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Effects of Periodic Forcing on Delayed Bifurcations
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This work is concerned with the rigorous analysis of the effects of small periodic
forcing (perturbations) on the dynamical systems which present some interesting
phenomena known as delayed bifurcations. We study the dynamical behavior of
the system

?a—':=f(u, I,+et)+eg(u I, +et, e t)
0.1)
u(t)]s =0 =uo(l}) + O(¢)

where uy(7) is the solution of f(uy(I), I) =0 and I{¢) =1, +et is a slowly varying
parameter that moves past a critical point /_ of the system so that the linear
stability around uy(/) changes from stable to unstable at /_. General results are
given with respect to the effects of the perturbation eg(u, I(t), & t) to several
important types of dynamical systems

%‘-t‘= flu, I +et) (02)

which present dynamical patterns that there exist persistent unstable solutions
in the dynamical systems (delayed bifurcations) in contrast to bifurcations in the
classical sense. It is shown that (1) the delayed bifurcations persist if the fre-
quency of g(-,-,-,7) on ¢ is a constant w which is not a resonant frequency;
(2) in case the frequency of g(-,-,-,t) on ¢t is w=w(l,+¢t) that is slowly
varying, the resonance frequencies where the delayed bifurcations might be
destructed are shifted downward or upward depending on w'(7_)>0 or
w'(I_) <0; and (3) delayed pitchfork (simple eigenvalue) bifurcations occur in
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a codimension one parameter family of periodic perturbations. (1) is a rigorous
analysis of the results in 3], (2) is a new and interesting phenomenon, and
(3) is a generalization of the results of Diener [8] and Schecter [19].

KEY WORDS: Delayed bifurcation; resonance; periodic forcing; Hopf bifurca-
tion; simple eigenvalue bifurcation.
AMS Subject Classifications: 34C35, 34D20, 58F14, 92C30.

1. INTRODUCTION

The mathematical analysis of a collection of dynamical behaviors which
were known as delayed bifurcations has been developed by many authors
[1-4, 7-24]. Typically, these problems involve dynamical systems con-
taining a parameter which is slowly varying with time ¢ or in general, fast-
slow systems where the parameter is determined by the slow equations.
When the mentioned parameter is kept constant, the dynamical behavior of
the systems is well understood. For each value of the parameter, there are
“static” solutions (equilibria, or periodic solutions). Further, there is a
critical point in the parameter so that the linearized (orbital) stability of
the solutions in the classical sense changes as the parameter moves across
the critical value. The interesting behavior of delayed bifurcations can
be observed when one considers the solutions of initial value problems of
these dynamical systems where the parameter is slowly varying with time.
In fact, as the parameter slowly passes the critical point, the solutions of
the dynamical systems remain close to the unstable “static” solutions
mentioned earlier, only bifurcating away from them at some points of the
parameter which are above the bifurcation points at distances depending
only on the initial parameter values and independent of the slowness of the
parameter change. The limits of the solutions as the speed of parameter
change goes to zero present the pattern that the solutions of the initial
value problems stay close to the “static” solutions (which generally are not
the solutions of the systems with a slowly varying parameter) up until
certain points above the bifurcation point, then move away. See Fig. 1.
These delayed bifurcation phenomena are different from what people
understand as bifurcations, and are named as delayed bifurcations.
Further, the separations present memory effects in such a way that if the
initial parameter is farther away from the critical point, then the separation
would be farther above the critical point. These delayed bifurcation
phenomena are antiintuitive, and their mathematical structures are rather
complicated. The theory, however, offers a good explanation to a number
of natural phenomena.
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Fig. 1. The behavior of the solutions u(7) present the pattern that u(J) stay close to uy([) for
I;<I<I, where I,>I_ is independent of &.

We consider the following well-known example to start our mathe-
matical formulation of the problems:

%= flu, I+ et) (1.1)
u(t)] o= uo(I;) + O(e) (1.2)

Here f: R? x R — R? has analytic extensions for both variables. For each 7,
the equation u, = f(u, I) =0 has an equilibrium u(7) which is also analytic
in I. Assume that there exists /=17_ such that when I <7 _, the eigenvalues
M), A(Iy=7,(T) are in the left-half complex plane, ie., Re A(I) <0 for
I<I_, and when I>1_, Re A;(I)>0. We may assume that Im A,(1_) <0
to distinguish the two eigenvalues. Also, I; <I_. One would agree from the
basic stability theory that

lu(t)—uo(L,+e)|=0(e)  for te{t:K)=L+e<I_} (13)

Because all the eigenvalues stay in the left half of the complex plane, (1.3)
can be achieved by some standard arguments, such as semigroup theory.
Standard references can be found, for example, in Refs. 5 and 6. The inter-
esting question remains on the behavior of u((z)) after I(¢) goes across I_.
It was implied by some quasi-steady-state theory [1, 7, 12] that
u(I(t)) goes away from uy(I(t)) shortly after I passes I_ since the signs of
the eigenvalues change from negative to positive at /_. Some asymptotic
methods had been utilized to determine whether the peeling (separating)
point occurs at I=1_+ O(¢'?) or I=1_+ 0(¢'?) 1, 7, 12].
Surprisingly, in contrast to all these predictions, the experimental
results and numerical computations [3, 11, 18] indicated that for some
systems, |u(t) —uq(I;+&t)| = O(e) when I, <I(t) <I,, where I, =1 (I)>1_
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is independent of ¢ as ¢—0*. The amount of delay of the bifurcation
I,—1I_ is determined by I,<I_ by a manner of monotone decreasing
function which presents a memory effect.

This type of phenomena is of interest for their importance in mathe-
matics and also applications to other fields. We mention below some pre-
vious work in the literature to show their connections with physiology and
physics. In fact, the theory is applicable to the reversed accommodation
phenomena in the experiments of membranes of the giant axon of a squid
studied by Jakobsson and Guttman [ 11]. Essentially, if the membrane is
connected with a constant electric current, then there exists a threshold
such that the membrane potential can accommodate any current below the
threshold, and when the current is above the threshold, the potential
starts to oscillate (burst). The discovery of Jakobsson and Guttman in
[11] concerns the response of the membrane potential with respect to a
continuously increasing current, and it was found by them that if the
increasing is slow, the potential will accommodate until the current reaches
a point which is substantially higher than the threshold. More significantly,
the amount of delay is independent of the slowness of the increasing.
Baer et al. [3] considered the corresponding mathematical problems by
studying the FitzHugh Nagumo equation and made extensive numerical
computations for the slow passage problem in the FitzHugh Nagumo
equation. In particular, Baer et a/. [3] indicated that the initial current
I;<I_ and the current I, where u(I(z)) moves away from wuy(I(¢)) may
satisfy the relationship

j'" Re A,(z) dr=0 (14)
I

which was later confirmed by the author [21, 22]. We also note that other
applications of delayed bifurcation in laser and others are available in the
literature [9 and references therein].

Rigorous study of delayed bifurcation started at least in the 1970s.
Shishkova [20] discovered the delayed bifurcation phenomena in a
particular ordinary differential equation system. Later, Neishtadt [ 14-17]
considered the general systems having delayed Hopf bifurcations. Su [21,
22] gave out a rigorous proof of the delayed Hopf bifurcation for the
spatially uniform FitzHugh Nagumo equation. The case of a nonspatially
uniform FitzHugh Nagumo system was also studied for the delayed Hopf
bifurcations [23]. A quite different approach was utilized in order to deal
with the parabolic system. .Candelpergher et al. [4] also attempted to
explain the delayed Hopf bifurcation phenomena from the nonstandard
analysis point of view. Rigorous analysis for delayed pitchfork bifurcations
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is also available in the literature. Under the restrictive condition that =0
is a constant solution of u,= f(u, I,+¢t), Diener and Diener [8] and
Schecter [19] independently proved the existence of delayed simple eigen-
value bifurcations. Without the restrictive condition stated above, the
problems are rather difficult and open. The reason is that, in general, a
nonhomogeneous equation cannot be changed into a homogeneous equa-
tion by finite steps of transformations, even in the linear case. Although
n-step iterations of some transformations can reduce the nonhomogeneous
terms to O(e"), the consequent sequence of the nonhomogeneous terms is
divergent as n— co [15]. We extend their results in Section 6. In another
direction, there are some results [15,24] in a more general case where
delayed bifurcation occurred to a family of periodic motions whose critical
exponents moved across the imaginary axis as the parameter slowly moved
past the critical point under some nonresonance conditions.

These mathematical theories have provided a solid theoretical founda-
tion for giving mathematical descriptions of natural phenomena such as the
reversed accommodation. A question was seriously imposed by experimen-
talists on the reason why the reversed accommodation phenomena were
observed in some experiments, but not in others, or how sensitive these
persistent unstable solutions would be with respect to perturbations.
Further, reversed accommodations were found on tissues under laboratory
conditons, and it would be interesting to know whether these types of
behaviors happen to live tissues where other disturbances exist. Baer et al.
[3] studied the problems numerically and observed that if (1.1) is added
with a small perturbation g =4 sin wt, then unstable solutions persist when
o #§|wel, 3w, lwels 2 lwo], where |wo| =Im A,(I_)| is the frequency
at the Hopf bifurcation point. At those resonance frequencies, the delay
amounts I, —I_ were significantly reduced. Rigorous analysis was not
given.

In this work, we resolve these issues in terms of rigorous analysis. We
first show the delayed bifurcations of (0.1) by proving the existence of
certain persistent unstable solutions under the nonresonance conditions
w#2|wyl/n,neN, and we consider the situations near the resonances.
Then we generalize the results into situations where the periodic forcing
eg(-,-,-,t) is of a slowly varying frequency, and an interesting pheno-
menon of shifted interference is discovered. Finally, we consider a general
version of delayed bifurcations in simple eigenvalue bifurcations related to
previous work by Diener [8] and Schecter [19].

We organize this paper in the following way. In Sections 2, 3 and 4,
we consider the problems of delayed Hopf bifurcations under the influence
of a periodic perturbation. We show that under the nonresonance condi-
tions and some other generic conditions, the delay will persist. In Section 5,
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we study the problems with a periodic forcing with a slowly varying
frequency, and new phenomena of shifted interference are studied. In
Section 6, we show that for each scalar ordinary differential equation which
has a pitchfork (simple eigenvalue) bifurcation, there exists a codimension
one family of periodic perturbations with moderately large norms such that
delayed bifurcation phenomena occur under these perturbations.

2. ASSUMPTIONS AND BASIC RESULTS

We begin with the introduction of a basic result of delayed Hopf bifur-
cations. Let () be solutions of the initial value problems

LBy O (21)
u(D),mo=uol1) + O) (22)

where the systems satisfy the following assumptions.

(Al) f(u,I):R*xR—R? has an analytic extension for |u] <o,
|7l <r,, in.the complex plane for some r,>0.

(A2) For each fixed I, the system

v,=f(v,1I) (2.3)

has an equilibrium solution u,(7) which is also analytic in I for [} <r,.
(A3) The variational system of (2.3) about uy([/):

w, = fluo(I), )w (24)

is a linear system with coefficients depending on the parameter I Let
A(I) = f.(u(I), I). Assume that two eigenvalues of A(I), 4,(I) and A,(I),
are conjugate to each other, i.., A,(J)=21,(I) for I on the real axis and
[l <r,. Further, there exists a real number J_ such that Re ,(I) <0 when
I<I_, Rel(I)>0 when I>I_, ImA,(I_)<0. Also, I,<I_.

We make some change of variables to simplify the system. We let /=
I+ ¢t be the independent variable, and y =u(t) — uy(I; + &t). System (2.1)
becomes

&y = fuluD), I) y + fuo1), I, y) +€G(I) (2.52)
Wiwr=0(e) (2.5b)
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where f, =37, (1/n!)(0"ffow)(uo(D), ) y" =37, ¢,(uo(I), 1) y". The non-

n=2

homogeneous term G,(I) = —(8/6I) u,(I) is a bounded vector function of I.

Proposition 2.1. Let y(I,&) be a family of solutions of (2.5) with
initial conditions which satisfy |y(I;, £)} < M &. Then there exist M= M(M,),
I,=1(M,, M)>1_,5,=¢oM,, M), such that

W1, &)l < Me (2.6)

whenever I, SI<1I,,e<eg,. Further if I, is close enough to I_, then I, and
I, satisfy the relationship

j " Re 4,(r) dr =0 (2.7)
I

The proof of proposition 2.1 can be found in Refs. 14-17 and 21-23. We
demonstrate the behavior of 4(I) in Fig. 1.

We now consider the delayed bifurcation problems under the periodic
forcing in (2.1) which was initially proposed by Baer et al. [3]. Before we
go into the formal argument, we should point out here the essential effects
of resonances. Baer et al. [3] had observed from their numerical computa-
tions of the FitzHugh Nagumo equation, which is a very typical example
of delayed Hopf bifurcation phenomena, that when the forcing frequency w
of the function g was taken to be 2 |wy|, |@o ], 3 o, 5 ||, Where |y | =
{Im A (1))|, the amount of delay is drastically reduced. It is conceivable that
due to high sensitivity of the delayed bifurcation phenomena with respect
to the roundoff errors in computations, it might be extremely difficult to
observe what really happened exactly at those resonant frequencies. We
provide an example below by using the following modified Shishkova—
Wallet’s equation to show that, in fact, when the forcing frequency w = w,,
the delay amount would be O(,/e |In(g)|) rather than O(1).

Example.
euy= (I + iwo)u + ee* (2.8a)
ul;-p,=0(e) (2.8b)

for I, < I_=0. We define u_, be the solution of (2.8) with the initial condi-
tion #,(1)=0, and u_ the solution of (2.8) with the initial condition
u_(—1)=0. It can be easily shown through a direct calculation that

1
s (0) (O] =| || et mn-on g 29)
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When w=w,, the distance [|u,(0)—u_(0)|=[',e " ds>K /e
for some K>0, when g¢<g, is sufficiently small. Thus, #_ jumps away
from u, in the sense |u,(J)—u_(I)]=0(1) at the point I, =inf{I>0 |
\/Ee“/‘z‘”’2=0(l)} =0(/|elogel). In other words, the bifurcation of
u_(I) from uy(I)=0 occurs near the critical point /_=0 at I =
O(./|e log(e)}). Hence the bifurcation has not been delayed substantially.
The key element here which prevents the delayed bifurcation is the inter-
ference between the frequency at the critical point (of critical exponents)
@, and the frequency of the periodic forcing w. If w # w,, however, then
we can derive the estimate |u,(0)—u_(0)] <e~* for some ¢>0, which
implies delayed bifurcations.
This example can be easily modified to

1
au,=(I+ico0)u+8(Z e e"'"’”") (2.10a)

neZ

U= =0(e) (2.10b)

where I, = 0(,/|elog(¢)|) if w=(1/n)cw,. Thus the resonance effect is a
vital factor in our considerations.

We now introduce the setting of our perturbed problem. We study the
initial value problems,

%’-:—=F(u, I+etet) (2.11a)
u(t)] ;w0 =uo(1;) + O(¢) (2.11b)

under the following hypotheses.

Assumptions. (H1) Fu, I e t):RPxRxR*xR* > R?> has an
analytic extension for lu| <o, [I} <r,, te(—o0, ) in the complex plane
when £<ey. F(u,1,0,1)=f(u,I) where [ was specified in (Al)-(A3).
Namely, f(u, I): R*x R — R? has an analytic extension for |u| <o, |I|<r,
in the complex plane. F(u,I &, t) is real analytic in & for 0<e<eg,.
Consequently,

Ru Le t)=f(u,I)+¢f (w1, g 1) (2.12)

(H2) For each fixed HI, and ¢ set to 0, the reduced system v,= f(v, I)
has an equilibrium solution u,(I) which is also analytic in I for |I| <r,. The
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perturbation fi(u, 1, ¢, t) is a periodic function of the variable t with the
period 2znj/w. In particular, we may express

filw Le t)y=7Y C,u1l¢)e™ (2.13)

neZ

where C, are analytic in all variables and ¥,z |C(, I, &)| < M for lu| <o,
|1} <r, in the complex plane and e < ¢,.

