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Abstract — Zusammenfassung

A Wavelet Galerkin Method for the Stokes Equations. The purpose of this paper is to investigate
Galerkin schemes for the Stokes equations based on a suitably adapted multiresolution analysis. In
particular, it will be shown that techniques developed in connection with shift-invariant refinable
spaces give rise to trial spaces of any desired degree of accuracy satisfying the
LadySenskaja—Babuska—Brezzi condition for any spatial dimension. Moreover, in the time dependent
case efficient preconditioners for the Schur complements of the discrete systems of equations can be
based on corresponding stable multiscale decompositions. The results are illustrated by some
concrete examples of adapted wavelets and corresponding numerical experiments.

AMS Subject Classifications: 15A12, 35Q30, 65F35, 65N30, 41A17, 41A63

Key words: Saddle point problems, LBB condition, multiresolution analysis, wavelets, time dependent
problems, Schur complements, preconditioning.

Eine Wavelet-Galerkin Methode fiir die Stokes-Gleichungen. In dieser Arbeit werden Galerkin-
Verfahren fiir das Stokes-Problem untersucht, die auf speziell angepafiten Multiresolution-Ansétzen
beruhen. Insbesondere wird gezeigt, daB gewisse Konstruktionsprinzipien fir Wavelets auf
gleichférmigen Gittern fiir jede Raumdimension und belicbige gewilnschte Exaktheitsorduung auf
Paare von Ansatzriumen fithren, die die LadySenskaja-BabuSka—-Brezzi-Bedingung erfiillen.
Dariliber hinaus ergeben sich auch im instationiren Fall aus den entsprechenden stabilen
Multiskalenzerlegungen effiziente Vorkonditionierer fiir die Schurkomplemente entsprechenden
Systemmatrizen. Die Ergebnisse werden anhand einiger konkreter Realisierungen und numerischer
Tests illustriert.

1. Introduction

During the past few years very efficient preconditioners for linear systems
arising from Galerkin discretizations of scalar elliptic boundary value problems
have become available [5,16,26,32]. These techniques combined with conjugate
gradient schemes achieve optimal multigrid complexity under minimal regularity
assumptions. It is therefore natural to explore the potential of such techniques
for other problem classes. As a typical example we will focus here on the Stokes
equations as a simplified model for the motion of an incompressible, viscous
fluid in an n-dimensional domain 2 c R", where n =2 or n =3 are of primary
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interest, In the non-stationary case the velocity field &: 2 [0,T] — R” and the
pressure p: {2— R are well-known to be related by the system
ou R o
a—t—vAu+gradp=f in 2x(0,7),
divii=0 in 2x(0,7),
u(x,0)=u, in 0, (1.1)
0 ond02x[0,T],

=)
Il

/p(x,t)dx=0 for each t € (0,T).
fo)

Here, v is the kinematic viscosity coefficient of the fluid (the inverse of the
Reynolds number). Let

X=HI(Q)", M=IL}Q)= <q el*(0): fﬂq(x) dx = 0}, (1.2)

where L?*() and Hy(£2) stand for the usual space of square integrable
functions on (2 and the closure of the set of C”-functions with compact support
in £ relative to the norm [lullziq) = (X, <1 1D *ull Z200))"?, respectively. We
will focus first on the stationary version of 61 1). A possible approach to solving
(1.1) numerically can be based on the Leray formulation provided that divergence
free trial functions are available (see e.g. [27]). However, here we choose the
following alternative weak formulation. Find a pair (&, p) € X X M such that

va(il,B) +b(B,p) =<{f;0) forall TeX,
b(#,u)=0 forall ueM,

(1.3)

where (-,-) denotes the dual pairing for X and its dual X*, induced by the
standard scalar product

(4,0) 1200y = [ u(x)(x) d,
0
and the bilinear forms a: XX X— R and b: X X M — R are defined by

—)—>

M:

d
, ——U; =: (grad @, grad 7) ;2 x5
( s, ])LZ(!Z) ( Joa (14)

i,j=1
b(#,q) = (divd, q) 12 0)
respectively.
In general, when the bilinear forms a(-,-) and b(:,-) are continuous, it is

well-known (see e.g. [3],p. 122) that (1.3) has a unique solution if and only if
a(-,-) is elliptic on the subspace

V= {176)?11)(17,[.1,)=0,[,L€M>,
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ie.
a(7,0) 2 llBlz  forall veV, (1.5)
and b satisfies the inf-sup condition
b(¥, 1)

inf sup ————=p>0. (1.6)
ueM veX =101l i IL”M

In the particular case (1.4) the forms a and b are obviously continuous and a is
even X-elhptlc where here V= {7 eX . divi= 0}, so that it remains to verify
(1.6). When 2 is a bounded simply connected domain with Lipschitz boundary,
the inf-sup condition is known to hold for the situation at hand, see e.g. [3].

To solve (1.3) approximately one may choose finite dimensional trial spaces
Xh CX M, c M. The classical Galerkin approach then requires finding (&7, p,)
eX » X M), satisfying

va(ity,0,) + b(0,, p,) =<fi0,y  forall 3, €X,,
b(id),, uy) =0 for all w, €M,.

(1.7)

The unique solvability of (1.7) for each mesh size 4, its stable computability as
well as estimates for the accuracy of the resulting solutions i, p, are known to
hinge on the validity of the LadySenskaja—Babuska—Brezzi (LBB) condition
b(v,, -
inf sup ——(—h&l)—>ﬁ>0, (1.8)
e CATFTPA T

which is to hold uniformly in 4.

Of course, given that (1.6) holds, (1.8) imposes conditions on the particular
discretizations. The following result due to Fortin [19] (see also {3,20]) offers a
way to check the validity of (1.8).

Proposition 1.1. Assume that the spaces X and M satisfy the inf-sup condition
(1.6). Then condition (1.8) holds with some B > 0 uniformly in h if and only if there
exist linear operators Q,, : X-X, & satisfying

—

loollz<Idlle, veX, (1.9)
and
b(ﬁ_Qhﬁ)a I"Lh)=0a UEX_)’ I‘Lh EMh. (110)

Here, A <B means that 4 can be bounded by some constant multiple of B
where the constant is independent of the various parameters the quantities A4
and B may depend on.

Several concrete examples of bivariate finite element spaces satisfying (1.8) are
known. For three space dimensions the list of finite elements satisfying (1.8) is
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significantly shorter. In spite of the fact that in the finite element context the
criterion in Proposition 1.1 is usually not very practicable, it turns out to be
quite suitable in a somewhat different setting. In fact, utilizing Proposition 1.1,
we propose in this paper a systematic construction of nested trial spaces X,, M,
satisfying (1.8). We emphasize that the Stokes problem is to be viewed as one
example and that the approach applies as well to related saddle point problems
arising for instance from mixed formulations for elliptic problems.

Roughly speaking, the main idea can be described as follows. Instead of starting
with a specific finite element space in X, we construct a sequence of projectors
Q,, = Q; satisfying (1.10) and take their ranges X Xh as trial spaces. The
construction of the Q;, in turn, is based on the construction of a suitable
multiscale basis. In SeCthIl 2 we collect some relevant facts about such bases for
later use. A convenient way for constructing these bases is provided by shift-
invariant refinable spaces, often referred to as multiresolution analyses. This
together with the construction of the projectors Q; and corresponding multi-
scale bases adapted to the problem at hand is described in Section 3. It should
be also emphasized that the approach works independently of the number of
spatial variables. Moreover, the order of accuracy of the resulting trial spaces
can easily be raised, at the expense of larger supports of the basis functions, of
course.

There are a few more consequences which are worth mentioning. Firstly, stable
multiscale bases offer a particularly convenient framework for local error
control and adaptive techniques. This issue will be addressed in more detail
elsewhere. The second issue concerns the numerical solution of the linear
systems arising from (1.7). Defining A;: X; - X;, B;: X; > M, by

va(i,,7) =A@, 5, (i m) = (B i) gy (111)

it is clear that A is symmetric positive definite and that (1.7) amounts to solving

the saddle point problem
v = ! 1.12
p; 0] (1.12)

The treatment of (1.12) is in one way or another tied to the Schur complement

= -1
Kj - BjAj B;k

B 0

J

A, B;‘)

(see e.g. [4D. In case (1.4) and » not too small K ; is well-conditioned. However,
when employing implicit time stepping schemes for the non-stationary case (1.1),
the condition number deteriorates with decreasing time steps. Building up on
recent investigations in [4], we will point out in Section 4 that the multiscale
bases not only give rise to stable discretizations in the sense of (1.8) but lead
also to a convenient efficient preconditioner replacing the approach based on
solving Neumann problems proposed in [4]. In Section 5 we construct a class of

examples that fit the conditions required in Section 3. In Section 6 we comment
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on computational issues, in particular, pertaining to the computation of the
entries of the right hand sides and stiffness matrices. This is another instance of
taking essential advantage of the shift-invariance of the trial spaces. Refinability
of the basis functions allows one to reduce these quadrature tasks to solving
once a certain linear system whose size depends only on the supports of the
generators of the multiresolution analysis but nof on the level of discretization.
We conclude with some concrete examples of stable pairs of trial spaces and
present some numerical experiments for the Driven Cavity Problem for two and
three space variables.

2. Multiscale Decompositions

In this section we collect a few general facts for later purposes. Suppose
F={8$}_, is a sequence of closed nested subspaces of some Hilbert space H.
Usually each space S; is defined as linear span of some basis @, ={¢,, 1k €1}
which is to be stable, i.e.,

Z ck(P]

kel

, (2.1)

H

IC”/Z(I)

where 4 ~ B means that both relations 4 <B and B <A hold, and liell /2, =
() Ilckl V2. @, typically consists of functions with compact support whose
diameter remams uniformly proportional to the ‘meshsize’ 4, which in the

j
following will be assumed for simplicity to behave like 27/,

To update a given coarse approximation v;,_; €S;_, of some vE€H it is

convenient to decompose
S;=S,_,0W,

where W] is some direct summand.

