MSB 71 FPK 79 MT 78 

1 200 17.0 (53 .7 )  16.9 (48 .4 )  17.0 (31 .4 )  

I 2 ~ 8.6 (15 .1 )  7.7 (11 .2 )  8.3 (12 .6 )  

3 I 100 12.6 (27 .2)  10.9 (20 .8 )  11.5 (24 .2 )  

[ 4 ~ 100 15.6 (27 .2 )  10.6 (17 .0 )  11.8 (24 .6 )  

9.1 ( t 4 . 7 )  7.6. ( i 1 . 8 )  7 .9 (11 .6 )  

I 6 [ ____~__ 238.9 (25615) 232.3 (2535.2) 653.0 (7550.6) 

] 7 I 75 99.9 (1306.7) 48.2 (255.2) 165.2 (1960.4) l 7 

n 

20C 

10( 

10( 

10( 

lot 

15C 

75 

-Series n 

1 200 

2 100 

3 100 

100 

100 

150 

Table 7, Data features of  the concrete problems described in [3, 11] 

number of 
problems 

10 

10 

10 

10 

[1, 222] 

[1, 99] 

[4, 222] 

[13, 174] 

set of 
ai 

[1,1000] 

[1, 283] 

[1, 99] 

[2, 283] 

[15, 254] 

[500, 12oool 

[200, 4500] 

[500, 6000] 

[500, 6000] 

10 [1, 98] [30, 85] [200, 4500] 

12 [1, 1200] [1, 3541] [500, 8000] 

22 [1, 3541] [1500, 14000] 

mean values 

56.1 ] 67.4 

48.4 49.4 

63.7 61.2 

68.9 78.8 

49.5 57.4 

91.4 149.1 

160.7 273.9 
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CO02 

0003 
0OOA 
0005 
0005 
00C7 
0008 
0000 
0010 
0011 

0012 
0013 
0014 
0015 
001~ 
0017 
0018 
0010 
0020 
0021 
0022  
0 0 2 3  
0 0 2 5  
0025  
002~ 
002S 
0031 
0033  
0 0 3 4  
0 0 3 5  
0 0 3 6  
0037 
Q03E 
0030 
0040 
0041 
0 0 q 2  
OOAZ 
00A4 
00~5 
00A~ 
~CA7 
0 0 ~ e  
0 0 4 g  
~050 
0052 
0053 
0054 
0055 
0 0 5 7  
0055 
0 0 ~ 0  
00~I 
~0~2  
00~3 
00~4 
00~5 
00~E 
0055 
0070 
0071 
0072 
0074 
0075 
0 0 7 6  

307~ 
007q 
00B1  
0 0 8 3  
008~  
0 0 8 5  
0085  

6. F O R T R A N  Subroutine FPK 79 

SU3~CUTINE FPKT9 ( C p A = ~  ,N~XG,N I t ISO~T |  
C 
C THIS SUBROUTINE SOLVe3 THE 0 - I  KNAPSACK P~O~L3N 
C |  N I = C ~ X G = M A x I ~ I Z ~  C ( 1 ) t X ( 1 ) ~ * , . + C ( N ) * X ( N ~  
C SUBJECT TO 
C ( B ) :  
E A ( 1 } ~ X ( I ) + o . . ~ A { N } T X { N ~ < = ~  
C , ~  X { J ) = 0  O ~  1 J = 1 0 . . . J N  ~ ? H  N > 2  
C ALL ~ A ~ A ~ T 2 P S  A~E rNT~GE~  
C 
C ~NPUT PA~hMETE~S : 
C - ~ECTOPS C ANO A ~ ! ~ 1  
C ~NCLUDEO ~N ( ~ )  
C - SCALARS B ANO N o o . .  
C - SCALAR I S ~ T  DEALS WITH TPE S ~ T ~ N G  9 = THE ~AT~  
C OF TH~ =EDUCED P~QBLEM RY O~CREAS~NG 
C OPDER OF TH~ PEDUCED COSTS I N  A~SCLUTE V~LUE 
C |  0 IF QUICKSQRT ALGORITH~ IS US~C 
C ISO~ T = 
C ~ , , ,  THRESHOLD VALUE UNOE~ WHICH THE 
C S U B F I L Z S  ~ OUOING SORTING A~c ? G ~ O  
C 
C QU~PUT P A R A M e T E r S  : 
C - SCALAR NI = O P T I ~ L  VALU~ . .= |  
C o~ {BI  
C - vECTOP XG = OPTI~AL SOLUTION * , , .  
C 
C 