(H3) The variational system of (2.3) about uy(I): w,= f{u(I), w
is a linear system with coefficients depending on the parameter 1. Denote
A(I) = f,(uo(I), I). Assume that two eigenvalues of A(I), A\(I) and A (I), are
conjugate to each other, i.e., A,(I)=A,(I) for I on the real axis and || <r,.
Further, there exists a real number I_ such that Re A;(I) <0 when I<I_,
ReA;(I)>0 when I>1_, ImA(I_)<0, (d/dI) Re A(I_)>0. Assume also
that there are no branch points of A;(I) in the complex plane so that 2,(z)
are analytic in the region of consideration, and the matrix Q(I) which
satisfies Q(I) A(I) Q' =(M{" { ,,) can also be extended analytically into
the complex plane. We assume I, <I_

(H4) (First Nonresonance Condition) Assume that there exists some
0<r,<r, such that for |z—I_| <r, in the complex plane, A,(z)— inw #0,
Ax(z) —inw #0 for n e Z, where 1,(z) are the analytic extensions of the eigen-
values A/(I). Since Re A;(I)|;.;_ =0, (H4) can simply be remembered as
lwol = |Im A;(I_)| #nw for neN if we consider z near I _.

(H5) (Second Nonresonance Condition) Assume that there exists
some 0<r,<r, such that for |z—I_|<r,, the analytic extensions A,(z)
satisfy 24;(z) —i2n—1)w #0 for neZ, j=1,2, or simply 2|w,|=
2|/ImA(I_)|#(2n—1)w.

Since we intend to show that |u(¢) —uy(I,+ et)| = O(¢), we use y=
u(t) — uo(I;+et) as the new variable and /=1I;+ ¢t as the new independent
variable. Then (2.11) becomes

-1,

ey1=fluoD), I)y+Fo(uo,1e,’ L ,y)+sQo(uo,Is ) (2.14)

where  Fo=37_, (1/n!X@"f/ou")uo), I) y" +& X7 (1/n!)(07f1/0u"Yuo(D),
I’ &, (I—Ii)/s)y ’

000 (o, 1) =2 T, 5,1 0) et @15)

neZ

is of order O(e).
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We observe here that for fixed I, F(u, I, ¢ t) is periodical on the
t-variable, and consequently, Fy(u,, I, ¢, t) and Qo(u,, I, ¢, t) are periodical
on the t-variable. Therefore, they can be uniquely expressed as the Fourier
series of ¢ whose coefficients depend upon I and e. Thus, we derive
eQ(uo, 1,8, t) =€y, .5 I, &) e™. The corresponding series for the
case of I=1I,+ ¢t naturally leads to (2.15) after the change of variable
t=(I-1I;)/e. Throughout the paper any function which depends on I/z
periodically and also depends on (I, ¢) can therefore analogously be decom-
posed uniquely by following the natural expansion method mentioned
above. It should also be noted, however, that the decomposition of
eQy(ug, I, &, (I—I,)/e) into the series with the form of (2.15) is not unique
if the natural decomposition method is not followed. The natural decom-
position method which we used has the advantage that the coefficients of
the series ( but not the series itself) have bounded analytic extensions for
the z-variable with its total upper bound independent of e—0*. This
property is crucial to the problem in the sense that the desired solution to
our problem will be shown to have a similar series expansion.

We may absorb the terms that involve I; into the coefficients as
the terms e”“/i/ are bounded by constants. For simplicity, we neglect the
dependence on I;. The initial value problem (2.14) is then equivalent to

I I
eyr=A(Il) y+F, (I. &> y>+8Q. (I, -3 ;) (2.16a)

V= =0(2) (2.16b)

where F, is analytic in y and has the expression

I L
f (I’ i y)= Z ) Beemytyy o (217)

k=1 m+n=km»0n2z0

with (¥, y2)7 = y. From the properties of F, and G,, the coefficients of F,
have the form

B{mem) (I, & -:g) =g Yy bim I ) e (2.18a)

ne

B};"l"'l’(l,%’é')'—‘ Y bymem(Ig) e for k>2 (2.18b)

neZ

Denote M,,,, the set of m xn matrices. All terms b{™")(I, £) € M,, , are
analytic in I. From the fact that F{u, I, ¢, t) of (2.12) is analytic in u for
ful <o, and ™ ™)1, &) correspond to the coefficients of kth power terms
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in the new system, it is not hard to verify that there exists a constant M,
independent of ¢ such that for k>1 and |/—I_| <r, in the complex plane,

M
z z by ™, &)l S = (2.19)
neZ mz0,nz0,m+n ==k . (G/z)k
The nonhomogeneous term £Q, has the form
0= 3 a.le)e™” (2:20)

neZ

where 3 ,.z19.(L &)|<M for [I-I_|<r, in the complex plane. The
method of the decompositions in (2.18) and (2.20) were mentioned earlier
in the observation after (2.15). These decompositions are unique based
upon the natural method which we used.

We begin with the initial value problems (2.16) for I, <I<1_.

Lemma 2.2. Let y= y(I, &) be a family of solutions of system (2.16)
with initial conditions at I, satisfying |y(I, €)||;- ;< M e. Then there exist
re=r(M), M,=M,(M,) and ¢y=¢eo(M,)>0 so that when |I_—1I]|<r,,
O<e<eg,

I¥(1, &)l < M,e (2.21)

for <I<I_.

The proof is somehow standard. If we note the fact that all e”/* terms
remain bounded when I;<I<I_, the proof is not much different from the
one of Theorem 1 in Refs. 21 and 22 or Lemma 1 in Ref. 24. We refer the
proof to Lemma 1 of Ref. 24.

Lemma 23. Let I'>1_ be any point above the critical point I=1I_,
and y = y(I, &) be solutions of (2.16) with initial conditions at I=1I' which
satisfy (I, &)1, <M,e for any ¢>0. Then there exist r,=r,(M,),
go=¢o(M,), M,=M,(M,) so that for ¢ <&,

(1, &)l < Me (2.22)

whenever I _<I<I'SI_+r,.

Proof. If we replace the variable 7 by J=2I_—1, then Lemma 2.3
follows immediately by analogous arguments as in Lemma 2.2. O

865/9/4-5
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We also see that the exponential growth property is valid in this case.

Proposition 24. Assume that y , and y 5 are two solutions of (2.16) on
ILi<I<l,, and |y (I)| < M,e, |ys(I)| < M,e whenever I, <I<I,. Then
there exist My= M(M,), e, =¢o(M,) so that for e<¢,,

1 e!/e 13 Re dntry e [y 4(55) — ys(,)] 1
& e Ay(v) de \M /PI ? Re 4,(z) dr 223
i NTYIAETXIA] (223)

Proof. See Refs. 21 and 22. We note that there is no restriction on
whether ; are above or below 7_. 0

We denote (I, s, é) to be the solution of (2.16) with the initial condi-
tion:

W, 5,8 ms=0 (2.24)

If we can show that the solution y(Z, I, &) for some I; < J_ and the solution
I, I',e) for I'>1_ have a distance of magnitude O(e~*) at I=1I_ for
some ¢ >0, then the delayed bifurcations will follow from Lemmas 2.2 and
2.3 and Proposition 2.4 in the following way: We have |y(I, I, &)| < M,e
for I, <I<I_ and |y(I, I'e)l<M,e for I_<I<I' Adding the fact
|y(I_,I,,e)—y(I_, I )l =0(e~*) and Proposition 2.4, we get that
I¥(1, I, &)l < M,e when I; < I< I, for some I,=1(c)>1_. So it is the key
step to obtain the estimate Iy(I_, I,8)— y(I_, I' g)| = O(e‘”") in this
problem.

To achieve this, we need some additional properties. Let Q(I) be the
nonsingular matrix such that 40 =Q(*" ,{,). If we let y=QY = Q( s
then the system (2.16) becomes

(1), - (0" snlzy) e (negor)
+eQ~'0, (I & )—eQ oY (2.25)

We rewrite (2.25) as

()0 2o e(ind)
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where F,=Q"'F,~eQ~(2Q/oD) Y, Q,=0Q~'Q,. The nonlinear term F,
has the expression F,=(F, ,, F, ,)7, where

F2,j=£<Ej.l,l (I, 8, 'E) Y +Ej 1 2(1 8, ) Yz)

+ 3 E, k,,(l, 4 f) yk-l+1yl=1 (227)

2gk<ow, 1 €lgk+1

E,,,,(I g, > Y finiald, &) e (2.28)

neZ

The functions f; . ; .(, ¢) have analytic extensions f; x ; .(2, ¢), and when
jz—I_|<r,,

R L Uitz ol <5 /2)* (229)

for k> 1 from (2.19). The coefficients before the linear terms have a factor
¢ due to the nature of F,. Similarly, @,=(Q, ,, @».)7, where

0r,= Y S0l &) el (2.30)

neZ

Ji,0,4(Z, €) can be extended analytically to f; o (2, &), and

Y foazelSM  for |z—I_|<r, (2.31)

neZ, j=1,2

We consider the solutions Y(I, s, &) of (2.26) which satisfy the initial

conditions
0
O e

If we write (W, W,)7=(Fy, 1, F52)"+&(Qs, 1, 0.2)7, then (2.26) can be
expressed by the integral equations:

Y, s, s))

YU, 5, &)l 1as= ( YAl s,¢)

I
Yi(1,5¢) =% J' el A,(r)dej (J, £, {, Y(J, s 8), Yy(J, s, s)) dl,

5

for j=1,2 (2.33)
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We intend to find the solutions of (2.33) of the form

Yi(I,s,8)=¢ Y, gl s¢8)e™", for j=1,2 (2.34)

nelZ

with the property that 3, 2 Xaez 18] 5, 8)| € M.

Let us make some remarks here. In general, for the function Y;(7, s, &),
the series representation in the form of (2.34) is not unique. This issue,
however, does not bear any effect on our problem. We intend to establish
a vector equation for the coefficients {g;,} in such a way that if {g; .}
satisfies that vector equation, then the corresponding Y, will satisfy (2.33).
The set of coefficients {g, ,} constructed in this way is unique because the
above-mentioned vector equation has a unique solution. Further, the key
of the problem is to expand Y,(I, s, &) in a series of the form (2.34) whose
coefficients {g; ,} have totally bounded analytic extensions as ¢~ 0*. The
set of {g; .} obtained through the vector equation can exactly do so. Other
methods to expand Y,(/, 5, &) may lead to a different set of {g;,} which
may or may not have a totally bounded analytic extension.

We also note that (2.33) or, equivalently, (2.26) contains a pair of two
equations which are conjugate to each other, ie., Y,(1, 5, &) = ¥,(1, 5, ¢) or
& AL s, e)y=g, _ (1 s, ¢). Thus, it suffices to solve the equivalent equation

1 J —
Yi(Ls, e)=-£l-j eV/efhhe) de W, (J, &2 Y., Y,)dJ (2.35)

5

where

Wime((E Surratberem)(a 3T gieie)

neZ neZ

+é& ( Z fl‘ 1,2 n(I, 5) eimul/o:)<£ Z gl. _neimol/e>

neZ neZ

+ i ) (Z Skl &) e“'”"") g

k=2 lgi<k+1 ‘\neZ

k—I+1 -1
ineol) 5 ineol]e
X<Z gl,ne u/e) (Z gl”nenw e)
neZ

neZ

+e( 5, fronho)ee) (2.36)

neZ
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We combine (2.36) into

Wi=Y h(Le g) e+ Y &fi ol ¢) e (2.37)

neZ ned

where g=(g, ,, neZ),

h(le, g)=¢ Z fl,l,l.nlgl,n2+82 Z fl.l,2.n|g_l,—n2

B +tny=n nkny=n

+Ye X < )y Siktn &m

k=2 LISk +1 M\ny+mp+ oo +m

xgl,nk_Hzg—l, —nk_,_”"'g—l, ‘"k+|> (238)

3. ANALYTIC EXTENSIONS OF SOLUTIONS

Delayed bifurcations are closely related to the analytic extensions of
solutions. In fact, Shishkova [20] and Neishtadt[16] indicated delayed
bifurcations by showing a bounded analytic extension of the solutions at a
neighborhood of I_ in the complex plane where both the neighborhood
and the bound are independent of ¢ — 0+. However, with the presence of
periodic forcing, there is no such extension. Instead, we shall show that a
solution can be expressed by a Fourier series of e!™!+imes)s ywhose coef-
ficients can be extended analytically and uniformly bounded in &, but
the series itself may be divergent in the complex plane. The idea is the
following: we express the right-hand side of (2.35) in a Fourier series of
glinol+imosie pne7 meZ, and then Eq. (2.33) will be equivalent to the
corresponding vector equation for the coefficients of the Fourier series. Let
us introduce several technical lemmas. We denote c/(D) the closure of a
set D.

Lemma 3.1. Let h(z,¢) and R(z) be analytic in cl(D) for some open
and connected region D < C. Suppose T is a point in cl(D) where Re R(z)
attains its minimum in cl( D). Assume that for any z € cl(D) there exists a
path Iz, T) < cl(D) such that I'(z, T) connects from T to z and Re R(z) is
nondecreasing along I(z, T). Then there exists h{-, D, g): c(D)— C such
that

r h(z, &) X2 dr = Ti(z, D, &) e®e _(E D, g) RV (3.1)
4
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for zecl(D) and & e cl(D), and k(z, D, &) satisfies the property that
IA(z, D, &) < |11z, T)| lk(z, &) (3.2)

We denote T: (h, R, D)— k(z, D, &) to be the transformation from h to h.
Then (3.2) can also be rewritten as | T|| <sup,epy 11z, T)).
Further, if R'(z) #0 in c(D), then

e (h(z,e)Y
h(z D,eg)= ( ) ——h(z, &) +(—1) 5= Rl(z) (m)

+ -+ (=17 htm(z, &) + O(e™)

R'( )

W, 8+ (—1) = <M>

[R’( T) R(T)\ R(T)

+(=1)"" 1 h[m](T 8)] 1/e( R(T) — R(2)) (3.3)

R'(T )
where ht®1 = h(z, &), h1™) = ((1/R'(2)) A1~ ')(z, &))".

Proof. We define the function

7(z, D, g)=e R (f h(z, &) eR=e d'r) 34)

enzT)

It is easy to verify that k(z, D, e) satisfies (3.1). Since Re R(z)"is non-

decreasing along Iz, T'), we obtain from (3.4) that || < |z, T)| |A(z, &)].
From integration by parts,

[ eRIep(1, ) dr = him) (2, £) eREVe — F{m)(T, g) eR(TVs
teNz T)
+(=1)mem f B+ 1z, g) eRVe g (35)
telz, T)
where
- h(z, e)\
him(z, ¢ =—-,-—hz, +(—=1)— ( ~ )
@ 9=gi5 "9+ 5 (R
(= 1yt e (3.6)

R'(z)
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We denote the last term of (3.5) to be R{™. We then obtain

|Rt"(z, D, ) e~ R g g™ hUm+1)(7, g) (R~ R2)Ve gp

J'rel‘(z, ry)
<e™ Az, &) = O(e™)

because Re(R(t)— R(z)) <0 for re Iz, T). This implies (3.3). ]

Remark. The Inequality (3.2) is an estimate of & which does not
involve the derivatives of 4 and is useful for later arguments.

Proposition 3.2.  Let so<I_ be any point sufficiently close to I_.
Assume that £ is a point in the upper half of the complex z-plane, such that
Re ¢ A(t)dr=0, ReE<I_,Im&>0, ie, & and sy are on the same level
curve of ¢,(z) = Re [%_ A\(t) dr in the upper complex plane and to the left of
the line Re z=1_. Then there exists a nonempty region B, which satisfies the
JSollowing properties. (1) £ e cl(By). (2) B is symmetric with respect to the
real axis. (3) Let z=T,ecl(B;) be a point where Re(]'; A () dr—inwz)
attains a maximum in cl(B,). For every point zecl(B;),neZ there exists
I(z, T,)=cl(B;) which connects from T, to z such that Re({%2(<)dt
— inwy) is monotone decreasing as y moves from T, to z along the path
I'(z,T,). (4) Re 3 A,(1) de<0 for ze B;. (5) max..g, |I(z, T,)| goes to
zero as so— I _.

