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Abstract — Zusammenfassung

Stability of Numerical Methods for Volterra Integro-Differential Equations. A theory of weak stability
for linear multistep methods for the numerical solution of Volterra integro-differential equations is
developed, and a connection between this theory and the corresponding theory for ordinary differential
equations is established. In addition, the order of such methods is discussed, and a new starting proce-
dure is proposed and analyzed.

Stabilitd¢t numerischer Verfahren zur Losung Volterrascher Integrodifferentialgleichungen. Die
Theorie der schwachen Stabilitit linearer Mehrschrittverfahren zur numerischen Losung von
Volterraschen Integrodifferentialgleichungen wird beschrieben, wobei ein enger Zusammenhang
mit der entsprechenden Theorie fiir gewOhnliche Differentialgleichungen aufgezeigt wird. Ferner
wird die Ordnung solcher Verfahren untersucht, und eine neue Methode zur Erzeugung der not-
wendigen Startwerte wird hergeleitet.

1. Introduction

We consider a Volterra integro-differential equation of the form

Y ()=F(x,y(x), z(x), 0=x=a,

(1.1)

y (0) = yO >

where
z(x): =K (x,t y (1) dt.
o]

Let
S={(x,t,u): 0St<x=Za, |u|<o0},

T={(x,y,2):0=x=aqa,|y|<o0, | z|<c0}.
We shall assume that F and K in (1.1) satisfy the following conditions:
(i) F(x,y,2e C(T), K(x,t,u)e C(S).

* This research was supported by the National Research Council of Canada (Grant No. A-4805).
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(ll) !F(xayaz)—F(xaj)az)léLl J.)/—'j)l: all (xa.);a Z)a (X,j}, Z)E Ta
|Fx,p,2)—F(x,y, D) |SLy|z— %], all (x,y,2),(x,y, D)e T.

(i) | K (x, 6, u)— K (x,t,@)| Ly |u—1i|, all (x,¢,u),(x,t, #)eS.

It is well-known that, under these conditions, (1.1) possesses a unique solution
y(x)e C [0, a].

Equation (1.1) may be regarded as a generalization of the initial value problem for
an ordinary differential equation,

Y )=f{x,y ), yO)=y,. (1.2)

Linz [4] has proposed algorithms for the numerical solution of (1.1} which
consist of linear multistep methods, of the type commonly used for the numerical
solution of (1.2), combined with a class of quadrature formulae. The convergence
of such algorithms has been studied in [4] and by Mocarsky [5].

Itis the purpose of this paper to examine the order of such algorithms and to develop
a theory of weak stability, analogous to that which exists for linear multistep
methods applied to equations of the form (1.2) (see, for example, Lambert [3], p.64).
Such a theory will enable the user to make a sensible choice for the steplength of the
algorithm. In addition, a new starting procedure is proposed.

Let x,=nh, n=0,1,..., N (h>0, xy =a). Let y,, z, denote approximations to the
exact values y (x,), z (x,), respectively. We indicate by (g, o; 2) the application to
(L.1) of a linear multistep method (g, ¢) and a class of appropriate quadrature
formulae 2 in the following manner:

(0, 0): . .

Z “vyn'i—v:h Z ﬂvF(xn+v5yn+va Zn+v)s {13)

v=0 v=0
where

k k
=3 a1, o=}, B =1 1uol+| Bo+#0;

v=0 v=0

Q.€2:

Zp=h Y Y K (Xp x;,y;) (With zo=0). 1.4)
=0

In practice, the quadrature stage is nearly always accomplished by one of the
following two methods:

Method I: 2 consists of repeated applications of a k-step quadrature formula
of the form

[0di~h Y. B0 (L9)

Method II: 2 consists of a single application of a Gregory quadrature formula of
the form
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[ ¢ dtxh T do+ byt oot dnos T4 6,]
' —h s (V Gn— Db+ (V2 dp+ A2 $o)+ .. (16)
+¢g (V2 o+ (= DT AT ¢o)],
where m = g. Here, the first three values for ¢, are given by
c;=1/12,¢,=1/24, ¢;=19/720 (1.7)
{see, for example, Steinberg [6]).