INTEGE~ A ( N ) ~ C ( N I ~ X G ( N )  
DIMENSION I P ( ? S 0 0 ) ~ O ~ ( ? S ~ I ) , I A U X I ( 1 0 0 ) ~ I ~ U X 2 { 1 0 0 )  
INTEGER XEI7500) ,X (TS00)  
INTEG~ SUP,OIR,CM~C~2~SU~2,V~,EV*X~XMI~XM~PLUS 
IhTEGER EX~XG~,S~B 
REAL K2,K2R~IVAL 

2 I P ( I ) = I  
L I=~  

C 
C CALL TH~ TIMING SUBROUTINE 
C 

SOLVING THE P~LA~ED PQ~BLEM 
c 

S=0 
I S E U I L = I 6  
K=0 
DO I0  I = I , N  
R=AI I  ) 
x ( I } = C ( I )  

13 D A ( I I = C I I ) / R  
I ~ l = l  
ICI=N 

E~=IC1 
I ~ ( I ~ - I 3 . G ~ . I S ~ U I L )  GOTO 5 
J l = I E ~ !  

23 I F { J I ~ G T . I H )  GOTO 30~ 
J 2 = J l - I  

91 I F { J 2 , L T . I S )  GOT~ 02 
I F ( D A ( J 2 ) ~ G E . O A ( J 2 + I ) }  GOT~ g~ 
J 3 = J 2 ~ l  
I P W = I P { J 2 )  
VAL=OA(J2) 
IVAL=A(J2)  
I P ( J ~ ) = ! P ( J 3 )  
A { J 2 I = A ( J ~ }  
OA(J3)=CA(J3)  
A I J3 )= IVAL  
I P ( J 3 ) = I P V  
DA(J~)=V~L 
J 2 = J 2 - 1  
GOTO g l  

02 J l = J l + l  
GOTO 23 
J l = I 8  
J A = ( l h §  
J 2 = J ~  
[ F I C A ( J I I . L E . D ~ { J 2 I )  GOT0 05 
J l = J 4  
J 2 = I B  

~ F I C A I J 3 ) , G E . ~ A ( J 2 ) )  GOTO 06 
J2=~H 
I F ( O ~ I J I ) . C E ~ D A ( J 2 I )  J 2 = J t  

06 V A L = ~ A ( J 2 )  
I V A L = A ( J 2 )  
I P V = I P ( J ~ )  
CA(J2D=CAI~h) 
A ( J 2 ) = A { I P )  
I P ( J 2 ) = I P ( I P )  
I ~ ( I B . G ~ . I P )  GOTO 

6 IF ( D A I I E ) . L T .  VAL~ G~TC 7 

I E = l e ~ i  
I F ( I B , G E . I H )  GOTO 8 
GOTG 

? D A I I H ) = D A ( I E )  
~ ( I P I = A ( i B )  
I P ( I H ) = I P ( I ~ )  

I ~ ( I R , G ~ , I F )  GOT9 5 
I ~ ( G A ( I F ) . L E , V A L )  G~TO 4 
O A ( I ~ I = ~ A { I F )  
A ( I E ) = A ( I h )  
I ~ ( I e ) = I P ( I F )  
K=K§ 
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0 0 8 7  
0 0 5 5  
0 0 ~ 0  
C O g l  
0 0 9 2  
0 0 9 3  
0 0 9 ~  
0 0 9 6  
0 0 9 7  
0 0 9 9  
0 1 0 3  
0 1 0 1  
0 1 0 2  
0 1 0 3  
0 1 0 4  
0 1 0 5  
0 1 0 ~  
0107 
0108 
0109 
0110 
0 1 1 2  
0113 