Suppose now that also a (uniformly) stable basis ¥, ={y,, :kJ} of each
complement space W, is known, i.e. ¥, satisfies (2.1) uniformly in j. Then any
v, €S, can be written in single-scale representation as

Z Cr P ks
kel,

or, with ¥, = &, J, = I, in multiscale form as
m
= Z Z dj,k‘/fj,k
j=0kelJ;
The transformation
T,:d—c (2.2)
which takes the multiscale coefficients d; ; into the single scale coefficients c, is

of central importance in typical wavelet applications and will turn out to play a
crucial role in the present context as well. It is therefore essential that the T; are
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efficiently executable and well-conditioned. As for the first issue note that the
nestedness of the spaces §; implies the existence of refinement matrices
Ry ;= (r] k)lef+ kel such that

= X rl{k¢j+1,l: kel. (2.3)

Iel,,

In all typical applications the R, ; are uniformly banded, i.e., all rows and
columns of R, ; contain only a uniformly bounded number of nonzero entries. It
is clear that ¢, must have the form

Yip16= > rl{k¢j+1,l: kel ., (2.4)

lel;

where the composite matrix R, =(R, ;,R, ;) with R, ;=(r/ Wier, ke, 18
invertible. One easily verifies (cf. [13]) that the transformation T, has then the
structure of a pyramid scheme similar to the fast wavelet transform

. ~ (R, 0
T,=R, R, R,=(0’ 1)' (2.5)

As a consequence one has

Remark 2.1. If R, 3 R,; (and thus R)) are uniformly banded, then the
application of T, requires only & (dim S) operatlons
As for the condition number of T;, it is known that

cond,(T;) =& (1) (2.6)

if and only if ¥={¢,, :kEJj,j=O,1,...} is a Riesz basis for H [13]. This
means that every v € H possesses a unique expansion

v=), Zdj,k(v)‘v[’j,k
j=0keJ;
and
- 1/2
HvllH~(Z Zld,,k(u)lz) : (2.7)
j=0kelJ;

With the aid of the Riesz-representation theorem one easily derives from (2.7)
the existence of a dual Riesz basis ¥ = {z/r] ke, j=0,1,...}, ie.

(V0B ) = B Beies kST K EJJ"f’f'ENO‘ (2.8)
Thus the mappings
j J
Qv = )M (U7¢z,k)H¢‘l,k: Qfv= Y X (0¥ ) gt (2.9)
1=0 key, -0 kelJ,

are un1formly bounded projectors with ranges §; and S respectively. Obviously,
Q7 is the adjoint of Q;. The following observatlons are useful (see e.g. [13].



A Wavelet Galerkin Method for the Stokes Equations 265

Remark 2.2. Let Q; be uniformly bounded linear projectors from some Hilbert
space H onto nested closed subspaces §; of H. Then the following properties
are equivalent:

(i) The Q; commute, ie.
00,=0, I<j, (2.10)

(i) Q;—Q,_, are also projectors,
(iii) the ranges S; of the adjoints QF of Q; are also nested.

Note that the particular projectors Q; (2.9) induced by the Riesz basis do satisfy
(2.10). Moreover, assuming that the ¥, are uniformly stable, then @7 is
equivalent to

1/2

ol ~ Z ”(Q] - Qj—l)U”%I . (211)
j=0

As for the validity of (2.11) and hence of (2.6) in such a general Hilbert space
context we record some facts from [14]. To describe under which circumstances
(2.11) holds, we call any subadditive uniformly bounded family of functionals
o(-, 1), t >0, satisfying lim, , y+@(v,1) =0 for v € H, a modulus. & is said to
satisfy a Jackson and Bernstein estimate relative to a modulus w if there exists
some y > (0 such that the relations

inf [[v - vz < w(v,27), vEH, (2.12)

quSj
and

o(v,1) < (min{1,227}) v llz, €S,

Jj?

(2.13)
hold uniformly in j, respectively.

Theorem 2.3. For ., H as above, let Q; be uniformly bounded linear projectors
onto S; satisfying (2.10). Assume that .~ and & both satisfy Jackson and Bemnstein
estzmates (2.12), (2.13) relative to some modulus o for some vy, ¥ > 0, respectively.
Then (2.11) holds.

In view of the apparently pivotal role of condition (2.10), we record yet another
equivalent formulation of Remark 2.2 (iii) for later use. The projectors Q; can
be represented as

Qv = 2 (v, Gz’j,k)HGDj,ka (2.14)
kel
where the set &, = {®, « : k €1} is biorthogonal to @, i.e.,
(@0 &0) =8 kI, (2.15)

Remark 2.4. The Q; satisfy (2.10) if and only if (13]- is also refinable. In fact, one
has

~ — ~j ~ .
Pk Z e Pir,is kel,

el

where 7, = (@, 1, ¥1.1,0p-
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We will apply Theorem 2.3 later to H = L*({2) or H=H" for s € R, where H®
may stand for any of the spaces H*(Q2), Hj(£). (In fact, one could also assume
homogeneous Dirichlet conditions on part of the boundary.) The role of the
modulus is then played by the standard L*-modulus of smoothness. Recall that
the dth order L?modulus of smoothness is defined by

wi (v, ) 20) = SUP”AfU”LZ(ﬂh,,,), (2.16)
\hl<t
where (2, ;={x€Q:x+he,]l=0,...,d} and
d :
ate()= % | j)<—1)d"v<-+jh)
j=0

(see e.g. [16]). When the modulus w(-,7) in (2.13) is chosen as the dth order
I*-modulus defined in (2.16), it is well-known that, under mild assumptions on
the regularity of the domain, the validity of (2.12), (2.13) is equivalent to the
direct estimates

inf ”U—U”LZ(Q)<2 Nollgs, veHs<d, (2.17)

U (=Y
and the inverse estimates
lollar <27 Mol ve8;,s<t <y, (2.18)
where one usually has y < d. This yields the following norm equivalences (see
e.g. [14]).

Proposition 2.5. If the spaces S; and S satisfy (2.17) and (2.18) for some d, d € N
and 0 < y<d, 0<y<d, then one has

- 1/2
lollge~ ( Z 22tj”(Qj_Qj-—1)U“%,2(.Q)) > te(—%, 7’): (2'19)

j=0
and

- 1/2
uunHw(zu(g,-—Q,»_l)uuzx), (e(-7y).  @20)

j=0

where here for t <0 the space H' is to be understood as the dual space (H™')*.

A useful interpretation of these facts may be formulated as follows. Let
Ap = Y 20(Q;— Q;_,)v. (2.21)
i=0

Then, under the assumptions in Proposition 2.5,
N Al g ~ ol gees fort+se(—%,y). (2.22)
This latter fact will play an important role for the issue of preconditioning.

We conclude this section with a comment on the condition (2.17) which is
taylored to uniform mesh refinements. Equivalences of the form (2.19) actually
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persist to hold under weaker assumptions permitting spaces S; resulting from
adaptive refinements. In fact, one way to show that (2.19) still holds, is to
establish an estimate of the form

I(Q; ~ Qj—1)vpllizay < wd(vmaz_j)[}(g)’ Uy €ESps j<m,
see [16].

3. Multiscale Bases for the Stokes Problem

Combining the facts stated in the previous section with Proposition 1.1, suggests
constructing multiscale basis functions ¢; , in such a way that the corresponding
projectors Q;, defined by (2.9), satisfy on one hand (1.10) and on the other hand
(2.10) as well as relations of the type (2.17), (2.18) to ensure norm equivalences
of the form (2.19). First we will show that this task can conveniently be solved
when 2=R" In a second step we will indicate possible ways of adapting the
construction to bounded domains.

3.1 The Shift-Invariant Case and Wavelets

The main ingredient of our construction is the concept of biorthogonal wavelets.
Recall from Remark 2.4 that in the above general context biorthogonality was
expressed through condition (2.10). Suppose that £, ¢ are compactly supported
functions in L2(R) which are refinable, i.e., the relations

E(x)= L @ é(2x—k), Ex)= L ar€(2x k), (3.1.1)
keZ keZ

hold for some masks a={a,}, <5, a ={d,}, <. We will call &, £ a dual pair if
one has in addition

(g’é(._k))Lz(R")=60,k’ kelZ. (312)

It is easy to see that (3.1.2) forces both masks to be finitely supported when &
and £ have compact support. Moreover, defining for g € L2(R)

=202 ~k), jkeZ,

the functions derived from £ and §~ by dilation and integer shifts are stable in
the sense of

pIRH Ek

kez

llell  2zy ~ (3.1.3)

L*(R)
Examples of such dual pairs can be found in [11].