These quadrature formulae are implemented as follows. In addition to the
starting values {yq, 1, ..., Vx—1} required for the application of (1.3), it will be
necessary to obtain a sufficient number of starting values {y,} (u not necessarily
an integer) in order that

EUK (X Ly () dtxd (v,m), m=1,...,N;

0 (1.8)
{1,...,%—1 (Method I)

D=

1,...,g—1 (Method IT)

can be computed to adequate accuracy. (A starting procedure having these
properties will be given in section 5.)

Method I: For m<k—1, set z,=J(m,m). For m=k, let m=s(m) mod Kk,
and set

e
1]

Zm=J (S (m)a m)+ h . vK (xma xi(m)9 yi(m))s (19)

where i (m)=s (m)+ik+v, M =(m—s (m))/k.
Method II: Form<g—1,set z,,=J (m, m).

For mzgq, set z, equal to the right-hand side of (1.6), with ¢; replaced by
K (X, X, yi)y 1=0, ..., m. (1.10)

2. The Order of the Multistep Method

Let2={Q;:j=1,..., N},1z 1, denote a class of quadrature formulae corresponding
to method I or II of Section 1:

Method I: ~ M1 L
Qm € ‘Q: z (xm)—)Z (xm)::J (S (m): m)+ h Z Z Bv K (xm’ xi(m)’ y (xi(m)))a
i=0 v=0

i(m)=s(m)+ik+v, m=k=I.Here, J (s (m), m) is as in (1.8), but with the approxi-
mate values {y,} replaced by {y (x,)}.
Method II:

i

One2: z(n)>Z (Xp)i=h 3, Vi K (X %, (%)),

i=0

mz=q=1. Here, the {y, ;} denote the weights of the Gregory formula (1.6).
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Definition: The class 2 is said to be of order ¢* if g* is the largest integer
such that
| Ep|=|En(K)|: =2 (xn) = Z (x,) | SCh" (C<o0),
for all @, € 2 and for all sufficiently smooth K.

We note for later reference that, for method I, 2 is of order g* =k + 2 if (1.5) is inter-
polatory (see, for example, [1], p. 307), and if

| ij (X 1, ¥ (t))dt—f(s (m), m) | < C, h* (C, <), 2.1
Q
v=1,...,k—1 for all sufficiently smooth K. In section 5 we shall discuss how
to generate the starting values J (v, m) required in (1.7) for which (2.1) holds.
For method II the order of 2 is g* =g +2 (see [6]).

The order of the linear k-step method (g, 0; 2) will obviously depend on the
order of (g, ) as well as on the order of 2. To be precise, we state the following

Definition:

(i) The difference operators % and .# associated with (g, ¢; 2) are given by
k

Z [y(xm)ah]‘z Z (Ocvy(xm-i-v)—-hlgvy, (xm-i—v)) (mzo, :N*kL

v=0
and
k
M [y (xm); h]= ZO (Ocvy(xm-ﬁ—v)—h:gv F(xm+vay(xm+v)7 Z(xm—i—v)))'

(ii) The order of & is defined as the order of (g, ) for (1.2) (see [3], p. 23).
It is easily verified that, for all sufficiently smooth functions F, the operators &
and .# are related by

“ aF Xm+vs X v:Z:}:H-v
Ty )i =2 [y i 1+ Y, SE G Do i)
v=0

(m=1,..., N—k),
where z , |, lies between z (x,, . ,) and Z (x,, . ,)-

The following definition is now suggestive.

Definition: Let % be of order p*, and let 2 have order ¢*. Then we define the
order r* of the linear k-step method (g, 0. 2) (or, the order of the operator .#)
by r*=min (p*, ¢*).

Definition: The linear k-step method (g, o; 2) is said to be convergent if, for all
equations (1.1) subject to the conditions stated in section 1, we have that
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lim y,,=y (x) holds for all x € [0, a], and for all solutions {y,,} of (1.3) satisfying

h—0
mh=x

starting conditions y;=y; (h) for which 1hmg yi(W=ye, j=0,...,k—1, and J (v, v)
for which lhirr(;J(v, v)=0,v=1,...,1—1.

Here, the last condition essentially requires that the weights in the quadrature
formulae used to compute the starting values {J (v, v)} remain bounded as h—0.

