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Abstract — Zusammenfassung

Algorithm 47. An Algorithm for the Solution of the 0-1 Knapsack Problem. A new implicit enumeration
algorithm for the solution of the 0-1 knapsack problem — denoted by FPK 79 — is proposed. The
implementation of the associated FORTRAN IV subroutine is then described. Computational results
prove the efficiency of this algorithm (practically linear time complexity including the initial
arrangement of the data) whose performance is generally better than that of algorithm 37 and thus
superior to that of the best known algorithms.
AMS Subject Classification: 90—04, 96 C08, 90 C 09.
Key words: Binary knapsack, integer programming.

\

Algorithmus 47. Ein Algorithmus fiir die Losung des (-1 Knapsack Problems. Wir stellen einen neuen
Enumerationsalgorithmus — FPK 79 genannt - far die Lésung des 0-1 Knapsack Problems vor. Dann
beschreiben wir die zugehorige Fortran IV Subroutine. Die durchgefithrten numerischen Versuche
zeigen experimentell, daB der Algorithmus einschlieBlich des Sortierens der Eingangsdaten lineares
Zeitverhalten aufweist, Er ist damit leistungsfzhiger als der Algorithmus 37 und somit besser als die
besten bekannten Algorithmen.

1. Introduction

The improvement of the three phases of the MSB implicit enumeration method
described in [2]:

Phase 1: Solving the relaxed problem

Phase 2: Reduction of the size
Phase 3: Implicit enumeration (including a reduction scheme)

explains the greater efficiency of the proposed algorithm — denoted by FPK 79 —
for the solution of the 0-1 knapsack problem.

Many options have been analyzed and proved in [6]; the aim of this paper is the
description of the algorithm which has been actually implemented (section 3).
Directions for use of the FORTRAN subroutine (section 6) are to be found in
section 4. Computational results (section 5) show that algorithm FPK 79 is faster
than the one of Martello and Toth (see [9]). (Algorithms have been tested both with
randomly generated and concrete problems.)
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2. Notations

(Al integer part of a real number A

Given a set J:

JI convex hull of J
11 cardinality of J
NU: complement of a given subset U of J

Given an optimization problem (P):

v(P): optimal value of (P)
F(P): (resp. v(P)) upper (resp. lower) bound on v(P)
F(P): set of feasible solutions for (P)

(PixeX): (P) with the added constraint xe X
Lie. (3):xj=¢) or (Fjp,Jo 1 Xy =81;%),=8)
with ¢, &, &, €{0,1}]

When (P) is a 0-1 problem in n variables

x*: optimal solution for (P)

4 ={xeR"|x;=0o0r 1,j=1,...,n}

(P): problem (P) when [ ¥] is substituted for V
X optimal solution for (P)

3. Description of the Algorithm

Algorithm FPK 79 solves the following problem

' maximize ¢x

subject to ax<b

(B)

xeV

whose data are such that:

n
% c,aeNJ beN,
3 n
max ¢;<b< ) g
1<jsn j=1

(These latest assumptions eliminate trivial solutions.)

Note: Only few remarks follow the algorithm; for detailed proofs, see the references
included in this description; a simplified flowchart of the algorithm is presented-in
Fig. 1.

Algorithm FPK 79:

Phase 1: Solving (B): Search U< I={1,...,n} such that
Z aJSb < Z (lj
jeu U U}

VieUcja;=c,/a,Vp¢ U; c;ja;=max {c,/a,|pg U}
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in order to define the optimal solution X of (B): X;=1Vje U; X;=(b— }_ a;)/a;; ¥;=0
VjeL=I\(Uu {i).

jeu

The following algorithm NKR (expected linear time complexity) is analyzed in
I3,4,6] (see also [5]).

0 I=J={l,..,n}, U=}

1 if |J|<10 then
Apply the following algorithm CKR (see [3, 4]):

1.1 Use the sorting method called “Insertion Sort” in [10] in order to sort in
decreasing order the elements of

R= U {ci/a;}.

It is assumed that the data are renumbered so that

Jr=

k
1.2 k*<min {ki Y a,>b—3% aj}

p=1 jel

¢;,/a; >cil/aj22...2ch/ajq where g=|J |

1.3 UEUU{jl:jZ’...,jkfs_l}
if > a;=b then L=1\U

jeu else i—j.; L=I\(U u{i});
X;—(b— ) a)fa;
jelU
goto 6
2 R={J{cja;}
jeJ

2.1 Find keJ such that ¢;/a; is the median element of the three elements located
at the beginning, the middle and the end of R.