Denoting in the following for any collection F of functions in L? by S(F) the
L?-closure of the span of F and setting

(g)] {]k kEZ}
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(3.1.1) implies that the spaces §; = S((£))), .S"; =S((£ );) are nested, i.e.,
S,cS.y, $cS., el (3.1.4)

This obviously fits into the framework described in the previous section. More-
over, it is easy to identify suitable complement bases. In fact, it is known that
(@, 11D

n(x)= ¥ (-D'a_é@2x—k), @(x) = ¥ (~D)a_£Q2x—k),

keZ keZ
(3.1.5)
satisfy
(7= k) e =80k (£70=8) = (£ 0~ k) p@ =0, keZ
(3.1.6)
One readily concludes from (3.1.1) and (3.1.6) that
(M1 Ty ) 2an = Bk GoJ Sk K €L, (3.1.7)
(see (2.8)). Thus the 7, give rise to a stable multlscale basis in the sense of
Section 2. Moreover, the complement spaces W, := S((n),), W, = S((%)),) satisfy
W, LS, 1, W LS, W] vfg j* (3.1.8)

3.2 Modifying Dual Pairs

One reason for considering the above shift-invariant setting is that, given a dual
pair of generators ¢, £, there is a relatively simple mechanism of generating new
dual pairs £*, £* which will turn out to be useful for constructmg multiscale
bases adapted to the Stokes problem. To describe this it is convenient to
introduce for a given mask a of refinement coefficients appearing in (3.1.1) its
symbol

a(z)= ), a.z%, zeC. (32.1)

keZ

In fact, the biorthogonality relation (3.1.2) implies

a(z)a(z) +a(-z)a(—z)=4. (3.2.2)
Moreover, when a(z) is divisible by (1 + z) (which is known to be the case when
&€ HYR)) it is clear that the new pair of symbols

2 - 1+z
b(z) = 1 Za(z), b(z) = a(z),

still satisfies (3.2.2). Thus if the new masks b, b still admit solutions to (3.1.1) one
ends up with a new dual pair which turns out to be related to the initial one
through differentiation and integration. This is made precise by the following
observation which is essentially due to Lemarié—Rieusset [24,25]. It is a special
case of a result established in [27].
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Lemma 3.1. Let £, £€ L*(R) be compactly supported dual functions, which are
refinable with masks a° and a°, respectively. If £¢€ HR) and [pé(x)dx=
[oéx)dx =1, then there exists a dual pair £*, £* of compactly supported
functions in L*(R) such that

d d . . .
Eg(x)=§*(x)—§*(x—1) and ?d;g*(x)=§(x+1)—§(x)
(3.2.3)

holds. Moreover, their symbols satisfy the relations

2 1+

z
O %) Y — 0 20,%)( ) — 0
a ")z} 1352 (z), av(z) 54 (z), (3.24)

and the relations

d d
En(x) =4n*(x), and E;f?;*(x) = —~47(x) (3.2.5)
are valid for the biorthogonal wavelets defined by (3.1.5).

Note that since, by (3.2.3), £* belongs to H'(R), £* must be continuous. The
essence of the above statements is that, starting with a refinable dual pair £, £, a
certain modification produces a new refinable dual pair £*, £*, thus preserving
the crucial property (2.10). The new pair will serve as the main building block
for the construction of pairs of trial spaces satisfying the LBB condition. The
advantage of the shift—invariant setting iies in the fact that the whole construc-
tion reduces to manipulating Laurent polynomials. The modification consists
essentially of differentiation and integration illustrated by the following figure:

& &
l biorthogonal ?
Differentiation | | Integration
| |
& &,

The most convenient way of constructing muitivariate dual pairs of refinable
functions is to employ tensor products, ie., for x € R” and any dual pair of
univariate refinable functions &, £

$(x) =£(x) é(x,),  d(x)=E(x)&(x,),  (3.26)
are easily seen to form a multivariate dual pair. More generally, writing

~ ~ ~

=25, €y =¢, &=, £ = 7,
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and analogously for £*, £*, e €{0,1}, the corresponding multivariate scaling
functions and wavelets are given by

¢e(x)==£llfei(xi), tﬁe(x)==11f[1§'ei(xi) e€{0,1}"=E, (32.7)

where, of course, ¢, = ¢, l/;o = ¢. Moreover, defining the modified functions
ll,e(y)7 l)b‘e(y)7 € EE’ by
e(y)(x) = gel(xl) ot ge,,_l(xu—l) geﬂ: (xv) ge,,+1(xv+1) t gen(xn)’ (328)
as well as
lZe(V)(‘x) = éel(xl) t é;.’,,‘l(wil) gej (xv) ge,,+1(xv+1) o é;,,(xn)’ (329)
Lemma 3.1 yields

] VyI(x), ife,=0,
—y,(x) = o ] (3.2.10)
ox, 447 (x), ife, =1,
and
q . A, (x), ife,=0,
I (x) = oVl ~) (32.11)
ix, (—4) ¢.(x), ife,=1,
where

Vi=f()-f(—¢), Af=f(-+e)~[(),

and the e” are the coordinate vectors, i.e., (e”), = §

v,v's

3 S v, v'=1,...,n. Again
we have used the convention ¢{”’ = ¢ and ¢{” = ¢

To indicate the relevance of the above manipulations with regard to the LBB
condition, let for E = {0,1}", E* = E\ {0}

U= 21/ (27 — &), ,[,j’k = 2”f/21/7€(2f- —a), k=(e,a) €EXZ",
(3.2.12)

and
D= ¢y ke {0} x 27, &={d ke {0} xZ"), (32.13)
@ = {y o keE* x2"), ¥={j, keE X1}

One easily derives from the biorthogonality of the univariate factors (3.1.7) that
(600 0) rmy = 87Ok ks IS EN K K €E*XZ". (3.2.14)

In other words, this means
S(F) LS(9,1), S(®)L18(d,_), S(¥)LS(F) forj#j. (32.15)
Analogous relations hold for @, <1~5j replaced by &, cﬁj(”), v=1,...,n. Now set
M;=5(0), X=S(BO)x ... x5("), (3.2.16)
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and define in analogy to (2.14) the projectors Q; by
(07), T (5ot v=lon
kefoyxz”

A glance at the corresponding multiscale representation (2.9) reveals that for
any v€X

_(Q_)’"'_j)v= E > (UV"/’J‘(}))LZ(R")’Z’J'(’"?: X (w)f)v
j=m+1keE*x7" j=m+1

Obviously, W, € S(‘P M) X ... X S(F™). We readily obtain from (3.2.11) that

divig, = Y dd,
keE*x 7"
for some coefficients d, and, hence, div W; belongs to the complement S(‘I/) of
S(tI) ) in S(d)) But by (3.2.15), we have'

( j) LS(P;4)
which means here that
(dv #,,0,,) 2y = (P00 ) =0, 0, €8(D,) =M, j>m.

Hence the projectors Q} satisfy the conditions (1.9) and (1.10) in Proposition 1.1
which show that the pairs M;, X, satisfy the LBB condition. Thus the LBB
condition on all of R” amounts to the construction of suitably interrelated
biorthogonal multiscale bases. Our central objective is now to extend this
mechanism to bounded domains. Defining for any collection V' of functions
3V = {(d/dx,) v:v eV}, it will be useful to keep in mind that the essence of
the above argument is the relation

S(aF™)cs(F),  v=1,...n (3.2.17)
3.3 Bounded Domains

It remains to establish multiscale bases for a given bounded domain. One
possible strategy is to work with restrictions of the spaces introduced in the last
section to a given domain and enforce essential boundary conditions by means
of Lagrange multipliers. For scalar elliptic problems this approach is studied in
[22]. The advantage would be to preserve possibly many properties of the
shift-invariant multiresolution spaces while still being able to treat relatively
general domain geometries. On the other hand, the saddle point problems
become more complicated. These issues will be addressed in a forthcoming
paper. An alternative is to adapt the multiscale bases to the given domain by
suitable modifications of basis functions near the boundary.

The central task will then be to preserve the relation (3.2.17) under these
modifications. A general construction of multiresolution spaces and their stable
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decompositions essentially for Lipschitz domains is proposed and analyzed in [8].
To focus on the essential ideas and to avoid the technicalities entailed by the
general case we will confine the subsequent discussions to the simple model case

=[0,1]". In fact, the type of basis functions will be the same in the general
case where, however, the boundary near modifications depend on the local
behavior of the boundary. Since our main concern here is the LBB condition we
have decided not to address the general boundary adaptation here.

Throughout the rest of this paper let 2=[0,1]". Employing as above tensor
products of univariate functions (3.2.6) then reduces the problem to constructing
suitable muitiscale bases on [0,1]. Several such constructions have been de-
scribed in the literature [1,7,10,12,21]. In particular, [1] treats the case of
biorthogonal wavelets which is needed here. Unfortunately, one cannot apply
these results directly since, on one hand, the stability in the sense of (2.11) is not
addressed there and, on the other hand, the stability properties needed here
require estimates of the form (2.17), (2.18) for the spaces spanned by both the
generator and its dual, which is not given in any of these papers. When
indicating the corresponding necessary modifications we also collect the require-
ments on the generators which will be relevant for subsequent applications and
which will direct us later when giving concrete examples.

In view of (3.2.6), we will again be concerned with a dual pair ¢, sg of univariate
refinable functions. It will be seen that all relevant properties of the resulting
spaces can be conveniently expressed in terms of the regularity and exactness of
£, £ in the following sense. We will assume that £, £ are supported in [~1, /] for
some fixed [ € N. Firstly, we require that

¢, E€HY(R)  forsome¢> 1. (3.3.1)

In fact, for the stationary problem it would be sufficient if only one of the
generators has Sobolev regularity exceeding one. Secondly, &, & are to be exact
of degree d — 1, d — 1, for some d, d € N, respectively, where, in particular, we
will always assume that

d=dz=2. (33.2)
Here ¢ to be exact of degree d — 1 means that for r=10,...,d -1
= Z ((')r’ g('_k))LZ(R)f(x—k} (3.3.3)

ke7

It is well-known that the refinability by itself already implies that (3.3.3) holds
for =0 [6]. Many examples of dual pairs with higher degree of exactness can
be found in the literature. If one allows / to become large the parameters ¢, d, d
can be made atbitrarily large [11]. It is also well-known that when (3.3.3) holds,
linear combinations of the dilates ¢(2/- —k), k € Z, provide approximation
orders @ (2774), j — oo, for functions in H4(R).

Remark 3.2. Note that, since the exactness of a refinable function is known to be
determined by the power of the factor (1 +2z) in the symbol of its mask, the
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modified function £* given in Lemma 3.1 is under the above assumptions exact
of degree d.