Theorem 1: Assume:
(i) F and K in(1.1) satisfy the conditions (i), (ii), and (iii) of section 1.
(ii) The k-step method (g, 0} is zero-stable (see [ 3], p. 33).
(i) The k-step method (o, o; 2) is of at least order one.
Then the method (g, o; 2) is convergent.
The above result was proved in [4] (using a different terminology) for methods

essentially of Class II (see also [5]). A simple modification of this proof shows that
Theorem 1 is valid also for methods of Class I. We shall omit these details.

3. A Weak Stability Theory

A standard argument in weak stability theory for the linear multistep method
{g, o) applied to the ordinary differential equation (1.2) (see, for example, [3],
p- 64) shows that, under the simplifying conditions that

{i)y df/0y=2=constant,and
(i1} the local truncation error of (g, o) is constant,
the global error e,:=y(x,)—y, satisfies the linearized equation

k
Y (@,—hAp,)e,.,=constant.
v=0

By a straightforward extension of this argument, it is easily shown that if the
k-step method (p, o; 2), defined by (1.3} and (1.4), is applied to the equation
(1.1}, and it is assumed that '

.. OF 0F 0K
1] 57 = ¢ =constant, P W =n=constant, 3.1
and

(i) the local truncation errors of (g, ¢) and of Q, € 2 are constant,

then the global error e, satisfies the linearized difference equation

k n+vy
Z [(av_h é .B\) en+v——h2 Ui Z Vu+v.j ej:l = constant. (32)
v=0 j

Jj=0
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Since the behaviour of solutions of (3.2) as n—oo is completely determined by
the behaviour of solutions of the corresponding homogeneous equation, it is
sufficient to study the equation

k n+vy
Z [(av—héﬁv)ynva_hzrl Z ’yn+v.j,Vj:]:0' (33)

v=0 j=0

The following definitions are analogues of standard definitions in the case of
ordinary differential equations (see [ 3], p. 66).

Definition: For given values of 74, £, 5, the method (g, o; 2) is said to be
absolutely stable if all solutions of (3.3) tend to zero as n—co.

Definition: A region # of the (h £, h? n)-plane is said to be a region of absolute
stability of the method (g, o; 2) if, for all (h &, h? n) € #, the method (g, 5; 2) is
absolutely stable.

In practical applications, once the region # for a particular method has been
established, estimates for ¢ and # are computed from (3.1) (such estimates can be
re-evaluated from time to time as the numerical solution proceeds), and 7 is
chosen such that (h &, h* n)e #. This ensures that the global error e,, assumed
to satisfy (3.3), will decay as n— co.

It is readily seen that equation (3.3) arises if the method (g, o; 2} is applied
to the linear test equation

Y (6)=¢ y ()41 f ¥ (@) dt. (3.4)

All solutions of (3.4) tend to zero as x— oo if and only if
£<0, n<0. (3.5)

The following definition is again an analogue of a standard definition for
ordinary differential equations (see {31, p. 253):

Definition: The method (g, 0; 2) is said to be A-stable if its region # of absclute
stability contains the quarter plane h & <0, h* 5 <0.

All solutions of the difference equation, which results from the application of an
A-stable method (g, 0; 2) to the test equation (3.4) for which (3.5) holds, will
tend to zero as x— oo, for all positive values of h.

It will occasionally be convenient to employ the following alternative form of
(3.4), obtained by setting E=A+p, = — 1 u:

V@)= +pyx)—iu g y(dt. (3.6)
All solutions of (3.6) tend to zero as x—co if and only if
A<0, u<0, when A and u are real, 3.7)

R e (A)<0, when 4 (=J) is complex.



Stability of Numerical Methods for Volterra Integro-Differential Equations 81

Indeed, the unique solution of (3.6) satisfying y (0)=y, is given by

v (x) =Ay__°u (A exp (A x)—p exp (g x)). (3.8)
When method (g, ; 2) is applied to the test equation (3.4), equation (1.3) becomes

k i

Z OCV yn+v:h Zoﬁv(éyn+v+nzn+v)' (39)

v=0

For Method I, m=k, equation (1.4) becomes (using (1.9)),

M-1 &

Zu=J (s m)+h Y Y By Vigmy im)=s(m)+ik+v.