2.2 Construct the following (R, k)-partition of J:

U,R k)={je\{k} |c/a;>c/ar};

L{J,R,k)=JU{J,R, k) u {k})

[elements of {jeJ\(k}|cja;=c;/a,} are distributed in U(J,Rk) and
L(J,R, k) in order to minimize the number of permutations]

3 if Y a;>b then J=U(J,R k); gote 1
jeUGUW,RK) else UsUuUU({,R k)

4 if ) a,=b then L=1\U; goto 6

jel

19*
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5 9f ) a;+aq,>b then i—k; L=INU U {i});
jeU
)Ei('”{b_ Z aj)/ai;

jel
goto &
else U=U U {k}

if Y a,=b then L=I\U; goto 6
< else J=L(J R k), goto 1
6 x;<1VjeU;x;<0VjeL;v(B)cx
End of Phase 1 -

Is the solution of (B) integral?

7 if Xe V then x*«X; v(B)«v(B); stop
Find a lower bound on v(B) by the classical greedy algorithm of [7]
8 Construct xe V such that

{ x;e 1 ¥je U; x,«0; by denoting L={l;, b, ..., }

j—1
Lif x,<b= 3 ay— ), ayx,
X1 keU k=1

i j=12,..,1L].
0 otherwise
Jecx
9 #(B)«|v(B)]
(B)=v(B) then x*«x; v{B)«v(B); stop

Phase 2: Reduction of the size of (B):
The upper bounds on the optimal values of the following subproblems are values of the
lagrangean relaxation of (B) associated with c¢;/a; (optimal multiplier associated with
ax<b for (B); i.e. Vje{l,...,n} Vee{0,1}

7(B|x;=¢)=|c; bja,+max {(c—(c/a) a) x| xe V; x;=¢} ]:
Notations:

x;<¢ 1 x; must be fixed at € {0,1} in order to improve the current value oj‘ v{B)

Xo={jelix;<0} X ={jel|x;<1}

0 X, =X,=0 X,={1,...n}

. . 0 i jeU
VjeUuL, given ¢;= L
(11if jeL,
if 0(B|x;=¢)<uv(B) then x;<1—¢; :
Xl—ajEXI——SjU{j};XZEXZ\{j}

VieX, if a;>b— Y a then x;<-0; Xo =X, L {j}; X, =X,\{}

keX,
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11 if X, =0 then x*«X; v(B)«v(B); stop

12 Hierarchy of variables: Let the variables of the reduced problem be reindexed in

the following manner (see [6]):

* when n<1000: use the “Quicksort” method (see [10]) in order to arrange in
increasing order the absolute values of the optimal relative costs of (B), that is

¢
]

i

Vie X,

(i always denotes the basic variable index) (see [2]).

* when n>1000: the arrangement based on the relative costs of (B) is realized by
the Quicksort method with a threshold value — denoted by t — which leads to

unsorted files of length t or less.

Note: The parameter ¢ is an increasing function of the size m=| X, | of the reduced
problem, and could be fitted at the end of phase 2. But for a practical point of view, its
values are in fact chosen as a function of the size » of the given problem; for example,
for the randomly generated problems of section 5, the different values of pairs (s, 1)

are.

n 1000

2000

5000

7500

|
10135

60

Phase 3: Implicit enumeration for the reduced problem (including a reduction

scheme):

(i) After renumbering the variables from 1 to m=| X, | (from the smallest } c;j—

to the highest ones), explicit enumeration of the set of the unit cube vertices of R™

is realized:

— by applying a lexicographical search for the unit cube of R™~? (associated with
the subset of variables whose indices are in I=1{3,4,...,m}): starting from x}

defined as x} =|x;| Vjel,

the 2™ 2 other unit cube vertices x}(j=2, ...,2" %) are searched in the following

order:

xj
X
Xy
X

x2m.—2

(1 —-x3,
(0 X,
: (1 *X:l,;,
(0 xs,
((1—x3,

1
X4,
1—3x;,
1—-xg,
1
X4,
1—-x3,

1
X3, ...

1
Xgyvoe

1
X3y nns

1
1—xs,...

1—xi,..