0119 
0 1 2 0  
0121 
0122 
0 1 2 3  
0124 
0 1 2 5  
0 1 2 6  
0 1 2 7  
0 1 2 ~  
0 1 2 9  
0~30 
0131 
0 1 3 3  
0134 
0135 
0136 
0137 
0138 
0 1 3 9  
01~0 
0 1 ~ 2  
01~3  
0 1 ~  
01~5 
0 1 ~ 7  
0 1 4 8  
0149 
0150 
0151 
0 1 5 2  
0 1 5 3  
0 1 5 4  

0155 
0157 
0155 
0159 
~160 

0113 
O I 6 a  
0165 
0 1 ~  
01E7 
0 l E e  
01E9 
017~ 
0171 
0172 
0173 
0174 
017~ 
0176 

o17e 
o17s 
018o 
o181 
0 1 ~ 2  
0184 
0185 
01e~ 
018~ 
0180 
0191 
0192 
01g3 
0 I ~ 4  
0105 
010E 
0107 
01gE 
o tg~  
0200 
0201 
0202 
O2O3 

I 8 = I E r  
I F ( I q , L X , I H )  G~TO 6 

B CA( I8 )=VAL 
A ( I E ) = I V A L  
K=K§ 
IP(  I ~ = I P V  
I F ( K , L T o L I )  GOTO 11 
K=K--A < I B I 
IF  (KgLE|  GOT(] 200 
K=S 
I C | = I B -  I 
GOTO 12 

11 I B I : I B §  
S=K 
GOTO 1 2  

2 0 0  IC=0 
D0 1 5 2  [ = 1 I N  
K13= IP(  I } 

152 C( I |=XIK131 
I C I = I 8 - 1  
IF (  IC I .EQ,OJ  GOTO 9B 
DO 99 I = I m I C I  

99 IC=IC§ I ) 
98 VE=L I-- K 

I F ( V E . E O . O }  GOT(3 307 
I F I V E , N E ~ A K I B | )  GOTO 19~ 
VE =0  
I C I = I B  
IC= I C §  
GQTO 3 0 7  

190 R=A( IBJ 
R= IC§ ~C( I B } / R  
GOTO 3 0 7  

301 I C = O  
$=IB-- I 
DO 151 l = I s N  
K1 ~ I P (  I I 

151 C( I } = X ( K 1 3 I  
I F I I B . E Q , 1 )  GOT0 310  
DO 3 0 3  I = I o S  

303 I C = I C ~ ( I )  
310 CONTINUE 

DO 30~ I = I B ~ I H  
J= I  
K=K § ( I I 
IC= IC§ I ) 
I F I K . G ~ . L I |  GOTO 305 

304 CONTINUE 
3 0 5  VE=L  1--K 

I C I = J  
IF (VE~EQ.O|  GOTO 3 0 7  
lB~d 
R = A (  I B b  
VE=VE§ ( I B )  
I C = I C - C ( I B  } 
R=IC§162 ( IB ) / R  

307 I V~=VE 
N I = I C  
N=N 

CALL THE TIMING 

~#EEOY ALGOnITHM 

I F ( V E . E Q . O }  GOTO 70 
EV=VE 
I @ l = I e + 1  
0 0  13 I = I S l ~  
I F  ( V E , L T . A ( I } )  GOTO 13 
N I = N I §  
9 E = g E - A I I }  
I P ( I ) = I P { I } §  