i=0 v=0

Since s (m+ k)=s (m), it follows that

=

Zm-f-lz_zm:h ﬁvym+V' (310)

v=0
For Method 11, m> g, equation (1.4) becomes (using (1.10) and (1.6)),
Zp=h 3 Yo+ Vit ot V15 Yl
—h e (Vym—Byo)+ea (V2 ypt A% yo)+ ...+ ¢y (V2 yp+(—1)T A%yg)].
Hence,
Zpe1—Zm=h[1=3V—c, V=, V= —¢, V" ']y, ..
On replacing m by m+¢q and expressing differences in terms of function values,

we may write this relation in the form

g+1

Zm+q+1—zm+q:h Z ﬁvym-(—v» (311)
v=0

where the coefficients {J,:v=0, ..., ¢+ 1} can easily be computed from the known
values of ¢, ¢,, ..., ¢;. Indeed, the coeflicients {B,} are precisely those appearing
on the right-hand side of the (g + 1)-step Adams-Moulton method of order g+ 2,
q+1 N
Vo+g+1 —ynJrq:h ZO ﬁv Jf;1+v

v

for the numerical solution of (1.2) (see equation (1.7)). Since Methods I and II
are alternatives, there is no loss of generalityin settingg + 1 =k, ,=5,,v=0,1,...,k,
whereupon, on introducing the forward shift operator E, (3.10) and (3.11) can be

combined in the single equation
G(E) 2, =h & (E) y,, m2k, (3.12)

where

k_1  for Method I Eo
g(r);:{’ or VOt L = 3 Bor. (3.13)
v=0

=1 for Method 11° 7

In Method I, ¢ will be determined by the k-step quadrature formula, whereas in
Method II, & will always be the second characteristic polynomial of a k-step

Computing 12/1 6
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Adams-Moulton method of order k+1. Note that the two methods coincide if
k=1 and, in Method I, the quadrature formula is chosen to be the Trapezoida!l
Rule.

To any method (g, ;%) for the numerical solution of (1.1) there correspond
unique polynomials g, o, g, and 5. We may therefore refer to such a method as

[(e, 0); (2, )]

Equation (3.9) can also be written in the form

Q(E)y,=ho(E)-(Ey,+n2z,). (3.14)

If we eliminate z, between {3.12) and (3.14), we obtain the difference equation

[0(E) e (E)—h{ G(E) o (E)—h* 3G (E) o (E)] y,=

It follows that the region £ of absolute stability of [(g, ¢); (9, &)] is the set of points
(h &, h* i) for which all zeros of the stability polynomial

i hE R ni=0 [e()—hEa(]-h*né(r)o(r) (3.15)
lie in the interior of the unit disk.

By considering the alternative form (3.6) of the test equation it is possible to
establish a relationship between the region £ of absolute stability of [(g, 6); (g, 9)]
and the complex region Z of absolute stability of the linear multistep method (g, o)
(see, for example, [37], p. 222).

Theorem 2: Let & be the (compiex) region of absolute stability of the linear
multistep method (g, o) for (1.2).

Then the region of absolute stability of [0, 6); (o, 0)] is that region of the
(h &, h* n)-plane for whichhie R, h pe R, where)—hu E Au=—n;2,peC.

Proof: On setting =9, 6 =0, { =4+, 1= — Ay, (3.15) takes the form
n(rhéh =0 (N~h(d+w o) o)+h*iuc®(r)
=[o(—hion]Le(r)—hua(r)].

The result follows immediately, since for h A e #, h ue A, all zeros of g(r)—hio(r)
and of g (r)—h p o (v) lie inside the unit disk.

Since § is constrained by (3.13), Theorem 2 is applicable only to a subclass of
methods (g, o; 2). It is of interest to note that, in view of the remarks following
(3.11), this subclass contains the class of methods for which (g, o) is an Adams-
Moulton method, and the quadrature formula is a Gregory formula of appropriate
order.

It is an immediate consequence of Theorem 2 that, if the linear multistep method
(0, 6) is A-stable and is such that p (=g) is of the form (3.13), then the method
[{g, ); (0, 0)] is also A-stable. The most obvious example of an A-stable method
for (1.1) arises when (g, o) and (g, o) are both the Trapezoidal Rule (in which
case Methods I and 11 are identical).
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The effects of the individual stability properties of (¢, o) and (g, 6) on the stability
properties of [(g, 0); (0, 6)] can be illustrated, in the case k=k=1, by plotting the
region % of absolute stability of [(g, ¢); (g, 6)] for all nine combinations of:

¢=r—1,6=1(Euler’s Rule)
(0,0)=+ ¢g=r—1,0=3(r+1)(Trapezoidal Rule)
¢=r—1, 6=r (Backward Euler Rule),

repeated application of Euler’s Rule (open formula)
9 =< repeated application of Trapezoidal Rule (closed formula)
repeated application of Backward Euler Rule (open formula).