Proof. The region B, is constructed by the following considerations.
Let I'; be the level curve of ¢,(z) =Re §3_ Ai(z) dr which intersects the
real axis at so<7_ and s >7I_. See Fig. 3 or 4. The properties of these
level curves with different s, are well known from Refs. 16 and 22. Let
By={z|Rez<I_, z s between I, and I_’so} where I, is I',’s conjugate
image. When s,<J_ is close enough to I_, B, is a region close to
I_ as well. With the fact that for s<I_, {Z4,(1) dr—inwz={Z (A,(7) -
inw) dr —inws and Re({? A,(t) dr — inwz) = Re §2(A(7) — inw) dr, we need
to examine the behavior of 4,(z) —inw and the corresponding level curves
of 9, =Re |%_(,(t) — inw) dr. From the fact that Re 1,(1_)=0, Im A,(1_)
#0, we observe that when z=1 is on the real axis and near I_,

MWD =a,(I-I_)+O0((I—=I1_)})+i(we+O(I—1_)) 3.7

where

a Re AI(I)|I=I_>0; CD0=Im AI(I)|]=I-<O (3.8)

a1=a,
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Thus if we express z— I_ =x + iy, then the level curves Re [Z (4, — inw) dt
=¢ are essentially in the form of parabolas with high order terms:

fa,x*—(wo—nw) y + O(x* y*)=C (3.9)

where w,—nw #0 as follows from H4. When |z—7_| is sufficiently small,
all level curves of ¢,(z) are classified into two types. For w,—nw >0, the
level curves are parabolas opening upward (convex). For w,— nw <0, they
are downward (concave). Let n,<0 be the unique integer such that
wo—nw <0 for n2n, and wy—nw >0 for n<n,—1.

We state a sublemma which we later refer as “the rule of the
convexity.”

Sublemma. Let assumptions HI-HS5 hold. Let z = z(x) be a level curve
of 9(z) = Re |* (1, —inw) dr for ne Z. There exists ro>0 such that for any
0<r<ry, if z,,2,€ B{I_) and Re z, < Re z,, and ¢,(z,) = 9,(z,), then for
any x. Re(z,—1_)<x<Re(z,—1I_), the level curve z=z(x)=I_+x+
iy(x) of @.(z) which passes through z, lies inside the ball B,(I_) that is
uniform for any ne Z. Furthermore, for any positive number N> 0, there
exists ry=r(N)>0 such that for any 0 <r<min(ro,r,), if {z,,i=1,2} €
B(I_) belong to the level curve I of ¢,(z) as well as I'; of 9,,(z) for some
m, neZ, then one of the following three cases occurs. (a) If 0 <wy—nw <
wo—mw, and |wy—nw| <N for some N>0, then I'| is above I', for
Rez,<Rez<Rez,. (b) If wyg—nw <wy—mw <0, and |w,—nw| <N for
some N> 0, then I'y is below I'; for Rezy < Rez< Rez,. (¢) If wg—nw <
0 <wy—mw, then I'y is above I', for Re z, S Rez< Re z,.

Proof. Let z=1_+ x+iy be a point of the level curve I" of ¢,(z)
which passes z, and z,. Then (x, y) satisfies the relation (3.9). Now since
z;eB(I_), i=1,2, |C|<|wy—nw| r+ Myr? for some constant M, > 0.

We assert that there exists 7, such that for r<ry, I is inside B, (7_)
for xe[x,, x,], ie, |z—1_|<2r. Otherwise, let x,, be such a point that
|z(x)| <2r for x,€x<x, and |z(x,,)—I_|=2r. From (3.9), which is
rewritten as

Ya, 5% — (09— nw) y + x°6 (%, y) + y*€(x, y) = C (39)

for some &,, &, where |0,| < M,, |0, <M, when |{z—1_|<2r, we get
that (lwo—nw|—2Mor) |y|<C+2a,r? +Mor’<|wo—nw| r+(My+2a,) r?
+Myr®. Thus when r<ro=min(|w,—nw|/(8M,+ 16a,), 1/8, 1/(4M,))
>0, {y| <3r/2, and consequently |z—1_]| <2r for x, < x<x,, which con-
flicts with the definition of x,,,. This implies that the point x,, does not exist
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and |z(x) —I_| <2r for x, < x <x,. Further, by taking the derivative for
x once in (3.9'), we derive

a,x—(wy—nw) y' +3x20,+x°0| +2yy'0, + y°0,=0  (3.9")

where ©] represents the total derivative of the function to the x-variable.
Then |y'| < C,r for r <r,. Finally, by taking one more derivative for x in
(3.9"), we get

a, — (wy—nw) y" +6x0, + 6x%@' + x*O7
+2yy"6,+2y°0,+4y'y0; + y*€;=0
Consequently, y" =(a, + O(r))/(w,—nw). Let us look only at case (a),
where 0 <wy—nw <w,—me. Other cases are similar. If z=7_+4+x+

iy,(x)eT; for j=1, 2, then for any sufficient large M, > 0 which is uniform
for all r<r,and neZ,

a,+0(r) _a,—M,r
= =
Wo—nw o —nw

n

B4

a, + O(r)<a, +M,yr

Y= =
Wy —maw Wy — M

Let r®=a,/M,inf, , v, wyn(x—1)/(x+1). Since |w,—nw| <N, we find
that when

o 81 [@y=mo)(@o—n2)]~1 _ a\ (@o—mw) - (wy—now)
= \Mo[(wo-—mw)/(wo—na))]+l M, (0o — mw) + (wy — nw)

Yi(x) = y3(x). Since y,(x;)=yiAx)) for j=1,2, y(x)<yy(x) for x,<
x < x, by the maximum principle of the differential equations. This com-
pletes the proof of the sublemma.

Remark. In the remainder of this paper, we take N =w,. Since the
comparison of two levels curve in the section below (where we refer to the
rule of the convexity) will always contain at least one level curves of ¢,
with |w,—nw| <w,. Thus they satisfy the requirement about the con-
stant N.

We define 3, to be the set of all level curves of ¢, (2)=
Re{*(A,~inw)dr. The level curves for Re [ (4,(t)—in,w)dr which
compose Y., are the most concave in the sense that if I'; €3, intersects
I',eY,, which is the set of all level curves for Re |Z (4,(t) — inw) dr, n#n,,
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in two points z; and z, in the neighborhood of /_, then for z between z,
and z,, I'; is above I', from the rule of the convexity stated above. See
Fig. 2. Similarly, 3., _, are the most convex meaning if I'; €3, _,, I,€%,
for n#n,—1, and if I''nI'y={z,, z,}, I'; is below I', between (z,, z,)
also by the sublemma above.

By the nonresonance conditions H4 and HS, |w,—nyo| # |(we—
(ny— 1))|. Thus either (a) [wy —nyw| < |y —(ny—1)w| or (b) |y —nyw|
> |wg—(ny— 1)w|. Suppose (a) holds. Then when z is close to I_, the
level curves 3., (z) where z—I_=x+1iy,

ja,x% — (wo—new) y+ O(x%, y*)=C (3.10)

are the most concave ones in the set of all level curves and their corre-
sponding conjugate images. The conjugate images of 3, (z) written as
Z,,o (z)= Z,,o (x, y), which have the expressions

30, %% — (o —now)(— y) + O, (= y)) = C (3.11)

are the most convex ones since 5_‘, are more convex than ¥, _;. Assume
(b) holds. Then ¥, _; are the most convex, and Z,,o_, are the most
concave.

By nonresonance conditions H4 and HS,

Wo—nw # — (Wy—mw) (3.12)

for m, ne Z. Therefore, we can arrange all 3, in an order according to the
magnitudes |w, — nw|. When z is sufficiently close to 7_, all 3, are-obeying
the rule of convexity and concavity in the order of the magnitudes
|wo—nw|. We may use the notations n,, n,, .., n,, ... to express the order
of the curves according to the magnitudes, and 3V, 3@ $™ | to
express the sets of the level curves in such an order. For example, in case

(@), TV=3,, .. Z®=3,, for some k.

T e 2:;0
z1 22

/ / I \\ ey, forn#ne

Fig. 2. The convexity argument. If I'y and I', intersect at z, and z, near /_, then I', is above
I, when z is between z, and z,.




Periodic Forcing and Delayed Bifurcations 581

We define that an open set B is 3" accessible if, given z e ci(B), there
exists a path I',(z, T,) = cl(B) from T, to z such that Re {? (1,(7) — inw) dt
is monotone decreasing as y moves from T, to z along I',(z, T,), where T,
is the maximum point of Re {2 (4,(7) — inw) dr in ci(B).

We also note the very crucial point that if an open and connected
region D is not 3" accessible, then there must be a value ¢ such that the
set L(c)={zeD| Re(fZ A,(r) dt —inwz) =c} is not connected. The argu-
ment is very simple. Assume this assertion is false. Since D is connected,
there is a curve I" which connects any z with T,. If ¢,(z) = Re(f? 1,(7) —
inwdt) is not monotone in I', then there exist z; and z, in I" such that
¢.(2,)=9,(2,) and ¢,(z) is monotone decreasing in the segments from T,
to z,, from z, to z, but not between z, and z,. We modify I to I" by replac-
ing the segment between z, and z, with the level curve L={zeD| ¢,(2z)=
®.(21)}. Then I"is of the property that ¢,(z) is monotone decreasing on I’
which contradicts the fact that D is not 3™ accessible.

Thus if B, is Y accessible, and we cut off portions of B, without
disconnecting any of I'e 3" in the sense that the new set B, = B, has the
property (0B, —8B,) NI is either empty or a single point, then B, is 3
accessible.

We now construct the region B, in the following way.

The level curve of ¢1(z) Re_j 5 A4,(t) dr which passes through z=

T, (z) and its conjugate image I', bound the region B, as assumed. We
note ‘that o= as classified, and there are only finitely many families

Fig. 3. The construction of B,. We cut off part of B, so that B, is Y~ " accessible. When
¢ is below z,_,, we take ry, f,:, 7, and T}, as the boundaries of the region B,.
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of 3™ which are in front of ¥, in the order which was described
previously. For n>k+1, B, is ™ accessible because of the order in
which they are arranged (those level curves are more “flat”). However, B,
may not be accessible for some 3™ for O<n<k—1.

We choose the level curve I';_; of Re [%_ (4,(tr)—in,_,w) dr which
is tangent to I'; or f,o. Suppose I', and I';_, intersects at z=2z,_,, we
name the portion of I'y_, left of z,_, as I';_,, and the portion right of
2z, as I'}}_,. Correspondingly, we have I;_, and I';_,. Similarly, we
can define I'%, f;:. Define in case (a), when {e T, is to the left of
Zi—1 By to be the region bounded by I' ., I'y, I'/_ and I';_,; and in
case (b), when { eI, is to the right of z,_,, B, to be the region bounded
by 'y, I'y, Ty and I'_,. See Figs. 3 and 4.

It is obvious that B, is accessible for 3*~! because of the way in
which we construct B, by using several pieces of level curves in 3%~V to
form the boundary (namely, I'}_,, I'}_, or I'y_,, I't_,). Also, B, is
accessible for ), n > k. This comes from the fact that I"'n (0B, —8B,) is
empty or a single point for any I'e >, n >k, which follows from the
convexity argument. This completes the construction of B,.

We then follow finitely many steps to find I'y_,, I'y_, which are
tangent to 8B,, and let I'E ,, 't , and 9B, become the new boundaries
of B, which cut off B,, and so on. The details of the constructions of
B,, .., B, are similar to that of B, but lengthy, hence they are not pre-
sented. Eventually, we can get B, which is accessible for all 3, neN.

+
s

3

/

L 4

N

Fig. 4. The construction of B,. We cut off part of B, so that B, is 3** " accessible, When
& is above z,_,, we take I°}, f,: , I'y_, and F7_, as the boundaries of the region B,.
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B, intersects the real axis between two points z=5,({)</_ and z=1_.
Thus B, = B, is the desired set which satisfies all the properties. 0

Lemma 3.3. Let the assumptions HI-H5 hold. Then the solution
W1, s, &) of (2.16) with the initial condition y(s,s,e)=0 has the property
that y(I, s, &)= QI }) and

YI(I, S, 8) =& Z Z gl, n, m(Ia S, 8) einml/eeimms/s (3]3)

meZ nelZ

for some coefficients {g, ,, .}- There exists a neighborhood N, of I_ in the
complex plane such that for any e N,, the functions g, , (I, s, ¢€) have
analytic extensions g, , .(z, &, ¢€) in z for ze B,, where B, was defined in
Proposition 3.2. Further, there exists a constant M independent of ¢ — 0 such
that for £e N\, zecl(B;) = B; U 0B;,

Y Y sup |gu.mzné&e<M (3.14)

neZ meZ S€Ny,zeBg

For fixed z€ N ;o y Be, 81,0, m(2, &, &) are analytic in &.

Remark. The coefficients {g, ,. .} depend upon variables 1, s, ¢, and
the decomposition of Y,(1, s, €) into series (3.13) is not unique. Lemma 3.3,
however, allows us to find a set of coefficients g, , ,.(z, £ &) which has
bounded analytic extensions as e >0+,

Proof. Let T:(h, R,D)— 71'~be as denoted. Denote h,(z, B;, &)=
T(h,, ﬁ_ A(t) dr +inwz, B,) and f\ o (2, Be, &) =T(f1, 0.4z €), ﬁ' () dr
+ inwz, B;).

From (2.35)—(2.37), using the facts

1 / .
I el j,i.ﬂr)drh"(J’ 8) einlle 4y

s

~ . - 1, .
=hn(1, B:, 8) emml/a__hn(s, Bg, 8) el/sj, ay(e) deginas/s

as well as

1 . .
J‘ el,/BSlA.l(‘t) drfl,o‘ "(J’ 8) emm.l/sv:dJ

5

—~ . ~ ! ;
=f1, 0 n(I’ Bf’ 8) einolle —'fl, N n(s’ Bf, 8) el fs () dr ginawsfe
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we obtain the equivalent equations of (2.35):

Yi=Hy+ Y, H,e™"*+R, .+ ). R, ™" (3.15)
n#0 n#0
where
H,,=%{-— Y R(s, B,, &) eVelihrdeginasie L (1 B s)} (3.16a)
neZ
=-:-7z,,(1, B, &) for n#0 (3.16b)

Rl,o={— T Fy ouls, By, &) eVelin dgmasie | 7 (1 B,,s)} (3.16c)

neZ

Ri,=fionl Bse) for n#0 (3.16d)
Let H=(H,,neZ), and R=(R, ,,neZ). Then a solution of the vector
equation

g=%(H(g)+R) (3.17)

corresponds to the solution of (2.35), which can be expressed in a Fourier
series form as

Y &g ™=} (H,+R,,)e™"
neZ nelZ
If we further assume that g, , can be decomposed as
gl,n= Z gl,n,m(ls 5, 8) elnm)s/z (318)

meZ

then (3.17) is equivalent to
1 1
g=L(g)=-H+_R (3.19)

Here g=(g, , w1, 5 ¢)), B=(A, ., neZ, meZ), where H, ,=0,(H,),
R=(R, ..,neZ,meZ), where R, ,,=0,(R, ), and @, is defined as the
formal projection mapping:

O: Y aie*Foa, (3.20)
keZ
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Note that 8, is only a formal mapping because the well definedness of 6,,
depends on the unique identification of a,, which is difficult for any general
function of s. The mapping 4,, is well defined here only in the sense that
once the decomposition of g is assumed, then H,, R, , can be expressed
uniquely according to the order of e™¢ in the natural way. The functions
0.(H,) and 8,(R, ,) are simply to denote the corresponding coefficients. It
can be verified that 0, is commutative with T. Thus for n#0,

1 I
H, ,.=0,H,) == T(6,.(h,), f Ay(7) dr + inwz, B:)(I, B,, ¢) (3.21a)

flOn(I Bs,&') for m=0

Rom=0n(Rs. ) = {0 © for m#0 (3.21b)

1 -~ - )
Hoom= O {Fll,Bus )~ 5, Fils, B, 0) A0 ot

keZ

1 {v (0,,,(1:0), [ " A(x) do + inwoz, Bf) (I, B,, £)

z

I
— gl S by e > T <9m~k(hk), 'f (%) dr + inwz, Bé) (s, B,, s)}

keZ z

(3.21c)
RO,m=0m (fl.o, ol1, B, &) —ele fazydr Z 71.0. s, B,, £) einn).v/s)
nelZ
_ {(71.0, old, By, &) “71,0. ofs, Bs, &) €' L@ ar) for m=0
N "(.71.0, m(s’ Bsy 8) el/gﬁl‘(t)df) fOl' m #0

(3.21d)

For each £ e C which satisfies Reé <J_ and Im & >0, we can find the
point s, =s¢(&) < I_ in the real line such that Rej“’ Ar)dr=0, ie, & and
5o are on the same level curve of ¢,(z) =Re |7 A (D) dr.