*

PR a T o
She Fm Fim oF
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— by solving the following auxiliary problem for each 0-1 vector

xbi(k=1,...,2m" %) of R™"? considered as parameters:

{ crXk+maxcy x; +¢y X,
(PA) g St Ay xitayx,<b—a;x;
] Xy, %;€4{0,1}

(ii) The arborescence associated with the explicit enumeration of the set of solutions
is implicitly searched as follows:

Given a node of this directed tree, that is a partition {S,, S, S} of X,
So={jlx;=0
where [ 0 {I_lx’ )
Si={jlx i 1}
the following tests are applied to the subproblem

(P)=(B|x;=0VjeXouSy; x;=1VYjeX, uS,)
le.

Y, ¢+max Y ¢x;
jeX us, JjeS,
| s.t. Y a;x;<b(P)=b— ) g
jeS; jeX{vS,
x;=0 or 1Vjes§,

(The upper bound used is the value of the lagrangean relaxation of (B) associated with
ci/a;
ie. 5(P)=c;b/a;+max {(c—(c/a)a)x|x;=0 Vje XoUS,;
x;=1VjeX, US;;x;=0 or 1 ¥jeS,}):

130 ze Y ¢

jeX,uSy

13.1 if 0(P)<u(B) then Zxe F(P):cx>p(B)
goto 13.13

13.2 if b(P)<0 then F(P)=§; goto 13.13

133 if b(P)=0 then x;«0VjeS,
Se=8SuS,; S, =0;
goto 13.10

13.4 VjeS, i a;>b(P) then x;<0; So=S, L {j}
8, =8\{J}

13.5 if S,=0 then goto 13.10



An Algorithm for the Solution of the 0-1 Knapsack Problem 275

13.6 if Y a;<b(P) then x;<1VjeS,

Jes §,=8,U8,; S, =0
zev(P)= ) ¢
jeX uS,
goto 13.10
137 if ¢(P)<v(B) then Axe F(P):cx>p(B)
gote 13.13

13.8 Let x{P) be the optimal solution of a relaxation of (P)
if x(P)e F(P) then z+«v(P)=cx(P)
goto 13.10

13.9 Find v(P) by any heuristic method; z«<p(P)

13.10 if z>yp(B) then p(B)«z
if v(B)=0(B) then v(B)«p(B); stop.

reduction of the size of (B):
Vie(U\X,) U (LX), gi _ 0 if jeU\X,
je( Y o) glven g;= | if jeD\X,

if 5(B|x;=¢)<v(B) then x;&-1—z¢;

Xy =X 50}

X, =X\{j}
HX,=0or X;nSy#0 or Xgn S5, #0 then x*«x; v(B)«v(B); stop
if z=v(P) then goto 13.13

13.11 reduction of the size of (P)
) i {0 if jeUnS,
Vjes,, given g;= o
1if jeLnS,
if 0(P|x;=¢)<v(B) then x;«1—¢;
Sl—e,-ESI—s,'U {]}
S, =8\{}
13.12 if S,=0 then
if xe F(P) and c¢x>p(B) then
v(B)ecx
if p(B)=0(B) then x*+x; v(B)«uv(B); stop
repeat the phase of reduction of (B) (step 13.10)
goto 13.13
else Branching step in the lexicographical search framework

13.13 Backtracking step in the lexicographical search framework

Note:

(i) Two other algorithms with a linear time complexity for solving the knapsack
relaxation are also proposed in [1,8].

(ii) Reduction phases: x;<-¢€ {0,1} does not imply that x} =& (when v(B)=p(B), for
example). The dominance relations between variables described in [4, 6, 11, 12]
are not implemented in this code.
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{ii1) Steps 13.8 and 13.9 ar¢ not performed for problems with randomly generated

data.

06 |

]

Solve the 0-1 continuous knapsack (B)

(expected linear time complexity algorithm) ‘

]—ma lower bound on
the value of (B)

(initial incumbent)

U

Find an upper bound
on the value of (B)

no

U]

Is the solution of (B) integral?

yes

1

REDUCTION
of the size of (B)

4n_o<

Are lower and upper bounds on
The value of (B) equal?

IS THE VALUE OF (B) FOUND?

| |

¥

{11

Are all of the variables of (B) eliminated?