We recall first the basic principle of constructing multiresolution spaces on [0, 1]
generated by any given dual pair £, £. The key idea is to retain as much
structure as possible from the spaces defined on all of R while preserving the
degree of exactness. It is clear that when working just with the restrictions of the
shifts £(27- — k) to [0, 1] one would loose biorthogonality and stability. Thus one
keeps possibly many shifts £(2/- —k) whose support is strictly inside [0,1] as
basis functions while modifying those interfering with the end points of the
interval in such a way that overall one obtains stable biorthogonal basis
functions which are still refinable and span all polynomials up to a desired
degree. To be precise, fix integers N, M >1, d, set

K=K UK; UK p, (334)
where
Kj,L:={N—d,...,N—1}, K, ;={N,...,21 =M},

1
K g=1{2/-M+1,..,2/ ~M+d)

for all j>j, with j, big enough so that K;; and K,z do not overlap. In
principle, one could take N =M. The reason for introducing a further parame-
ter will become clear later. Now let

£ =21%(20- —k), g’.k=2f/2§(2f-—k) k€K, ;. (335)

Furthermore, in view of (3.3.3), define for r= Ld—1
N—-1
fj,LN—d+r w=2172 Z 21‘((21',) s f(zj’ - m))LZ(R)f(zj' _m)‘[O,l] (3-3-6)
m=—1
and
. 2]+l . . r ~ . .
Epvaer =272 X 2((21(A-1)) €27 —m)) 12 €27 —m)lo, .
m=2/~M+1

(33.7)

On account of (3.3.3), it is clear that the functions ¢ ,, k €K ,, together with
the functions § , k€K, § o k EK] & span all polynormals of degree at
most d —1 on [0 1] The functlons f s &, are defined analogously with the
roles of ¢ and & interchanged. For 51mphclty, we confine ourselves here to
reproduce thereby the same degree d — 1 of exactness also for the dual side (see
[17] for the general case). As in [1] one can verify that the &, &5 are 11near1y
independent and refinable. It remains to biorthogonalize the sets ]k, fj s
k€K ,and & R, fj k> k € K; g, respectively. For instance, it will be convenient
for later purposes to set

éj,k’= ;,Lka k€K, (33.8)

§r=§&5% k€K g
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One then has to determine coefficients L R such that the functions

jkm’ J k,m
fjsk:= Z L]km j,m? keijL:
mEK
g},k = E R] k,mSj, m7 kEKj,R, (339)
mek; g
satisfy
(é}',k’éj,m)LZ([g,l]):Sk,ma k,m EK]',LUKJ-,R- (3310)
Defining now
E={¢,:keK), E={§, kek}, (3.3.11)

the following facts can be verified (see also [1, 17]).

Proposition 3.3. Under the above assumptions one has:

() diam supp (§,)~27, keK;, #K,~2/.
(i) The & are uniformly stable.
Gi) I, ,40,1D cS(5), jEN, j = j,, where I1,(0,1]) denotes the space of all
polynomials of degree r on [0,1].
) S(Z)cS(F., ), JEN, j=j,.

Analogous facts hold for .":-':7]

Note next that the quantities

2,‘/2((2,-.)1’ 217%(2- —m)) 2am = ((')ra EC—m)) pny = 07 (3:3.12)

are actually independent of the level j. Defining «f,, &5, &%, in an
analogous fashion by exchanging ()" by (1 —-Y and € by &, respectively, the
relations (3.3.6), (3.3.7) take the form (with N=M)

N-1
fj{‘N«d+r= Z arl,lmzj/zg(zj'_m)l[o:lb
m=—1
2741
'fjerj—N+d~r= Z rm2]/2§(2] _m)|[01 r=0""’d—1’ (3313)
m=2/—-N+1

and analogously f N—dtr §] 5 _n+a-r- Moreover, it is well-known that the
members &, £ of any dual pair can be normalized so that [z £(x)dx = [ E(x) dx
=1 so that, in particular

af ,=af, =1, Ge{L,R},mel. (3.3.14)
Likewise it is easy to see that the coefficients L, ,., R, ,, in (3.3.9) do not

depend on j and hence have to be computed only once [17].

It remains to determine the corresponding biorthogonal wavelets adapted to the
interval. Again one retains possibly many wavelets in the form (3.1.5) as long as
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their support lies strictly in (0, 1). For the construction of the modifications near
the endpoints we refer to [1, 12, 17]. Moreover, the explicit form of the modified
scaling functions and wavelets for the present particular situation are recorded
in [17]. Here it is important to note that these coefficients are also independent
of the level j and therefore have to be determined only once by solving small
linear systems.

Remark 3.4. The particular choice of the boundary functions makes it easy to
incorporate homogeneous boundary conditions. The case of interest is

Bo=EN{é v j,z,»_NM}. (3.3.15)
Note that, by construction, one can still represent near the boundary all
polynomials of degree d —1 which vanish at the boundary as linear combina-
tions of the elements in 5 ;.

It will be useful to keep the following observation in mind.

Remark 3.5. Independently of the choice of £, §~, N, M one has
dim(S(5))) — dim(S(5;_,)) = #K,— #K, | = #K;  ~ #K, ; ;=21

Suitable spaces on £2=[0,1]" are now again obtained by taking tensor products.
For ;==K X ... XK define

n

P, = E;l E={dr=§,00&, k=(ky,....k,) €L}, (3.3.16)

and analogously @;, where for x=(xy,...,x,)" we set (v, ® - ®v, Nx):=

vlx) v, (x,).

3.4 The LadySenskaja—BabuSka—Brezzi Condition

In the sequel we will always assume that (3.3.1) holds, and that the bases =, 5]
are defined by (3.2.4) where N=M in the definition of K, (3.3.4). Given the
bases &, <15 on (2, defined by (3.3.16) relative to the multlvarlate dual pair ¢, é
of the form (3.2.6), our main objective is to construct next bases ¢, @(”)
v=1,...,n, according to the modifications from Lemma 3.1. Smce we have
assumcd that £, § are supported in [ —1,7] it follows from (3.2.3) that

supp £* <[ -1,1-1], supp&*c[-1-11]. (3.4.1)
Moreover, since £* essentially results from differentiation its degree of exact-

ness is expected to drop by one. This suggests the following partition for the
corresponding index sets K" to be properly related to X (see also [29]),

K;k :=K;:L U K;:I U K]TR’
where
K*L:={N—d+1,...,N—1}, K;"‘I:={N,...,2f—N+1},

K¥p={2/~N+2,...,2/ = N+d}, (3.4.2)
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ie., here we have M =N —1. The collections Z* = { &% 1k €K/} are then
defined as described in Section 3.3. Similarly we set

K/* = vafL U I&;‘jf U Kjﬁ:R’
where
*={N-d,..,N}, Ki={2-N+1,...,2/=N+d+1},
K ={N+1,...,27 =N},

Kf o={N-d+1,.,N}, Kfpy={2/-N+1,..,2/-N+d}.
(3.4.3)

The function £* will be used to construct the trial spaces for the velocities.
Homogenizing boundary conditions if necessary it will be sufficient to construct
these trial spaces as subspaces of Hy(Q). Therefore according to Remark 3.4,
we have defined the diminished index sets K] 10> K] g0 it (3.4.3) without the
extreme indices N—d, 2/ — N+ 1 which correspond to those bas1s functions
which facilitate reproduction of constants. Thus constructing 5 -{f ke
K *} as described in Section 3.3, and ,..,]’g as in Remark 3.4 relative to

K]O LOUK]IUKRW
we have
(&%) cH([0.1]). (3.4.4)
Moreover, note that '
#KF = #K5,. (3.4.5)
More can be said which will be the first important observation (see also [29]). In
fact, the following considerations prepare some necessary technical prerequisites
for establishing the relations (3.2.17) for the modified wavelets adapted to the
domain (2. To this end, we define for any collection 5 of functions ¢5 =

{(d/do)¢: €€ B
Propeosition 3.6. One has

S(57)=5(5), (3.4.6)
as well as

(o5 ) < S(5). (3.4.7)
Moreouver,

{g:g(x) =f0xv(t) dt,x<[0,1],v ES(E;-),];

"o(t) dt = o} =5(5%). (3498

Proof: In analogy to (3.3.12) let
atiy =2 (222 - m)) pgy M= Lo N
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and analogously o RGxk R Observe first that these coefficients satisfy

r,m? ar m
discrete counterparts to the functional equations (3.2.3). In fact, one readily
derives from (3.2.3) and (3.3.12) (see also (3.3.14)) that

—at, i =ra®t ... m=-I+1,.,N-1, r=0,..,d-1,

r,m r,m—1"
af,  —af, =ra¥f . m=21-N+2,...27+1, r=0,...,d-1,
(3.4.9)
and
afno—atl=rat,,, m=-l..,N—1, r=0,...4d,
afN—ars  =ra®,,, m=2-N+1,..2/41 r=0,..d.

(3.4.10)

As before we will write for the 1nter10r scaling functions £% = 217%%(21 — k),
keK¥;, and analogously for §] o & KEK; K] > respectlvely Utilizing
(3.4. 9) and (3.2.3), straightforward calculations yield

d o —2/gxy, k=N-d,

de P\ 2((k=N+d) et —af viay18), ke N(N-d},
d .

Efj,k=21(§jfk— f,kk+1)a kek; ,, (3.4.11)
i zj((k 27+ N~ d)&? it o yia- k2i- N+1§j>,sz—N+1)=
E;fj{zk: keK; x\ {2/ -N+d},

VE s k=2/—N+d.
Similarly, combining (3.4.10) and (3.2.3), provides

d . . - - .
Efj,*k’L =2/((k— N+ d)gj,Lk—l - &if-’-LNm, N-1& N keK}; o

% e =26 - §, keKS,
d . ‘ - . -
Ex_'fijkk’R = 21(&§kf’§N+d+1—k,2f—N 2y — QI =-N+d+1- k)fjf{k):
k€Ki g, (3.4.12)
One readily concludes now from (3.4.11) that
S(95;) cS(E*). (3.4.13)

Moreover to prove the converse inclusion note first that, again by (3.4.11),
§J ES(&H]) kEK*G, G € {L, R}. Thus, it suffices to confirm that Jj"ke
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S(9E)), k €K} . To this end, note that

21N
&x =2—ji§_ + £F = e =2 Z _d_§ + £,
i,k dx ik jik+1 ~ dx om 7,2/ = N+1
YN g d

which proves (3.4.6).