13 I R ( I I = - I P I I )  
I P ( I 2 ) = - I P I I B )  
I Z 4 I = R  
FVC=~ 
R = A ( I B }  

~ I = N + I  
~ 2 = ~ - I  
~3:N--2 

~ I E : N I  
I F ( I Z 4 I . E Q . N I )  GOTO I~5  

~ECucTIO~ ALGORITHM 

I = l  
SUP=I 

16 D A ( 1 ) = A ~ S ( C ( 1 ) - ~ * A { I ) )  
NAg=FVC-OA( I |  
I F ( N A V . L ~ . N I )  GOTO 15 

17 C A I ~ ) = A S S ( C ( ~ } - - R * A ( M } }  
NAV=FVC-OA(W) 
I F ( N A V , L E . N I )  GOTO 14 

I F I ~ . N E . ~  GOTO 17 
$UP=I 
GDTC l e  

14 ~ I = C A ( M }  
O A ( ~ ) = D A ( I }  
C A I I ) = ~ I  
H= IP IMI  
I P I ~ ) = I F I I }  
I P ( 1 ) = H  
P = A ( M )  
A I W I = A ( 1 )  
A(1)=H 
F=C(M} 
C I M } = C ( r )  

SUBROUTINE 

FOP A LOWE~ BOUND 0N ~HE VALUE 0 ~ { B I  
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0 2 0 4  
0 2 0 5  
0 2 0 ~  
0 2 0 6  
0 2 0 q  
0 2 1 0  
0 2 1 1  
0 2 1 2  
0 2 1 4  
0 2 1 5  
021~ 
0217 

0220 
0 2 2 1  
0222 
0 2 2 3  
0 2 2 ~  
0 2 2 6  
0227 
0 2 2 ~  
0 2 3 C  
0 2 ~  
0 2 3 3  
0 2 3 5  
0237 
0238 
023~ 
0 2 4 0  
0 2 4 1  
0 2 4 2  
0 2 4 3  
C 2 4 4  
0 2 4 5  
0 2 4 ~  
0 2 4 7  
0 2 4 ~  
0 2 4 9  
0 2 5 0  
0 2 5 1  
0 2 5 2  
0 2 5 3  
0 2 5 ~  
0 2 5 ~  
C 2 ~  
0 2 5 7  
C259  
0 2 6 0  
C 2 ~ t  
0 2 6 2  
0 2 ~  
r  
0 2 ~ 7  
0 2 0 8  
0 2 e ~  
0 2 7 0  
0 2 7 1  
0 2 7 2  
0 2 7 3  
0 2 7 4  
0 2 7 5  
0 2 7 ?  
0 2 7 ~  
0 2 8 0  
0 2 8 2  
0 2 8 3  
0 2 8 4  
0285 
0268 
0 2 8 7  
0 2 8 ~  
0 2 ~ C  
0 2 ~ 2  
0 2 ~ 3  
0 2 9 4  
0205 
02SE 
0 2 9 7  
029~ 
0 3 0 r  
0 3 0 1  
0 3 0 2  
0 3 0 3  
0 3 0 4  
0 3 0 r  
0 3 0 7  
0 3 0 8  
0 3 0 ~  
0311 
0 3 1 2  
0313 
0314 
0316 
0 3 1 7  
0 3 1 8  
0 3 2 C  
0 3 2 1  
0 3 2 2  
0 3 2 3  
0 3 2 5  
032~ 
0 3 2 7  
~326 
0 3 2 ~  
0 3 3 ~  
o ~ z  
G~33 