Note that the repeated application of the Trapezoidal Rule is equivalent to one
application of the second-order Gregory formula (Method II).

The results are summarized in Fig. 1.

2 Euvter Trapezoidal Backward Luler
(o,0)

»y

fuler

Trapezolos!

Bockward Fuler

Fig. 1

The (complex) stability regions £ of Euler’s Rule, the Trapezoidal Rule, and the
Backward Euler Rule are, respectively, the interior of the circle with centre at
—1, radius 1, the whole left half-plane, and the exterior of the circle with centre

&*
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at +1, radius 1. A straightforward calculation shows that, if A4 and 4 u lie in
one of these regions, then (h (A+p), —h? A u) lies in the corresponding region %
shown on the main diagonal of Fig. 1; thus Theorem 2 is corroborated. It is also
of interest to note from Fig. 1 that only combinations of A-stable (g, ¢} with
A-stable (g, 6) result in 4-stable methods [(g, 0); (g, 6)].

The case where (g, o) and (g, &) are both Euler’s Rule is of particular interest.
Let £<0 and n<0; then all solutions of (3.4) tend to zero as x—co. From the
slope of the relevant stability region # shown in Fig. 1, it is clear that there exist
values of & such that the method [(g, 0); (g, 0)], with (g, o} given by Euler’s Rule,
will produce stable numerical solutions, whereas, for the same value of 4 ¢,
Euler’s Rule, applied to the ordinary differential equation y'=¢ y, will produce
unstable solutions. Thus, in this case, the back information inherent in a Volterra
integro-differential equation has a stabilizing effect.

4. A Starting Procedure

Ifk=2,1=21n (o, o; 2), it will become necessary, as pointed out in section 1 and
section 2, to generate the following sets of starting values: {y;, ..., yy—;}, and
J@v:v=1, .., k=1}, {J@m:o=1, .., k-1, m=k} for Method I;
{J (v,v):v=1, ..., g—1} for Method IIL

In this section a starting procedure will be described which, in addition, satisfies
the accuracy requirements (2.1).
Define

u(x):=y, i:x” (w=1), 4.1
v=0 V:
where the (real) coefficients {a,} are determined by requiring that u {(x) satisfy
the following conditions:

(1) u(xo)=Yo,
(i) ' (xo)=F (X0, 0, 0),
(i) o (c)=F (x; ulxp), v(xp),j=1,...,0—1, (4.2)
with

X

v(x)i={ K (x,t u(n)dt. (4.3)

Clearly ay=y,, a,=F (xg, yo,0), and (4.2) constitutes a system of (w—1) non-
linear equations for the remaining coefficients {a,, ..., a,,}. In general, this system
will be solved by fixed-point iteration, and it is easily verified that the well-known
fixed-point principle may be used to show that, for all sufficiently small 4 and for
all functions F and K satisfying the conditions stated in section I, there exists
a unique solution {a,, ..., a,,} of (4.2). Once the coefficients in (4.1) are known, then:

(@) yj=u(xy), j=1, o wo—1,
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Xy
(b) J (v,v)={ K(x,, t,u(r)dt, and
Ox,,
() J(o,m)=| K(x,,tu(®)dt.
0

In(b),v=1, ..., k—1for Method I; v=1, ..., ¢— 1 for Method IL.
In(c),v=1,.. k—1;m=k, ...,N.

For the following discussion we shall assume that k<k (Method I), and q<k
(Method II). To justify this assumption we first observe (as mentioned in
section 2) that the order of (1.5) is at least (k+2) if the quadrature formula is
interpolatory, whereas the Gregory formula (1.6) is known to have order (¢ +2)
(see, for example, [6]). On the other hand, the order of a convergent linear
k-step method (g, o) cannot exceed (k+1) if k is odd, and (k+2) if k is even
(see [3], p. 38).

Theorem 3: Assume:
() In(4.1), ag and a, are given by ay=y,, a; =F (Xg, Vo, 0).

