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Abstract — Zusammenfassung

A Parallel Shooting Technique for Solving Dissipative ODE’s. In this paper, we study different modifica-
tions of a class of parallel algorithms, initially designed by A. Bellen and M. Zennaro for difference
equations and called “across the steps” methods by their authors, for the purpose of solving initial value
problems in ordinary differential equations (ODE’s) on a massively parallel computer. Restriction to
dissipative problems is discussed which allow these problems to be solved efficiently, as shown by the
simulations.

AMS Subject Classification: 65105, 65W05, 65Q05
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Eine parallele “shooting” Technik zur Lisung dissipativer gewdhnlicher Differentialgleichungen. In diesem
Artikel studieren wir verschiedene Versionen einer Klasse paralleler Algorithmen, die urspriinglich von
A. Bellen und M. Zennaro fiir Differenzengleichungen konzipiert und von ihnen “across the steps”
Methode genannt worden ist. Die Autoren verfolgten den Zweck, Anfangswertprobleme bei gewdhn-
lichen Differentialgleichungen anhand eines massiv parallelen Rechner zu 16sen. Wir behandeln die
Anwendung auf dissipative Systeme und erreichen eine effiziente Losung dieser Probleme. Dies wird in
einigen Simulationen illustriert.

Part 1: Theoretical Analysis
1. Introduction

Parallel algorithms for solving initial value problems (IVP’) for differential equa-
tions have received only marginal attention in the literature compared to the
enormous work devoted to parallel algorithms for linear algebra. It is indeed
generally admitted that the integration of a system of ordinary differential equations
in a step-by-step process is inherently sequential. However, a few solutions to
circumvent this barrier have been proposed. A rather obvious way to parallelize is
to distribute the components of the right-hand-side of the system amongst the
available processors. This technique, called “across the problem” by Gear (see [7])
is rather effective for large systems. Parallelism “across the method” exploits the
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parallelism available within the method itself. This idea has led to various methods
such as block methods (see [3, 5, 6, 14, 15]) or “parallel iterated Runge-Kutta
methods” (see [16]). However, the accelerations obtained are generally kept below
ten.

Stilt another approach, that we will focus on here, has been considered by A. Bellen
and M. Zennaro. In [2], the authors present a class of parallel algorithms for initial
value problems for difference equations, that result in considerable savings in
computing time. These algorithms are directly connected to initial value problems
for ordinary differential equations, since the numerical solution of ODE’s by a
one-step method gives rise to a difference equation. They propose a Steffensen
iterative method which transforms the difference equation into a linear recurrence.
All computations involved in obtaining the coefficients of the recurrence can be
performed in parallel, provided there are enough processors. In a second paper [1]
exclusively dedicated to ODE’s, they improved their algorithm by introducing
step-size control. However, it has been shown that their strategy was not well-suited
for message passing machines, owing to the considerable amount of time spent in
communication (see [177).

In this paper, we propose a new approach designed for a restricted class of ODE’s
where the right-hand side function is dissipative. In particular, this assumption helps
considerably to improve load-balancing.

In [2], the authors study the fixed-point problem arisen from the application of a
step-by-step method to a system of ODE’s. In Section 2, we adopt a similar
approach. However, our formulation is based on the exact solution of the differential
system with no reference to any numerical step-by-step method. In the sequel, this
new formulation is used to determine what kind of IVP’s should be considered.

A very simple algorithm aimed at solving the fixed-point problem is introduced in
Section 3, and its convergence is studied in terms of the logarithmic norm of the
right-hand-side. This algorithm already emphasizes the necessity of dealing only
with a restricted class of problems.

Newton’s method is then considered in Section 4. We first make a non-restrictive
assumption on the IVP to derive the usual “local quadratic convergence” of
Newton’s method for our problem. The main resuit of the paper, establishing
sufficient conditions for global convergence, is then presented. The class of dissipative
problems is shown to be particularly appropriate.

Section 5 presents numerical experiments aimed at verifying the theoretical conver-
gence results for the proposed algorithm.

In Section 6 of Part 2, we will study the discrete-time version of the algorithm.
Especially the influence of the perturbations arisen from the introduction of approx-
imations will be analysed.
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Finally, Sections 7 and 8 of Part 2 will be devoted to the implementation on a
hypercube as well as the evaluation of the performance on that architecture. Simula-
tions will be presented that prove our technique is competitive in situations where
it is not possible to parallelize “across the system”.

2. The Fixed-Point Problem

In this contribution, we are interested in obtaining a numerical solution of the
initial-value problem for the m-dimensional system of ODE’s

y'(x) = f(x, y(x)), (1)

Y(Xo) = Yo, (2)

on the interval of R, [x,, X]. We make the usual assumption that f is continuous
and satisfies a Lipschitz condition on the region [x,, X] x R™ We also need the
stronger assumption that f is continuously differentiable on the same region. Now,
let x4, X;, ..., Xy = X be a subdivision of [x,, X]. We define y(x, x,, y,) to be the
exact solution of (1) at the point x with initial condition y{x,) = y,.

Definition 1. Fori = 1,..., N, let ¢,(u) represent the value of y(x;, x;_{, u). ¢; is the
map:
o R™ > R™
3)

u '_)q)i(u) = y(xi’ xi—l;“)

Remark 1. The functions ¢;’s are well-defined owing to the existence and uniqueness
of the solution of (1) on any sub-interval of [x,, X] and for any initial condition.

Remark 2. If (1) is autonomous and the grid is regular, then all the ¢,’s are equal.