To find the analytic functions g, , ,(z, &, &) which extend g, ,, ,.(1, 5, €),
we assume that g, , (2, &, &) take the series form of

EinmzE V=T &1 nmil2 & & o) e To 0 (3.22)

leZ
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for each ¢ satisfying ReE<I_,Im¢>0, | —1_| <min(ry, r°), and z € B,.
Since (2.37) and (3.19) contain g, ,, ,, which also need to be extended, we
find the conjugate terms in the form

Zion-mlB &)=Y Zi o —m —i(5 & & 50) e T MOIE  (373)

leZ

for neZ, meZ, leZ. The indices (—~I) of &, _, _,. —; are due to the fact
elle Sy (D dr _ g =1fe fi (0) d gince §¢ A(z) dr is purely imaginary when ¢ is on
the same level curve as s,.

We denote the formal projection operator f,:

B Y el o d gy (3.24)

keZ

Again similar to the case of 6,, for any function y(£) which can
be uniquely represented as 3, .z (&) e Lot g, P&~ a, (&) is well
defined. For the functions concerned below, once (3.22) is assumed then
they can be all expressed uniquely in terms of the series of efat) ¢ jp
the natural way. Also, §, are commutative with T.

The analytic extensions of g, , ,../(2, &, & ;) in (3.19) will lead to a
delay equation which contains g, ,, ,. /(2 & & 5,) as well as g, _,, _,. _;
(2, &, &, 55). For our convenience, rather than considering a delay equation
for all £ with Im £ >0, we study a system of two vector equations:

1 1
gl,n, m, l(z9 éa &, SO) =; Hso. nom, I+; Rso. nom, I (3253)
. | 1.
81, n m, [(Z, éa &, SO) =-8- Hs(,, n,m, l+'£ R.\'o. n,m, i (325b)

where H, . 1> Ry, pm1a0d H, o 1 1> By m 1 are defined as follows. For
n#0,

Hon ,,,,,=% B (‘I!‘ (0,,,(1:"), [ 4u(0) de+ inco, 34,) (2 Be, s))

I‘._
=% T <ﬂ,0,,,(h,,), [ 242) de+ iz, B<> (z, Be, €), (3.26a)
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A - ﬁz(fl.o,n(Z,B:,&')), for m=0
Sgp 1., 1 0’ fOl‘ m;L-O

_ {(fl,o.n(z’BE’a))’ for m=0, I1=0 (3.26b)

0, otherwise

Byomi=3 Bi{ T (Oulto) [~ hte) 4 inwr, Be) (2, B, )

—e— e ﬁ“ Mz deplfe ﬁo Al de

x¥ T <0m_k(hk), j' Ay(7) dt + inowz, Bg> @ Bf,e)}

keZ

I_ -
=—i- {T (ﬁlom(ho)’ J‘ A](T) dT + incoz, Bc> (Z, BE’ 8) . e(,tg j‘;o Aryde

X Z T <ﬁ1+l6m—k(hk)’ J.I_ j'l(‘t) df + incoz, Bé) (és B.f: 8)}
keZ z
(3.26¢)

ﬁl{fx.o,o(zs B,;,¢) "f\,o.o(é, B,,¢)

Ry omi= x elfe By i drg—Uef 1) -y
Bl =T om(& By, £) eV fohitx) drg e [HERE) # om0
fx,o.o(zs B, ) m=0, [=0
—71,o,o(f,3¢,8) e\efpilmrde m=0, I=—1
=49 m=0, 140, I#—1
—il,o.m(f! B;,¢) el/efiditn de m#0, |=-—1
0 m#0, % —1 (3.26d)

Equations (3.26a)-(3.26d) are obtained through decomposition from
(3.21). We note that Eq. (3.25b) is obtained in a similar way from (3.21)
by taking ¢ (instead of &) at the variable s. Thus, we get directly for n#0,

- = I
Hso.n,m, I(Zs 6’ 8) =% T (ﬂ,em(h,,), J. A-l(r) dT + inwz, Bc) (z, Bé’ 8) (3.266)
.7:1,0,"(2, B.{y 6), m=0, I=0

0, otherwise (3.26f)

R‘so, n,m, 1(2, E’ 8) = {

865/9/4-6
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~

Hso o,mI1="" { (ﬂl Wl Po)s J. A7) dr + inwz, BC) (z, B&‘ g)— el/ﬁLo A(rydr

X 3 T (BrosOsthe) [ 4(5) di+ oz, B, ) (6 B, )}

keZ
(3.26g)
fl,O,O(Z’Bcsa) ) m=0, =0
-—~ 0,0 -’ s €)e 5;0 ite ] m=y,
Ji,0.0(&, B, €) e fqg A=) e 0, /I=-1
R, o0mi=40 m=0, [#0, I#—1 (326d)
—Jro.m(& Be, ) eela 0 a0 = —
Fr.o.m(& By, &) eeSptutn e 0, /I=-1
0 m#0, I# —1

Let s, and £ be defined above. Consider z € B, such that Proposmon 32is
true. In particular, for ze B, Re fZ Ay(7) dr <0, therefore leVefa b & < ],
Further, we ‘observe that given any zeBc, there exist I',(z, T,) <= cl(B,)
and I',(Z, T,) = cl(B;) such that ¢,(z) is decreasing on both curves.
DenOteg (glnml(zéaso)’glnml(z f,e,so)) ( I; ) (Hsunml’

ﬁsonml) (Rxosli) ( .\'onmbRsonml)

lgl=Y Y Y sup (181 nmi(2 & & 5) + 181, nm iz E & 5o)l)

neZ meZ leZ zeBg

It suffices to prove Lemma 3.3 by showing that (3.25) defines a con-
traction mapping from G, = {g: | gll <y} to itself for some positive number
y when e <¢, and |s,—I_| <r for some r independent of e.

Since both A, , ., and H, , ., contain T(B,0,(h,), |- A,(z) dr+
inwz, B{) which are evaluated at (z, Bs, &) as well as (& B;,e) and
|e"‘5;o | < 1, we get

A H <5 T ITELHD
nmleZ
<5 s ILGTI S 10800 (20

€ neZ, ze By nmleZ

The last inequality is from Lemmas 3.1 and Proposition 3.2. Now from
(2.29)+2.31) and (2.37)—(2.38), we get
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5 uomﬂz(hn)usaZ(z Vi 1,x,nll)llgll+82<2 uf,.l,z,nn)ugn

nmleZ neZ ne &

) (zufx,k,,,nu)ugnk

k=2 Igi€<k+1 “\neZ

From (2.29), we obtain, further, that

k
Y 6.8:(h) <M, llgiHZ . allgﬂ
n,mileZ kw2 /2)
M2 | gl 1

<&M, lgl+

(62 1-2e|gl/o
Therefore, we derive

1 .

: (A, (&), H ()}

M, |lgl? 1
o 1-2|gl/e

4
<4 sp Lz T,,)t)(M,, el + ) (328)

ne, zeB;

Similarly, from (3.26), we have

Ry RIS 5 ol

neZ

Then from (3.3), particularly by taking R(z)={!- A\(t) dv + incwz, and
using the fact that |R'(z)| =|4,(z) —inw} >4, for ze B;, we derive that
there exist 6,>0, ;>0, and M, , =M (/.o .) Which are independent of
g such that when & <g,,

ool < (nf.“u+ 1 oonl +5 M,"mon))

Consequently, when M is sufficiently large and £< ¢,
1 <
IRy, B

<3 (T Mand 4L T o +5 T Mra) <24 029)

neZ 2pe2 3nez
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If we denote L, (g)=1/e(H,(g), H,(2)) + 1/&(R,,, R, ), then when z<zs,,

~

L () = 1A+ R+ 1H, + R,

<4M, sup (max (|I(z, T,)\, T2, T,)l))

ze B, n

2
(g + L

o 1-2lgl/o

> +2M (3.30)

where |I',(z, T,)| express the arc lengths of I',(z, T,). We note that
SUp; ¢ 5, {r,(z, T,)| goes to zero as £ goes to /_. Thus, when £ is close
enough to J_ in the complex plane, namely, there exists r,=r,(M) >0,
whenever EeN ={{ |E—1_|<r)},L,(g) maps the sphere B,, =
{g gl <4M)} to itself. Further, for any g'“ € B,,, and g’ € B,,,, we show
in a similar manner as in (3.28) and (3.29) with (R, , R, ) terms canceled
that

IL.(g*) — L. ("))

= 1A, (8) ~ A, ()] + 1H,(s) ~ (8]

4
Sz Sup (max (|I"(z, T,)\, IT.(2, T,)I))
zeBe n
x {32 ( Z Wfin, l.n") e — g
nelZ

+e? ( T I l,z,nu) 1g® — g

neZ

+3 8 5 (5 Mineal)

k=2 Igigsk+] \neZ

k(max(lg 1, 1D~ 18- £1

<8M, sup (max (|T(z, T,)I, [T,(Z, T,)\))

z&B; n
16M 1
a (8) _ gla)
"(” p 1—-88M,,/0'>"g £l
1 \
1 g — g9 (3.31)
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when £ is close enough to I_, say, [ —I_| <r,. The fixed point argument
provides the existence of the anlytic functions g(z, &, &) which extend g(, s, ¢).
Note ¢ v, Be # ¢. Then for z€ (. v, B;, the analyticity of g(z, £, ¢) for the
¢ variable comes from the analytic dependency of the solutions on their initial
time. Standard references in this regard can be found in Ref. 6.

Further, for |£—1_| <r,, and z € B,, since Re [fo A(z) dr=0,

Z "gl,n, m(za é’ 8)" + 2 "gl,n, m(z9 5! 8)"

Z gl,n, m,I(z’ f’ &, SO) eI/e Iso Ale) de

-3

nmileZ
+ Z g_l,n, m, -—I(z-’ f’ &, SO) el/ej_foll(t)dr
leZ
< Z Z "gl.n, m,l(z’ 6; &, SO)"
nm |

+ Z Z "g_l,n,m, _,(Z-, é’ &, SO)” Sz ”g" <8M

nm !
This completes the proof of Lemma 3.3. O

We make some additional remarks here. First, z=171_ belongs to all
cl(B;) for | —1TI_| <r,. Thus all expressions are valid for z=1_. Second,
if the initial parameter s>J_ is on the other side of the critical point,
similar properties are expected. Lemma 3.3 can simply be rewritten for the
case of s >7_ without much change.

We now consider the functions y(I_, s, €¢) which are essential in deter-
mining the distance between two solutions of (2.16), y(I,I°%¢) and
y(I, I, &) where the solutions y(I, I° &) and y(I, I,, &) satisfy the initial
conditions y(Z, I°, &)l ;.0 =0 for I°>1_ and y(I, I;, &)|,,, =0 for I, <1I_
respectively.

Lemma 3.4. Assume HI-HS5 hold. Let y(1, s, &) be the solutions of (2.16)
with the initial conditions y(I, s, €)|;.,=0 for s<I_. Then for s<I<I_,
(8/0s) y(1, s, €) can be expressed as (0/0s) y = ((dy,/0s), (8y,/0s))7, and for
j=12,

a . .
é} }’,(I, s, 8) =< Z Aj, n m(I’ s, a) emwl/eelmms/a) el/zﬁll(t) dr

n,meZ

+ ( Z Bj, n m(I’ s, 8) einwl/aeinuus/z) el/s ﬁ Ay(z) de (332)

nmeZ



592 Su

where A;, (1, 5,8)=B; _, _.(I,58), both A;, (I s &) B;, (I s,¢)
have analytic extensions A; ,, .z, &, &), B;, », m(2, &, €) which are analytic in &
Jor |§—1_| <rq, and are analytic in z for z € B;. Furthermore,

Z "Aj, n,m(zs 69 8)" + Z "Bj, n, ,,,(Z, f’ 8)” < M (3'33)

jinm Jmm

for \E—I_|<r,, z€B,, and for any e <e, where ey=¢(M, 4;) and r,>0
is independent of e¢— 0. In particular, z=1_ belongs to every clB,) for
|6 —1I_| <r,, and therefore

gas'yj(l—’ s, £)=2 Re (( Z A ’m(s’ 8) etmws!e) el/eﬁ‘ i|(t)¢lt> (334)

meZ

and 4, (s, ) have analytic extensions A, (¢, ) for |E—I_|<r, and

Y A, (& <M (3.35)

meZ

Proof. Let Y= O~ 'y as defined in Section 2. Then Y{(I,s,¢)=
(Yy(L, s, 8), Yo(I, 5,¢))7 satisfies (2.26) and (2.32). From relation (2.32),
Y(s, 5,&) =0 for all 5, we obtain from (2.17) and (2.26) that

0 g s
25 = = VU5, 0rmm = Qs (565) ~ (336)

Thus, if we let n=(8/0s) Y(I, s, ¢), then

(1) 0) oF,

7] I
-a—Irl(I,s,s)=< o i n+ay(1,a,;, Y(I,s,s))ﬂ (3.37)

nLs, &)l1my= ~ 0, (s, : :) (3.38)

where Q,=(0, ., 0,2)", Qo;=Ynezfy o058 e™", j=1,2, and
Znez 1 fion(é )l <M for |E—1_|<r,, and f,, (¢ ¢) analytically
extend f; o (5, £). Because Q,(s, ¢, s/e) have the analytic extensions for its
coefficients f; , (7, &) which satisfy (2.31), it is necessary only to show that
the solutions 7, =n,(I, 5,¢), j=1,2, of
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) (11(1) 0) oF,

I
g_a-}'lj: 0 12(1) ”j+ oY (I’ &, Z‘, Y> n; (3.39)

7]_,-(1, S, a)llns=ej (340)

have the desired properties (3.32)—(3.33) because 7= —0, (s, &, s/e) 7, —
0,45, & s/e) n,. Without loss of generality, we just consider n,. We
express (OF,/0Y)(1, ¢, I/e, Y) into (F3 (I, &, Ife, Y), F3 5(I, & Ife, ¥))". Then
(3.39)~(3.40) can be written into integral equations

el A e
7]1(1, S, 8)=< 0 )

> (341)

1 [eVeSih(o) de Sge—l/af_fl|(r)th3 v, s, 8) dT
+— 1 YR ’
P el/sj'_,lz(r)dt Sie e f; Az(t)thI),Z '7]1(']’ s, 8) a7

From the fact that F, ; depend upon I/e periodically and upon /e, I
analytically, and F, ; also are analytic functions of Y which themselves are
expressed in the Fourier series in Lemma 3.3, F; ; have the property that

F3,j= ¢ Z Z (qj, 1, n, m(Is s, £)1 qj, 2,n, m(I: 3, 8)) eimol/eeimms/z (342)

neZ meZ

where

Y Y Y genmbs <M (3.43)

Jj=1,2,k=1,2 neZ melZ

for some constant M. Inequality (3.43) can be easily derived from
(2.27)-(2.29) along with (3.13). We look for the solution #, of (3.41) of the
form

Ve fj a2y de
m= <e e ) + <al’ 1n m(I’ 5 8)> . einml/aeimws/ael/s ﬁh(r)dz
0 nm “I,Z.n,m(Is S, 8)