! Implicit lexicographical enumeration with the starting 0-1 solution
: defined as the optimal solution of (B) with fractional variable assigned to 0:

| (13.1 and 13.2)

Given a subproblem (P)

‘I jy e s it possible to find a feasible solution of (P), better than the incumbent?
" ¥ (13310 136)
.oy s Is the optimal solution of (P} trivial? no

1

(including a reduction phase of (P)

¢

|
! ‘ (137 |
o yes Is it possible to find a solution of (P) no ¥
| ) better than the incumbent?
; L } Find ‘a lower bound on the value of (P) j (13.3 and 13.9)

(13.10)
: yes
. New Incumbent?
! no /1S THE VALUE OF (B)

l FOUND? TERMINATE
. no . . yes
\ Is the optimal solution of (P) found? —
: (13.11)
REDUCTION

‘ of the size of (P)

(P) eliminated?

| ¥ (13.12)
Areall of the vatiables of

' [ BRANCHING STEP |

IS THE VALUE OF (B)

yes

FOUND?

|
\/HNATE 1

(13.13)

BACKTRACKING STEP 4————%——J :

Fig. 1. A flowchart of the algorithm
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4. The FORTRAN Subroutine

4.1 Parameter List

Parameters of the FORTRAN IV subroutine FPK 79 are described at the beginning
of the code (see section 6); entrance to the subroutine is achieved by using the

statement
CALL FPK 79 (C, 4, B, N, XG, N1, ISORT).

All the parameters are integer; their meanings and the associated mathematical
notation (in brackets) are:

Input parameters

C objective function (vector) ()
A left hand-side of the constraint (vector) (@)
B right-hand side of the constraint (scalar) (b)
N problem size (scalar) (n)

ISORT scalar associated with the data arrangement for the reduced problem, in
connection with the increasing order of the absolute values of the optimal
reduced costs of (B)
=0 if Quicksort method is performed

>0 (see phase 3 (ii)) if Quicksort method with a

threshold value is used. (¥)
Output parameters
XG optimal solution of (B) x*)
N1 optimal value of (B) (v(B))

4.2 Main Local Variables

a) n-dimensional vectors:

XE = current solution (i.e. associated with p(B)) before algorithm stops; optimal
solution of (B) at the end of the algorithm (indices are not in the initial order)

XG = solution X with x,=0

IP = reference to the initial order of variables and to the heuristic solution:
] 1 if IP{j)< —100000
VjeL Xi=Ya, . ]
(0 if —n<IP(j)<0
X: given a current solution x, allows to compare values of x; and X;:

1if jeSenU ieS;NL
X(j):{ if je O.m or jeS; N
0 otherwise

b} (n+ 1)-dimensional vector:

DA = absolute values of the reduced costs arranged in decreasing order
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¢) scalars:

M =number of variables {(r}

L1 =right hand-side of the constraint ()
FvC  =v(B)

SUP  =min {j|x; not eliminated}

1Z41  =[v(B)]=i(B)
N =Y g

jeX, U8,

N1 =y(B)
N3+ K2=(P) defined in phase 3 (ii)

jeX,us, jeSynU

JjeS,
4.3 Code Structure

(i) Phase 1. — Relaxation

(ii) Phase2: — Heuristic method
— Elimination of variables

(iii) Phase 3: — Hierarchy of variables
— First current solution

— Parameters for solving problem (PA)

— Resolution of problem (PA4)
- New current solution
— Tmplicit enumeration

— Solution in the initial order of indices

5. Computational Results

Statements
12 tol154

155 10 176
178 to 216

217 10 322
323 to 355
356 to0.380
381 to 435
437 to 470
471 to0 570
571 to 596

Subroutine FPK 79 has been tested on a CIT HB IRIS 80, on an IBM 370/168 and on
a UNIVAC 1110 with a lot of problems with randomly generated — up to 7500
variables — and concrete — up to 200 variables — data; no breakdown occured.

All the times are in milliseconds on a UNIVAC 1110; n denotes the size of problems.
Tables 1, 2, 3 and 5 concern n=50-, 100-, 500-, 1000-, 2000-, 5000-, 7500-variable

problems with data generated from a uniform distribution:
Vie{l,...,n}c;€[0,100[ a;€]0,100[

and
) be[ max a; . aj[ for tables 1,2 and 5

1<jsn j=1
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(i) b=a ) a;witha=.2,.5,.8for table 3 (only for n=1000); a set of 50 problems is
j=1
consiiiered for each size.
Tables 4 and 6 consider more realistic cases: n="75-, 100-, 150-, 200-variable

problems with a concrete origin, whose features are summarized in Table 7 (see
[3, 117 for more details).

