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We shal l  use the fo l lowing nota t ions  and abbrev ia t ions .  Z¢ is the s e r i e s  of  na tu ra l  n u m b e r s ;  
A ~ B  - -  (,4 ~2~) u ( 8  - A ) is  the  s y m m e t r i c  d i f f e rence  of se t s  A and B; ~ denotes  ~ t r i c t  inc lus ion  fo r  
se t s ;  3 ~  is domain  of  def ini t ion while / o / ~  is domain  of va lues  of funct ion  f ;  tg~= {x/~--× ~ ~ / ~ ¢ ~ } ;  
p . r . f ,  is a par t ia l  r e c u r s i v e  funct ion;  r . e . s ,  is a r e c u r s i v e l y  e n u m e r a b l e  se t ;  an CZ - e n u m e r a t i o n  is an 
e n u m e r a t i o n  of  f ami ly  ~ ; g . r . f ,  is  a g e n e r a l  r e c u r s i v e  funct ion.  

DEFINITION.  The dual sequence  of finite s e t s  ( ~ n S / ~ e N ,  s e N }  is ca l led  an e f fec t ive  sequence  of  
app rox ima t ion  (e.s .a.)  fo r  e n u m e r a t i o n  ~" of the f ami ly  of r . e . s .  ~ if the fol lowing condi t ions  a re  met :  

1) func t ion  p ( n , s ) ,  e q u a l t o  the C-hdel n u m b e r  of s e t s  ~n ~ , is gene ra l  r e c u r s i v e ;  

2) U s s~p¢7:~= q ~  fo r  a l l n ;  

3) ~ ~s+ ,  f o r a l l s , ~ z  
Pt~  

One can give an ana logous  defini t ion for  an e . s . a ,  f o r  an e n u m e r a t i o n  of a f ami ly  of p . r . f .  

It is c l e a r  tha t  an e n u m e r a t i o n  is computab le  if and only if it has  an e . s . a .  

It is  known that  t h e r e  ex i s t  f ami l i e s  of r °e . s ,  fo r  which the  upper  s emf l a t t i c e  of  computab le  e n u m e r a -  
t ions  contains  inf ini te ly  many  e l emen t s  and has a v e r y  r i c h  s t r u c t u r e .  On the o the r  hand, t he re  a r e  c o m -  
putable f ami l i e s  of r . e , s ,  which  have only one (to within equivalence)  computable  e n u m e r a t i o n  (cf. [2]). And, 
f inal ly ,  a fami ly  of r . e . s ,  m a y  have no computab le  e n u m e r a t i o n s  at  all .  The t h e o r e m  cons t i tu t ing  the bas ic  
contents  of this  pape r  shows  that  t he re  a r e  no o the r  poss ib i l i t i es .  

THEOREM 1. Let the fami ly  of r . e . s ,  c~ have computable  e n u m e r a t i o n s  ¢ and /z  , ~ ~ / , 1 .  T h e r e  
then ex i s t s  a computable  ~ - e n u m e r a t i o n  ~ such  tha t  / z  -~ v and ~ z-, 

P r o o f .  Le t  { 9~ } and {/d~ } be e . s . a ,  f o r  the r e s p e c t i v e  e n u m e r a t i o n s  9 and jLz. Le t  Z be a 
computab le  e n u m e r a t i o n  of  the fami ly  of  all p . r , f . ,  and let  ~Z~ } be an  e . s . a ,  fo r  ~ . We shaU c o n s t r u c t ,  
by s t ages ,  the dual sequence  of f ini te  s e t s  { v ~  ~ In the p r o c e s s  of  cons t ruc t i on  s o m e  n u m b e r s  will  ob -  
ta in  s u c c e s s o r s .  T h e r e  a r e  two types of s u c c e s s o r s :  ,.to - s u c c e s s o r s  and ~ 2  - s u c c e s s o r s  (for each  ~ ). 
E a c h  n u m b e r  :F can be the s u c c e s s o r  of  s e v e r a l  n u m b e r s  s imu l t aneous ly .  We sha l l  s ay  that  x is n t - 
f r e e  ( n 2  - f r ee )  on s t ep  ~ if × was  not an  n~ - s u c c e s s o r  ( n 2 - s u c c e s s o r )  up to  s t ep  3 . M o r e o v e r ,  we 
will  se t  up a l i s t  of  c e r t a i n  n u m b e r  pa i r s  (~,.F) • Each pai r  on this  l i s t  will  have  a m a r k  of the f o r m  ~ - ~  
o r  ~ (for s o m e  ~ ). In the l i s t  at s tep  3 t h e r e  cannot  be two pa i r s  with ident ica l  m a r k s .  