Clearly, (3.4.7) follows from (3.4. 12) Finally, to prove (3.4.8), let us denote for
convenience also f = §] Lk EK] ¢» G€{L, R}, and analogously & ,. Then
(3.4.12) can be brleﬂy rewritten as

d )
5= L Cem G (3.4.14)
mek;
Now let us denote the space defined on the left hand side of (3.4.8) by V. Since
S(E%) c Hy(0,1]) one has [3(d /dx)§¥(x) dx =0, keK*O, o that, by (3.4.12),
S(E%) V. To see that V; C S(H] %), deﬁne b < R% by

by, =/0§;j,k(x) dx, keK;,

and set (b)" :={c € R% :¢”b =0}. In these terms one obviously has

=ig(x)= X ck[ £ (1) dr:ce byt
kek;
Since f eV, ke K 0, the vectors formed by the coefficients in (3.4.14) belong
to (b)". Consider the (#K*O) X (#K;) matrix B whose kth row contains the
coefficients c; ;. ., m €K,. It'is easy to see that B has full rank #K ]*0 =#K; -
In fact, it is upper trlangular and has nonvanishing entries on the dlagonal
Hence <b)L = {B7¢:& € RX5}. Thus, whenever v(x) = Liek, ckfofj WDdteV,
i.e., c€{b)", there exists & € RX% with ¢ = BT¢ which, in view of (3.4.14), Just
means U =X, . K;.fock §] .. This completes the proof. O

Now let
T={n.:kel)l,  T={.kei=1}

be the wavelet bases for the spaces S(E) and S (,_, ), respectively. As mentioned
above the wavelets with support in the interior of [0,1] have the form (3.1.5).
The remaining ones interfering with the end points of the interval have to be
properly modified. Since at this point we do not have to make use of their
explicit representation we refer to [17] for a listing of the corresponding
coefficients. The important point here is to realize that instead of applying an
analogous construction also for the spaces S(5*) and S(,_, "), the bases 7, and
’I‘ already determine the wavelets for these latter spaces. In fact, with the above
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preparations at hand we can show next that as in the shift-invariant case the
wavelets corresponding to the spaces S(Z*) and S(&%) still arise from those
for S(&)) and S( ~]) by differentiation and integration, respectively.

Theorem 3.7. Define
. d
n]?fk(x):=2_1_zzx—nj’k(x), xe[0,1], keJ=J*, (3.4.15)
and
A(x) = =2 [ () dt,  xe[0,1], kel (3416)
0

Then the collections

T ={ni:ker),  TFe={f:kel)
are biorthogonal wavelet bases, i.e.,

(% ﬁjﬂ:k')Lz([O,l]) =S, kK&, (3:4.17)
and

S(EF)=S(Er)es(T*),  S(&%)=5(8%.,)eS(T*). (34.18)

i
Moreover, one has

S(am)=S(1*),  S(aT*)=5(T;). (3.4.19)

J

Proof: Clearly (3.4.19) is an immediate consequence of (3.4.15) and (3.4.16).
Moreover, since S(5;_;) contains all constant functions and since S(Z;_;) L
S(T) we have

5 o (L.
(1) = *2”2[0 7,6(¥) dy =0,

so that
15(0) = 7 (1) =0, ke, (3.4.20)
Thus
s(T*) cH3([0,1]), (3.4.21)

and we can employ integration by parts to conclude from (3.4.15) and (3.4.16)
that

5k ~ % . ~
(W ) 2o, = (e W) 2qo, i Ko K €T

so that (3.4.17) follows from the fact that T, and T. are, by comnstruction,
biorthogonal bases. Hence, in particular, the collectlons T-* and T* consist of
linearly independent functions, and

dim(S(7;*)) = dim(S(T;*)) = #7. (3.4.22)
On account of Remark 3.5 and (3.4.22), it remains to verify the relations

s(T*)es(5x).  s(m*)es(5), (3.4.23)
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and
S(T¥)NS(E1,) = S(TF)NS(5E) = (0} (3.4.24)
To this end, (3.4.15) yields

. d
We=27 L e S(0T ) <5(95),

so that the second part of (3.4.23) follows from (3.4.6). Furthermore, since S( :,;)
contains constant functions so that, due to blorthogonahty, the elements in
S(T) have first order vanishing moments, i.e., [j7; (x)dx =0, k €J;, the first
relation in (3.4.23) follows from (3.4.16) and (3 4. 8)

Now suppose that g:= T, ;¢ ES(T*)ﬂ S(E* 1) By (34.17), gne has
(g,n] 2o, 1p = Cx- On the other hand, since (3.4. 15) and the fact that 5%, , C
H;([0,1D),

3 ) d .
5k Me B —-2“1“2(—‘57511(,7)- k/)
( o T, )LZ([O 1D de B ] o 1y

the relation S(_, _1) L 8(T}) ensures, on account of (3.4.7), that ¢, =0, k EJ
which confirms the second part of (3.4.18). Similarly, for g=X, ,ckn]

S(T;*)N S(&;* ;) we obtain, in view of (3.4.17), ¢, = (g, 7 )r2¢0.1; = O since, by
(34 6), S(H] ) =S8(3E;_)) and by (3.4.16) ((d/dx)gj L 2,1
==21*%& b, M, 1)p2qo,1p = 0. Here we have used that 7;* C HX(0,1]) and
that S(5;_) L S(T) in the last step. This proves (3.4.18) and completes the
proof. |

Thus, in addition to the bases &;, @j, defined according to (3.3.16), we can now
define the modified bases as follows

PN =F® 85" ® 05, (3.4.25)
and likewise
PH=F,0 0550 05, (3.4.26)

where EJ* and E,;”Z, are understood to occur at position » for v=1,...,n.
Corresponding wavelet bases are now obtained in a canonical fashion as

v = J v, T = |J 9, (3.4.27)
ecE* eEE*
where for
7 E’,j, ife,=0,

“i =\ T, ife,=1,

]’
and analogously 7, , ’f‘ ’f‘*
1JIW)—T ® 1% e e,

e €,,]?

(3.4.28)
as well as
1[,8(1{):= Tl’j®...® Té‘jj@...@’f .. (3.4.29)
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Corollary 3.8. In view of (3.4.19), one has

s(a,9,) = s(¥) (3.4.30)

and by (3.4.4),
s() cHi([0.1]"). (34.31)
By our assumptions on the univariate generators &, £, it is clear that the above
construction produces for every »=1,...,n bases @) which are biorthogonal

to the ¢, Although the regularity of the @) is now lower than that of the &,
it still will be seen to suffice (see (3.3.1) to g1ve rise to stable multiscale bases in
the sense of Section 2. In fact, we will show that these wavelet bases form Riesz
bases for certain scales of Sobolev spaces. According to the results in Section 2,
the main prerequisites can be formulated as follows.

Proposition 3.9. Under the above assumptions there exists some y > 0 such that for
any s <vy
“U'“H‘(.Q) < 2js||U-”L2(.(z), v €S, (3.4.32)

where S; is any of the spaces S(®), S(), S@), (@), v=1,...,n. In
pamcular vy=1t>1(see (3.3.1) forS S((Ii) S(@) S(@j(gf) Moreover one has

ll'lf “U—U“Ll(g)<2 —is ”U”HS(_Q), UEHS, SSd, (3433)

where S, = S(@) S(tI)) and H° = H*({2), or §;= S(tﬁ)° —S(d))ﬂL (.(2) and
HY = H‘(Q)HLZ(.Q) OrS S(QD]((',’)) and H® = HS(())ﬂHl(.()) v=1,...,n.

Proof: Since the claims are quite in keeping with what one expects under the
given circumstances we will only indicate the main steps here and refer to [17]
for a detailed proof of the above statements. As for the inverse estimate (3.4.32),
it is shown in [15] with the aid of Fourier transforms that e.g.

277/ (27 + — k)l recamy < 27
Using |lgllyeq)=inf; ; _ il fll zs@~ this, in turn leads to
}Izjn/2¢(2j' — k) lgscay < 27
Then the same arguments as used in [15] can be employed to show that
04(0),2) 10y < (min{1, tzj}) lvllzy, v €S8,

where w,(,1);2.o, denotes the dth order L*-modulus of continuity (see (2.16)).
As pointed out in Section 2, an inequality of this latter type is equivalent to
(3.4.32) (see [14).

The essence of the proof of the direct estimate is that polynomials of degree
d — 1 are contained in the spaces §; under consideration and that biorthogonal
bases consisting of compactly supported functions are available. One should
keep in mind that, by Lemma 3.1 and Remark 3.2, exactness and regularity of
the spaces S(cp(”)) are at least as high as that of S(&)). In fact, denoting by 0
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projectors of the form (2.14), and setting O, ==27(k +[0,1]"), k € Z", this
fact can be used to show that for v € H4(2)

lo=Qollo,ns  dnf o =Pl < 27l aa,
where I1,_; denotes the space of all polynomials of degree at most d — 1 and
4; ; is a slightly larger domain than 00, whose diameter still remains propor-
tional to 27/. Summing over the above estimates and using interpolation leads to
(3.4.33). As for the direct estimate in (3.4.33) relative to S; = S(@jj“ﬁ), one has to
make also use of Remark 3.4. So it remains to comment on the case S(&;)° =

S(@)N Ly(2). To this end, let

Pg= Y (0 84) poybier  Po1=0, (3.4.34)
kel;
and define
PP q=Pq~— I(ll_lfﬂ(ij)(x) dx, (3.4.35)

where, of course, in the present situation [2|= 1. Observe that for v € L3(02)

I e L O L | [ () dx,

<P = vllzzgy + [ (Bp)(x) ~o(x)|dv

<IPv=vllzoy < inf {[Pv—vllize) +llv; —vilxe
J () vjes(dvj){ j JULA(2) J ( )}

< inf ”l) — U]-”LZ(Q), (3436)

v;€85(8;)
since the P; are uniformly bounded projectors. Now we can invoke the direct
estimate (3.4.33) for the space §; = S(&,) to complete the proof. ]