C{ I )=P 
N=M--1 

15 I F ( T . G E * ~ ) G C T O  l g  
1 = I ~ 1  
EO~C 16 

19 SUF=Iel 
t~ I~ ( $ U P . L T ~ N )  GQTO 68 

16B IV2=-1 
SUP=M1 
P=N 
~OTC ~ 

55 ISEUIL=E 
~ F ( I S O ~ T o N ~ = C )  ~ S ~ U I L = I S C Q T  

SORTING O# THE OATA Q= THE eEOUC~D P q Q P L ~  
C 

J = l  
16E=SLP 

2 0 2  ~0=I~B 

I ~ ( I h - I E e G ~ . I S E U I L )  GET~ 2 0 3  
[F I ISORT,hE,3)  GOTO 2 6 7  
J I : I s  

20 ~F(J I~G~. IH)  G~TO 2C 9 
J 2 = J l - - I  

21 I F ( J 2 , L T , I ~ )  G~To ~2  
t F ( C A ( J 2 ) = G ~ . ~ A ( J 2 + I ) }  GOT~ 2~ 
03=J2+1 
I P C = C f J 2 )  
IPe=A{J2)  
I P V = I F ( J 2 )  
~ V ~ L = O A ( J 2 )  
I P ( J 2 ) = I P ( J 2 )  
D A l J 2 1 = C A ( J 3 )  
A ( J 2 ) = A I J 3 )  
C ( J 2 } = C ( J 3 }  
A I J 3 ) = I P 6  
C(J3)=IPC 
CAEJ3)=IVAL 
IP (J3 )= IPV 
J 2 = J 2 - 1  
~OTC 2 1  

22  J i = J l ~ l  
GOTO 20 

2 0 3  J t = I ~  
J 4 = ( I H + I B ) / 2  
J2=J4 
I ~ | D A ( J l I . L ~ o D A ( J 2 } )  GOTO 35 
J l = J 4  
J 2 = I B  

~5 J 3 = I H  
I F ( C ~ ( J 3 ) * G E ~ D A { J 2 ~ }  GOTG 3E 
J 2 = I P  
[ F ( C A I J l I . G E , D A t J 2 1 1  J 2 = J t  

36  I V A L = O A ( J 2 )  
I P ~ = I P [ J 2 )  
IP6=A(J2)  
IPC=C(J2) 
D~{J2)=CA(IBB} 
I P ( J 2 ) = I P ( I E e )  
A ( J 2 ) = A ( I B B )  
CIJ2J=C(IE@) 
~ F ( I B , G E . I ~ )  GOTD 2 ]0  

206 I ~ { O A ( I P ) , G T . I V A L }  GOTQ 2C5 
~ H = I F - I  
I F { I B . G E . I H )  GOTQ 210 
~:OTO 2 0 ~  

2 0 5  #A(16 )=BA( I~ )  
I P ( I B } = I P ( I P )  
A { I E ) = A ( I P )  
C { IE )=C( IP )  

2 0 4  IB=IB~I  
I ~ { I@,GE, IH }  GOTO 210 
I F ( E A ( 1 6 ) . G ~ . I V A L )  GCTO 204 
CA|IH)=CA(I@) 
~P( I~ )= IP ( I@}  
C ( I P ) = C ( I ~ )  
~ ( I h ) = A ( I B I  
I ~ = I H - I  
I F ( 1 8 , L T . I H I  GQTQ 2 0 (  

2 1 0  CA[ I~)~ IVAL 
I P I I e l = I P V  

C(IE)=IRC 

TF { J . G T , 1 0 ~ )  GOT~ 2 r  
I A U X l { J ) = I  
~A~X2{J)=IRP 
J=Je l  
I F ( I * L E . I B B + I }  G~TG 20? 
IBP=I-1  
GOTO 2 0 2  

2C7 J=J-1 
~ F ( J . E O . O )  GOTQ 2 0 6  
I = I A U X t ( J ) + I  
IBP=I~UX2{J) 
I F I I ~ P , L E , I )  GgTO 207 
IB6=I  
G~TO 2 0 2  

2 0 8  C ~ N ~ I N U E  
E=(~UP~EQ.I) GOTO ~ 

9 3  I S ~ 2 = ~ U P - 1  
CO 74 ~ = I , I S U 2  

XG(1)=I 
I F ( I P I I ) , ( T , O )  GCTO 74 
X~(11=8 
X6{ I )=O 
I P { I ) = - I P ( I I  
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Q334 
033E 
C337 
o 3 3 e  
o 3 3 g  
c 3 4 1  
o 3 ~ 2  
o 3 ~ 3  
0345  
o3aE 
o ~ 4 7  
G34~ 
~ 3 5 6  
0 3 ~ I  
0352 
0 3 ~  
0354 
03s 

0 3 5 ~  
C~7 
035E 
0359 

~3~C 
03~1 
0 3 ~ 2  
G3~4 
03~5 
O~Ge 
C3~7 
0 3 ~  
G3~g 
037e 
0371 
0 3 7 2  
~37Q 
0375 
C~TE 
0 3 7 7  
0 3 7 ~  
037~ 
O3~C 