Computational times of Tables 1, 2, 3 and 4 include times for the data arrangement
which leads to the solving of the relaxed problem. Tables 5 and 6 are relative to
problems whose data are supposed to be arranged so that

cila;=cipq/a;, j=1.2....n~1.

Table 1 summarizes times phase by phase for algorithm FPK 79 whose total times
are compared to those of algorithm MSB 71 (with the use of Quicksort method [10]
for data sorting).

Tables 2 to 6 contain comparisons between algorithms FPK 79, MSB 71 and the
algorithm 37 of Martello and Toth (the authors’ code published in [9] and
Quicksort method for data sorting were used). Algorithm FPK 79 is shown to be the
fastest method i all these cases.

More extensive computational results can be found in [6].

Table 1. Average times in milliseconds for randomly generated problems (when data have o be sorted for
solving the relaxed problem)

n Relaxation Reduction EnIuTnpelriZittion :f.?:na; o f;é% 71
50 3.0 12 24 6.6 313
100 5.6 24 5.2 132 36.8
500 27.9 10.6 11.5 50.0 51.2
1000 50.7 23.6 9.6 839 59.5
2000 112.2 31.8 21.2 165.2 62.0
5000 281.0 81.1 28.8 390.9 -
7500 394.3 105.5 338 533.6 -
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Table 2. Average times (Maximum times) in milliseconds for randomly generated problems (when data have

to be sorted for

solving the relaxed problem)

n MSB 71  Eekw MT 78
50 9.6 ( 17.0) 66 ( 132) 103 ( 202)
100 209 ( 31.7) 132 ( 313) 220 ( 372)
| 500 1024 (213.0) 50.0 ( 105.6) 110.7 ¢ 1512#
1000 2074 (309.3) 839 ( 142.8) 2038 ( 268.2)
2000 4353 (720.6) 165.2 ( 266.0) 416.1 ( 469.9)
5000 ~ 390.9 ( 532.0) 1109.0 (13700)
7500 ~ 533.6 (1042.0) R

Table 3. Average times in milliseconds for randomly generated problems in 1000 variables (when data have to
be sorted for solving the relaxed problem) ‘

L FPK 79 ,
f MT78
] Relaxation | Reduction Imphclt' T9ta§
Enumeration Time ‘
=02 56.2 ] 259 134 95.5 205.7
b=xYa,  a=05 55.3 250 142 945 2092
2=08 50.1 236 8.4 82.1 219.9
!
L maxa;<b<y g 50.7 | 236 9.6 83.9 2038

Table 4. Average times (M aximum times) in milliseconds for concrete problems{{3, 111, Table T){(when data

have to be sorted for solving the relaxed problem)

Series n MSB71 FPK 79 MT78
1 200 421 ( 78.8) 258 ( 60.0) 42.1( 565)
2 100 192 ( 258) 126 ( 19.2) 190 ( 23.2)
3 100 283 ( 379) 16.1 ( 262) 222 {348
4 100 26.2 (- 37.9) 16.1 ( 22.0) 22.5 {0 352)
I
| 5 100 19.8 ( 254) 123 ( 16.2) 185 ( 222)
6 150 259.1 (2581.7) 239.0 (2540.6) 6732 (75708)
7 75 108.8 (1315.7) 52.6 { 259.4) 1742 (19692)




An Algorithm for the Solution of the 0-1 Knapsack Problem 281

Table 5. Average times (Maximum times) in milliseconds for randomly generated problems (when data are

supposed to be arranged so that ¢;ja;>c;. /a;4, j=1,...,0—1)

C MSB 71 FPK 79 MT 78

i 50 49 ( 115) 41 ( 96) 56 ( 156)
100 102 ( 224) 8.4 ( 26.1) 113 ( 26.6)
500 32.7(111.3) 255 ( 85.3) 36.8 ( 77.4)
1000 55.1 (156.9) 40.3 (101.5) 515 (116.0)
2000 104.0 (390.5) 67.5 (134.0) 84.8 (138.6)
5000 - 143.4 (243.4) 183.1 (444.2)

Table 6. Average times (Maximum times) in milliseconds for concrete problems [3, 117 (when data are

supposed to be arranged so that cjja;=c;y /0., j=1,..,n—1)

Series n MSB 71 FPK 79 MT78

1 200 170 ( 53.7) 169 ( 48.4) 170 ( 314)

2 100 8.6 ( 15.1) 77 ( 112) 8.3 ( 12T

3 100 126 ( 272) 109 ( 208) 115 ( 242)