Definition 2. @ is defined to be:

Q)‘ Rmx(N+1) - Rmx(N+1)

U =(ug,uf,...,ux)" > DBU) = (¥, 01(uo),..., oylty_1)")" “
Let us illustrate the definitions on a very simple example:
Example 1. For the Prothero-Robinson problem (see [ 13] ):
{y'(X) = —A(y(x) — P(x)) + ¥'(x) 5)
Y(Xo) = ¥(xo), x € [x¢,X]
where A is a symmetric positive definite m x m real matrix, we have:
@) = P(x;) + e 45T (u — Plx, ) (6)
Hence the following bound holds:
ll@i(u) — P(x)I < pllu — ¥lx;-y)] (7
where p = |le 4%\ < 1 for a suitable choice of the norm | -||. This property

motivates the algorithms considered in the sequel.
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The above definition of @ shows that it is possible to formulate the problem (1, 2)
as a fixed-point problem. As a matter of fact, finding the exact solution of (1, 2) is
equivalent to finding a fixed-point of &. Existence and uniqueness of such a point
U* follows from the fact that @¥+(U) = U* for any U, where & ¥*1(U) denotes the
(N + 1)* application of @. Hence an iterative method will be suitable for obtaining
the fixed point of @.

3. Solving the Fixed-Point Problem

It is easily seen that we get an exact value for an additional component of U with
each new application of @. This leads us to the naive algorithm:

Algorithm 1.

L J UO = (yg,yg,,yoT)T
e repeat [*** compute (U*™ = @(U*)) ***]

ugtt = Yo
fori=1...N,

uf*t = ouf,)
end

until (U — U*| < ¢

where ¢ is a parameter that should be defined by the user. U* will converge to the
exact solution of (1,2) within N iterations. However, in order to achieve any
speed-up in solving (1, 2), it is necessary to reach a global convergence in many fewer
than N iterations.

For convenience, we recall two classical results of the theory of ordinary differential
equations and the definition of the logarithmic norm (see [8]). In the sequel, |- ||
will denote both a vector norm on R™ and the associated matrix norm.

Theorem 1. Suppose that v is an approximate solution of the system of differential
equations (1,2), where f is L-Lipschitz, satisfying:

L Jlo(xe) — yxo)ll < p
2. Vx e [xg, X1, |v'(x) — flx,0(x))|| <&

where p is the initial error and ¢ the defect of the approximate solution v. Then, for
X = X we have the error estimate:

[9(6) = o(0)] < peem) 4 Z (e — 1) ®)
Definition 3. Let Q = (q; ;)1 <: j<n be a real n x n matrix and let ||-|| be a norm on
R™*" associated with a vector norm. We call:
I+h0|—1
u(@) =tim LTI o)
h—0 h

the logarithmic norm of Q.
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The logarithmic norm can be estimated as follows:

e For the Euclidean norm

u(0) = max{/”./det (;(Q + 07y — }tl> = 0} )

e For the oo-norm

e For the 1-norm

u(Q) = max, (qkk + .;k |qki|> -

w(Q) = max; (qii + z qui|> .
k#i

Example 2. Consider the two-body system in two dimensions

ryl1(x) = y,(x)

_ 1y (x)
(y:(x)* + y3(x)2)3/2

ya(x) =

<
y3(x) = ya(x)

y, x) = — uys(x) .
L (11 (x)? + y3(x)?)*"?

Computation of the Jacobian matrix leads to:

1/of
z(aﬁ

-~

afT)
E
0

24 12y: —y3)

0

3uy.ys
2(y3+y3)"°

-

whose eigenvalues are (r =

2(y1+ 3"

213

(10)

(1)

(12)

(13)

12 4 H2¥i=y3) 0 31y
2051+ y3)"? 2(yi+y3)7"
3uy1ys
0 RS 0
2(y1+»3)%?
3uy1ys 0 12— p(yi—2y3)
2(y1+y3)"* 201+ 3"
0 12— u(y:—2y3) 0
2(y1+y3)"? ]
(14)
NS
1 pu
= 4=+ 5
; __<2+r3>, (15)
, 1
L= 4+{ - — 2
§ —<2 2r3>’ (16)
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0
thus the logarithmic norm of a—f for the Euclidean norm is simply:
¥y

of 1 u
=4+ 2 17
u( 5y) 5t (17)
Remark 3. For Example 1, we have straightforwardly,
0
u((%) = ¢ (18)
y

where £ is the smallest eigenvalue of A.

Theorem 2. Let us assume that there exist two real functions | and 8, and a positive
number p such that:

0
Vxelxo, X1, Ve [y(d,o00], u(% (x, n)) <, (19)
Vel X1, [0/ — f(x,000)] < 8(3), 20)
v(xg) — y(xg)ll < p. (21)

As in Theorem 1, p is called the initial error and & the defect of the approximate
solution v. Then for x > x, we have:

X

Iy(x) = v(x)]| < e (P + J e H95(s) dS) (22)

Xo
with L(x) = % I(s)ds.

Returning to our problem, we now introduce a new norm in which convergence
results can be obtained.

Definition 4. Let us assume that there exists | € L*([xq, X]) (i.e. summable over
[xo, X1 ) such that:

0
Vx e [xq, X], VyeR™, u(%(x,y)) < I(x). (23)
Letq; > e/5:104x i = 1, /N, A €10, 1[ and let D denote the block-diagonal matrix:
D = diag(dy1,,,...,dy1,) (24)
j'di_l R T T
where dy = 1 and d; = ,i=1,..., N. Then for any vector U = (ug,...,uzy)' €

R™N*D we define the weighted norm ||| to be one of the following:

N
IUlp=ID-Ul, = ;0 d;llull; (25)

N
IUip=1D-Ul, = /;’ dillu;l)3 (26)
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1Ullp=11D-Ul, = max dfull, (27)

O0<i<N

depending on the norm defining .
To prove convergence results, we will need the following lemma:

Lemma 1. Let us assume that there exists | € L'([x,, X]) such that (23) is satisfied.
Then for any chosen norm in R™, we have

Vie[ILN], VYuo)eR"xR", o) — o)l <qlu—v| (28)
Proof: From Theorem 2, we have:
10 X1, 8) = Y063, Xm0, 0)| < B — o]
which is exactly the desired result. ’ O

Theorem 3. Let us assume that there exists | € LY([x,, X]) such that (23) is satisfied.
Then @ is a contraction map with respect to the weighted norm.