0 3 8 I  
r  

0 3 8 4  
0 3 8 5  
f l3E? 
038~ 

0 3 q 8  
03~1 
0 3 9 2  
0 3 ~  
O3S~ 
o 3 g ?  
0 3 g ~  
~ 4 0 0  
0 4 0 1  
0 4 0 ~  
0 ~ 0 3  
0~05 
o ~ 0 7  
o 4 o g  
0411 
0413 
0~ I~  
o415 
0 4 1 ~  
0417 
041e 
0~19 
0 4 2 C  
0421 
042~ 
0~24  
0 ~ 2 5  

0427 
0 4 2 ~  
042S 
~ 3 0  
0r 
0 ~ 3 2  
0 ~ 3 3  
0 ~ 4  
O435 

O4,37 

044~  
0 ~ 4 1  
0 ~ 2  
0444 
0~4~ 
0 ~ 4 (  
0447 
0448 

I F ( I P ( 1 ) . L E . I 0 0 0 0 O }  GOTO 74  
X E ( I } = I  
I P ( 1 ) = I P ( I ) - I O 0 0 0 0  

74 CONTINUE 
I F ( 1 9 2 , L T * O )  GOTO 70 

73 DO 75 I=SUP~N 
~ (1 )=C  
I ~ ( I P { I I . G T . O }  GOTO 76 
x ~ ( 1 ) = O  
XG( I }=O 
I P ( I I = - - I P ( 1 )  
I F ( I P ( 1 ) . L E . I O 0 0 0 0 )  GOTO 75 
I P I I } = ~ I P ( 1 ) - I O ~ O 0 0  
X E ( 1 ) : t  
GOTO 75 

7 6  x E ( t ) = I  
X ~ ( 1 ) = I  

75 C~NTINUE 

PARAmETerS FO~ THE R=SCLUTION ~= 
C ThE AUXILIAPY P;O~LEM (DENOTE~ BY { P , A . )  ) 
C 

L M e A I N )  

CM=C(N) 

XGM=XG(~) 
I F I L N - L ~ 2 . L F , C |  GOTO 81 
SUP2=LM 
I N F = L ~ 2  
J = k  
CCTO 82 

~1 5UP2=LM2 
INF=LM 
J = h - |  

82 l h : O  
I F ( C ( J } , L T . C ( 2 ~ N - - 1 - J ) )  IH=I  
LS:LM4LN2 
CIF=EV+L~2IEX+LM*XGM 
N:N 
N3 : IC  
N=N3-CN2~EX-CM*XGM 
S=S~P-I  
KzSLP 

C 
C IMPLICIT ~NUMERATION ALGUPITHM 
C NE~ CURRENT SOLUTION 5Y SOLVING { P ~ A , )  
C 
C CALL TN~ TIMING SUeROUTINE 

GOTC ~6 
56 X ( K ) = I  

TP2=N 
D I F I = D I F  
I F ( X G ( K ) |  27 
N=N-C(K)  
G I F = C I F ~ A { K }  
GO~C 28 

27 N=N~CIK~ 
~ I F = C I F - A ( K )  

28 N=N-PL~5 
I F { ~ I F . E E . O )  GOTO B~ 
IF (K .NE,~3)GOTO 5B 
X(K)=O 

O I F = D I F I  
N=TP2  
GOu ~8 

96 I F ( C I F . E ~ = L ~ )  GOTO ~6 
I ~ ( ~ I F . L T . I h F )  GOTO 65 
I F ( I H , ~ g ~ I }  GOTO Ol 
I F ( C I F ~ G E ~ S ~ P 2 )  GOTO ~4  