(i) In the computation of {a,,...,a,} from (4.2), the occuring integrals are
computed exactly.

Then: if F, K, and y in (1.1) are sufficiently smooth, there exists a C<co such
that for all he (0, Hy) (H,>0):

Iy(x)_u(x)|§Chw+17 XE[O,X(D_l], (44)
[z(x,)—J (0, ) | S~ CLyh°" 2%, v=1,...,00—1, (4.5)
and
{2, ()=T(,m) | S(@—-1)CL A% % v=1,...,0—1; m=w,...,N. (4.6)
Here,
2 (6,):= | K (%02, (1)) dt.
0
Remark:

In view of the remarks preceding Theorem 3, the usual choice for w will be
w=k, except in the case of an optimal (g, o) (whose order is k +2), when we shall
set =k 1 (assuming that the multistep method (g, ¢; 2) is of order k+1 and
k42, respectively).

Proof: Let y (x)e C** ! [0, a], and set
a;=yP 0)+b;h**1 77, j=2, ..., w.
Hence, with e (x): =y (x)—u (x), and by using (4.1), we get

okt [ bj X J y(“’“)(éo(X)) X w+1
e(x)=h <_j§2j_!(7>+ @+ 1)! <Z) )

and
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) e w bj X ji—1 y(w+1)(él(x)) X w
¢ )=k (“,; G— 1) (7) AR (7) )

with 0 <{, (x)<x, 0<{ (x)<x.
Here we have used e (0)=0, ¢ (0)=0.

We shall first show that the coefficients {b;:j=2, ..., w} are uniformly bounded
for he (0, Hy), Hy>0. Clearly, by (4.2),

e’ (xv)zF (xun y (xu)s Z (xu))~ F (xw b (xv)v v (xu))=

-~

2
=e () 55 F 0, v 2 +A () 5 F o, v 20, 01,01,

X

“v 0
A(XU)1=§ e (t) 5; K (x, 1, y* (1)) dt.

Here, y¥ is between y(x,) and u{x,), y*(f) is between y(¢) and u{t). Using the
above expression for e (x) and ¢’ (x) we obtain (after division by &%),

w b. . y(w+l)é(xu) ° 0 w‘ L. ;
P =L e By MR L
- Dl 4.
a * * *v a % e bj t Y
—E‘ F(xv, yu’Zv) ‘g ”6—y“K(XU,l',y (t)) -ZZ }T 7 dt —}—O(h),v:i,,w»—E
J= °

If {9, ..., b9 denotes the (unique) solution of the linear system

< b; -1 y(wﬂ)(él(xv)) ©

LI N EE U AN L) S R
jgz G—1! " ! vy @

then, by continuity, there exists a H,>0 such that, for all he (0, H,), the system
{4.7) possesses a unique solution {b,, ..., b} for which

b=bO+0(h), j=2, ..., .

Hence,
Ee(x)lé(B—}—l‘JuH—l)thl’XE[O’wal},
where
@ h ]
B:=Y '_'J* (w— 1Y <oo, he(0,Hy),
j=2 J
_Ewwhl
My,yim max [yern g 2
Xe [0, %, 1] (o +1)!

The assertions (4.5) and (4.6) of Theorem 3 now follow from the Lipschitz
condition on K:

X

1 2(x) =T 0, 0) | ST | K (0 6, v (0) dt—K {x,, 1, u(1))] dt

b
SCLyh 2 w—1), v=1,...,0—1,
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and similarly,
[Zp(x)~J (0,m)| SC Ly h° 2 (w~1), v=1,...,0—-1; m=aw,...,N.

Here, Ly denotes the Lipschitz constant for K, as defined in section 1. This
completes the proof of Theorem 3.

In practical applications, the integrals occuring in (4.2) as well as the integrals
J (v,v) and J (v, m) will not be computed exactly but will be approximated by
numerical quadrature. An argument similar to the one used above shows that
Theorem 3 remains valid (with an appropriate modification of C and H,) if the
quadrature formulae used to evaluate these integrals have at least order w. We
shall omit the corresponding proof.