met :  

C O N S T R U C T I O N  

o o Step ~ - - o  • We se t  ~ - o =  ~ fo r  all , - ~ t  and ~'~ =Azo . 

Step .s > o cons i s t s  of two h a l f - s t e p s  plus f in ishing touches .  

S t e ~  We sha l l  p e r f o r m  the cons t ruc t i on  under  the a s s u m p t i o n  that  the fol lowing condi t ion is 
Z-~-tm is def ined fo r  all  ~ and u (grn)~_Y~)~-~ _c /-zzc) . It is e a s y  to  ve r i fy  tha t  a f t e r  s tep  ~ 
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t h e s e  cond i t i ons  ho ld  fo r  t h e  s e t s  c ~  . L e t  (s)o=n.. If t a e r e  do not  e x i s t  n u m b e r s  s ' - :  s , such  t h a t  
(SF)o = n , we t h e n  t r a n s f e r  to  the  f i n i sh ing  t o u c h e s  of s t e p  s . If, h o w e v e r ,  such  ~ '  e x i s t ,  we then  

,4  

l e t  ~, be the  l a r g e s t  of  t h e s e .  If 32-'~' ^ ~ = ~'.~:,~ we then  go to the  f i n i sh ing  touches  of  s t e p  s L e t  
~ , ~  ^ s 

H a l f - S t e p  1. We deno te  by Z~ the  l e a s t  e v e n  n u m b e r  which  does  not  have  a s u c c e s s o r .  

C a s e  1. Among  the  p a i r s  on the  l i s t  t h e r e  i s  none wi th  the  m a r k  ~ ~,We m a k e  the  n1 - s u c c e s s o r s  
of t he  2~ f i r s t  n¢  - f r e e  n u m b e r s .  If t h e r e  e x i s t p a i r s  x,~/ , s u c h t h a t  x ~ c T z ~  , F e ~-,~× ~ /~:~-tcx) ' 

we  then  c h o o s e  f r o m  t h e m  the  p a i r  w i th  t h e  l o w e s t  o r d i n a l  n u m b e r  .n~  add  i t  to  the  l i s t  of p a i r s ,  wi th  the  
m a r k  [ /?]  a s c r i b e d  to  i t .  

C a s e  2. In  the  l i s t  t h e r e  i s  a p a i r  (x.~,) wi th  m a r k  [~-~. If 9 , . ~  x n?.%2o~ ~ , we then  c r o s s  off the  

l i s t  the  p a i r  (×. ~) wi th  the  m a r k  ~ .  {This p a i r  cou ld  s t a y  on the  l i s t  i f  i t  b o r e  a n o t h e r  m~rk . )  We 
no te  i m m e d i a t e l y  tha t  p a i r  ( ~  ~,) wi th  t h e s e  s a m e  m a r k s  can  no l o n g e r  o c c u r  on the  l i s t .  

H~] f - S t e p  2. 

C a s e  1. Among  the  p a i r s  on the  l i s t  t h e r e  a r e  none with  t he  m a r k  ~ ; and t h e r e  e x i s t  n u m b e r s  2× 
s u c h  tha t  2 x e p z ~  , 2x  does  not  have  an ~ 2  - s u c c e s s o r ,  and  Z× does  not  have an  ~ t  - s u c c e s s o r  wi th  