Proof: Consider the case where the co-norm is used. Then we have:

12U) — 2(V)lp = max dioui—y) — ¢ivi-1)l (29)

i=1,..., N

< ax dig;llui_y — vyl "(30)
i=1.....N

=4 max di“ui - Ui”oo
N-1

(30) is induced by (29) as a simple application of the previous lemma. dJ

This theorem establishes in a general context the contraction property of @ already
observed for the Prothero-Robinson problem (see Example 1).

Definition 5. An initial value problem (1,2) is said to be dissipative iff
of
Vx € [xq,X], Vy e R™, u @(x,y) <l(x)<0. (31)

For dissipative problems, we now have the following more convenient result:

Corollary 1. Let us assume that condition (31) is satisfied. Then the conclusion of

Theorem 3 remains true for D = I, i.e. withthe norms ||U|| = |U|, |U| = |U]|, and
IUI = 1U |-
Proof: The proof is just as in Theorem 3, except that we now must set:
A=g= max el.MWd (32)
i=1,..., N

and set all the ¢,’s equal to q. |
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4. Convergence Results for Newton’s Algorithm

The above theorem shows that global convergence can be achieved using a non-
uniform norm. It guarantees that Algorithm 1 is robust, but does not ensure
computational efficiency. Considering the convergence in the weighted norm |||
is only relevant if D is close to the identity (i.e. || - || , close to a uniform norm). Hence,
the rate of convergence is determined by the highest g; of Definition 4. In order to
accelerate the convergence, it therefore seems natural to use Newton’s algorithm.
Let us define the frame of Newton’s method:

Theorem 4. @ is continuously differentiable on R™ W™ gnd &' is a (N + 1) x
(N + 1) block bidiagonal matrix with block size m of the form

0
@1 (Uo) 0
YUe RO @(U)= | 0 ojuy) (33)
0 onluy-1) 0

Proof: Since the partial derivative of f with respect to y exists and is continuous,

the solution y(x,x;_,,u) of (1) on [x,_;, x;] is differentiable with respect to u (see,

for example, [8] p. 97). Hence, by definition of ¢, it is easily seen that ¢;(u) =

a)’(xi,xi—u“). 0
ou

We may now write down Newton’s algorithm for our problem:

Algorithm 2.

® U’=(yg,¥5,---»¥0)"
e repeat [*** solve U**! = U — (I — &'(U%))"Y(U* — ®(U*)) ***]
K+ _
Uo " =JYo
fori=1...N,

ullc+1 k+1

= (pi(uzl(—l) + (pil(u:(—l)(ui—l - u:l(—1)
end
until | U — U¥| <

According to the theory of Newton’s method, we have the convergence result given
below in Theorem 5, whose proof can be found in [12]. The following lemma ensures
that its hypotheses are satisfied:

Lemma 2. Let us further assume that % satisfies a Lipschitz condition with Lipschitz
constant L,. Then there exists a real o > 0 such that:

YU e RV {@/(U) — @' (U*)| < «|U = U¥| 34)
where U* denotes the fixed-point of ®.
Proof: The proof is standard and can be found in [4]. 1
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Finally we sum up the hypotheses and get the promised result:
Theorem 5. Let us assume that f is continuously differentiable on # = [x,, X] x R™

)
and satisfies a Lipschitz condition on &, and that —f satisfies a Lipschitz condition on

ay
the same region R. Then, U* is a point of attraction of Algorithm 2 and the iteration
is locally quadratically convergent.

Proof: Tt is easily seen that F = I — & satisfies the hypotheses of the “Newton
Attraction Theorem” (see [12] p. 312): F is continuously differentiable on R™**+1)
and F'(U*) nonsingular, F(U*) =0, and for all U e R™™*Y (I — &")(U) —
(I = 2NWUM <@+ DU - U*|. O

Now it is well known that Newton’s iteration is highly efficient in a neighbourhood
of the solution, but behaves very badly elsewhere. The smaller the first and second
derivative of F (when they exist), the larger the neighbourhood and the faster the
convergence. However, these quantities are known as soon as f is given. Since we
do not have any information on the exact solution (except the initial condition), it
is difficult to get a better estimate than the constant solution over the whole
integration interval. One way to overcome this difficulty is to choose a grid fine
enough to make the constant solution a good approximation, at least for the first
elements of the grid (see [2]). Nevertheless this technique was shown to be inefficient
when implemented on a hypercube (see [17]) due to very poor load-balancing.
Moreover, step-size control is by no means obvious, which makes this technique
too complex for a message-passing machine. In Fig. 1 (Oxy-plane) we present the
first two iterations of Algorithm 2 when applied to the following problem:
{y’ = cos(x)sin(y?),

¥(xo) = 1,x € [0,30] (35)

2.5 T Y T T T

Figure 1. Algorithm 2 applied to the non-dissipative problem (35)
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with a coarse grid. The exact solution is plotted in solid line, the numerical solution
after one iteration in dashed line and after two iterations in dotted line. We can
observe the disastrous second iteration that completely overshadows the first one,
from which we might have expected fast convergence. This phenomenon should be
attributed to the well-known instability of Newton’s algorithm, when the initial
guess does not belong to a suitable neighbourhood of the solution. The same
phenomenon may be observed on Example 2: whereas Algorithm 2 is robust, the
norm |- ||, in which convergence results are derived is dramatically far from uni-
form. Let us suppose for example that the solution of (13) is a circulant movement
of speed . We have in that case y/r* = ?, so that

y(%) =12 + .