4 100 156 ( 272) 106 ( 17.0) 118 ( 24.6)
——

5 100 91 ( 147) 76, ( 11.8) 79 ( 11.6)

6 150 2389 (2561.5) 232.3 (2535.2) 653.0 (7550.6)

7 75 99.9 (1306.7) 482 ( 255.2) 165.2 (1960.4)

Table 7. Data features of the concrete problems described in [3, 11]

—%

. number of set of mean values
Series n
problems ¢ a; b ¢; a;
1 200 10 [1, 222] [1, 283] [500, 12000] 56.1 674
2 100 10 {1, 99] [i, 99] {200, 45007 484 494
3 100 10 [4, 222] [2, 283] [500, 60007 63.7 61.2
R
4 100 10 [13, 174} [15, 254] [500, 6000] 68.9 78.8
|
5 100 10 [1, 98] [30, 835] [200, 4500] 495 574
6 150 12 [1, 1200} [1, 35413 [500, 8000] 914 149.1
7 75 22 [1, 1000] [1, 35417 [1560, 140007 160.7 2739
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6. FORTRAN Subroutine FPK 79

SUBFPCUTINE FPKTI (LA +NeXGaN1+ISORT])

THIS SUBRCUTINE SOLVES THE 0-1 KNAPSACK PRNOALIM
ese NIRCHXGEMAXIFIZE CLLISX{Y I tao o tCANYEX (NS
. SUBJECT T4
(B8
. (133X (1) vaa e ¥ ACNIPXINI<=T
e x€41=0 0r 1 J=lsamash Wi TH N>2
ALL PARAMZTERS ARE TNTEGER

INPUT FARAMETERS 1
- VECTORS C AND A tene
INCLUDED IN (8B}
— SCALARS B AND N see

- SrALAp 1SQRT DEALS VXTH THE SORTING 9% THE NATA
QF THT REDUCED PROBLIM RAY DZCREASING
OFDER OF THE PECUCED COSTS IN ABSCLUTE vapue
spwe O IF QUICKSORY ALGORITHM 19 USFD
130T =
somne THRESHOLD WALUS UNDER WHICH THT
SUBFILES SRONUCED DURING SORTING ARE TGNDIRTD

QUTRLUT PARAMETERS
= SCALAR N1 = OPTIMAL VALUT ruea
» DF (B}
- VECTCF XG = OPTIMAL SOLUTION case

G{

gA(’SOI)-lAUX!(lOD).IAUXZ(lOO)
Q0

CMZ24SUR2 WWT e EV e XN, XML , XM2,PLUS

CALL  THE  TIMING SUSROUTING

SOLVING THE PELAXED PROBLEM

£=0

ISEUIL=1C

K=0

DO 10 I=1.N

R=AL(1)

X{1y=C(1)
DACII=C{II/R

121=1

IC1=N

1e=1e1

IR=1C1
IF(IH-IR.GELISFUIL) GOTQ £
J1=1E+1

IF(J14GTalK) GOTQ 301
Ja=Jdi=1

IF(J2.LT18) GOTOQ 32
IF(DALJZ)eGESDA{I2+13) GOTD 92
J3z=J241

1Pv=1P(J2)

VA AfJz)

v ACJa2)

P I=1PtJ3)

A =A{J3)

oA }=CA(JZ)

AL

1P

1i=18
Ja=(1r+1B8)/2
J2=J4
IF{CA(JL)LLE.D&LI2I ) GOTD 25
Ji=J4
J2=18

=1H
IZ(EA(JS).G?.OA(JE)) GOTO 26
Jax=1
IF(DALUY) 2 GEWDALS2) ) J42=J1
WAL=DA(

e~
- Te Tw B nns A
- T o e

GOTQ &
VALY GOTO 4

B Amp NN ET~APONMI BN U=

Komidomomm [ mrromadom } K
o bt (T3 rat 07 1ot 4t 2 T g C) bt bk o o C Y

K vt D KT o et et 1 Vo 0D ) ik ek Rt g B2



GUNNRONRNBRN S B OBG00D000
=HROAUNONPUN GO NNPLNOOT LN L N

[a1aYaYaTaYal

VOVCAAVDOTOBOLOCBOOLE
Bt G ot Sk o o d Bad fi D D Fk e B8 (s e g
B A L L L
AN DA E LSV M

ann

OOOOVVVBVNGOWVDD®0KWMME-E
WO AMNANDS (N DBEONDN=SNm

HO0O000BANHOVRNOBRODDAOS
TOTO N \J 1 44 1ot b 1 1h b Dk 1t 1ot o 8 b e 10 200

An Algorithm for the Solution of the 0-1 Knapsack Problem 283

IPLIB)I=IPV
IF{K.W Tol 1) GOTO 11
K=K=A{(IB)