ﬂllnm(I’S’8)> incolfe imasfe 51/ {1 iy(7) &
+ » by 7L, .emw setm(mee £ 5 -lt‘ T (3.44)
n;;; <ﬂl.2,n,m(13 S, 8)

From (341)a we obtain that (“1’ﬂl)=(“1.j.n.m’ﬂl,j,n,m| .]=l’ 2:
neZ, meZ) must satisfy



594 Su

Z &4 s meﬁmz/geimm/gel/aﬁ;.,(z)dt

nmeZ

-/
+ Z Bijn, e egimeslegl/e flagn) de
amel

1 / 4 Y] . )
= el/z fs () dzJ e—l/sj, A7) dr Py Z qj, L m(J’ s, 8) emw!,/eennws/e

& g n,m

J J
(el/ejsll(r)dr_*_ Z (ml,l,n,mel/BL Alz)de

n,m

+ ﬁl. Ln, me‘/e fi 4y dr) e”"””*’e""'u/“)

+ (8 Z qj, 2m, m('I’ s, 8) eimoJ/celmrw/t:>

a,m

s

J J L
X Z (“1, 2 mel/c s Ay(z) dr + ﬂ] o mel/z {5 Aal0) dt) emmJ/t:emms/s:l dJ
nm

(3.45)

We express the right-hand side of Egs. (3.45) into

1
I . : )
el/e[_'ll(r) dt-[ l: z LI, L m(ma J, s, 8) elll(liJ/l.'elm(l).i'/l.

SLlaum

+ z ql. o, m(J’ s, 8) eimn.l/ceimm.v/::

n,m

+ Z Ll 2 n (ﬂ’ J’ s, 8) einw.l/seimms/sel/l: Sf(iz-—ll)(t) dr] dJ
&AM
nm

(3.46)

and

I
el/sﬁlz(r) dtf z [LZ, o m(“’ J, 5, 8) eimu.l/eeinmm/ael/eﬁ(/ll—i.z)(r)dt

S n,m

+ L2, 2n, m(ﬂi J’ S, 8) ei:m).l/aetmm.v/s

+ 41,2, nml s 5, £) €MIogimisgVeS; (i —E)m &k ] g (347)
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where
Litnm= Z qj,k.kl,kz(I’ 5, 3)'“1,/:,1,,12, j=12,
+h=nky+h=mk=1,2
(3.48)
Lizam= z qj,k,k,,kz(l’ S, 3)'ﬁ1,k.ll.12, j=12
ky+l=nky+bh=mk=1,2
(3.49)

It can be verified directly that there is a constant M, >0 such that

Z "Lj,l,n,m"+ 2 "Lj,Z,n,m“

Jin,m Jrnsm

<( S 14 innlL 5.+ S 142 s,s)u)

Jn,m jnm

X Wonlt T 1Bl | <M DL (350
> n,m Jon,m

Under hypotheses H4 and HS5, when |£—1_| is close enough to 0,
it can be easily verified by the Taylor expansions of inwz and
[i(A,—A,+inw)dr that the level curves of Re(inwz),neZ and
Re f; (;— 4, +inw) dr,ne Z, are less concave than I',, and less convex
than I, for 0<m<k of which 0B, consists. Thus there exist
L, (z,&)=cl(B,) and I, (z, n¥)ccl(B,) such that Re(inwz) and
Re ]'“;(i(lz('c)—ﬂ.,(t))+ina)) dr are monotone increasing on the corre-
sponding curves, respectively. The points &, and % are the minimum
points of Re(inwz) and Re [% (% (A;(t) — A,(7)) + inw) dr in cl(By).

Now for ze B, we can apply Lemma 3.1 with respect to R(z) = inwz
and R(z)={3;(4,— A, +inw)dr. Let T be denoted as in Lemma 3.1.
Denote that for meZ,neZ,

Z:l. i, n, m(z’ B{av 8) = T(LI i, n, m(a" Z, é’ E)’ incoz, Bé)
Ly 2 nml2 Be, 8)=T(Ly, 5 mlBs 2, &, €), inwz, By)

f,' 2. n,mlZ Bg, 8) = T(Ly 3 p B> 2, &, €), inwz + L (Ay—A,)(7) dr, B)

Lovonnks Bey ) = WL 5,2, € €), inz + [ (24 = 1a)(2) i, By)
ql. Ln, m(z’ B:a 8) = T(ql. 1, n,\m(zi f’ 8)9 inwz: B{)

D25 B =T 20l 6, 0) im0z + | (L=}, B) - (3SD)
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We now consider the corresponding vector equation of (3.45) after
using relation (3.51):

Z ay, 1,,,,me”"‘”/‘e""“'*’/sellcffll(r)df
m'neZ
+ Z Biin mei'“"’/‘e""‘“"/‘e‘/eﬁiz(r)d:
"l.nez
incol/
=Y (L, 1,nml B,, &) e""

mn

. 74
=L, 1. p.mlS, B,, €) €"T%) . gimersiegl/efs di(x) de

+ Z (El,z,n,m(ls B_‘., 8) einml/eel/zﬁlz(t)dt

mn

-~ . i
—- Ll. 2 m(s’ B_,, 8) einwsfegl/e s () dt) emsfe

+ Z (41,1, n, 1, By, 8) ginolle

m,n

. . ")
— ql' L, m(s’ B.n 8) e:mm/a) gimmsleglie fy Ay dr (3523)

Z s n meimul/aein«m/sel/e ﬁ Afzydr
mneZ

inwlfe  imewsfe 1 fe 1 (1) dt
+ Z ﬂl.Z.n.me 4 e f: 42
mneZ

= T (Lavnmlh By, ) el el

m.n

o . ! o
— L2, - m(s’ Bs; 8) eimm/sel/uj', lz(r)dt) pimmsle

+ Z (Ez, 2,n, m(I’ B.n E) eim"”g

m,n

_Zz - m(s’ Bs’ 8) einms/s) eiM(!)S/F.‘eIIEI:Az(f)dt

Y
+ X (@1,2.n.mlL, By, £) e lrelie kAo

m,n

- ql, 2,n, ,,,(S, B.w 8) elmm/zel/ejjlz(z)dr) * eimmx/s (352b)

We compare the coefficients of the series of both sides of the Eq.(3.52)
to obtain a vector equation, then we extend it from (7, ) to (z, &) for any
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{eB,(I_) and z€ B,. Lemma 3.3 permits the analytic extensions of the
coefficients. The new vector equation becomes

[ @y tnm=Eo v nmz Ber €) 4Gt tnmzs Ber€)  for n#0
a’l. 1,0,m=i:l,l.0,m(za BC: 8)— 2 Zl, l,k,I(f’ Bg’ 8)

k+l=m

- Z zl,Z,k,l(é’ B, &) — 2 g1, 1,x,1(¢, B;, &),

k+l=m k+l=m

< ﬂl, l,a,m =El,2,n,m(za BE’ 8)’
al, 2,n.m =‘Z:Z, 1,n, m(z’ BE’ 8) + ql,Z, n,m(z’ Bés 8):

B2, n,m=E2, 2,n,mlZ B, €) for n#0
ﬂl,z. 0,m =E2, 2,0, mlZs B.f, &) — Z Ez, 1,k (&, Bc’ g)
k+l=m
- Z Ez,z,k.t(éBg,s)— Z ql,z,k.l(éaBgae) (3.53)
k k+i=m k+l=m

The Banach space of («,, f,) is defined in terms of the norm:

ey, BN = ) (ot jommll + 1B m,all)  where]l-|| = sup ||

j=1,2,neZ, meZ ze B;

For ze B,, (3.53) defines a fixed point problem for a vector equation:
(21, B1)(z, & &y=T((ay, B1), 2, &, &) + S(z, &, ¢) where T represents all terms
which contain L, ; , ,, that are dependent on («,, §,) and S contains the
nonhomogeneous terms involving §, ; , ». We note that M, is a constant
[referring to (3.50)] which is independent of ¢ -+ 0*. We can show by
using Lemma 3.1 that for i=1,2,/=1,2, neZ, meZ,

1L j,n w2, Bes €)1 < sup UL 2 E 1L (2 mEW) L gl (3.540)
ze B
"ql,j. n, ,,,(Z, Béa 6)“ < sup (,fn, l(z’ én)ls lfn,l(zi ,’"i)l) ”ql,j,n,m" (354b)

zeBc

Thus by combining (3.54) with (3.50), we obtain that

"T((al’ﬁl)’zaéag)”
<2M, sup (I8, (2 E) 1w oz 1)) Moy, BN (3.553)

zeBsnelZ

"S(Z, éa 8)" <2Mb suP (If'n, l(z’ fn)l’ |fn 2(21 ”ni)l)’ (355b)

zeBc,neZ
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IT((«®, B), z, &, &) — T((a$?, BP), 2, &, &)
<M, s (1Ll &) Il nD) el B) ~ @, A
e (3.56)

There exists rg=rq(M,) such that if [{—~T_|<rs, T((x;, £,)) +S defines
a contraction mapping from By, = {(ay, B1) : Moy, Bi)ll <4M,} to itself.
This can be obtained through controlling {£—I_|<rs to get
supzeBe neZ(Ifn 1(23 f )l lf,n Z(Z N )I)<mln(£lt: 1/(4Mb)) Thus, the fixed
point argument assures the existence of analytic extensions of («,, f;) =
(@1, . m,m> B1.j.n.m)- The extensions (a,, f,) can be shown in an analogous
manner.

For fixed z, («;, 8.)(z, &, &), (22, B2)(z, &, &) are analytic in £ because of
the analytic dependence of solutions with respect to their initial parameter.
In particular, z=17_ belongs to ciB;) for any &: |E—-1_|<r,. We note
that since Jy;/0s are real, A,(I)=A,(I), the coefficients 4, , (I, s, ¢)
and B; _, _,(I,s¢) are conjugate to each other, ie., 4;, (] 5 ¢)=
m Thus we have (3.34)~(3.35) by letting I=7_ in (3.32)-
(333) and 4, (&, &)=, cz 4jn -, & &) €™ a

Remark. For the solutions y(/, 5, &) of (2.16) with the initial condi-
tion y(1, s, €){,;.,=0 for s> I_, analogous extension results in Lemma 3.4
can also be stated for y(I, s, ¢) when /_<I<s. In the regions of ¢ for
which the extensions from left and right of I_ overlap, we should have the
same resulting functions since the functions are the same in the real axis.

4. DEDLAYED HOPF BIFURCATIONS UNDER
PERIODIC FORCING

We now derive the delayed bifurcation phenomena. Consider the dis-
tance of two solutions of (2.16), one of which is y(7, I, ¢) with the initial
condition y(/, Iy, &)} .., =0 for some I, <I_, and the other y(Z, I, &) with
the initial condition y(I I%¢&)| ;. p=0 for I°>1I_. As we noted previously,
if we could obtain an estimate like |y(1_, I, &) — y(I_, I°, &)] < Ke ~“ for
some K, ¢>0, then the results of delayed bifurcations follow from this
and Proposition 24. In other words, the solution y(I, I,,¢) satisfies
I, Iy, €)] = O(e) when I, <I<I, for some I,>1_ as ¢—~0". The point
I, >max(I§, I$*) (I, I$* are defined below) is above the critical point
I_, and is to be determined by the estimates of the quantity c¢. We intro-
duce the key results here.
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Theorem 4.1. Assume HI-HS are satisfied. Let y(I, I,, &) be the solu-
tions of (2.16) with initial conditions y(I, Iy, &)| ;=0 for any I,<I_.
Take I° > I _ such that Re j" 1(1) dt>0. Then for any M >0, there exists
eo=¢o( M) such that for IIO I_|<rg (rg is referred to in Lemma 3.4),
e<e,y, the solutions |y(I,1,,&)— y(I,I° ¢)| < Me when and only when
I,<I<I,, where I, is a point above the critical point. If assumption (4.4)
(below) zs satisfied, then I, is determined by I,=Ig + O(¢|log (a)|)>I —
where I¥>1_ is the pomt satisfying the relation Re [BA(z) de=

Otherwise, without (4.4), we have 1,2 I + O(e |log(e)|) > 1 _.

Proof. Take I, to be any point with /_—r,<Iy<I_, and I°>I¥
such that Re ﬁ: A,(7) dr >0. Using (3.34), we obtain

DEy(I_;IO,S)—y(I_,IO,8)

n
=2 Re < pX f A (s, £) Vel M de+imaste ds) (4.1)

neZ %

where 4,=(4, ,, 4, ,)7. Under conditions H4-H5, we can apply Lemma
3.1 to treat the integrals. Still denote I',(z, T,)ecl(B,) to be the curves
from T, to z such that the functions Re [I- A,(7) dr + inwz are monotone
decreasing functions of z on the paths. We construct A4,(4,,z &)=
T(A,. |- A(z) dt + inwz, B,). Then we get

D=2Re < Z A (4,1 ¢) el/sj;.; A() dr + inewoIYe

neZ

_ Z Z”(Am Io, 8) el/z ﬂo- A7) dr+inml°/e) (42)

neZ

where |4, < ||4,(¢, &)l max. 5, [F,(z, T,)|. Thus we get that

|| < e~V Re L o ( S 14, n) max |z, T,)|

neZ

SMce—l/e Rej,_ Ay(z) dt (43)

for a constant M_> 0. It was indicated in Ref. 24 that the assumption that
for some finite integer />0 and some real number &, >0,

| Re T A,(AyJo, ) e im o a0 eiatl >l (44

neZ
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is quite general in the sense that (4.4) is valid for all but a certain class of
systems. In fact, using Lemma 3.1 and particularly (3.3), we can express
that for any /e N,

Z ZH(A’" IO’ 8) ei/tlmﬂo' Ay(z) dt + inwly/e

neZ

m (10’8) 1+1
—e 0
-2 [Z i )

!
_ Z (—&)™ fin (Io,.&') el/eﬂ:(l.l(r)—ina))dr:l i/t Im i Ay(2) de + inolyfe

= A (1% —inw
! A[m](lo 8) (.
- —1])m g™ 2 ’. +0 g+l ] el/xlm‘\',o A7) dr + inwly/e
ngl[mz-l( ) A1(Io) —inw )

From the construction of 4,(I, &) in Lemma 34, we can express
A(Le)=3X% o4, (D) + O(e'*") for any finite /e N. Thus

Z zn(gm I, ¢) e’ Im i A4(2) de + incoly/e
neZ

S5 f § [ ]

neZ k=0 m=1 1(Zp) — inw
x ei/slm ﬂo‘ A(z)dr+ lnmlo/a_l_ 0(8’+l)

and its real part is in general greater than O(e’) for some finite /e N unless
its coefficients cancel out to make it a smaller amount. In most of the
examples which we have calculated, (4.4) is satisfied unless the systems are
homogeneous or the nonhomogeneous terms are far smaller than any order
of ¢ to start with (for example, to be exponential small). We, however, can-
not produce an easy condition on the equations themselves to determine
for any arbitrary system whether (4.4) can be satisfied. Thus (4.4) remains
as an assumption.

Since I¥*<I°% and consequently §ir ReAy(r) de<[fz Redy(t)dr=
§i5 Re A\(7) dr, the terms in the second group of (4.2) are smaller than
those in the first group by a factor of e~/ iff Re i) Then from (4.2), we
can derive that

Re Z ZA(AM I,, &) ei/slmﬂo‘ A=) ds +inwlyfe| o1/s i Re d(v) de
neZ

2 (Z |Zn(zi,,P,e)l)e”“"“"”"""">k38 mVeRefL ke (45)

neZ

|D| =2
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when ¢ <¢,. From Proposition 2.4 and the estimates (4.3) and (4.5), we get
that if {(Z, Io, &) — y(I, I°, &)} < Me, then

M, M eV " 550 % 3 | W, Ty, &)~ (L, I° &) = K(T) |D)] eeRefi-

> (k3/M;) ele's Re fi dy(v)de

Thus |y(1, Iy, &) — (I, I°, &)| < Me when and only when I, <I<I,, where
I,=1I§ + O(e [log(e)|) under assumption (4.4). Otherwise, without (4.4), we
have I, > If + O(e |log(e)). O

Remark. (4.4) is a general condition, and there are exceptional cases.
For example, if Q,(, ¢, I/e) =0 in (2.16), then I, > IF + O(e |log(¢)]), and
y(l’ IO: 8) =0.