We s e l e c t  the  l a r g e s t  s u c h  n u m b e r  2 %  . We c h o o s e  the  f i r s t  y such  t ha t  / ~ 9 , ~ s ~ 7  , and  we @ 

m a k e g '  ~ 2 - s u c c e s s o r s  of the  n u m b e r  2 %  . If 2 ~  has  ~ J - s u c c e s s o r s  wi th  ~z>~, we r e l e a s e  a l l  t h e s e  
2 :  s - /  s - ~  s u c c e s s o r s .  If t h e r e  e x i s t  p a i r s  (×, 5/) , s u c h  t ha t  x e  ~ n , 9 ' e  ~x ~ ~z~ ~x) '  we  t h e n  c h o o s e  t h a t  p a i r  

of t h e m  with  the  l e a s t  o r d i n a l  n u m b e r  and add i t  to the  l i s t ,  a s c r i b i n g  to  i t  the  m a r k  ~ . We t h e n  t r a n s f e r  
to  t h e  f i n i s h i n g  t o u c h e s  on s t e p  s . 

Case  2. Among  the  p a i r s  on the  l i s t  t h e r e  i s  one ~x, z/} wi th  m a r k  [ - ~ ] .  If ~/e ~ ~s~fx ) , we 

then  s t r i k e  t he  p a i r  (×, y )  wi th  m a r k  ~ f r o m  the  l i s t .  We t h e n  t u r n  to the f i n i sh ing  t ouc he s  on the  
s t e p .  

If  n e i t h e r  c a s e  1 no r  c a s e  2 o c c u r s ,  we t r a n s f e r  to  the  f i n i sh ing  t ouc he s  fo r  s t e p  s . 

F i n i s h i n g  T o u c h e s  f o r  Step s > o  . A f t e r  hav ing  p e r f o r m e d  a l l  the  f o r e g o i n g  o p e r a t i o n s ,  we do the  
fo l lowing .  

s cs-'u V s .  f o r  a l l  p a i r s  F o r  a l l  p a i r s  ( 2 × ,  9,~ s u c h  t h a t  51 i s  an  n / - s u c c e s s o r  of 2x  , we s e t  ~zx-- ~, ~ ' 

.,.r.. ~ - -  f $ $ ( Z x l y )  such  tha t  5/ is  an  ~Z - s u c c e s s o r  of 2x , w e s e t  z -s=zx ~z~ u / ~  and we s e t  ~'~z~+, = / ~  f o r  

a l l  x ~ s  ; f o r  a l l  o t h e r  z we ge t  ~ / =  z -~-' .g • 

We have  d e s c r i b e d  the  c o n s t r u c t i o n  of s e q u e n c e  { ~ }  . We note  t h a t  e l e m e n t s  w e r e  a d d e d  to  "c ~-' 

only  d u r i n g  the  f i n i sh ing  t o u c h e s  fo r  s t e p  s , wh i l e  a l l  p r e c e d i n g  a c t i o n s  on s t e p  ~ w e r e  n e c e s s a r y  a f t e r  

hav ing  d e c i d e d h o w  to s u p p l e m e n t  each  ~-~-~ . I t  i s  c l e a r  t ha t  ~-2 ~_ cnSWfor a l l  n and  ~ . q d / U ' ~ 2 .  ~ 

i s  o b v i o u s l y  the  c o m p u t a b l e  e n u m e r a t i o n  of s o m e  f a m i l y  of r . e . s ,  c Z ,  ~ m o~ s u c h  tha t  %~.~ =2zx fo r  
a l l  x . 

L E M M A  1. E a c h  n u m b e r  2x r e c e i v e s  a s u c c e s s o r .  

P r o o f .  We a s s u m e  tha t  t h e r e  e x i s t  n u m b e r s  z?x wh ich  n e v e r  ob ta in  s u c c e s s o r s .  L e t  ,~xo be the  
s m a l l e s t  s u c h  n u m b e r .  L e t  8~ be  a s t e p  such  tha t  a l l  the  n u m b e r s  2x.~2x~ a l r e a d y  have  s u c c e s s o r s  on  
s t e p  ~ (we note  tha t  a n u m b e r ,  once  hav ing  o b t a i n e d  a s u c c e s s o r ,  t h e r e a f t e r  a l w a y s  has  a s u c c e s s o r  s i n c e ,  
in l o s i n g  an  r ~  - s u c c e s s o r ,  the  n u m b e r  a c q u i r e s  an  ~z,~ - s u c c e s s o r ) .  