Hence, the g,’s of Definition 4 are very large as soon as w is large and the decrease
of | U*|| is not of practical interest. This example emphasizes the crucial importance
of ||-||p, which is directly connected to the function [(x) involved in (23). Large
positive functions [(x) prevent Algorithm 2 to be efficient. Therefore, it does not
seem possible to handle all problems with this algorithm, whereas it scems natural
to restrict ourselves to ODE problems which have a dissipative function f. We have
indeed the following global convergence result, and its corollary for dissipative
right-hand side which gives the main result of the paper:

Theorem 6. Suppose that (23) is satisfied. If we have either A <1/3 or (N + 1) <
In(34 — 1) —In(1 + A)
In(4)

contraction with respect to the weighted norm.

then the map defined by the iteration of Algorithm 2 is a

We will need first the following lemma:

Lemma 3. For any matrix-norm on R™*™ we have

Vie[1,N], VYueR", JoWl<g;. (36)

Proof: By definition of ¢,, we have:

Oy(x;, X1, U
i) = LT R (7

where R is the solution of the differential system:
OR f
a (X, Xi-1> u) = @ (xa y(x7 Xi—15 u))R(x, Xi—1> u) (38)
R;_1,x;,u) =1
Since R = 0is also a solution, it follows as simple consequence of Theorem 2 that:
|RGG X g )] < B0 1 (39)

ie lo/) < g;, since [I|| = 1. a
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Proof of Theorem6: For k<€ N we have U**! = U* — (I — &'(U*))" (U* — &(U")).

Let us consider the matrix L, = (I — ®'(U*))™*. We have
Ukl — U* = U* — U* — L (U* — U*) + L(®(U*) — D(U*)).
Multiplying by D and taking the norm, we get:
ID(U*™t — U*)| < IDU — LD - | DU* — U*)|
+ IDL, D! - ID(®(U*) — (U*))-
We have
DLD'=D(U—®')'D*'=[I-D®'D']".

Now, let T = [D®’D™1]. Since @' is nilpotent we can write:
N
H-T1'=I+>T
i=1
so that:
N .
IDLD™' <1+ Zl 1T

We can compute T explicitly and obtain

r Om Om'\
dy
—~ o 0
doqol m
dy
T= 0 —~@; 0
m dl 2 m
d
0 Yoi 0
m dN—l N m

-

(40)

(41)

(42)

(43)

(44)

(45)

According to the previous lemma, [[¢/|| < g;, and it is easily seen that | T]|, < 2and

that || T|,, < 4. As for the euclidian norm, we have | T||, =

r d 2 ) ~
(d—;) o, 0, 0,,

TT* =

~/ p(TT*) where:

(46)
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Hence, it follows that:
j. 2
p(TT*) = max p[(;—) @5@:’*}512 (47)
i=1,..., N i

and we get the same relation || T||, < 4 as for the 1 and oo norms. In all cases, this
leads us to the estimate:

1 — AN+1

IDLD™ | < ———- 8)
We obtain similarly:
Il — DL D™ < PRl (49)
1—-4
Furthermore, according to Theorem 3 we can write:
ID(BU*) — SU*))| < A [DU* — U*)]. (50)
This finally gives us the estimate:
DU — U*)| < B+ |DU*F = U (51)
where:
ﬁ:il—)‘Nﬂl_iNﬂ. (52)

t—14 1-2

Hence the map defined by the iteration is a contraction if § < 1, which leads to the
result. U

Corollary 2. Let us assume that condition (31) is satisfied. Then the conclusion of
Theorem 6 remains true for D = I, with the norms |U| = |U|},, |Uf = |U|l, and
1UI = Ul

It should be emphasized that some mechanical systems whose energy is scattering
are dissipative (see Example 3 below), in addition to others which are not (see
Example 2). However, a large class of problems for which condition (31) is satisfied
originates from the discretization of diffusion phenomena.

Remark 4. It should be noted that in the context of the above corollary, lengthening
the intervals [x;_(,x;],i =1, ..., N favours both the convergence and the computa-
tions/communications ratio. This is the reason why we consider dissipative functions.

Example 3. Let us consider a mass (m) suspended to a spring (k) and hanging in a
viscous liquid (leading to a force proportional (h) to the speed of the mass). Its
movement is governed by the equation:

d?X

m:- + .

dr?

dx

dt

-d—X+k-X=O
dt

which can be decomposed into a first order system:
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X=X,
h k
Xy=——X," | X, ——X,.
2 m 2 | X5 _—
Let A = diag(k,m). The system is dissipative with respect to the norm ||V|* =
VTav.

Example 4. “The Brusselator”, which modelizes a multi-molecular chemical reaction,
is described in [11]. It leads to the system

0 ou*
—u:A+uzv—(B+I)u+o¢ “

0x ow?
v 5 o
—a—x‘—Buhu U+[XW

with we [0,1], A = 1, B = 3, and boundary conditions:
u(0,x) =u(l,x) =1, v(0,8) = v(1,1) = 3,
u(w,0) = 1 + sin(2zw), v(w,0) = 3.

By replacing the second spatial derivatives by finite differences on a grid of points
we get a dissipative system provided o is sufficiently large ( see next section ).

5. Numerical Results

We now demonstrate the convergence of Algorithm 2 on the following examples.
The functions ¢; are not known exactly (neither are their derivative), so that they
have to be approximated by using a standard ODE-solver (and their derivative by
finite differences). We postpone the analysis of the discrete-time version of Algo-
rithm 2 to Part 2. The aim of this Section is to get first numerical results confirming
the relevance of the presented theoretical results. In order to measure the speed of
convergence, we have plotted the maximum relative error over all points of the

lyGe) — uf H) and for
[y Cea)l

several local tolerances (TOL) given as input to the ODE-solver.2

subdivision with respect to the iteration number (max L<i<N

Example 5.
y'(x) = cos(y)sin(y) — 2y + e ¥ %%sin(5x) + In(1 + x)cos(x) y@) =1 (53)

on (x4, X] = [0,100]. The solution is drawn on Fig. 2 for x & [0,20]. Condition

)
(31) is satisfied with u <5fJ—}> < —1 so that the convergence is very fast (see Fig. 3).