We note that Theorem 4.1 is a general result, but the range of I, where
the theorem is applicable varies from case to case. In particular, this is
so because the conditions require that every I',(z, T,) lies in a close
neighborhood of I_. Thus if [ImA,(I_)—inw|=J6-0* for some neZ,
then the range of admissible I, can be very small, i.e., I,=1_— O(J) since
all level curves can be very “tall.” Therefore Theorem 4.1 cannot provide
much information in the near resonant cases for solutions with initial
points left of I_ — O(d). We introduce a different result which complements
Theorem 4.1 in the sense that it concerns the cases where I, is farther left
of I_ — O(9) in the near-resonant cases as well as other cases.

Theorem 4.2. Let y(I,1,,€) be the solution of (2.16) with the initial
condition y(I, Iy, &)l ;~;,=0 for Iy <I_. Assume HI-H5 are true for the
system. Then for any M > M,, there exists e,=¢o( M) >0, such that for
lIO_I—l <r6,8$80,

|7, Lo, &) < Me (4.6)

when I, <I<I}*, and I}* > I_ is expressed below in (4.12).

Proof. Let all notations in Theorem 4.1 stand unless noted otherwise.
Then

|Di=|y(I_, I,,&)— y(I_, I%¢)]|

<2y

¥ o
J' A,,(S, 8) el/cﬁ' A7) d + incosfe o (47)
neZ

)
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T1,0(Zo)

f1,0(1‘0)

Fig. 5. We choose the integrating paths for terms which involve 4, and i,(z)—inw
according to the different values of Im A,(I_) —nw = wy—nw. When wq—~ nw <0, we choose
Ty, o(1y), and when wy—nw >0, we choose Iy o(1p).

We now take I°=1I#>1_ to be the point on the positive real axis such
that ¢,(1°) =¢,(I,) ie., Re | ;: Ay(t) dr=0. Such a point is unique from the
monotonicity of the harmonic function ¢,(I)=Re {]_A,(z)dr for I>1_.
The corresponding level curve of ¢,(I) through I, is denoted as I'| (1,).

Let x(I))=min_, Re[; (A,(tr)—inw)dr, where for nzn, such
that ImA,(I_)—nw<0, z is taken on I'y o(Ip)={z,Imz>0, ¢ (z)=
Re [3_A\(t) dv=¢,(I,)}, and for n<ny—1 such that Im A,(I_) —nw >0, z
is taken on I o(Iy)={Z, Imz>0, ¢,(z)=Re[;_ A\(t)dr=¢,(1,)}. See
Fig. 5 for the integrating paths.

It is obvious from the definition that y(I,)<¢,(I,) because ¢,(I,)
minimizes only at n=0. We show that because of H4, Im A,(I_) — nw #0,
for I, sufficiently close to the critical point I_, x(I,)>0. In fact,
Re([1- Ay(t) dr + inwz) = —Re |;_ (A, — inw) dr. We see from the discus-
sion of level curves in Section 3 that since Im A,(I_) <0, the level curve
Iy o(I;) =C™ is in the upper-half complex z-plane. See Fig. 5. Moreover,
for n with ImA[(I_)—nw<Imi,(I_)<0, the level curves I'| (I;)=
{z|Imz>0, Re [ (i,—inw)dr=Re [} (A(7)—inw)dr} lie below I'; o(1,),
and Iy (I,)=C*. In particular, Re {;_ (A, —inw)dt>Re i A,(t)dr for
zel' o. For n with 0>ImA(I_)—nw>ImA(I_), I, (I,) stay above
Iy o(1p). Thus there are only finitely many »’s whose level curves need to
be considered for the minimizing of x(I,). Also, for n with
Im A\(I_)—nw >0, the situations are similar. Thus the minimum is indeed
taken as

+(I,) =min { min Re j (4,() — inw) dx,
1.

zel gon:dmAy(I_Y&ImA(l-)—nw<0

Re j (4,(t) — inw) dr}
I
(4.8)

zely g, n: —ImA(I-)>Im A(I-)~nw>0
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where the minimums are taken from finitely many positive terms, and
therefore y(I,)>0. The positiveness of each term on the right-hand side
of (4.8) can be easily verified from the structure of (3.9) by an implicit
function theorem argument. See Ref. 22 (Section 6) for more details of this
sort.

To obtain the estimate of D, we use contour integrations to find the
right-hand side of (4.7). For n’s where Im 4,(I_) — nw <0, we take I'; , as
the path,

n
J. A (S, 8) el/aﬁ— ’Il(t) dr + incos/s ds'
n
I

A 7 inwz/e
A,,(Z, 8) el 2= A1 () dr + incwz/s dz

zel o)
< l/in(z, 8)! el Re({!~ Ay(z) dt + inwz/e) ldzl
ze I o)
e H0 AN (T, oZo)l (49)

where |I'} (1,)] is the length of the level curve I'| ((I,). Similarly, for n
with Im A,(I_) —nw >0,

"
lJ A"(s’ 8) el/eﬂ‘ A(7) dt + ines/e ds’
Iy

J‘ /‘i,,(Z, 8) el/z 1= 4)(2) de + incwz/s dz
ze Iy o(fp)

e mhe | 41Ty o(I,)) (4.10)
Thus we obtain
ID]=|y(I—’IO’8)_y(I—aI0: 8)'

S2e~HWe F A T oTo)| (4.11)

neZ

Let M > M, be a positive number, M, =23, .z |4l | o(I,)] and My=
(M — M,)/M,M>0, where the constants M, and M, are referred to in
Lemma 2.2 and Proposition 2.4.

865/9/4-7



We define

I
I{,’*Einf{ll I_<I<I%Re J; AT dr=x(I,) —¢

£
lnml} (4.12)

From Lemma 2.2 and Lemma 2.3, we obtain that |y(J, I,, &)] < M,e
for Iy<I<I_, and |y(I,I°%¢)| S M,e for I_<I<I® We continue the
solution y(1, I, &) for I>171_ to obtain Theorem 4.2. By Proposition 2.4,
there exists M, such that

INE I, &) = y(L, 1%, &)l S My |91, Io, &) — p(1_, I°, £)] Ve Relighatr e

S MM,e~ Vo) xtho)gle Re §i_M(dr (4.13)

Thus by the definition of I$*, when I_ <I<I¥*, |y(I, I, &)— y(I, I ¢)|
S M M,e/M,. Lemma 2.3 then implies that |y(], I, &)| S(M,+ M M,/
My)e<Me when I,<I<I$* for any M > M, by the choice of M,
mentioned above. O

Corollary 4.3. Let HI-HS hold. Let y(I,1,, M\, €) be any solution of
(2.16) which satisfies the initial conditions |y(I, I;, M\, e)|| ;= ;, < M, ¢, then
I¥(L, I, M,, &)| < Mec whenever I, <I<I, for any M > M, + My(M, + M,)
>0, 0 <e<ey=¢go(M) where I,>max(I§, Ig*).

The proof follows from Theorems 4.1 and 4.2 and Proposition 2.4.

Corollary 4.4. Assume HI-H5 hold. Let I, <I, be any point left
of I, which was studied in Theorems 4.1 and 4.2 and Corollary 4.3.
If (LI, M, &) is a solution of (2.16) with its initial condition
(AL Iy My, €)ll o, < M8, then for any M > M, +2M, M, | (1, I;, M\, ¢)|
< Me whenever I, <1< 1, for some I,>max(I§, I$*) and e< .

Proof. Since |y(1, I, My, e)l|ra; SMi& (WL 1, My, o)lliofy < Mae
by Lemma 2.2. Corollary 4.3 then implies Corollary 4.4. O

Corollary 4.5 (Memory Effects). Assume HI-HS5 hold. Also assume
the initial point I,: I, <I,<I_ is closer to I_ than the point I, which was
discussed in Theorems 4.1-4.2. Let y(I,I;, M, ¢) be a solution of (2.16)
with the initial condition |y(I, I, M\, &)l|;.;<Me. Let Ms=M+
My(M,+ M,) (M is referred to in Theorem 4.2). Then |¥(I,1,, M,, &)
< Mse whenever I, <I<1I, where I =min(IF* I') and I' is defined as the
unique point I' > I _ such that Re I 1 4(7) dv = 0. Furthermore, there exists r,
which is independent of ¢ such that zf |I;—I_| <rg, then [I,, I'] = (1,, I¥*).
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If the initial values of y(I, I, M,,¢)l;-; satisfy |y(I,1;, M,,¢)—
YL, Io, &)l | =Mye for some M,>0, then for any L>0, |1,
M,, &)~ y(I, 1,, £)| < Le when and only when I, <I<I, for some I,e[I'+
eIn[ L/(M3M, Re(A(I)1+ O(e?), I' + ¢ In[ LM, /(M Re (A,(I))] + O(e?)],
and |y(I1,,I,, M\, &) — y(I,, I, &)| = Le. Consequently, if we choose L>M
(M is referred to in Theorem 4.2), then |y(I,1;,, M,, ¢)| <(L+ M)e when
IL<I<I, and |y(1,,I;, M\, ¢)| > (L~ M)e.

Proof. From the initial condition |y(1, I, My, é&)||,~;<M,e, and
I¥(L Iy, &)l | 1= 1, < M ¢ from Lemma 2.2, Proposition 2.4 gives

|y(I’ Ii: Ml: 8) - y(I’ IO’ 8)! =K(I)Iy(1n 8) _y(Iia IO’ 8)' eRe“"Al(t)dt
S KM, + M) ee®elihm de (4.14)
for some (1/M,)<K(I)< M,;. Since |y(I, I, &)| < Me for I, <I<I}* by
Theorem 4.2 and Re [] A,(7) dr<0 for I,<I<I, we derive that when
I,-SISII, Iy(I,_I,', Ml’ E)I <M58 fOl‘ M5=M+M3(Ml +M2).

Further, if |I,—I_| < rg such that [I,, I'] = (I, I*), then |y(1, I,, &)|
<Me for Ie[l,I']l. From the initial condition |y(I,I;, M,,¢)—
W, Iy, &)| | ;= 1, = M e, it follows from Proposition 2.4 that

I I, My, &)= (I, Io, &) = K(I) | (1, €) = W1, Io, &)] eelihio

= K(I) M jgeRelihn &
for some (1/M;) < K(I) < M.

Thus for any L>0, when I;<I<I'+eln[L/(MiM, Re (A,(I)))] +
O(%), Re [} A7) dr<en(L{(M;M,)) and |1, I, My, &)~ y(1, I, &)l < L,
and when '+ & In[ LM /(M Re(A,(IN)]+ O(e?) S IS I3*, Re [} 4,(z) de>
eln(LM,/M,) and |y(I,I,, M\, e)— y(I, I,, )| = L. Therefore, I,e[I'+
eIn[ LAM; M, Re(A(I)]+ O(&%), I' + & In[ LM,/(M,, Re(4,(I"))] + 0(?)].
Let L> M. From Theorem 4.2, we get |y(I, I,, &)| < Me for Ie[I,, I'].
Then

WL, 1, M, &)l IV Io, )] + K(T) M ggeRe i o
<(L+M)e
when I;<I<I,, and

ly(Iq’ Iis Mla 8)l Z— |y(Iq’ IO’ 8)' +Le
Z(L—M)e

when I, <I<IF* O
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We also provide a result showing that the estimates IF*, the amounts
of delays in Theorem 4.2, are indeed sharp for the near resonance frequency
cases.

Theorem 4.6. Assume (HIY-(HS5) hold. Also, assume the initial point I,
is close enough to I_ so that we can find two points I, and I° with I, <I,<
I_<I° and |I,—-I°| <o, for some constant c,> to be specified below.
Let (LI, M, e) be a solution of (2.16) with initial conditions
YL I, My, &)l |1, lee Then |y(I, I,, M,, &)| < Me when and only when
I,<ILI, for some I I(I;, w)>I_ as stated in Corollary 4.5. Assume the
generic condition that ﬁ,,, in (3.34) satisfies k&' >|A,(z, £) e™-*| >
|Re 4,(z, &) e™'~/%| > k&' when |z—I_|<r, for some meZ, r,>0 and a
finite integer 1>0. Assume in addition that Re A,(I) is odd about I_ and
Im A(I) is even about I_. If the frequency w is near the resonance frequen-
cies so that w,—mw =0 — 0, then the separating point I, satisfies c, |0| <
|[I,—I_|<c,|d] for some constants c;> 0.

Proof. We let the notations in Theorem 4.2 stand. Thus we get

2y

neZ

‘4 (S 8) el/sf, ,(r)dt-i-mw.s/zdsl

Fu
> IDI > |2 ReJ' Am(s’ 8) el/aﬁ“ A(x) dr +imasle o
I

-2y

n#m

I A (S, 8) el/sj, Ay(z) dt + inws/e dsi (415)

Using the assumption that Re A,(I) is odd about J_ and Im A,(I) is even
about I_,

AD—imw=a,(I-1_)+ i a,(I—-1_)Y*+!

nw=l

+i<wo—-mw+ i b,,(I—-l_)z") (4.16)

nml

where a, >0 as assumed in H3, a, and b, are real numbers. Let z=1_ +
x+ iy. Then we obtain
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[ (u(0) — imao) de

- 1 2 < — 2n42
- 2al(z I—) ngl 2n+2an(z I—)
. v 1 2n+l>
z((a)o mw)(z I—)+n§l . b(z—1_)
1 i e N2
= 2a,(x+zy) ngl 2n_i_za,,(x+zy)

. ; <o 1 \2ma
—i ((a)o —mo)(x +iy) + ”gl il b(x+iy)* ‘)

2
—i[0x +a,xy + x(0(x*) + O(y*)]. 417

1 1
= ——alx2+§a,y2+5y+ O(x*) + 0(»?)

To solve the equation
i
Im [~ (3,(1) — ime) de = 3+ a, xp + X(0(x%) + 0(y)]1 =0,

we first let 0 =0. There exists g,>0 such that if |x] < o,, then there exists
y=go(x) which is the solution of Im !~ (i)(t)—imw)dr=0 at §=0.
Using the implicit function theorem near § =0, we see that there exists
94> 0 such that if 6 <d,, we can find a function y= g(x, §) = —(d/a,) +
O(6%) + O(1x|?) which is the solution of Im {!- (1,(r) —imw) dr =0, and
g(x, 0) = go(x). This implies that there exists a curve /, in the complex
z-plane which has the form z=I_+x+iy(x, ), where y=g(x,d)=
—(0/a,) + O(6%) + O(|x|?) such that Im §!- (1,(r) —inw)dr=0 for zel,.
We denote v(lp)={z=1I,+i0g(Ip,—1_,0),0<0<1}, v(I)={z=I+
i0g(I°—1_,8),0<6<1}. Thus to replace the integration on the interval
(Iy, I°) for the term related to A,(z,&), we construct the contour by
following the vertical segment v(J,) from z = I, to ,, then following /., and
then the vertical segment v(1°) to z=1°. Namely,

n
f A,(s, ¢) Ve §im 40 de + imassfe g
5

= Am(z, 8) el/a j:‘ Ay(t) dr + imwz/e dz
W) wlguu(I®)
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Forzel,, Im j - (A,(z) — imw) dt =0 as stated, and from (4.17), we have

I
Rej (A7) — imw) dr = —%a,x2+%a1y2+6y+ O(x*) + O(y?)