L e t  ,~ be  a n u m b e r  s u c h  t ha t  ~, ,  i s  a g . r . f ,  and,  on the  l i s t  of  p a i r s  at s t ep  .s o , l e t  t h e r e  be  no 
p a i r s  w i th  t he  m a r k  ~ . (Such an  /z e x i s t s  s i n c e  the  l i s t  c o n t a i n s  a f in i t e  n u m b e r  of p a i r s  a t  s t e p  ~ .) 
Then ,  on s o m e  s t e p  s ~ so  t h e r e  s u p e r v e n e s  c a s e  1 of  h a l f - s t e p  1 f o r  ( s ) ~ - -  rz . If  n u m b e r  2x~ does  
no t  have  a s u c c e s s o r  up unt i l  s t e p  ~ , i t  ob t a in s  i t  on s t e p  ~ . L e m m a  1 i s  p r o v e n .  

L E M M A  2. ( ~ ' u )  C~'. e o~) .  
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P r o o f .  ~'zx+~ ~ / z x e ° ~  • L e t  u = Z x .  By L e m m a  1, e a c h  n u m b e r  g x  r e c e i v e s  a s u c c e s s o r  ~ , .  
• r~  - $ - I  If  t h i s  i s  an  n 2  - s u c c e s s o r  t hen  i t  i s  a d o p t e d  in  c a s e  l ,  h a l f - s t e p  2, of s o m e  s t e p  s Then ,  / J y  ~ zx • 

I n t h e  f u t u r e ,  t h i s  s u c c e s s o r  w i l l  not  be  r e l e a s e d .  Th i s  m e a n s  t ha t  ~x== ~ x  c s / z  ~ f o r  a l l  s z ~  s . 
Y 

Consequen t ly ,  ~'Jx - - / ~ y  • c_g. 

L e t  y be the  ~ ¢  - s u c c e s s o r  a c q u i r e d  by n u m b e r  ~fx on s t e p  s • Then,  g x h a d  no s u c c e s s o r  

p r i o r  to  s t e p  $ w h i c h  m e a n s  t h a t  ~ - ~ - t  ' Jx & . If y i s  a c o n s t a n t  ~ ¢  - s u c c e s s o r  of  n u m b e r  ?x  , t hen  

~ x "  q y e ~ .  If,  h o w e v e r ,  y wi l l  be r e l e a s e d ,  t h e n  ~?x wi l l  o b t a i n  an  n g  - s u c c e s s o r  z which  wi l l  not  
be l o s t ,  and  ¢r3x~=/z~ e c .g .  L e m m a  2 i s  p r o v e n .  

l~ fo l lows  f r o m  L e m m a  2 tha t  ~ i s  a c o m p u t a b l e  e n u m e r a t i o n  of f a m i l y  c~ • 
i 

We deno te  by A ~  t h e  s e t  of n u m b e r s  w h i c h  a c q u i r e  n £  - s u c c e s s o r s  d u r i n g  t h e  c o n s t r u c t i o n  p r o c e s s .  
(Here  £ -  t ,2 .) 

t 
L E M M A  3. If A :  i s  a f in i t e  s e t  fo r  a l l  K ~ ,  then  A n i s  a l s o  a f in i t e  s e t .  

t 
P r o o f ,  A s s u m e  t h a t  A,/ i s  i n f i n i t e .  L e t  ~ o < s ~ < . . . ~  S¢<.. .  be an  in f in i t e  s e q u e n c e  of  a l l  s t e p s  s u c h  

tha t ,  on  s t e p  s ¢  , s o m e  n u m b e r  g x  i a c q u i r e s  a n n e - s u c c e s s o r  y~ . Then ,  on e a c h  of  t h e  s t e p s  s t c a s e  
1 of h a l f - s t e p  1 p r e v a i l s  w i th  ( $ ) o = n  . This  m e a n s  tha t  Z~  is  a g . r . f ,  and tha t ,  a t  s t e p  S~ , the  l i s t  
con ta ins  no p a i r s  wi th  m a r k  ~ . L e t  ¢ be  the  l a r g e s t  e l e m e n t  of s e t  L] A~ which ,  by h~ 'po thes i s ,  is  