IF (KeLE.L 1} GOTQ 220

23¢ IC=
DO 152 I=1.N
K13=IP(1}
152 CCII=X(K13)
icl=iB-1
IF( IC1+EQe0) GOTO 98
DO 99 [=1.1C1
99 IC=1C+CUI)
28 VE=L1-K
IF{VE.EQeD) GOTO 307
IF{ VE.NEJA(IB)) GDTO 199
VE=0
IC1=18
IC=IC+C(18)
GDTO 307
199 R=A(IB)
R=ICH+VEIC(IB)I/R
307

301 IC=

.
z

{
158 C(I)=X{
E GOTO 310

. -

~ D X e
[0

e =
PSR E FEE Y

303 IC=IC+C
310 CONTINUE
DO 304 I=IBe1IH
J=
K=K¥+A(I)
IC=IC+C{I)
IF(KeGEet 1) GOTU 305
304 CONTINUE
306 VE=LI-K

ICi=J
IF(VE.EQaC) GOTD 337
=J

CALL THE TIMING SUBROUTINE

CREEDY ALGORITHM FOR A LOWEFR BOUND ON THE VALUE 0OF (B}
IF(VELEQ.0) GOTO 70
Eyz=VveE

181=18+1
00 12 1=1B1,.N
IF (VEJLTaA(1)) GOTO 13
MIz=N1+C(T)
VESVE-A(L}
IP(I}=1P{13+100000
13 1P(1 {1}
IP{1e)=~1P118B)
1Za1
FvC=
R=4( )
f=C{ Y/R
Ml=N
M2=N
MIz=N
CA(ML )=F
NIE=
IF( 1.£QsN1) GOTO 188
RECUCTION ALGORITHM
1=1
sup=1
16 DAUI)I=ABS(C(II-R*A{1})
NAV=FVC-DA(I)
IF(NAV.LE.NT) GOTO IS
17 CA{MISAES(C(M)I—R¥A(M))
NAVEFVC-DA(N)
IF(NAVJLEWN1) GOTO 14
Mzp—1
IF(VNELT) GOATA 17
sup=1
GOTC 18
14 Ri1=
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D.Fayard and G. Plateau:

CLli=¢

SuF=1+1
IF {SUR.LT«N) GOTO 8¢
Iv2a-1

<

1

1

1

1

1 EeGELISEUILY GCTY 202
1 3) GOTG 2¢7

J

1 YelIR) GOTO Z2C7

E

I TaI81 GATO 22

i Z2312GZCALJZ+T13} G270 22
B

I z)

I Z2)

1 J42)

T {Jz2)

1 IP(JZ)

D CA(JIZ)

A (J32)

C {J3)

Ald PE

c{J PC

cal IVAL

P4 IFV

J2=

¢a7

1=

6QY

Ji=

Jas(IH+IB)/E

J2=J44

IFIBA(JL1).LT.DA{JI2} ) GOTC 35
di=44

d2=18

43=1H

IF(CA(U3) «GELDALIZYY GOTO 3€&
d2=1r

IF(CA(JX).?E.DA(JZ)) 32=4t

GOTD 210
o IVAL) GOTQ 205

GOTO 2140

GOTO 210
TvaL) GCTO 204
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).LE.100003) GOTO 74
{1)~100000

Rl GOTO 70

I
£
LT

=5UP,

}eGT 40} GOYOD Te

DGOO) GOTO 7%

B o
~D
- Y
I
o

CY 3 v s re 3¢ 5 ot 3¢ T et £ bt D¢ Pt
»or 1= o

OMVBNDAM T~ NIV

m

P Crermifeara | OO e et

METERS FOR THE RESCLUTION 9%
AUXILIARY PROBLEM (DENNTED BY (P.A.) )

L - A N N T N T e -

+LFel) GOTZ 81

{+=0

!F(C(J)-LT C{2*N=-1~J)) IH=1
LS=LM4LM

CYIF= FV#LW AT X+ M* XGM

M=N

NZ=IC

N=NI-CM2REX—CHE XGM

S=5UP~1

K=SLP

IMPLICIT ENUMERATION ALGCRITHM
NEW CURRENT SOLUTION 3Y SOLVING {F.Al.)