2

= 1 2 _5_ 4 4
= 2a,x _2a1+0(x )+ 0(d%)

Thus there exist ¢, >0 and &}, >0 such that when |x| <o, and |d| <7,

1, o2 1. .
—gax —stejz (A4(1) — imw) de

2
—-l-a,xz— 5

4 da,

A

Also, when zel, dz/dx=1+ig'(x,d), where g'(x,0)=0(x)+ 0(J).
Under the general assumption that k&> |4,(z, €)™/~ >
[Re 4,.(z, &) €™~/ > k,¢' when |z—1I_|<r, for a finite integer />0, we
get

ReJ' Am(z’ 8) el/e_":‘ A(t) dt + imwz/e dz
I

Ref A (z¢) Ve i () — imeo) ds + imasl e g,
18

<

J, 14, o) e e i ) s
8

10
| ke Va0ra=Fpdan(| 4 C, |x| + C, |0]) dx
4

<[ ke @R =Ran 1+ Cya,+ C, |6]) d

e & Se e~ Flae) (4.18a)
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On the other hand, since Im {I- (4,(t) —imw) dz =0 for zel,,

Re J. x‘im(z, 8) el/c ﬁ_ A7) dt + imez/s dz
Ix

- Rej A,z ¢) /e 15 (Ay(0) — imw) de + imcol /e 1,
i

— J' [Re /i,,,(z, g) eml-12 7/(x)] el/2 Re §i= (y(x) — imw) d dxl
k

=] [Re iz, €) emai-re — g(x, 8) Im Az, &) ei-re]
ly

X el/s Reﬁ‘ (A,(t?—lmw)dt dx

TRy
>[ T Thie'= Collxl +0) RT R e === dx

FA BN
> gle= WD ae~Fhad(k —(Coo,+ Cy |04]) /K2 —k2) dx
L—-1-
§ n—r 2

I—1-

! -1/ . a, x
= M e "'52/(315) J. e _yZ dy by lettlng y - ‘\/—-__;
a g~ 1-)\/= \/E

>chel Se e~ Pl (4.18b)

where C, is a constant independent of ¢ and J, 4, and o, are taken to be
sufficiently small to allow k, —(Cyd4+ Co0,) /K3 —k3>0.
For zeuv(l,), we can write z=1,+ifg(I,—I_, J), then

I_
Re j (A,(7) — imw) dr

= -—%alx2+%a1 2+ 8y + 0(x*) + O(y?)
a,8gXl,—1_,0)
2
+00g(Io—1_, 8) + O((I,—I_)*) + 0(6*g*(I,—1_, 9))
a, gl —1_,9)
2
+0glo—1_,0)+O0((I,—I.)*) + O(g* (I, —1 ., 9))

1
= “Eal(lo“'l—)z"'

1
< —'ial(lo—l_)z"'
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since 0<6@<1. Using the property that g(x,d)=—(d/a;)+ O(6%)+
O(]x]%), we can further derive that there exists C,, >0 such that

I.
Re [ (A7) —imow) &< —{ay(l,—1_)*+ Ciofly—I_)* + Cyd?

< —ja(lp—-1.)°
when 0<dé5=05(1,). Also, |Z(8)|=lig(lo—1_,8)|=(d/a;)+ O(6*)+

O((I_ — Ip)?). Similarly, there exists d¢=d4(I°) such that for  <dJ,, when
zeo(I°),

Re J.I_ (A7) —imw) dr < —La,(I°—1_)?

and also, |2(8)| = lig(I°—1_, 8)| =(8/a,) + O(&*) + O((I° —1_)?). Thus we
derive the estimate that when |w, —mow|=|J| = 0%, ie, |0] <6, =min(Js, J¢),

j‘ “Am(z’ 8) el/cﬁ- Ay(7) dt + imwz/e dzl
o(lp) v o(I%)

RS

[, 1oz, )] ettt o= 216)]
ol

)

v

+

, 4, ) e e = 2 0)
4]
1
<[ Mz, o)l =V a01T5(1 4+ C, Ty 1| +C, |61) 40

1
+ [ 1Az, &) e~ ~1F5(1 4 Co P~ 1_] + C, |8]) dB
0
< ¢, gle ~(W(4e)) a min((fo—1- PU0—1. (4.18¢c)

Thus when d <J, and < g,

C, eXad(~e)gl \/; >

0
Re J Am(s, 8) el/z ﬁ‘ A4() dt + imuws/e ds
Iy

=|(Re I A, (z,8) e §i A4() de + imwz/e g,
g () (1%
? CI e_Klaz/E \/E 8’ (4.19)

for K,=a, and K,=a,/4.
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. The rest of the terms are much smaller since the frequencies are not

close to each other in the sense that as 6 =0, |w,—nw|>w—3§> 1w for
n#m, and therefore for n#m,

AN |y, o e~ ee (4.20)

J-Io 1& (S; 8) el/aﬁ' A4(7) dt + inws/s ds
L
for some y,(I,, w)> 0 which is independent of J as J — 0. We then obtain

n
/i,,(S, 8) el/eﬁ- A(r) de + inewsfe ds
Iy

S Me—xtooVe  (42])

)

n#m

Thus we have

2 —
C281 A e—Ker /e + Me x1( Iy, w)/e

> |D| =& /e Cre =515 — Me—1ita Ve (4.22)

When ¢ is sufficiently small but fixed, we find that for e<e,, |D| is
bounded from above and from below by & ./ce~%%7%. We let I, =
inf{7|I>1_, {!_Re i (7)dr = K,;6* — e|ln(e' /e/M)|} = I_ + d;d +
O(e |In g}) for j=1, 2. Then following Proposition 2.4, we can show that for
£<¢gy, 0 is sufficiently small, |y(Z, I;, ¢)| < Me when and only when I, <
I<I, for some I; , <I,<I;,. Thus the delay amount is a multiple of J.
Finally, we note that this estimate I is consistent with I§* defined in (4.12)
as |d] = 0" in the sense that they are in the same order, and therefore I*
is a sharp estimate in the near resonant cases. O

Remark. The assumption on [Re(4,(z, &) e™-%)| is a general
assumption similar to (4.4). There are exceptional cases. For example, in
the sample equation (2.8), if we write it into equations in real variables, we
find 4,(z, &) 0 only for k=1 there. In other words, the only resonant fre-
quency there is @ = |w,|. But this is a very special case since the system is
linear and the perturbation is of a single term. In general cases, we should
expect a full spectrum of all frequencies as in (2.10). Near the resonant
frequency region, the delay amounts may decay in a linear fashion as the
frequency approaches the resonant frequency.

We also consider the situation where ¢ is far away from the resonant
frequencies such as @ >2 |wy|-

Corollary 4.7. Let all the assumptions and notations be as in Corollary
4.5. If the frequency o is far away from the resonance region so that
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2|wg|l+d<w for some 5>0, then the separating point I, satisfies
[I,—I*|<Ke|lneg| for some constant K>0, where I}*>1_ is the unique
point in the real axis that satisfles the relation Re [A,(7) dr=0.

Proof. We understand this result as saying that when 2 |w,| +Jd <o,
the delayed bifurcation phenomena are not much different from the cases
of delayed Hopf bifurcations without perturbations. The proof is, in fact,
imbedded within the proof of Theorems 4.1 and 4.2. We notice that if
2 |wy| + 0 <w, then B, itself is Y, accessible for any neZ. Therefore
B, =B,. Further, for n>0(n<0 rep.), when ze I', o(I)(z€ Iy o(I,) resp.),
we have

0.(z)=Re <j1 A7) do— incoz) >Re L A7) de (4.23)

Thus the terms associated with #n=0 are the only dominating terms in the
integrations of (4.7). Thus I, =1+ O(e |In ). O

Remark. It is obvious from Theorem 4.6 and Corollary 4.7 that the
delayed Hopf bifurcations can sustain the perturbations of high frequencies
much better than lower frequencies. In one way, we say all resonant
frequencies are distributed by the formula w=2 |w,|/n for ne N which
are below 2|w,|. In another way, we observe that in the region
{w|w<2|wy|}, the delay amount is typically I§* < I}, where I$* was
specified in (4.12), and in the region {® | @>2 |w,|}, the delay amount is
I}, which is the maximal delay.

5. PERIODIC FORCING WITH SLOWLY VARYING
FREQUENCIES AND SHIFTED INTERFERENCES

We now study system (2.1) with a periodic perturbation g which is of
a slowly changing frequency w = w(I;+ &t). Such processes are commonly
seen in real physical experiments, where various parameters usually vary
slowly according to time.

We study the system

g—z;a-F(u, Ii+etet) (5.1a)
u(t) =0 =uo(l;) + O(¢) (5.1b)

under hypotheses (H1), (H3) as well as (H2)', (H4)', and (HS)' as follows.
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Assumptions. (H2)' For eachfixed I, and ¢ set to 0, the reduced system
v,=f(o,I) (5.2)

has an equilibrium solution uy(I) which is also analytic in I for (I| <r, for
some r,>0. The perturbation f\(u,1,¢e,t) is a periodic function of the
variable t with the period 2r/w(I), where w(I) >0 for —r,<I<r, and w(I)
is analytic in I. In particular, we may express

Nl Le )=} Chlule) e (5.3)
neZ
where C,, are analytic in all variables and 3., .7 |C(u, I, &)| < M for |u] <o,
Il <r, in the complex plane and e < e,.

(H4)'. (First Nonresonance Condition) Assume for |z—1_|<r, in
the complex plane for 0<r,<r,, A(z)—in(w(z)+o'(z){(z—1;))+#0,
A(z)—in(w(2) + '(z)(z—1))) #£0 for neZ, where A;(z) are the analytic
extensions of the eigenvalues A;(I). (H4)' can also simply be remembered as
lwo| = 1Im A(I_)| #n{w(I_)+&'(I_YI_—1)) for neN.

(H5)'. (Second Nonresonance Condition) Assume that for |z—1I_|
<r,, the analytic extensions A;(z) satisfy 24,(z)—i(2n—1)(w(z)+
@' (2)z—1))#0 for neZ, j=1,2, or simply 2|wy|=2{ImA,(I_}+#
2n—1Yow(I_)+o'(I_YI_-1)).

We observe that the period of the forcing in (5.1) is 2z/ew(I; + et),
which is slowly varying with time in the system. Let us also use y =u(¢) —
up(I,+¢et) as the new variable and 7=1I,+ et as the new independent
variable. The initial value problem (5.1) is then equivalent to

I-1 I-1.

=)y +Fi (Lo S0y )4a0, (16 T50)  (saa)
Ve =0(e) (5.4b)

where F, is analytic in y and has the expression

-1, = ,
F, | 1L, S yl= Y Bim-miymyn (5.5)
€ k=1 m+n=kmz0n320
with (y,, y,)T=y. The term £Q, has the form

0,= Y gl g)em -1k (5.6)

nelZ

where 3, .z gL el <M for |I-1_| <r,.
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Theorem 5.1. Let y(I, 1,, ) be the solution of (5.4) with the initial
condition y(I, Iy, &)\ ;...;,=0 for Iy <I_. Assume (H1), (H2)", (H3), (H4)',
and (H5) are true for system (5.4). Then for large enough M, there exist
ro=ro(M) >0, eg,=2¢o(M) >0 such that for [I,—I_|<ry, £< ¢,

(L, Ip, €)| < Me (5.7)

when and only when I, <I<1,, where I, =1 + O(e |log (&)|) > I _ is a point
above the critical point.

The proof of Theorem 5.1 is essentially similar to the proof of
Theorem 4.1. The key point in the proof is also related to the existence
of the paths I'(z, T,) along which the harmonic functions ¢,=
Re([% A,(7) dr — inow(z)(z — I,)) are monotone decreasing, respectively. The
new nonresonance conditions (H4) and (HS5)' assure that 2w, =
2mA(I Y #n(o(I)+ o' (1)1~ —1I,)) for any ne Z. Thus within a small
neighborhood of the critical point I_, the convexity argument remains
true. Indeed, from the fact that

A(2) — (ino(z)(z — 1))
= My(2) — ines'(z)(z - I) — ina(z)
=a)(z—1_)+O((z—1_))
+ilwo—n(o(I_) + o' (I_YI_~I))+0(z—1_)) . (58)

where

0
g =z Rel(Dlrar. >0 wo=Imi(D)l;ay <0, (59)

we obtain that the equations of the level curve of the function ¢,=
Re([} A\(7) dr— inw(z)(z — I,)) can be expressed as z=1I_ + x + iy, and

$a,5* — (0o —na(I_) —nw'(I_)I_ ~1)) y+ O(x*, y*) =C (5.10)

Under hypotheses (H4)' and (HS), the level curves would also be
parabolas as well. Similar arguments in constructions of the accessible
region B, lead to the existence of the analytic extensions of the coefficients
of g; . m(2, £). The rest of the analysis follows through.
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Remark 1. Although the delay of bifurcations in this case occurs in
analogue to the constant frequency case, the resonant frequencies where the
delayed bifurcations vanish are much different from the previous case. In
fact, with a Hopf bifurcation whose frequency |w,| is known, in case of
periodic perturbations with constant frequency w, the resonant frequencies
are w=2 |wyl/n for neN as known from Section 3, while in the slowly
varying frequency case, the resonance occurs when w(I_)+o'(I_)}I_—1,)
=2 |we|/n. Therefore in the latter case, if w'(I)>0, then the resonance
frequencies which people observe in the experiments should be lower
than 2 |w,|/n. For w'(I) <0, the result goes to the other direction. Thus
the interferences are shifted because of the frequency change. Professor
Neishtadt suggested that a new system of the frequency Q=w(Il)+
(Ow/oI{I—1I,) is the essential cause of the shift. We are grateful to him for
sharing his insight with us.

Remark 2. In Ref 24, we considered the phenomena of delayed
bifurcations from a family of periodic solutions of a constant period. If
we consider the related problems of delayed bifurcations from a family of
periodic solutions with slowly varying periods, then we expect shifted inter-
ferences would occur also in the sense that when the frequency of the peri-
odic solutions and the frequency of the critical exponents form the relation
o(I_ )+ o' (I_YI_—1)=2|wy|/n, the delay is destructed. These pheno-
mena indeed give us some intuitions on the reasons of the shift that when
the solutions of the perturbed system are chasing the static periodic solu-
tions with slowly varying periods, the effective frequencies w(I_)+
o' (I_)I_ —1I) of solutions are somehow staying behind due to the fre-
quency change. When the “lagged” frequency w(7_)+ «'(I_)(I_ —1,) and
the critical exponents w, have an interference at the critical point I_, the
delays are to be destroyed.

Remark 3. We observe the fact that the shift of the interference
depends on the initial parameter I, as a monotonic function. This is
another type of memory effect besides the memory effect of the amount of
delay in the bifurcation, which also is monotonic function of I;,. The
memory effect of the amount of delay provides a method to detect the
initial parameter I; from the parameter point where the separations occur.
The phenomena of shifted interferences also provide a second way to detect
the initial parameter by looking at the resonance frequency w(/_) and the
speed of change w'(I_) to determine the initial parameter I; under the
assumption that @, is a known parameter. This type of result might be of
importance in real physical inverse problems.
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6. DELAYED SIMPLE EIGENVALUE BIFURCATIONS,
A GENERAL CASE

By showing this general result of delayed simple eigenvalue bifurca-
tions, we intend to show the interesting phenomenon that by adding a
small but suitable periodic forcing into a system, sometimes delayed bifur-
cations are created rather than destroyed.

From now on, we modify our method to study the delayed bifurca-
tions of dynamical systems which have a simple eigenvalue slowly moving
across zero along the real axis. Such systems have been studied in par-
ticular cases by Diener and Diener [8], Schecter [19], Lebovitz and
Schaar [13], and Haberman [10]. Our approach to the simple eigenvalue
situation is to let the imaginary part of the eigenvalue tend to zero in the
previously considered Hopf bifurcation situation.

To be more specific, we consider a one dimensional equation:

u,= flu, I;+et) (6.1)
u(t)| im0 =uo(1)) + O(e) (6.2)

where f: Rx R— R has analytic extensions for both variables. For each I,
the equation u, = f(u, I) =0 has an equilibrium u,(I) which is also analytic
on I. Assume that there exists /=17 _ such that when I<I_, f,(uy(I), I) <0
and when I>1_, f (uy(I), I)<0. Also, I, < I_.