! For the moment, we admit that the behaviour of Algorithm 2 is well approximated as far as we use
sufficiently stringent tolerances.
% Any code can be used here, since we are only interested by the convergence of Algorithm 2.
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2 T T
N\
2 D B e e —
2
0] 2 4 6 8 10 12 14 16 18 20
X
Figure 2. Solution of Example 5
Example 1
10 3 1 ¥ L L] 9
TOL=1.D-87 —o—
‘TOL=1.D-6" —+—
1 ‘TOL=1.D-4" -8--
fTOL=1.D-2' =
0.1 ]
0.01 E
. 0.001 -
el
4 ;
= 0.0001 1
le-05
le-06 F 5
1e-07 F 7
1e-08 [ i i 1 H
0 1 2 3 4 5
Number of iterations
Figure 3. Convergence of Algorithm 2 for Example 5 (64 scgments)
Example 6.
yi(x) = =y, — 0.3y7 + cos(3x) y10)=0
ya(x) = y1 +ys + x1° y2(0) =1
, . In(1 + x)
y3(x) = —y; — 001y; + sin(x})———— y;(0) =2

1+ x
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Figure 4. Components of the solution of Example 6
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on [xq, X] = [0, 100]. The components of the solution are drawn on Fig. 4. In this

. a o7 . .
case, the matrix 1/2 (c’)l + £—> has three different eigenvalues: —0.9y%, 0 and
y y

—0.01. Though condition (31) is not “strictly” satisfied, convergence is not affected
(see Fig. 5).

Error

1000

100

10

0.001

0.0001

le-05

le-06

le-07

le-08

Figure 5.

Example 2
L T T T T
‘TOL=1.D-8" ~—
- 'TOL=1.D-6° ——
‘TOL=1.D-4’ -B--
/TOL=1.D-2" %~
- E
i = B manemeenens ]
\\\
3 P
- E
1 1 1 1
4 5 6 7

3
Number of iterations

Convergence of Algorithm 2 for Example 6 (32 segments)
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Example 7. We consider once more the Brusselator (see Example 4 of Section 4) in
one spatial variable w with 0 <w <1, A =1, B =3, a = 1/40. The second spatial

62 2
derivatives gu and oy are discretized by finite differences on a grid of M points
ow? ow?
i
Vie[l,M], = 55
ie[LM], W= (55)
|
We denote dAw = Ml and finally obtain the ODE system:
1 2 o
up =1+ uv; + W(“i—l — 2u; + Uyy)
Vie[l,M], (56)
o
v = 3u; — “iZUi + (—Aw)z (vioy — 2v; + v;14)
with
Ug(X) = tpr4y(x) = 1 (57)
Vo(X) = pr44(x) =3 (58)

and the initial conditions
u,(0) = 1 + sin(2nw;)
v;(0) = 3.

The solution is drawn for M = 40 on Fig. 6. Some easy computations leads to the

1(ef o\

Vie[l,M], (39)

following expression for Q = 3\ 3y + 3y
0= diag(Quv; — 4) Hdiag(u?) + diag(3 — 2u;v,))
 \M(diag(u?) + diag(3 — 2u;v,)) diag(—u?)
o (K 0
— 60
+ (Aw)? (O K (60)

o
SN
o Ay

==

COuN
II[ (0,% > »>avuunnyuuea
S~ C SRR LR Y
AL TR AL LA RS LA A AN AT Ly /,/I 'I/O,”‘“ LRI RN
! S e O SN
R R IS
SN

AR ST {/
RS o’:o‘:::'.:""/,":,"l,"o, 5
SN,

S = ST RN

SRS
RN

Figure 6. Component u(w, x) of the Brusselator with M = 40
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The Brusselator

‘TOL=1.

0.001

Error

0.0001

le-05

le-06

1e-07

1e-08 L 1 1 1 . &

¢ 2 4 3 8 10 12 14
Number of iterations

Figure 7. Convergence of Algorithm 2 for the Brusselator with M = 10 (32 segments)

where K is the usual matrix

-2 1
1 =21
1o (61)
=2 1
1 =2
whose eigenvalues are known to be
nk \?
e = —4lsin———| , k=1...M. 62
Ak 4<s1n2M+2> M 62)

Since both matrices of (60) are symmetric, the first matrix can be considered as a
small perturbation, provided « is sufficiently large. With this restriction, condition
(31) is satisfied.

Part 2: Numerical Implementation
6. Convergence of the Actual Newton’s Algorithm
In a real implementation of Algorithm 2, one has to approximate the function @
and its first derivative by some way or another. We consequently modify Algorithm

2 by replacing ¢; by an approximation ¢; computed by an ODE-solver and by
replacing ¢/ by a standard finite differences approximation @, i.e.
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1 1
Pi(u) = [;(fﬁi(u +1ey) — @i(u)),---,ﬁ(@(u + 1ey) — @(u))} (63)

where # is a small parameter and (e,,...,e,,) the canonical basis of R™. However,
the theory developed in Sections 3 and 4 is no longer applicable and a study of the
convergence of the resulting algorithm, that we will call Algorithm 2’, has to be
developed. For this analysis, we will restrict ourselves to the case of dissipative
systems, which have been previously shown to be particularly appropriate. Now, if
y(x) denotes the exact solution of (1, 2) over [x,, X], there exists a sufficiently large
& > 0 such that the compact set K; = {(x, y) € [x4, X] x R™, ||y — y(x)|]| < 6} con-
tains the “initial guess” (that can be assumed for example to be the constant solution
over [xq4,X]). Due to the dissipativity of the problem, (x;, ¢;(v)) will lic in K;
provided (x;_,,u) lies in K;. If a p™-order numerical ODE-method is used to
approximate the function ¢, and if k; is the maximum stepsize considered over
[x;_1,%:], then the following estimate

1¢:(w) — @)l < Clx; — x;-1)hf (64)

holds for all u such that (x,_,,u) belongs to K; and for all sufficiently small h,. C
depends a-priori on the p*-order derivatives of the function f; if f is assumed to be
smooth enough, but can be bounded for example on K, ;. Now, if &; is small enough,
the numerical solution remains in K,; and (64) holds uniformly for all (x;_;,u) in
K and all h; < H,where H is independent of i. Using this estimate, we can now give:

Lemma 4. Let us assume that (1,2) satisfies (31) and let q = max;—, Nji“ﬁ_l I(x)dx
and Ax = max;.; . y(x; — X;_;). Suppose in addition that the function @; are approx-
imated by using a p™-order numerical ODE-method. If U = (ul,ul,...,uf)" e
R™W+D js such that for all i = 0, ..., N, (x;, u;) belongs to K, then we have;

IB(U) — &(U¥)|| < CAxh? + q|U — U*{, (65)

where @ is defined by the $,’s and where h = max;_,

.....