Now define the spaces
M=5(®,),  X;=S(%)x - x5(). (3.4.37)

We will state next direct and inverse estimates for the spaces M, X; which in
turn will lead to norm equivalences of the type (2.19), (2.22). Due to the
biorthogonality and refinability of the bases @), @{y), for each »&{0,...,n}
the mappings

Ovi="% (v, ) 12y B7 (3.4.38)

kel;

are projectors and satisfy (2.10) where ¢© :=¢ (see Remark 2.4). Thus, in
particular, Proposition 2.5 applies which combined with the inverse and direct

estimates in Proposition 3.9 yields the following estimates for the spaces M; and
X

j*
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Corollary 3.10. Under the abouve assumptions one has for —t <s' <s <t the inverse
inequalities
”Uj“HS(Q)n SZ(S_s,)jHﬁj“H:'(ﬂ)"’ ff],e)(j,
and
gl oy < 26 Vgllas ey, g, €M,
Furthermore, the direct inequalities
: — — PENPEIe N ! n
inf |7 Gllgeay 2¢ Y dlg oy, Te(H;(2)NH(2)),
yeX;
0<s' <s<d, s <t,

inf |lg— q,-”HS’(n) < Z(S,_S)j”q”m(n), qEH(02)°,
q;<M;

hold where
H(Q)° = {q eH'(0): foq(x) dx = 0}.
Finally, the projectors Q, v=1,...,n, are uniformly bounded in H* (see [14,15).

Let

&

vea

and define ™), ¥, ¥ in an analogous fashion. The main consequence of the
above facts can be formulated now as follows.

Theorem 3.11. Suppose that £, &, satisfy (3.3.1). Then the pairs ¥, ¥ and @,
11’(”), v=1,...,n, form biorthogonal Riesz bases for L*({2). Moreover, the spaces
X deﬁned in (3.4.37) fulfill the LBB condition (1.8) uniformly in j.

Proof: The Riesz basis properties are consequences of Theorem 2.3 and Proposi-
tion 3.9. The rest of the argument follows now exactly the reasoning for the case
2 =R". In fact, define the projectors Q from X onto X by

(lej)),, = Q](V)UV = Z (l}v, d)j(,yk))LZ(Q)d)j,];c’ y= 1, e 2,
kel;
so that for any 7€ X

17”—(—)'”17)1,= )» Z(V’JIJ‘E?)LZ(Q)"EJ'(,?=: )y (—}),,’
=m+

ke? j=m+1

where 7 =T X - XTI, Obviously, W, € SFD) X -+ X S(H™). We readily ob-
tain from . . 30) that div W, belongs to the complement S(1I’) of S((15 P in
S((ﬁ ). But by blorthogonahty, we have

S(%) L5(2-1)
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which means here that

(div #;, v =b(#,0,)=0, 0,€8(®,)=M,, j>m. (3.439)

i’ m)LZ(!l)

The assertion follows now from Proposition 1.1 since, by Corollary 3.10, the
projectors Q are bounded in H'(Q2)". |

In order to obtain a conforming discretization of the pressure, the correspond-
ing trial space should be in L3({2), i.e., instead of working with M; one should
use

M; = {UJES(@j)IfQUj(x) dx=0}.

Since M C M, so that still S(‘f’j) L M7, it is clear that the spaces M, X’; also
satisfy the LBB condition.

The perhaps simplest way to fulfill this constraint is to add an equation of the
form

Z 8ixde = 0

kel
for the pressure coefficients q;, k €I, =K; X - X K, where g, ; = [ ; ,(x) dx.
Due to the scale-invariant structure of the spaces the quantities g; , can be
easily retrieved from the values

k=f¢o,k(x) dx, kel,,
0

which can be efficiently computed with the aid of the techniques developed in
[18] (see [23] for the available software and its documentation). Moreover, if the
pressure coefficients are given in terms of the multiscale representation the
additional equation involves only the quantities g, ,, k& € I, since the integrals
of the wavelets vanish. Hence, in particular, the projection (3.4.35) can be
executed efficiently by transforming g € M; first into the wavelet representation
q=2]_oLire zd;;; and subtracting then Y, dj .8y, For a detailed
description see [29].

Remark 3.12. So far we have assumed that £ has at least the same degree of
exactness as ¢ and the above construction preserves this degree of exactness for
both the spaces S(Z)) and S( ;) adapted to {2. We emphasize, however, that
fixing £ and thereby a pOSSIny low degree of exactness for the pressure
discretization, one could, in principle choose £ to be exact of arbitrarily high
degree d—1>d- 1, see [11] and Section 5 below for examples. This gives rise
to a whole family of trial spaces for the velocities with respective higher degree
of exactness. To ensure that the corresponding higher degree of accuracy shows
its effect not only in the interior of 2 but also near the boundary, one has to
modify the definition of the functions § s £R  somewhat. We dispense here
with the precise technicalities and refer to [17] for the details.
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3.5 Preconditioning

As pointed out in Section 2 (see also [14,15] for details), the direct and inverse
estimates in Proposition 3.9 and Corollary 3.10 entail a wider range of norm
equivalences than just the L*-Riesz basis property. This will play a crucial role
for preconditioning the linear systems (1.12) arising from Galerkin discretiza-
tions based on the above trial spaces. Moreover, defining as above

07 =(QPvy,....0",)", (35.1)
the results in Section 2 combined with Proposition 3.9 ensure that the mapping
AT = (AP ® ---® AM)D, (3.5.2)
where
AP = ¥ 29(0 - 0f,),
j=0
satisfies
”AsmlHS’(g)n"’Ilﬁ“HﬁS’(g)n, S+S’€(—t+1,t). (353)
Similarly, with P; defined in (3.4.34),
6= L2(P~F,) (354)
j=0
satisfies
10,91l 5sca) ~ lgllzs+sca fors+s' € (—t,t). (3.5.5)

As a consequence, one has because of > 1
1P glli-2ay ~10_, Pgll 0y = 1P,O_,qll 2
<0_1gllr2c0y ~ gl g-1¢0)- (3.5.6)
In fact, the P; are uniformly bounded on H*(£2), s € (—1,1) [14].

As for the relevance of the relations (3.5.3) and (3.5.5) for preconditioning, note
that, since

=

A5y ~ Gy, FEX,

Py

one obtains for w; = A, in view of (3.5.3),
Wil 20y ~ N1y ~ 1Al g-100y: ~ 1| A% 1A Tl 2oy
~ ”A*_lAjA_ll’Vj”LZ(g)n. (357)

Expanding #, in multiscale form and using the fact that the wavelets form a
Riesz basis (3.5.7) is, on account of (2.6), easily seen to be equivalent to saying
that

cond,(D_jA,D_ ) =& (1), j—o, (35.8)
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where Ay, is the stiffness matrix relatlve to the wavelet basis and D_, is a
diagonal matrix with diagonal entries 27 corresponding to the level 1.

Remark 3.13. Since the matrices A, are usually not as sparse as the stiffness
matrices Ag, relative to the fine scale basis functions one would rather compute
and store the latter ones. Thus, given the sparse stiffness matrix relative to the
fine scale bases cb](”) a change of bases realized by transformations of the form
(2.2) followed by a symmetric diagonal scaling is a suitable preconditioner. By
Remark 2.1, each application can be carried out in & (dim X ) operations, see
also the comments below at the end of Section 4.

While the verification of the LBB condition made only use of the relations
(3.4.15), (3.4.16) between the different wavelets, the above preconditioning
strategy requires their explicit representation of the form (2.4) to form the
corresponding multiscale transformations (2.5). Alternatively, the operators A;
could be preconditioned with the aid of a BPX scheme [S]. We have mentioned
the former possibility here since an analogous scheme will be seen in the next
section to work also for the Schur complement in the time dependent case.

The development so far offers a systematic way of constructing stable discretiza-
tions for the stationary Stokes problem for any spatial dimension. The remaining
part of the paper is devoted to pointing out several additional advantageous
features of this concept. The first one is concerned with preconditioning the
systems arising from the time dependent case. The second one is the fact that
the use of shift-variant refinable functions offers very efficient ways of comput-
ing right hand sides and the entries of the stiffness matrices in a unified fashion
which is again essentially independent of the spatial dimension [18].

4, The Time Dependent Case

The above construction produces pairs of trial spaces M, X satisfying the LBB
condition uniformly in j. Thus the discrete problems (1.123 are uniquely solv-
able. Various strategies for iteratively solving saddle point problems of this type
efficiently have recently been discussed in [4].

The upshot of the discussion there is that (1.12) can be solved iteratively with
asymptotically optimal complexity (i.e., each iteration reduces the error by a
factor which is bounded away from one independently of the meshsize), pro-
vided that the corresponding trial spaces satisfy the LBB condition uniformly
and that good preconditioners for the blocks A ; and for the Schur complements
K;=BA; 1B"‘ are available. As for A; this is known to be the case. One may
elther employ a BPX strategy [5,16,26,31] or a change of bases as suggested by
(3.5.7) and (3.5.8) (sec the remarks at the end of the previous section). More-
over, in the stationary case (1.3) (and » not too small) the Schur complements
K; turn out to be already well conditioned [4].
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However, this is no longer the case when dealing with fully discretized versions

A, Bi\(w f
o)l @

of (1.1) (see [4]). Here, the B; are defined as in (1.11) while now A, ; is defined
by

(A, ji;,7) =a.(7,.5), (4.2)

Y RS L) J

)

where
a,(U,0) = (i,0) 120 + Ta(&,7),

and 7= v At is related to the time step A¢ and the Reynolds number. The
condition number of the Schur complement increases with decreasing 7. So
adhering to the discussion in [4], we will concentrate on the issue of precondi-
tioning the corresponding Schur complements for the rest of this section.