CALL  THT TIMING SURROUTINE

o

sNEWl)GCTR 27

.-v'ﬂ

ALK

~ALK)

.(E.Q) GOTQ BE
NE.M3)GOTO 58

XL A | M ey

Ne mDON OODONZH
nrn~m-aa -t
CNXOME K
A}

AR ZODZOTZ D -0
(-]

XG{K]JsEQsDIK2R=KZR+8{K}
DIF=D1F1

N=TR2

G070 48

IF{CIF.EELLE) GOTO 66
IF(CIFLLT oINF) GUTD 65
IF{INLEQal) GOTO 61
IFICIFWGE «SUP2) GOTO €4
IF(INFLEQW.LM) GUTO £2
xM2=1

Xn=C

XMI=DIF-LM2

GGYO 67

XNE [

A=

XM= DIF -LM

COTC €7

IF(INFLEGsLM) GOTO £2
GOTa €3

XMZ=0

XM=C

XM1=DIF

GOTC €7

XME=1

KM=1

XM1=CIF-LS

CONTINUE
PLLS=CM2AXM2+CN&XM

N= N'DF‘LUQ

NI

XF(A.LE.NI)CUTG 47

NEW CURRENY COPTIMAL SCLUTION

Ni=N

IF{SUP+GT &M 2 )GOTO 43

D0 42 I=35UP,NM3

XE(I)=xG(I)

IF{X{1)aEGel) XELT}=1-XG( 1}
CONTINUE

XE(MZ)=XMZ

XE(#)=XW

VE=XM1

IF(IZ414EQeNY) GGTO 70

20 Computing 28/3
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D. Fayard and G. Plateau:

IF{SUF «GT+¥1}GATO 43
1SU2=8UF

00 44 I=1SUZ.MIL
NAV=FVC-DALI)
IF(NAV.GT.N!) GOTO 45
SUF=SUP +1
IF(X(I)oEQal)GDTO e
CONTINU

IF{Eup cGE.N)GOTO 70
IFCISCRTLNELQ) GATO a7
IF(X{SUP)«NEal} GOTD 47
SUR=SyUP 4}
1 (SUP.CF.M)GDTO 70
GATC 46

IMELICIT LEXICOGRAPHICAL SEARCH

«NESEX)Z=Z4+DA(NE]
NEWXGNV) Z=Z+DA(M)
QeSUPYGOTOTY
}«REL1)GNTO SC

oNE +1)1GOTD 48
K)

K ONEKTODZ Tt Moot Koot s KR
M ONPHm Il f~nd TR DRG0

ANTDZAAZ N R mRmmmN DO T
ZAWMOD 4N+ M X | AXX DN

-

}6070 57
GOT0 52

-2
i

Kae= KZF AdKY
STEF 1 AND STEP 2
CONTINUE
IF{K2R2GE«0)}GOTO 5S4
IF{XG{K)EQaD} K2R=K2R+A(K)
8

GOTD 77
2RIEV=EV~A{T)

o Mine

48
XF(XG(K).EQ-I) K2R=K2R +A(K)
GOTC 4
lFl!S;.GT M‘) QDTO 5€

A1)
)

H

(J)aSCel} GOTOQ €0
Gl J)+EGe0) GOTO &9
=1
0
1

IF+alJd

£J)

F.GEW0) G0T0 86
58

}=
+C{J)
z?!F-A(J)
IF{J«GTeK+1)G0TY 59
IF(KEQeSUPIGOTO 70O

X{K}=0
IF{XGEK ) vEQa DI K2R=K2R+ALK)
N=TR2
DIF=DIF}

GATO 48
CONTINUE
CALL THE TIMING SUBROUTINE

AlL OF THE RESULTS ARE GIVEN IN
THE INITIAL DATA ORDERING

IF{IV24NEWQ) GOTC 89
DO 173 I=1sIC1
XE(1)=1

1ICA=IC1+1

00 175 I=IC1leM
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175 XE(I1)=0
GOTO 312
69 IFINIELEQsN1) GOTO 312
IF(SEQL0} GOTO 312
DO 311 1I=1,5
XE(I J=XG(1)
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103

201 WRITE(6.102)

102 FORMAT(' ARRAY COUT OF BOUNDS IN QUICKSORY SUBROUTINE *)
RETURN
END

pod
m
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