Lemma 5. For some i€ {1,...,N}, let ue R™ be such that (x,_,,u) belongs to the
interior I&a of K. In addition to previous hypotheses, we assume that the derivatives
of the @;'s are approximated by using formula (63) and that h? = O(n?). Then there
exists g such that

6 (W) — o/ W)l = O(m) (66)
Jor n < .

Proof: Let (¢/)_; be the j* column-vector of the Jacobian matrix ¢; and let (@) _;
j i J

]

be the j™ column-vector of matrix @;. By considering the 1-norm, it comes:

1
@), — (@)l = ” P+ 1) — 3 ~ (i) ;| ©67)
2CAxh? 1
< n" F | (e ne) — o)~ (oi(). ;| - (69)
1

Now, if f is smooth enough, the functions ¢; are smooth also, and we can bound
the second term of (68) uniformly on K; and for # sufficiently small by a constant
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times . From h? = ((n?), we consequently get:
1(9; (w))..; — (@i ).l = Om) (69)
and the result follows in an obvious way. O

Remark 5. It is worth emphasizing the necessity of the condition h? = O(y?) for the
finite differences approximation (63) to be accurate.

Theorem 7. Suppose that (1,2) satisfies (31) with either q <1/3 or (N + 1)<
In3q — 1) —In(1 + g)
In(g)
ODE-solver and their first derivative @] by using formula (63). If the maximum stepsize
h used by the ODE-solver is such that h? = O(n?), then for all sufficiently small values

of 1, there exist two constants 0 < § < 1 and I" > 0 such that

Vk>1, ||U*—U*| < B*|U° — U*| + I'h* (70)

and that the functions ; are approximated by using a p™-order

Proof: From Lemmas 3 and 5, we can assert the existence of two positive constants

no and M, such that:

Viel{l,...,N}, vn <14, Yue R™,
{ b o (71)
((xi—1,u) € K5) = ([ @] < q + Mn).

We now proceed as in the proof of Theorem 6:
VkeN, UM —U* = — L)(U*— U*) + L(®UY — &(U*) (72
where L, = (I — #’(U*))™" and with obvious notations for ¢’(U¥). Using the nil-

~

potency of @'(U¥), we get the estimates:

TN+1 1— N

-~ — A - > A
Lyl < ———%— I — Lyl <4 T (73)

~ b
L)

where L = g + My < 1forall sufficiently small . Taking into account the estimate
(65) of Lemma 4 leads to

JU*t — U*|| < B|U* — U*|| + §CAxh?, (74)
. 1— ZN+1 1 — ZN 1— TN+1 -
where f = ¢ — + 4 —and § = ————. Since f tends to § as 5 tends
1—4 1—4 1—4

to zero, it follows from the hypotheses that § < 1 for all sufficiently small values of
1. This implies in particular that the successive iterates U* remain in K; provided

h< o1 — B\ Finally, a straightfe d ion gi
. rm N
= ?CAX a y, as raig orward recursion glVGS
. k—1 ..
Vk>1, U~ U*| < B*|U° — U*| + Y. B5CAxh? (75)
i=0

$CAxh?

< B¥IU° — U*| + (76)
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Remark 6. Theorem 7 does not ensure the convergence of Algorithm 2': it asserts
the existence of a h-neighbourhood of the exact solution in which U* will enter and
remain. The convergence of Algorithm 2’ is however ensured within N iterations
owing to the additional accurate component of U automatically gained at each
iteration.

Remark 7. Due to the use of finite differences approximations for @', the theoretical
quadratic convergence of Algorithm 2 is lost. This was the main motivation in [2]
for considering Steffensen’s method. However, Figs. 3, 5 and 7 from Section 5 of
Part 1 show that, from a practical point of view, the error decreases superlinearly
as soon as the computed solution is sufficiently close to the exact solution.

7. Practical Implementation

We now propose a slightly modified and somewhat simplified version of Bellen’s
Algorithm dedicated to problems where f is dissipative. We emphasize the following
differences: on the one hand, we choose Newton’s method instead of Steffensen’s
because the latter involves two sequential computations of @, compared to one for
Newton, which offers an accelerations up to two. On the other hand, we gave up
the part of the error control process that was aimed at reinitialising those values
that are not sufficiently accurate to be reiterated, since Theorem 7 ensures reason-
able behaviour of U given reasonable conditions on I(x). For the accepted values,
we adopt the same strategy as in [2] based on the following theorem:

Theorem ~8 Let us assume that (1) satisfies (31). If the iteration error is defined to
be: T = &(U*) — U, then, we have the following bound on E* = U* — U*:

1
IE*) < l;_q(llf" I + CAxh?) (77)

where g = max;_,

-----

Proof: The proof is obvious and therefore omitted. |

Hence, in order to reduce the size of the recurrence involved in Algorithm 2/, at each
iteration we shall accept as good approximations the # first components of U that
pass the test max;_, || ;| < &, where & is to be defined by the user and represents the
tolerance on the iteration error. Finally, we sketch the algorithm below and denote
dopar the parallel loops and doseq the sequential ones:

Algorithm 2",
*** Initialization phase ***
set n=0, set k=0
dopari=n+1,...,N,
set u = u
end
*** Integration phase: the &;’s are computed by an ODE-solver ***
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dopari=n+1,..., N,
compute vf "t = G,(uf ;)
doparj=1,...,m,
**¥ o is the j" vector of the canonical basis of R™*", and n = 1077 ***
compute Wi’f;d = guf, + ne;)
end
end
**x Compute the error of the iterative process ***
dopari=n+1,..., N,
compute FF7t = pf*tt — y¥
compute || T
end
*** Assemble the Jacobian matrices (computed by finite differences) of the §;’s ***
dopari=n+1,...,N,
doparj=1,...,m,

kL kL

Wi,j Y;

assemble Cf ' =

end
end
dopari=n-+1,...,N,

compute A = [CF{L,...,CESE
end
*** Recurrence phase ***
set uft! = uk
set @ =0
setp=n
doseqi=n+1,...,N,

compute © = max(®, F*!)

if ® <cthensetp =i

compute uft! = pF 4 A (R — yk )
end
if p = N then

STOP
else

setn=p
endif

sethk=k+1
goto Integration phase

Remark 8. In our experiments, we have used the code DOPRIS of E. Hairer and
al. (see [8] ), which is based on the explicit 8"-order Runge-Kutta method of Prince
and Dormand. Since our test problems are only middly stiff and since our main
concern here was the results obtained for stringent tolerances (they indeed require
the largest amount of computations), an explicit code is still appropriate. In other
situations, codes based on implicit methods (such as RADAUS of E. Hairer and al.
{see [9]) or LSODE of A. Hindmarsh (see [10]) ) are strongly recommended.
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Table 1. One iteration of Algorithm 2" on “hypercube number i”

Step Computations/Communications
1 Broadcast u* | from P.to P. 4, ..., P, .
2 Compute 5™ on P, , and wft!, ..., wiiton P\, ..., P, .
3 Compute #¥™* and ||T5*1| on P, .
4 Broadeast v} from P, t0 P, ¢, ..., P, .
L 5 Compute CF7*, ..., C¥! (columns of 45" ) on P, 4, ..., P, p.
6 Global send of C!1Y, ..., C¥il from Py, ..., P, t0 P, 4.
7 Assemble 457! = [CHY,...,CF T on Py
8 Receive ut*! and © from P,_, ;.
Compute u!** and O on P, .
Send uf*! and @ to P, 4.

Hypercube number 2
-

————— - -
From previous - TRy To next node
node of the ring Thea L ; - of the ring

Processors of the ring

Figure 8. Model of architecture for m = 3

In order to explain the algorithm more clearly, we now present it for a specific
architecture. In this model, processors are organized as a ring of N clusters of (im + 1)
processors (see Fig. 8), where the (m + 1) processors of a cluster make up a small
hypercube. In fact, each hypercube has to be of dimension log,(m + 1) where X
denotes the ceiling function. This architectural model is relevant since it can be
easily mapped onto a hypercube in a dynamical fashion: provided there are enough
processors, the role of each node can be determined once N and m are known. We
do not claim this model is optimal. However, it has the advantage to keep the
communication cost at a reasonable level.

Now, in order to estimate the computation and communication costs, and to
evaluate the speed-up factor, we introduce the following parameters:
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e C:the number of floating point operations necessary to approximate the solution

of (1) on [x,, X] with a given numerical solver.

k*: the number of iterations necessary to get an accurate approximation.

e 7. the average time necessary to transfer a word from one processor to a
neighbour.

e [3: the start-up time of a communication.

e 7,,: the time necessary to execute one floating point operation.

Using these parameters and making the assumption that the complexity on every
interval [x;_;,x;], i =1, ..., N is constant (this hypothesis will be discussed in
Section 8.1), we can compute the times spent for each step:

1. At = (B + mt.)logy(m + 1)

2. 4t = (C/N)z,,

3. 4t =(2m — )z,

4. At = logy(m + 1)(f + mz,)

5. At =2mz,,

6. At = Blog,(m + 1) + m(m + 1)z,

7. 4t=0

8. 4t = p(k)[m(2m + 1)7,,] + (p(k) — 1)[f + (m + 1)t.] where p(k) represents the

length of the recurrence involved in the k™ iteration.

If we neglect the initialization (step 1 of Algorithm 2”), then we get the “parallel
time” T,:
1, = k*[(C/N)t,, + (4m — D)1, + m(m + Dz,
+ 2log,(m + 1)1, + 3log,(m + 1)f] (78)

k* k*
+ <k; p(k)) [m2m + D)z, ] + (k; p(k) — k*> [B+m+ 1] (79

The sequential time is,

T, = Ct,, (80)
by definition of C.
Now we can estimate p(k) in three different ways:

e (P) A very pessimistic approach is to consider that the Algorithm reaches the
desired accuracy at the last iteration on all intervals [x;_,,x;],i = 1,..., N. This
hypothesis obviously leads to an over-estimation of T,, since it is known that at
least one new exact value is obtained at each iteration. Nevertheless, it shall give
us a lower bound of the speed-up factor. We have, in this case,

:;1 p(k) = k*N. (81)

® (O) On the contrary, we may assume that the algorithm converges at the first
iteration on all intervals except the last (k* — 1). This leads us to the following
estimates of p(k): p(1) = N and Vk € [2,k*], p(k) = k* + 1 — k. Thus, in that case
we have:
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k*(k* — 1)

: (82

k*
Y. plky=N +

k=1
e (M) Finally, a perhaps more realistic assumption is that the algorithm converges
regularly, that is to say that the number of intervals [x,_,,x;] for which uf is
sufficiently accurate increases as a monotone function of k. Thus we have p(k) =

N —(k— l)kﬁ*’ so that:
k* k* 1
> =" N )
k=1

Finally, we get the speed-up factor:

T, CN
S=— =, (84)
T, Co+CN+CN
where the constants C,, C, and C, are given in Table 2. We, of course, have:
SPSSMSSOSk—*. (85)
Table 2. Values of the constants for the different hypotheses
Hypotheses Co C, C,
p k*Cx,, k*(4m—1)r,, k*m(2m+ 1)z,
+k*R2miny(m+ D+ (m+1)(m—1)]z, +k*(m+ V)t +k*p
k[~ 1+3In,0m+ 1)]8
o) k*Ct,, % (7/2m —m? + 1/2mic* — 1 +m2k*)r, m2m+1)r,,
+k*2miny(m+ )+ m? +(k—D(m+1)/2— 1]z, +(m+ D1, +8
PR3 In,m o+ 1)+ 1/20c* — 3)18
M Ic=Ct,, k*(4m — ), m(m+1/2) (K* + 1)1,
+k*[2mIny(m+ 1) +(m+ D(m—D]r, F[1/200k* + D(m+1)]1,
+k*[3In,(m+1)—1]8 +12(%+ 1)

Remark 9. The hypothesis (P) allows us to derive a lower bound of the optimal
speed-up with respect to N that is proportional to the number of iterations k*, as
well as an estimate of the optimal number of intervals N,,, = ./ C,/C,.