f i n i t e .  (If L/ A,=@. we t h e n  s e t  z ~ o .) T h e r e  e x i s t s  go s u c h  t ha t  # x  i > ~ when  z > ~  ( s ince  e a c h  

n u m b e r  a c q u i r e s  an  ~ / - s u c c e s s o r  no m o r e  t h a n  once ) .  N u m b e r  gx~  can  l o s e  i t s  n /  - s u c c e s s o r  .q i  

on ly  in a c q u i r i n g  an  m z  - s u c c e s s o r ,  w i th  ra<~z . This  m e a n s  t h a t  t he  n u m b e r s  z x i  , f o r  Z > ~'o, 

do not  l o s e  s u c c e s s o r  5/; ( s ince  a n u m b e r  g r e a t e r  t han  v cannot  have  an  ~rTz - s u c c e s s o r  wi th  ~-~<~z). 

Then  $-zxe== Wy~ f o r  g > ~ .  But y i =  ~: s i n c e  an n , ' - s u c c e s s o r  i s  a l w a y s  c h o s e n  a s  the  l e a s t  n / - f r e e  

n u m b e r .  Th i s  m e a n s  t h a t  ~ x ~  ~" fo r  i > i  o . Le t  ~O;)  ---- g x i  . It  is  c l e a r  t ha t  ~ ( i )  i s  a g . r . f .  

~i = ~ ( i )  f o r  i.>Z o , w h i c h  m e a n s  t ha t  ¢ ~ "  . We now p r o v e  tha t  ~-x = / - ~ z ~ ( x ;  f o r  a l l  × . A s s u m e  

t h a t  ~'~ # / - ~ ( ~ )  fo r  s o m e  x . T h e r e  e x i s t s  y s u c h t h a t  F e  (~'~ ~ / ~ % ( ~ ; ) .  Then ,  t h e r e  e x i s t s  a 

s t e p  s I s u c h t h a t  x e  and  y e ( v ~ ' ~ z ~ / . Z z ~ c x )  ) f o r a l l  ~ > s  r. 

T h e  p a i r s  wi th  o r d i n a l  n u m b e r s  l e s s  than  the  o r d i n a l  n u m b e r  o f  p a i r  ~x, y} are of  f i n i t e  n u m b e r .  
E a c h  p a i r  f a l l s  on  t h e  l i s t  of  p a i r s  hav ing  m a r k  ~ - ~  no m o r e  t h a n  o n c e .  F r o m  t h e  f a c t  t h a t ,  on  a l l  s t e p s  
s~ , t h e r e  a r e  no p a i r s  on  the  l i s t  wi th  m a r k  ~ - ~  , i t  f o l l ows  t h a t  p a i r  ( x .~ ) ,  in t he  f ina l  a n a l y s i s ,  f a l l s  on  
a l i s t  hav ing  the  m a r k  ~ .  But t hen ,  i t  wi l l  n e v e r  be  expunged ,  s i n c e  Y ~/~'x m/z~,~tx~,  s o  tha t  t h e  l i s t  

wi l l  h e n c e f o r t h  a l w a y s  con t a in  a p a i r  w i th  m a r k  ~ o We have  o b t a i n e d  a c o n t r a d i c t i o n .  Th i s  m e a n s  t ha t  

~ = / ~ x )  fo r  a l l  x . Then  ~ - ~  (~:,~ i s  a g . r . f . ) .  Thus ,  ~ ~ ~- ~=/.z, but  t h i s  c o n t r a d i c t s  t he  cond i t ion  

of  T h e o r e m  1 t h a t  ¢ ~ / ~  . Th i s  m e a n s  t h a t  ,4z  i s  a f in i te  s e t ,  L e m m a  3 i s  p r o v e n .  
! 

L E M M A  4. A ° i s  a f in i t e  s e t .  

P r o o f .  F o l l o w s  i m m e d i a t e l y  f r o m  L e m m a  3. 