5. Practical Applications

For methods of reasonably high order, the derivation of stability regions in the
(h &, h? n)-plane becomes prohibitively complicated. It is, of course, feasible to
calculate estimates for £ and n from the numerical solution, and to check
computationally whether, with the corresponding values of & & and h? 1, the zeros
of the stability polynomial lie within the unit disk. However, such an approach
leads to a somewhat complicated algorithm. A much simpler procedure can be
devised if we choose methods which satisfy the hypotheses of Theorem 2, that is,
methods [(g,0); (¢.0)] for which g (= g) satisfies (3.13). In particular, such a method
always results if we choose the linear multistep method to be an Adams-Moulton
method, and the quadrature formula to be a Gregory formula of appropriate order.
From time to time, as the numerical solution proceeds, estimates for ¢ F/0 y and
(0F/0z) (0 K/ y) can be computed, whence values of ¢ and 5 are obtained
from (3.1). A simple program allows A and u to be calculated from the relations
Atu=¢ ipu=—n.

For absolute stability, the steplength 7 must be such that i A and h u both lie within
the (complex) region of absolute stability of the method (g, o) for ordinary diffe-
rential equations. Not only are such regions more easily computed than are the
corresponding regions in the (h &, h% y)-plane (see [3], p.77), but the existing
literature already contains much information on such regions. In the particular
case when (g, o) is an Adams-Moulton method, plots of the regions for methods
of order 4, 5, 6, 7, and 8 may be found in Krogh [2].

As an illustration we consider the integro-differential equation

Y =0 0+ () o [ T 0S* 10
with
y(O)=1,
o Tx(I4x) B 242x
‘CI(JC)—-—'“(”Hﬁ“~ ,f(x)=lo <2+x )

Its exact solution is given by y (x}=1/(1 +x).
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Here, we have

oF 1
—=—f{x).—<0 for x>0,
and
J0F 0K 14+x

e — > >
Gz ay - (I+(+xyp 0 ¥20020

The numerical solution was computed by using the Adams-Moulton method of
order four,
yn-&—l_yn:% (9 Fn+1+19 Fn_—SFn~1+Fn*2)>

combined with the Gregory formula (1.6) with g=2. The required starting values
were computed by means of the starting procedure described in section 4, with
w=3in (4.1).

A selection of numerical results is contained in Table 1.

Table 1
Xn €=) xn)_yn €, e,
h=0.1 h=02 h=04

0.0 0. 0 0

0.1 667.107%

0.2 6.93.10°° 742.107%

0.3 203.107%

04 3.05.1073 1.15.1074 6.15-1073
0.8 404.1073 3.55.1074 7.06- 1074
12 287.107° 2.68.107% 1.82.1073
438 —560.1077 ~539.107° —402.10°°
52 ~4.56.10"7 —437.107¢ —367.107%
72 1901077 ~1.78-107° 142.10°3
76 —1.63.1077 —~1.52.107¢ —6.14-1075
8.0 —1.41.1077 —1.31.107°¢ 7.90.107°
8.4 —1.23.1077 —1.14.1076 ~1.73.107*
96 —825.107% ~7.58.1077 1111073
10.0 —7.29.1078 —667.1077 ~226.1073

We observe that £:=3 F/d y (computed along the exact solution of (5.1)) behaves
asymptotically like —(1+x)?, whereas n:=(0 F/0z) (0 K/0y) changes more
slowly; it behaves like — (1 + x). In all cases, the magnitudes of £ and #, computed
from the numerical solutions, increase monotonically with x. The region of abso-
lute stability of the fourth-order Adams-Moulton method has an intercept of
(—3,0) on the real axis (see [2]). In the case when h=04, for x=0.0, 04,
0.8, ..., 2.8, the computed values of & ¢ and h? n are such that A1 and & u lie within
this region. However, for x=3.2. we find that {~ —~8.46, = —1.05. whence
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hAs—3.33, husx —0.05, indicating that a reduction of steplength should be
made at this point. For the numerical results displayed in Table 1, no such
reduction was made, and, indeed, it can be seen that for h=04, the error
oscillates and eventually grows in magnitude. Similarly, the stability analysis
recommends a reduction of steplength at x=4.4 and x=6.3 in the cases h=0.2 and
h=0.1, respectively. Further computation indicated that the error does indeed
begin to grow in the neighbourhood of x=10.8 and x=11.5, respectively. For
this highly nonlinear example, the bounds on the steplength recommended by the
{linearized) stability analysis are seen to be rather conservative in practice. That
the same is frequently true of stability analysis for ordinary differential equations
is well-known.
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