The preconditioner proposed in [4] is based on approximately solving Neumann
problems with respect to the Dirichlet form
D(v,w) = (gradv,grad w) ;2o

to produce a proper shift in the Sobolev scale. Its efficient realization seems to
hinge, however, on the particular domain in an essential way. Here we propose a
different approach which works whenever a suitable multiscale basis is available.
It is again suggested by the remarks at the end of Section 3.5.

In the following let us denote by K, ;==B;A; B} the Schur complement for a

fully implicit discretization in the time dependent case.

Theorem 4.1. For 7>27%/ let @, ;= 6,P,=P,0, and
C =7l+6_, ,0F (4.3)

— 1’]"
Then for any q € M; one has

(K- /9-9) oy ~ (45 €759) 2cay (4.4)
i.e., C_; gives rise to uniformly bounded condition numbers.
Proof: Let N; be defined by
D(u;, ;) = (N;'uy, g5

It is well-known that D(-,-) is H(£2)>-elliptic so that

Nrug,u) ~ iy,  w €M, (4.5)
On the other hand, by (3.5.5),

lslliricay ~ 10y jusllzzcay = (O, 45, 01 1) 12

—_ %
= (07,0, ju;, ;) 1200y



288 W. Dahmen et al.

which shows, in view of (4.5), that N;'' and @} ,0, ; are spectrally equivalent.
Thus N; and @_; ;0% . are spectrally equivalent. Since (2 is a convex polyhe-
dral domain and since é 5.6), Theorem 3.11 and Corollary 3.10 confirm that the
assumptions made in [4] are satisfied here, the result in [4] ensures that 77+ N,
is a preconditioner for which the above assertion holds. The claim follows now
from the above spectral equivalence. |

The case <272/ can also be treated as in [4].

We conclude this section with a few comments on the application of C, ;. It
suffices to discuss the term @_; ;0*, .. By (2.19) and (3.5.5), one has

J
(@—1,j@f1,jq’CI)Lz(m ~ HQIh%rl(a) ~ Y27 pr —P["_l)q“%Z(n)
=0

J
= L 2B~ P )(BF = PE1)0, ) 0o
4

Il
M~
3]

—ZI(élql, ql)

~
[
=]

where
L ({7 7 !
G'= ((‘lfz,k',lﬁz,k)Lz(m)k,,kEJt, (‘l )k (4> ¥1,1) 20

and (-, -) denotes the standard Euklidean inner product. By the stability of the
bases { lﬂz wlp e s, ONE has

(G'd.q') ~ (d.d),

so that the operator

j
R;q= 227 Y (qs ) rran e

1=0 kel
is spectrally equivalent to @_; ;0% .

One can realize ®_, ;0% ; in a slightly different way. Note that for any

selfadjoint operator L on M; and any q € M;
@—I,j@f I,qu = @Hl,j@fl,jL@— 1,j(@1,jq)'

Expanding ¢ in terms of the multiscale basis {4 }; . ; r«; and denoting the
coefficients by § = (g, ¥, Wy k€, 1=0,. .., J), the term 0%, ,LO_, ; sim-
ply involves a symmetric diagonal scaling apphed to the matrix representation
Ly, of L relative to the multiscale basis (see Remark 3.13). Of course, the

stiffness matrix Ly is not as sparse as the stiffness matrix Lg relative to the
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fine scale basis. But it is not necessary to store Lq,j . In fact, since
— T*
Ly =T L, T;

where T; denotes the correspondmg multiscale transformation defined in (2.5),
the apphca’uon of T; and T;* requires, in view of Remark 2.1, only & (dim $(®,))
operations.

5. Construction of Trial Functions

It remains now to identify concrete examples of trial functions to which the
recipe proposed in Section 3.4 applies. Thus, we have to find a dual pair §, £
satisfying (3.3.1) and (3.3.2) for some ¢> 1 and d, d > 2, say (where a smaller d
would suffice for the stationary case). We focus here on the perhaps simplest
approach based on the concrete biorthogonal wavelets constructed in [11]. We
confine the discussion to the generators for the shift-invariant setting since the
adaptation to the boundaries of {2 follows the lines in Section 3.3.

In the following, let N, denote the shifted cardinal B-spline of order m € N
with knots at the integers. It may be defined as the mth order divided difference

N, (x) = m[O,l,...,m](-—x— l%])rj—l

of the truncated power function or alternatively as the mth order convolution
product of the characteristic function Ny(x) = xj;,(x) shifted by Lm /2. For
various properties of B-splines and their practical evaluation one may consult
any text book on spline functions such as [2]. In particular, N,, satisfies the
refinement relation

m

x)= I=m m -k). .
N()= T2 k*[zJ N, (2x—k) (5.1)

For any m € N a family of dual generators Nm,,ﬁ for m +m even is constructed
in [11] which realizes regularity and accuracy of arbitrary high order controlled
by the parameter 77 € N. Let us denote in the following by ,,a;, ,, 4, the
refinement coefficients of N,, and Nm 12, Tespectively. In view of (5.1), we have,
in particular,

m
na(z) =21 /A + )" e, =21 -+ VEJ . (52
2

We recall from [11] that the corresponding biorthogonal wavelets are then given
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by
m, ¥ (X) = X (—1)k m, b1 N, (2x — k),
) keZ . ) (5.3)
ma¥(x) = kZZ(—l) m1— Ny 7 (2 — k).

It can be shown that

diam(supp(,,, ,¥)) = diam(supp(m,mtﬂ)) =m+m—1.

The following concrete realizations of trial spaces are based on choosing the
univariate refinable function ¢ in Section 3.3 as the B-spline N,,. For the sake
of simplicity we will point this out only for the case of two spatial variables
n=2. As shown in Section 3, the higher dimensional case can be handled in
exactly the same manner. In order to generate the velocity spaces by scaling
functions with possibly small supports relative to their regularity we let, accord-
ing to (3.2.6),

¢=N,®N,. (5.4)
Thus, setting for any /1 such that m + # is even
¢:=Nm,ﬁ1®Nm,}ﬁ7 (55)

$, ¢ form by our previous remarks a dual pair. Defining N* as in Lemma 3.1,
one readily concludes from (5.2) and (3.2.4) that

j\[nﬂz< =]V'm—l (56)
and
~r:zk,rh=]\7m—1,n7t+1' (5-7)

This yields the following facts.

Proposition 5.1. For ¢ and ¢ defined by (5.4) and (5.5), respectively, one has
(5(1) = Nm+ 1 ® Nm
$@=N,®N, ;. (5.8)

The corresponding wavelets are
) 7
lrl'(%,)l)” 1 ®m, ¥ ¢((1,)1)=m+1,m—1¢®m,rhlﬁa

Sy
‘/’((1,)0)—m+1,m—1¢®Nm-

A few comments on the choice of m, m are in order. By (5.8), m =2 is the
smallest possible order suggested by the above construction principle. The
pressure spaces are then spanned by piecewise multilinear functions. Since in
this case m=d >1 and ¢ € H'(R?) for some ¢ > 1, the previously discussed
preconditioner for the Schur complement in the time dependent case applies.
To ensure that the stability relations (2.19) hold for a sufficiently large range
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also for the velocity spaces, it suffices to choose 7 so that N2 - € HT<(R) for
some €> (). It is known that N;, N3 5 form a dual pair of compactly supported
refinable functions in L2(R) (see [11], p. 548). This implies that N, , & H*(R) for
some €> 0, see [9,30]. By (5.7) and (3.2.3), N2 , is in H'*<(R), so that here
m = 4 is sufficient.

Figure 1 exhibits the graph of N,, N2 4 and the corresponding biorthogonal
wavelets , 4, , 41,0 The bivariate wavelets corresponding to ¢ =N, ® N, are

o1y =N, ®y 4, Ya,00 =24 O N,, a,1=2¥®2.¢ (59)

displayed in Fig. 2.

3

WS g 5 v R B B S T

Figure 1. Generators and blorthogonal wavelets according to the dual pair ¢ =N, and b= Nz 4

Figure 2. Bivariate biorthogonal wavelets generated by N, ® N,

The graphs of the dual pairs N, N2 4 and the corresponding biorthogonal
wavelets , , ¢, , ; 4P, e € E*, are shown in Fig. 3.

Finally the functions in Proposition 5.1 for m = 2, /1 = 4 are displayed in Fig. 4.

The functions spanning the velocity spaces and the corresponding wavelets in
the case m =2, /n = 4 are given by

- 71 - 0
(%) o) e
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Figure 3. Generators and biorthogonal wavelets according to the dual pair ¢ = N§ and ¢ = 1\7; 4

and
1 _ lz((ol,)l) _ Nl,s ®2,4Jl o) _ ~((11’)0) _ 1 5¢’®N2’4
41 - 0 . 0 > ”[I - 0 - 0 s
- . _
lZs= %”((1,)1) _ 15 ®,y 4 , $4= ”2) | 0 .
0 0 ©,1) Ny y®q s
7= 7o . o= o 5.11
v ‘p((lz,)o) B 2,4¢®N1,5 ’ = lﬂ((ﬁ)l) B 2’4¢®1,5¢1 ’ ( : )

where we have used superscripts to index vector-valued quantities.

6. Computation of Stiffness Matrices and Numerical Examples

The computation of stiffness matrices and right hand sides often takes signifi-
cantly more computational effort in classical finite element settings than the
actual solution process. One principal advantage of employing ingredients of
shift-invariant spaces is the fact that the usval quadrature techniques can be
replaced by a completely different way of computing the relevant inner products.
As shown in [18] the (up to round off exact) computation of integrals of products
of arbitrarily many refinable functions or their derivatives can be reduced to
solving an eigenvector-moment problem whose size depends only on the support
of the involved refinable functions (3.1.1) but not on the discretization level, and
which has to be solved only once. The fact that more than two factors are
admitted allows one to treat right hand sides and non constant coefficients in a
unified essentially dimension independent fashion for any desired degree of
accuracy. Polynomial nonlinearities could be handled even exactly. We will
exemplify this here for the above choice of refinable functions. An implementa-
tion of these methods is documented in [23]. To keep things simple we comment
only on entries involving basis functions relative to interior indices since the
basis functions adapted to the boundary are linear combinations of those latter
ones where the coefficients are independent of the refinement level j.