8. Results
8.1. Adequacy of the Model
In order to evaluate the correctness of our performance model we performed a

simulation of Algorithm 2’ on the Intel IPSC-860 hypercube of the ONERA with
128 processors. Based on Benchmarks on the IPSC-860, we took f/7,, = 693 and
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Table 3. Values of C for different tolerances

Example e=10"* e=10"° e=10"8

5 2310° 3.510° 6.8 10°

6 4910° 4910° 6.4 10°

1./7,, = 5.5. The remaining parameters involved in the determination of the speed-
up by formulas (82), (83) and (84) were determined as follows:

o the cost of integration (C) was computed via the output “NFCN” (number of
right-hand side evaluations) of the ODE-solver DOPRIS from [8].

e the number of iterations (k*) was determined by simulations of Algorithm 2’ on
a sequential machine (see Section 5).

The informations collected were then used to compute the speed-up in two different
ways. On the one hand, we applied the formulas given above for the three different
hypotheses (“P”, “M” and “O”). On the other hand, we simply measured the
exccution time of Algorithm 2’ on N x (m + 1) processors and the execution time
of “DOPRI8” on one processor.

Results are listed in Table 4. Let us first notice that estimates for Example 6 are the
same for the first two tolerances. This is due to the unstable behaviour of the code
DOPRIS. For low tolerances, the computational cost is indeed almost constant.
Secondly, our hypotheses seem to lead to an over-estimation of the speed-up for
Example 6. In fact, the difference between the lowest estimate and the observed
speed-up decreases for small tolerances. This behaviour can be easily explained by
the presence of an important transient phase in the solution of Example 6. This
transient phase partly modifies the load-balancing so that the computational work
is no longer strictly independent of the segment under consideration. For small
tolerances however, this phenomenon vanishes. Now, as far as the transient phase
is not too important (see Example 5), our estimates are in good agreement with the
observed speed-up the our model is relevant. Those remarks show that Algorithm

Table 4. Speed-up’s for Examples 5 and 6

Example Speed-up e=10"* £=10"¢ g=10"8
5 Real Speed-up 30 5.0 8.0
Estimate P 2.3 34 6.0
Estimate M 3.0 43 7.5
Estimate O 4.2 6.0 9.9
6 Real Speed-up 1.4 1.6 1.9
Estimate P 1.7 1.7 2.0
Estimate M 23 2.3 2.6
Estimate O 3.0 30 33
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2" should be applied to specific problems. Generally speaking, the problem to be
solved should possess the following characteristics:

e dissipativity of the right-hand side (see Section 4)

e long interval of integration (see Remark 4)

e high computational cost per step (this is a general requirement for parallel
methods).

8.2. Attainable Speed-up

When applied to a m-dimensional system with N segments, Algorithm 2’ (imple-
mented according to our description) requires N x (m + 1) processors. Since the
e * . . 1 .
speed-up is limited by N/k*, the efficiency is severely bounded by X mT D) This
bound emphasizes the redundancy of computations involved in Algorithm 2’, whose
necessity comes from the sequential nature of the numerical integration process.
However Algorithm 2’ can provide a large speed-up when a large number of
processors is available. Extrapolation of the speed-up curves (see Fig. 9) by mean
of formula (83) indeed shows that an acceleration of 15 is attainable for Example 5
with TOL = 107'°, The same curve for Example 6 seems less convincing. Neverthe-
less, one should keep in mind the fundamental influence of the ratios f/7,,and z./7,,
on the efficiency of the algorithm. Much better results would have been obtained for
instance by considering the values observed on the Intel IPSC-2 machine (§/7,, =
69.3 and 7,/7,, = 0.3). the ‘M -estimate for Example 6 with TOL = 107'° gives a
speed-up of 11 for 400 processors. Finally, let us notice that whatever the values of
these ratios are, a high computational cost per step or a long interval of integration

Example 5 : TOL=1.E-10 Example 6 : TOL=1.E-10

16

Speed-up
Speed-up

] 100 200 300 400 o] 100 200 300 400

Number of processors Number of processors

Figure 9. Speed-up estimates for Examples 5 (Number of processors =2 x N) and 6 (Number of
processors = 4 x N)
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will lead to a good computation cost/communication cost ratio and consequently to
a high acceleration on a massively parallel computer.

9. Conclusion

A parallel algorithm based on an idea of A. Bellen and M. Zennaro for the
integration of ordinary differential equation with dissipative functions is proposed.
Global convergence is shown for dissipative problems and for reasonable conditions
on the number of segments. This enables us to give up part of the error control
process of the original algorithm and consequently to reduce the communication
cost. Computer simulations have been carried out on an architectural model that
can be easily mapped onto a grid. We proved that significant speed-up can be
achieved with this model using an analysis that takes communication delays into
account. In addition to this, real experiments were reported that confirm the interest
of the method for specific problems.

The use of the algorithm is obviously restricted. However, further investigations
could reveal that the larger class of problems where the solution is bounded and
for an appropriate choice of the length of segments has similar properties. Our
next step is to examine real problems so as to analyse the behaviour of the algorithm
in cases where the complexity varies from one subdivision to another.
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