L E M M  5. If A~ ~ i s  a f in i t e  s e t  fo r  a l l  ~ n  , t hen  ~4: i s  a l s o  a f in i t e  s e t .  
Z 

P r o o f .  We a s s u m e  tha t  A~ i s  an  in f in i t e  s e t .  Then,  t h e r e  e x i s t s  an  in f in i t e  s e q u e n c e  of s t e p s  
% -  s~ - . . . . , r , ~ ,  . . . .  s u c h t h a t ,  o n s t e p  sz  , s o m e  n u m b e r  #x~ a c q u i r e s  the  n g  - s u c c e s s o r  yi  . Th is  

m e a n s  t ha t  ~ is  a g . r . f .  Le t  z be t he  g r e a t e s t  e l e m e n t  of s e t  L/ / ;  , wh ich  i s  f i n i t e  by h y p o t h e s i s .  
t 

(if L/A~ == t~ we then  s e t  z - o . )  

We can  f ind  i o s u c h t h a t  g x ~ > c  when  ~>~'o • Le t  z be s o m e  e v e n n u m b e r  z > ¢ ,  z a p z ~ .  
cannot  have  an  m /  - s u c c e s s o r  wi th  r~,~ n .  F r o m  the  m e t h o d  of  a s c r i p t i o n  of an n z  - s u c c e s s o r  (cf.  c a s e  1 
o f  h a l f - s t e p  2) i t  i s  c l e a r  t h a t  s u c h  a $ n e c e s s a r i l y  a c q u i r e s  a n  a J  - s u c c e s s o r .  We de f ine  func t ion  ~C(~] 
a s  fo l lows :  

350 



1) ~ - -  2 x + ¢  • Then ,  / ( £ ) =  x. 

2) £ i s e v e n ,  ~ , ~ e p ~  n . T h e r e  e x i s t s  a n u m b e r  ~r~ , s u c h t h a t  ~'~ ==/za~ . W e s e t  

3) ~ i s  even ,  ~ ~. z, % e p ~ t  n . Then  ~ , d u r i n g  the  c o n s t r u c t i o n  p r o c e s s ,  ob t a in s ,  and  d o e s  no t  

subsequently lose, nX-successor ~'~ . We set ~C~) = ~'d ' It is c lear  that /(~2 is a p.r.f., 

We now prove that #x= ~-x,~ ~x) f o r  al l  x . Assume that #x ~ ~ c x )  fo r  some x . Then, there  
A j ,  

e x i s t s  a n u m b e r  ~, s u c h  t h a t  y e ( qx a %-~, (x~) • We can  f ind  a s t e p  .~ # such  tha t  ~e a 'z~ and 

y e ( v S - , A  ~ - s - ,  f o r  a l l  s > s  I cx~ ) . No p a i r  of  n u m b e r s  can  o c c u r  m o r e  t h a n  once on the  l i s t  of p a i r s  w i th  

t h e  m a r k  I-E-2] . The p a i r s  w i th  o r d i n a l  n u m b e r s  l e s s  t h a n  the  o r d i n a l  n u m b e r  of  the  p a i r  t x , / / )  ~ a r e  of  
f in i t e  n u m b e r .  But ,  c a s e  1 of  h a l f - s t e p  2 f o r  ( s )  o ---- rs  o c c u r s  i n f i n i t e l y  many  t i m e s ,  s i n c e  A,~ i s  i n -  
f i n i t e .  Th is  m e a n s  t h a t  p a i r  (x, y) wi l l ,  in  t h e  f ina l  a n a l y s i s ,  o c c u r  on a l i s t  hav ing  m a r k  ~ . But 

t h e n  i t  w i l l  n e v e r  be  t h e n c e f o r t h  expunged ,  s i n c e  5 / / ~ - ~  ex) m ~x • Th i s  m e a n s  t ha t  c a s e  1 of h a l f - s t e p  2 

no l o n g e r  h o l d s  f o r  (s)o = ~ . We have  o b t a i n e d  a c o n t r a d i c t i o n .  Conse que n t l y ,  ~ = cx, ,  ¢xs fo r  a l l  x . 