As mentioned before only the stiffness matrices relative to the functions

b =282 —k), i=1,2,keZ?
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Wavelet u;((é _]1]

(] 2

Wavelet 1:((: 0)

"
P2 =
o o

Wavelet u((f)u) Wavelet w((f],]

Figure 4. Modified functions according to Proposition 5.1
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need to be computed, where the ¢, i=1,2, are defined in (5.10) and j denotes
the highest refinement level. Spemﬁcally, one has to determine quantities of the
form a(qﬁ “ks qﬁj ~), b(qb”k, & 1) Le.
A{z,u,k,k’ :=a(¢j1:k’ jf‘k’): B;{,k,k' = b(d’j’fk: d)j,k’)' (6~1)
First note that, by (5.10),
Al aw=0  ifv+pu (6.2)
The other entries are easily seen to be

d . g -
Al = FO( = kY. — (-~ K
b= 2200, 00|

LA(R?)

L HO =), == ) (63
dy " dy ’ )

LXRY)
which can efficiently be computed due to the above remarks. Using (3.2.11) and
biorthogonality provides

J .
B;{,k,k' = (dlvd> k> ¢ k’)Lz(Rz) (3_%#,?7 ¢j’k')LZ(R2)
= 2“f(Avq§(- —k), 4’(' - k'))LZ(Rz) = Z—j( 8k~e”,k' - ak,k’)'
Hence the matrices A; and B; have the following structure
Al o
0 A

]
1

where the blocks are given by
Ai= (Azj,i,k,k')k,k’ and Bl]= (Bij,k,k')k)k"

As for the right hand side of the linear system, one can approximate each
component f, by a linear combination of some appropriately scaled refinable
functions of the form X, o 1 kb A convenient choice is {=N,, for some
m € N so that highly accurate local quasi- 1nterpolant schemes can be employed
to determine the coefficients ¢, (see [2]. It remains then to evaluate again inner
products of the form ({; 4, qﬁj )12 by the techniques in [18,23].

Let us conclude this paper with some preliminary numerical experiments using
those functions constructed in Section 3.4 and Section 5. As a first step we treat
the Driven Cavity Stokes Problem in two and three space dimensions, which
describes the flow of a viscous, incompressible fluid over a box. To be specific,
we consider the system
—Aﬁ’—l—gradp=]? in £,
divii=0 in £,
=g onl, (6.5)
for 2=[0,1]", n =2, 3, and the particular data exhibited in Fig. 5.
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w0
—\0/ (1,1

in Q,

(5 on 80\ {z. =1},

Q=10,12

(é) on QN {z, =1}

-

=g

Figure 5. Particular data for the Driven Cavity Problem

To solve the weak problem (1.7) we employ stable pairs of trial spaces for
several different generators displayed in Section 5. In this first implementation
we treat the boundary conditions by homogenization. To retain the efficiency of
computing inner products we represent the homogenizing function also as a
linear combination of refinable functions (see [28)).

Table 1. Abbreviations used in the subsequent tables

U Iteration steps of the Uzawa algorithm
P Total number of iteration steps for the pcg-iteration in the Uzawa algorithm
Unkn. Total number of unknowns
Tol. Tolerance
CPU CPU time in seconds
No@ N || 0.1 0.01 0.001 || 0.0001 [ 0.00001 0.000001 |
Unkn./Tol. |fU|P|U| P U PI|U} P|| U P U P CPU
21 2| 34 3| 414 3 4 3 4 3 4 3 4 0.007
133 2140 5977l 6] 89 91119 || 12| 144 [} 13 1 151 0.504
645 138 3|7 711321411182 17| 234 || 20 | 253 3.406
2821 144 1144 4| 92 9161 |14 208 || 20 | 244 | 16.366
11781 1149 17491 2| 63 51102 ) 10| 153 || 16 | 189 | 63.894
48133 | 151§ 1|5B1 1| 51 1| 51 6 95 || 12 | 126 | 534.326
194565 1{51) 1151} 1} 51 11 51 i 51 7| 76| 646.017
250 R
225 ST AN
/ ‘\& ~
- /7
T 200 by o
Lo 4 SN
i 7 0
—i 4 N
p 0 K RN e 0.000001
¢ 125 /] AN . A 0.00001
% 100 AL N o 0.0001
S B R \\\ — o —0.001
s 50 e 001
25 - ——— 0.1

T T T
645 2821 11781

Number of unknowns

T
48133 194565

Figure 6. Number of iterations for ¢ = N, ®N,
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Level 5 Level 6 Level 7
Figure 7. Velocity for 43 =N, ®N,

Level 6 Level 7

Figure 8. Pressure for ¢ = 1\72, 4 ® }\72’ 4

More extensive numerical tests for the time dependent problem will be reported
in a forthcoming paper.

The saddle point problem (1.12) is solved here by the classicial Uzawa algorithm
using conjugate directions (see e.g. [3]). We view this also as a preliminary step
to employ next the alternatives described in [4]. The linear systems arising in the
Uzawa iteration are treated by means of a BPX-type preconditioned cg-method
[5] whose realization for the present situation is described in [22, 28].

Our experiments cover the following choices of generators:

) $=N,®N,, ¢ =1\22,4 ® N, , (see Section 5),
) ¢=N;®N;, =N;;ON, ;.

A 3D Example

The construction of the trial spaces as well as the implementation of the
algorithm is not restricted to any particular spatial dimension. In the following
we document some results in 3D.



A Wavelet Galerkin Method for the Stokes Equations

297

N:® N5 | 0.1 0.01 0.001 || 0.0001 || 0.00001 0.000001
Unkn./Tol. [UJP[U] P|[U[ P|U| P|U] P[U[ P CPU
s 2] 3 2] 3 2] 3l 2] 3 2] 3] 2] 3 0.004
96 || 364 7 120 || 11| 18415232 ([ 17 252 || 19 | 270 0.252
560 || 1|52 72081 14369 [ 22| 522 || 20 | 623 || 40 | 748 5.393
2640 || 1|52 || 1| 52| 11| 297 || 22 | 527 || 34 | 720 || 47 | 862 | 38.694
11408 || 1|48 1| 48| 1| 48| 14 | 301 || 27 | 502 || 40 | 636 | 180.762
47376 || 146 1| 46 1| 46| 1| 46| 16 | 250 || 30 | 375 | 509.175
193040 | 1|44 || 1] 44| 1| 44| 1| 44| 1| 44| 18] 162 | 1060.282
860 —
- N
- - N
e * A N
T 688 - TN
o L N
t 602 Iy N
?, 7 ,I \\\ \
p 516 7 AN e — 0.000001
§ 430 \*\ A 0.00001
s 3447 1 N — o 0.0001
t AN N
g 258 — o —0.001
s 172 - 0.01
86 | Vs —oe— 01
0 T f T T 1
8 96 560 2640 11408 47376 193040
Number of unknowns

Figure 9. Number of iterations for ¢ =N, ® N,

Level 6
Figure 10. Velocity for ¢ = N, ® N,

Level 5

Figure 13 shows some streamlines for the 3D case. The different grey scales at
the top corners of the cavity show the peaks in the pressure. As expected, one
observes large positive values in the top left corner and negative values of large
magnitude in the opposite corner. For a detailed description and further
illustrations the reader is referred to [29].

It should be mentioned that by far most of the pcg-iterations recorded above
occur during the first or first two Uzawa steps. The number of iterations drops
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Level 5 Level 6 Level 7
Figure 11. Pressure for ¢ = 1\73’3 ® Z\73’ 3

T

I \

6

a

1

p — s~ 0.000001

& oA 000001

s g 0.0001

§ — & -.0.001

p

§ oees 0.01
e 04

d

T T
81 1225 12825 116281

Number of unknowns

Figure 12. Number of iterations for ¢ = N,®N,®N,

then in all cases below ten. This indicates that a better choice of starting values
will help reducing the computational work significantly. It seems reasonable to
use approximations from lower levels as starting values which we have not done
yet. Nevertheless, even at the present stage of a rather crude implementation
one observes that the overall number of iterations remains uniformly bounded.
Each iteration involves an amount of computational work and storage which is
proportional to the number of unknowns (see Remark 3.13). This is reflected
also by the recorded CPU times where, however, larger jumps on higher levels
reflect the need for swapping data.

So far we have been interested mostly in the quality of the discretizations and
the basic preconditioning effects. Preliminary comparisons with e.g. the Taylor—
Hood finite element seem to show that, for instance, the secondary vortices in
the lower corners are resolved at a somewhat earlier stage by the present
approach.

Recent first experiences with a more systematic and sophisticated development
of software tools tuned to the particular features e.g. of the multiscale transfor-
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Figure 13. Streamlines in the 3D case. Grey scales show the amount of pressure

Table 2. Number of iterations for ¢Z =N;® N, ®@ N,

Ny ® N2@ Ny 0.1 0.01 0.001 0.0001 0.00001 0.000001
Unkn./Tol. U P | U PU P U PHIU P iU P CPU
8114 5 12191 7 16 8| 18 91 19 | 10 20 jj 10 | 20 0.024
1225 | 7 | 156 §| 12 | 246 || 20 | 364 || 23 | 403 |} 20 | 464 || 36 | 512 6.571
12825 1 470 9 231 |} 19| 433 || 31 | 626 || 39 | 727 || 46 | 794 213.457
116281 || 1| 47 1] 47 [[ 12269 || 23 | 462 || 35 | 617 || 48 | 737 | 2299.035

mations and data structures indicate a great potential for further speed up. A
detailed account of these ongoing investigations will be given elsewhere.
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