62 ~M~=I 
X~=G 
XMI=DIF-LM2 
GOTO ~7 

63 XM2=O 
X~=I 
X ~ I = O I F - L N  
GOTC 67 

~4 ~ F ( I N F ~ E C ~ L ~ )  GOTO ~2 
GOT~ E3 

65 ~M~=O 
XM=C 
X N I = D I F  
GOTC E7 

XM=I 
X ~ I = C I F - L 5  

67 CONTINUE 
F L L S = C M 2 ~ X M 2 §  
N=N§ 
N]mN 
I F IN~L~ ,N I IGOTO 47 

C 
C N~W CURRENT OPTIMAL SCLUTION 
C 

N I = N  
IF{SUP.GToM3)GOTO Q3 
DO 42 I=~UP~M3 
~ E ( I } = X G ( 1 )  
I F ( X I I ) . E C , I )  X E { I } = I - X G ( I )  

42 CONTINU~ 
�9 3 ~ E ( M 2 ) = X M ~  

VE=~MI 
I F ( I Z 4 1 , E G . N I )  GOTO 70 

20 C o m p u t i n g  28/3 
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0450 
04S~ 
0453 
0454 
0~55 
0457 
0455 
0460 
0461 
0463 
046~ 
0 4 6 7  
0468 
0 4 7 C  

0 4 7 1  
0 4 7 2  
0472 
0474 
047~ 
o470 
0480 
o45l 
0483 
0 4 8 4  
0486 
0487 
0485 
0 4 8 S  
0 4 9 0  
0401 
0402 
0 4 ( ] 3  

0404 
0AgE 
0 4 9 7  
04gcJ 
0 5 0 0  
050 I 

0 5 0 2  
0502 
0505 
0507 

0508 
0505 
0 5 1 0  
0512 
0513 
0515 
0516 
0518 
0 5 2 0  
0 5 ~ 2  
0 5 2 3  
052S 
0526 
052 e 
0 5 2 ~  
0531 
0 5 3 3  
053A 
0 5 3 5  
0 5 3 8  
0 5 3 7  
053(~ 
O540  
0541 
0542 
0543 

0544 
0545 
05 45 
0 5 ~ 8  
0 5 5 0  
0551 
0 5 5 2  
0 5 5 3  
0555 
0 5 5 6  
0 5 5 7  
0S58 
0 5 5 9  
0 5 6 0  
0 5 6 2  
0564 
0565 
0 5 6 7  
0 5 5 8  
0 5 6 9  
0 5 7 0  

0 5 7 1  
0573 
0574 
0 5 7 5  
0576 

I F { S U ~  ~ G T , ~ t } G O T 0  q 8  
I S U 2 = $ U P  
D8 44 I = I S U E * M I  
N A V = F V C - D A ( I }  
I F ( N A V = G T . N 1 )  GOTO 45  
S U P = E b P §  
I r  ?0 

64 CONTINUE 
45 IF(SUP ,GE.~)GOTO ?0 

IF(%SCRT,hE| GOTO 47 
4 5  I F ( X I S U P ) = N E o l )  GOTD 47  

S U P = S U P + I  
IF(  SUP,RE ,~)GDTO if0 
GOTC 46 

C 
C I M P L I C I T  LEXICOG~APHICAL S~A~Ch  
C 

47  ~ = ~ 2  
Z=DA(~I ) *X~I  
K2~=DIF 
IF(XM~.NE.E~)Z:Z§ 
IF(XM.NS.XGN) Z=Z+DA{M} 

45 I~(K,EG,SUPIGOT~?O 
K = K - I  
[FIX(K)~hE| 5 0  
X(K)=O 
Ir  ~ 
OIF=CIF~A(K) 
N=M~C(K) 
~ T C  51 

49 DIF=CIF§ 

K 2 R = K 2 g ~ A ( K )  
S l  Z = Z ~ A ( K }  

GOTC 4~ 
C STEP E 

50  K 2 = - O A ( K ) * Z  
I F I N 3 + K 2 o L E , N I I G O T O  57 
IF(XG{K),NE.I IGOTO 52 
K2r 
GOT~ 5 3  

S2 K2P=K2E-A(K) 
C ~TEP I AND STEP 2 

53 CONTINUE 
IF(K2R,GE*O)GDTO 54 
I~(XG(K) .EQ.O}  K2R=K2P+A(K) 
GOTC 45 

C STEP ~,5 AND 6 
5 4  5 V = K 2 ~  

I$2=K~1 
I F ( I S 2 , ; T . ~ )  GOTD 77 
GO 55 I=I~2,~ 
I F { ~ I I ) , L E , K 2 P ) E V = E V - - A ( I )  