M o r e o v e r ,  we have  p r o v e n  t h a t  ~'e = H / ( ~ }  f o r  a l l  ~eso~,z , w h e r e  ~(~') i s  a p , r - f .  Then ,  ¢~ = 

~=~ ,x,  - -  / ~ f ( ~  C×) f o r  a l l  x' , wi th  ~x,~ be ing  a g . r . f .  Th is  m e a n s  t h a t  ~ ~ , wh ich  c o n t r a d i c t s  
T h e o r e m  1. T h e r e f o r e ,  A a  i s  a f i n i t e  s e t .  L e m m a  5 i s  p r o v e n .  

L E M M A  6. Se t  A,. i s  a f i n i t e  f o r  a l l  n and  £ .  

P r o o f .  I . e m m a  6 i s  p r o v e n  by  i nduc t i on  on , ~ .  L e m m a  4 p r o v i d e s  the  b a s i s  fo r  the  induc t ion ,  whi le  
L e m m a s  3 and 5 p r o v i d e  the  i n d u c t i v e  s t e p .  

LEMMA 7. /~< ~'. 

Proof. It is clear that /~ r . Since ccz~+¢)=/~(x) by construction. It thence remains to prove 

that £-~/~ . Let ~,, be a g.r.f. We now prove that ~ does not lead enumeration z- to/~ . By Lemma 

6, the set ~; is finite. This mesns that, after some step So , no number will obtain an ,z/ -successor. 

L e t  S, '~sz-~ . . . .  <S~<... be  a l l  t he  s t e p s  s u c h t h a t  s~.>So, (8 i )o  -= ~z and,  on s t e p  s~- , h a l f - s t e p  1 o c c u r s .  Th is  
s e q u e n c e  i s  in f in i t e  s i n c e  Z~ i s  a g . r . f .  Then ,  c a s e  1, h a l f - s t e p  1, does  not  o c c u r  on s t e p  .s; s i n c e  no 
n u m b e r  can  ob ta in  an  ~ / - s u c c e s s o r  on  a s t e p  $~ > S o . Th i s  m e a n s  t h a t ,  on e a c h  s t e p  $ i  , on the  l i s t  
of  p a i r s  t h e r e  i s  a p a i r  (x.[t) with  m a r k  ~ . M o r e o v e r ,  on a l l  the  s t e p s  sg i t  i s  t he  s a m e  p a i r ,  s i n c e  
a new p a i r  wi th  t he  m a r k  ~ c a n  o c c u r  on the  l i s t  on ly  when c a s e  1, h a l f - s t e p  1, o c c u r s .  But t h i s  m e a n s  

t ha t ,  f o r  a l l  z ' ,  ~ '~ ~x n / ~ x t ~ x ) "  It fo l lows  f r o m  th i s  t ha t  b , e  ~x '~/xx~cx~ , i . e . ,  ~'~ =/=/~z,, cx, • 

L e m m a  7 i s  p r o v e n .  

L E M M A  8. ¢ & c .  

P r o o f .  Le t  z n be a g . r . f .  We t h e n  p r o v e  t h a t  z,~ does  no t  r e d u c e  ~ to c .  If ~ z j v t 2 x / x e N }  
i s  f i n i t e  t h e n  z,~ does  not  r e d u c e  ~ to  ~ s i n c e  ~ ( z x + / )  =~ / z ( × ) ,  whi le  ? . ~ x  . L e t  / o x . , J 7 i Z x / x a N  } 
be i n f i n i t e .  Se t  ~ ;  i s  i n f in i t e  by  I_emma 6. Th i s  m e a n s  t h a t ,  a f t e r  s o m e  s t e p  s ,  , no number ,  can  a c -  
q u i r e  an ,zZ - s u c c e s s o r  ( c a s e  1 of  h a l f - s t e p  2 d o e s  not o c c u r  wi th  (m# ,~ IT. ) .  The  s e t  U A ' i s  a l so  

r r ~ g z  ~'Z 

f i n i t e .  T h e r e f o r e , t h e r e  e x i s t s  an  in f in i t e  s e q u e n c e  s ,  - Sz-~ . . . .  sg . . . .  s u c h  t h a t  the  fo l lowing  cond i t ions  
ho ld  f o r  a l l  £ : on s t e p  s{ h a l f - s t e p  2 o c c u r s  wi th  ( s l )  o = , ~ ,  ~ > ~o and on s t e p  ~,: t h e r e  e x i s t s  