55 CONTINUE 
77 IF(EV.LT,O)GOTD 56  

IF(NZ+K2--OA(MI)~EV.GT.NI)GOTD 53 
I F ( X G ( K ) . E Q . O ) K 2 ~ m K 2 R + A ( K )  
GOTC 48 

57 I F ( X G ( K ) , E O , I )  K 2 Q = K 2 R + A ( K )  
GOTC 48 

8 3  I F ( I S ~ , 6 T . M 3 }  GDTO 56 
00 ~4 ~ = I S 2 , M 3  
I F I A { I ) ~ G T . K 2 P }  GOTO 5 7  
t F ( X G ( 1 ) . E Q , 1 )  GOTO 84  
x ( I } = 1  
O I F = D I F - A ( I )  
N=N~C{I) 
GOTC 84  

@7 ~ F I X G ( I ) . S Q * O )  GOTO E~ 
x ( I } = l  
O IF=DIF~A{ I )  

B@ CONTINUE 
GOTG 56 

C 
C EXPLICIT LEXICOGRAPHICAL SEARCH 
C 

58 ~=2  
Eg J = M - H  

I F ( X ( J ) , E O , I )  GOTO 60 
IF(XGIJ)~EQ.O) GOTO 69 
X ( J } = I  
~ I F = D I F e A ( J )  
N=N--C{  J ) 
~ E ( D I F * G E , O )  GOTD 8 6  
GOTO 5 8  

6 0  X(J)=O 
N=N*C{J) 
D I F = D I F - A { J )  

6Q H = H ~ I  
I F ( J , G T . K + t ) G O T ~  59 
I F I K e E @ ~ S U P ) G O T O  70 
X I K ) = O  
I F ( X G ( K ) ~ E Q , O ) K 2 R = K 2 R ~ A E K )  
N = T P 2  
OlF=DIF I  
GOTO A8 

7 0  CONTINUE 
C 
C C A L L  THE TIMING SUBROUTINE 
C 
C 
C ALL OF THE RESULTS ARE G I V E N  IN 
C THE INITIAL DATA ORDERING 
C 

IF( IV2.NE~O) GOTO ~9 
DO 173  I = I , I C I  

173 X E ( I ) = I  
I C I = I C I + I  
O0 175 I = I C 1 , M  
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0 5 7 7  1 7 5  X E I I ) = O  
3 5 7 8  GOTO 3 t 2  
0 5 7 9  5 9  I F ( N t E * E Q I N I )  GOTO 3 1 2  
0 5 8 1  I F ( S i E G a O )  GOTO 3 1 2  
0 5 8 3  DO 3 1 |  I = l p S  
0 5 8 #  3 1 1  X E ( I I = X G ( I )  
0 5 B S  3 1 2  N=M 
0586 GO 71 I = l t N  
0 5 8 7  K = I P ( I )  
0588 X ( K ) = C ( 1 )  
0559 71 XG(KA=XE(I) 
0 5 9 0  QO 1 0 #  I = [ , M  
05~I K= IP (1 )  
o 5 g a  ! o ;  X E ( K ) = A ( I I  
0 5 9 3  O0 1 0 3  I = I , M  
0 5 9 4  C { I ) = X ( I )  
0 5 9 5  1 0 3  A ( 1 ) = X E ( I )  
0 5 ~  RETURN 
0 5 9 7  20&  t R I T E I B , 1 0 2 )  
0598 102 FORMAT{ m ARRAY CUT OF BOUNDS IN  OUICKSORT SUBROUTINE e) 
0 5 9 9  RETURN 
0 6 0 0  ENg 
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