n u m b e r  2x s u c h  t h a t  ? x  e ~ z ~ ,  2x  d o e s  no t  have  an  r z 2 - s u c c e s s o r ,  and  2 x does  not  have  an  ,n # - 

s u c c e s s o r  w i th  , , ~ , ~ .  If ,  w i th  t h i s ,  c a s e  1 of  h a l f - s t e p  2 w e r e  t o  o c c u r ,  t hen  s o m e  n u m b e r  would a c q u i r e  
an  ~ * 2 - s u c e e s s o r  on s t e p  s ¢ ; - s  o , w h i c h  i s  i m p o s s i b l e .  T h i s m e a n s  that  p a i r  ~×.y) with  m a r k  ~ - - ]  i s  
on  the  l i s t  a t  e a c h  s t e p  s ~ .  F u r t h e r m o r e ,  i t  i s  a l w a y s  the  s a m e  p a i r ,  s i n c e  a new p a i r  wi th  m a r k  

can  o c c u r  on  the  l i s t  only  when  c a s e  1 of  h a l f - s t e p  2 o c c u r s  wi th  ( s )o=n . Thi s  m e a n s  tha t  / /~ 

s~-, s~-¢ Lemma 8 is proven. (¢~ .~ ' r ' ~ ( x l  ) f o r  a l l g  . Then  b ' e~x  ~ ~'z,,(x) , i . e . ,  qx ' /~  ~ ,~cx)  " 

L e m m a s  7 and 8 c o m p l e t e  the  p r o o f  of T h e o r e m  1. T h e o r e m  1 i s  p r o v e n .  
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COROLLARY 1. If family  of r . e . s .  ~ has two n o n e q u i ~ e n t  computable enumerat ions ,  it then has 
infinitely many pairwise nonequivalent computable enumerat ions.  

Proof .  Let there  be two ~ -enumerat ions  ~ a n d / ~  , ~ ~ / ~  . By Theorem 1 there  exists  an ~ - 
enumerat ion ~ such that ~ z -  0 v~ ~ .  By enumerat ions  ¢ and ~" we can now cons t ruc t  an enumera -  
tion ~ such that ~ ~ . ~ ~ . By continuing in this way, we obtain an infinite sequence of enumerat ions  
/ ~ ~  . . ~ . .  and ~ y ,  ~ ~ ,  ¢ ~  ~ for all ~ . Corol lary  1 is proven.  

COROLLARY 2. If family  ~ has a principal  enumerat ion ~ then, for  each nonprincipal computable 
-enumera t ion  ,~ , there  exists  an ~" -enumera t ion  ~- such that /~ ~ ~ v . 

Proof .  ~ suffices to apply Theorem 1 to the enumerations ~ and /~ . 

Yu. L. Ershov pointed out that Theorem 1 has 

COROLLARY 3 ([1], corol lary) .  For  each noncreat ive r . e .  ~ - th  power ~ there  exists  a non- 
creat ive r . e .  ~ - th  power n ~ ,  such that  ~ ~ .  

Proof .  The upper semila t t ice  of r . e .  ~ - th  powers /. is i somorph ic , a s  is well known, to the upper 
semilat t ice  L,(~} of computable enumerat ions of the family ~ { ~ ,  {~}~. 

L (and, this means,  also L~ ( ~ ) )  contains a grea tes t  element.  Corol lary  3 then follows immediately 
f rom Corol lary  2. The following questions remain  open: 

1. Do there  exist  noneffectively d iscre te  [2] families of r . e . s ,  with unique computable enumerat ions7 

2. If the answer  to the f i r s t  question is affirmative,  how is one then to descr ibe  the family of r . e . s .  
having the unique computable enumerat ion ? 

In conclusion, the author would like to take this opportunity to thank Yu. L. Ershov,  L A. Lavrov,  
S. N./~11ibekov, and all the other  par t ic ipants  in the seminar  mEnumeration Theory  w of the Siberian 
Branch of the Institute of Mathematics,  Academy of Sciences of the USSR, for  their  useful comments  on 
the present  work.  
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