Under the assumption that u,(/)=0, Diener [8] and Schecter [19]
independently showed that |u(]) —uo(I)| < Mefor I,<I=I,+et <1, where
I,>1_ satisfies j}g f.(0, I dI=0. The methods were essential comparison
methods similar to the exponential growth property in Proposition 2.4 in
Section 2. There, the assumption 4, =0 is very crucial in the sense that
if the system is perturbed by a constant of magnitude larger than ¢~
(e.g., &" for any n>0) for e sufficiently small, then the delay vanishes. We
consider the following example:

eu;=Iu (6.3a)
u(I,)= 0O(e) (6.3b)

where I, < I_ =0. Equation (6.3) is a special case of the systems described
by Diener [8] and Schecter [19]. The delayed bifurcation phenomena are
obvious. The perturbed system

euy=Iu+a, (6.42)
u(I;)=0(e) (6.4b)
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would not present any delay in bifurcation if > e ~“* (e.g.,  =¢&"). In fact,
I,=|eIn o] in this case. Lebovitz and Schaar [13] gave some conditions of
no delay as well.

Our study of delayed simple eigenvalue bifurcation problems is
motivated by the following consideration. The system

ay=lu+e Y a,e™ (6.5a)
n#0

u(l;) = O(e) (6.5b)

with 3, .o @, € M has a delayed bifurcation pattern. Indeed, if we let u
be the solution of (6.5) with the initial condition u _(1)=0, and u _ be the
solution of (6.5) with the initial condition « _(~1)=0, it can be easily be
shown through a direct calculation that

| (0) —u_(0)| =

1
2 anf o~ W2+ 2nws) go| < Ao —clwle (6.6)
-1

n#0

by a simple contour integration. Thus we find that by avoiding certain
particular resonant frequencies, the delayed bifurcation phenomena persist
even with a perturbation of a magnitude O(e).

We now consider the generalization of the above situations. We study
the dynamical systems

u=fu,I,+et)+¢ <Aa0(1,~ +et,e)+ Y, a,(I,+et¢) e‘"‘”’) (6.7a)

n#0

U(t)] =0 =uo(1)) + O(e) (6.7b)

where the system satisfies:

Assumptions. (Cl1) f(u,I): RxR— R has an analytic extension for
lu| <o, |1l <r, in the complex plane.

(C2) For each fixed I, the system
v,=f(v,1) (6.8)

has an equilibrium solution ug(I) which is also analytic in I for |I| <r,.
(C3) The variational system of (6.8) about uy(I),

w, = f(u(I), )w (6.9)
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is a linear system with coefficients depending on the parameter I. There exists
a real number I_ such that AMI)= f(uy(I),1)<0 when I<I_; NI)=
Sluo(D), I)>0 when I>1_. Also, assume (8/0I) A(I_)>0 and A(I) is odd
Sunction at I_. The initial point I, <1I_.

(C4) The perturbations are real functions in the form of the series
(Aao(I;+et, &) + X, x0 a{I; +¢t, &) e™), where >0 is a constant, A is a
real parameter, a,=da_,. For [z—1I_|<r, in the complex plane, ¢ < &, the
coefficients have analytic extensions a,(z, &) which satisfy ¥,z lla.z, &)l
S M. Also, assume |ay(I_,¢&)| =d,,>0.

Let us also use y =u(t) —uy(I,+ £t) as the new variable and I=1,+ ¢t
as the new independent variable. The initial value problem (6.7) is then
equivalent to

eyy=MI)y+F((l ¢ y)

+é (—u{,(I) +Adayle)+ Y. a,(l, &) e™- "‘)/“) (6.10a)

n#0

Viar=0(e) (6.10)

where F, is analytic in y and has the expression

Fi(Le y)=eBi(Le)y+ 3 Bl e)y* (6.11)
k=1

The coefficients B,(I, £) have analytic extensions for I near I_ in the com-
plex plane. From the fact that F,(, ¢, y) of (6.10) is an analytic function of
y for |y| <o, and B, {1, ) correspond to the coefficients of kth power terms
in the new system, it is obvious that

M
|Bi(z, &)| SW_ZJ)"’ keN (6.12)

for [z—I_|<r, in the complex plane, ¢<e¢,. Under the assumptions
C1-C4, we have the general theorem for delayed simple eigenvalue bifurca-
tions as follows.

Theorem 6.1. Let assumptions CIl-C4 hold. Suppose y(I,I,, M,,¢)
are a family of solutions of (6.10) with the initial conditions satisfying
|P(Z L, My, &)1 p, < Mg for I;<I_. Given a set of analytic coefficients
{a (L, e),neZ}, lafI_,e)}=0,0>0 for e<e,, there exists a parameter
value Ao=Ay{a,,neZ},e) such that when A= A,, the corresponding
system (6.10) presents a delayed bifurcation pattern, i.e., for large enough M,
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there exist riy=ro(M)>0,e,=2eoM)>0, such that for |I,—I_|<r,
ssaO,

I, L, My, &) <M Je (6.13)

when and only when I,<I<I,, where I,=1If +0(¢)>1_ is a point above
the critical point, and I* satzsf es Re [} ' () dr 0.

Remark. We note here that typically y(I, I;, M,, ¢) are bounded by
O(\/;:) rather than O(g). This is due to the difference that A(7_) =0 here,
which makes the expansions (3.3) invalid in such a way that |[R'(z)| = |1(z)|
is no longer bounded below near z=1I_. The best estimate in Theorem 6.1
is only O(\/;:), which is indeed sharp. We are grateful to Professor
Neishtadt for pointing this out.

A Sketch of Proof. We start to consider the perturbed systems of
{(6.10) in the complex variable

eii—=(ﬂ.(1)+la)y *+ F(1 ¢ y*)

+¢ (—u(,(]) +Aday(Le)+ Y, a,l,¢) e""“""’i)"e) (6.14a)

n#0

Yiy=0(¢) (6.14b)

which is indeed a two dimensional system in real variables. We prove
Theorem 6.1 by the following steps.

(1) For each a>0, there exists an Aj such that when 4 =4, the
solutions y* (I) and y? (I) of the systems (6.14) satisfy the relation

ye_)y—yi(I-)=0, (6.15)

where y* (I) and y* (I) are defined as the solutions of (6.14) with the initial
conditions y*|;., =0 and y%|;_p=0 for [y<I_ and I°>I_, respec-
tively. Here we smply assume that the points I,<7_ and I°>7_ satisfy
Re [P A\(t) de=0.

(2) A3 are uniformly bounded for 0 <a <, and e<¢,.

(3) Let 4, be any accumulation point of {43} as a— 0*. Then

y_ (I )—y, . (I.)=0 (6.16)

from the continuity of the distance depending upon the parameter where
y_(I) and y_(I) are defined as the solutions of (6.10) with the initial con-
dition y_|,.,=0 and y,|;.0=0 for I,<I_ and I°>1_, respectively.

865/9/4-8
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The delayed bifurcation phenomena follow from relationship (6.16) along
with a exponential growth property similar to Proposition 2.4 in Section 2.
We now prove the assertions.

Step 1. We denote y*(I, s, €) to be the solutions of (6.14) with the
initial conditions y*(J, s, &)|;..,=0. We adopt Lemmas 2.2 and 3.4 from Sec-
tions 2 and 3 with certain modifications. Eventually, we obtain the following,

Lemma 6.2. Let the assumptions CI-C4 hold. Then the solution
y*1,s,¢) of (6.14) with the initial condition: y*(I,s, &)l;.,=0 has the
property that for s<I<I_,

¥y, s, €)= \/E Y Y gi (s, &) enoleinesh, (6.17)

meZ neZ

There exists a neighborhood N, of I_ in the complex plane such that for any
£eN,, the functions g, (1, s, &) have analytic extensions g;, (2, ¢, ¢) in z
Jor ze B}, where B} is a symmetric region left to I_, Bz {z| z<I } =
{z|5:(¢ 0w,y <z<I_} for some s, <I_. Further, for EeN,, ze cl( B3),

Y ¥ sup |g.(zéel<M (6.18)

neZ meZ 6N ze8;

for some M > 0. For fixed ze(\; BE, g}, (2, &, &) are analytic in ¢.

Remark. The difference between this and Lemma 3.3 is that R'(z) =
Mz) + inw + i may vanish near z=I_ as « » 0" and n=0. Consequently
(3.29) is not valid because 1/R'(z) is not bounded when a —0*.

Equations (3.1)-(3.2) and the whole scheme for the proof of Lemma
3.3 are still valid with different (but larger) estimates on ]lfl.o‘,,ll, where
Si.0.n=T(f1.0.m §Z (A7) + i) dr + inwz, B}).

Let us first take the case of a=0. We also note that z=1I_ is the
only point such that zeB; and R'(z)=A(z)+inw=0. Thus for z
with |z—1_| >\/E and zeB:, 1/|R'(2)|= O(I/JE). Thus (3.3) gives
If1.0,4(2, BE, )| < C4 Jé Then, for the point z with |z—T1_|<./e and
ze B, let z, be the point with |z,—7_| =J£, Imz.=1Imz on the circle
0B s(1_), ie, z,=1_ +J8—(Im (z,—1_))*+i[Imz,]. From the argu-
ment above, since |z, —7_ | =\/;., we find || £} o, (2. B2, )| < Cs \/;, which
is going to be used as the initial condition. By differentiating (3.4) with
respect to z, we obtain the relation for £, o .(z, BZ, &) that

0 = -
sgéfl, O.n(z’ Bz: 8) = (A(Z) + ia + mw) fl, O,n(z, B;a 8) +5fl, O,n(29 8) (619)
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Now we solve (6.19) along the horizontal line I, {7, 7=2z,+

0(z—z,),0<0<1} from z, to z. Since Re(A(n)+ix+inw)=Re A(n)=
0(\/;:) for nel,, there exists C;>0 such that |Re(A(n)+ix+ inw)| <

¢ \/E; we derive

lfl, 0, n(”’ Bg’ E)l = lfl, 0, n(zz. Bar 8) el/s Ig‘(;'(t)‘,- o fnco) i

+J"’fl o. (5, &) el/ag:’(a.(r)ﬂ-ah.,,m)dt l
» MV $

2 " ds

< |.71,0, ,,(Zs, B;’ 8)' el/BRe-‘;’g(}‘(f)+i¢+in(g)dt

H [ onds o)l evekeﬂ”‘*”"“*""‘"""ds}‘
, 0, 1\
Ze

< l]l.o, ,.(Ze, B, &)| /o e ln—zl

-+

J"’ If1,0,a(5, &)} €9 Gz In—s| ds“
Ze

Because the initial condition ||f, o, .(z. B3 &)l <Cs /2 and |s—n|<
|z.— 7| < |z —z,| </ we get 1]y, o.q(2,B5, &) = O(/2).

For any general a — 0%, we find the points {02} where A(z) +ix=0
at z= 0% Since A(z) + ia is analytic, and A(z) + ix is not a constant, { 0%}
is a finite set. The estimates ||f,,0' 2, B%, &) = 0(\/5) can be derived
following the same procedure as in_the a =0 cases. We observe the facts
that when z satisfies |z— 0% >./z and ze B, |A(z) +ix| > C, /e, and
when z satisfies |z— 0%] < \/;: and ze B, |Re(A(z) + iz + inw)| < C; \/é
These two facts are critical in the proof of cases where a = 0. Thus, we have
I il,o. A2, B3, &)|| = 0(\/5), which is independent of x as a > 0",

The rest of the derivation of (6.18) can be obtained by an analysis
similar to that in Lemma 3.3.

We note that as a — 0%, lim,_ o+ N, <o B #¢. Further, as a >0+,
the paths I'%z T%), upon which the harmonic functions ¢%&=
Re [2_(A(z) + in — inw) dv are monotone decreasing, respectively, are non-
singular in the sense that

sup |[I'y(z, T < C(IE-1_1) (6.20)

z€ By

for some C>0 independent of a >0+, when |{—I_|<r, for some
ri>0.
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Lemma 6.3. Assume CI-C4 hold. Let y*(I,s,¢) be the solution of
(6.14) with the initial condition y*(I, s, €)|;..,=0 for s<I_. Then for s<
I<TI_, (6/0s) y*(I, s, &) can be expressed as

56; yi(Ls,8)= ( Y AL s ) e"‘“’”‘e"”""/‘> elelitmrind  (671)

n,meZ

where A;, (I, s, &) have analytic extensions A}, (2, &, &) which are analytic
in ¢ for |{—1_|<ry, and are analytic in z for z € B} as defined previously
in Lemma 6.2. Furthermore,

Y 42z 8 )l <M (6.21)

Jjnm

Jor [E—I_|<ry, zecl(By), and for any e<ey=¢eo(M, A). In particular,
z=1I_ belongs to cl( B}) for any & with |£—1_| <r,, and therefore

éa;y“(l-,S) =( Y Axls, ) e"’"‘“‘"‘) el i+imae (627

meZ

where A%(s, £) have analytic extensions A%(¢&, ¢) for |E—1_| <ryo, and

Y Az ol M (6.23)

meZ

Lemmas 6.2 and 6.3 are direct applications of the corresponding
Lemmas 3.3 and 3.4 to the Eq. (6.10). To continue the sketch of the proof
of Theorem 6.1, we apply Lemma 6.3 to derive that

Fil
YU =yi)= T, [ Axs,e) Vel v deginante g5 (624)

neZ ‘o

where 42 = —(Aa(1, &) — (duy/dI) + eg(I, «, &)) for some bounded, analytic
function g(7, a, &).

From the Taylor expansion of A(I), A(I)=a,(I—-1_)+ O((I—-1_)%),
and the fact that |a,(I_, &)| =J,,>0, we obtain the estimate by a method
similar to that in (4.19) that, for sufficiently small ¢ < ¢, and independently
o< o,

Fad
Cre~ X [o> j ay(s, &) eVl A gl > € e~ Fale_[fp (6.25)
I

0
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for some positive C, and k, independent of ¢ and «. It is necessary to
require a <« to assure |aq(z, £)| =0,,/2>0 when |z—TI_| < Ka. Also, we
have

n
J (“%(a s>+eg<s,s>)e"“"‘ i d gs| < Mye =R fe(626)
0

These estimates are obtained by analyzing the local structure of the func-
tion [I- (A(r) +ix) dr as in (4.25). Details of estimations were carried out
in (4.19). By using the analyticity of the functions and the structure of
AMz)+in+inw for n#0 whose imaginary part satisfies |[Im A(z)+a+
nw|Z2w/2>0 when |z—1_| <, a <, we can obtain

IIO Aa(s’ 8) el/s]:‘ (A(2) + ix) dteimus/e ds
Iy "
< A 1T (Ip)| e %= for n#0 (6.27)

Especially, y.,(n, ¢, w)=y,>0 when 0<a<ay,,n#0. We choose the
path to be I'(l,) for any n>0 where I'(I))={z|Imz>0,
Re{;_ (A1)~ iw) dv=Re | (A(t)—iw) dr}, which is the level curve of the
harmonic functions ¥,(z)=Re |;_(A(t) —iw)dr. For n<0, the path is
then chosen to be I';. The whole procedure is analogous to the similar one
in Section 4. Therefore, from (6.21), we obtain

)

n#0

" )
I Az(S, 8) el/eﬂ— A(t)clreuum'/z: ds “ <M |F1(Io)l e”‘“’“. (628)
Iy

We also pay attention to the fact that the bounds of the integrations
are independent of & as « » 0*. Since the term in (6.25) dominates the
rest of the terms in (6.24), there exist 4§ which are uniformly bounded
with respect to a by |45 <M, such that for a<a, and e<¢g,, when
A=A3,

YU )—yi(1-)=0 (6.29)

where y* (I) and y? (I) are two solutions from different sides of the critical
point for the equation (6.14) with 4 = 4}.

Step 2. Step 2 is implied from the process in which Step 1 was
obtained.
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Step 3. We take 4, to be any accumulation point of {45} asa— 0",
From the continuity dependency of the solutions y% and y* with respect
to a, we derive that

vl )=y (I1_.)=0 (6.30)

for the solutions y . and y_ which are defined in (6.16).

We observe that if the terms ¥, .. a,(7, &) €™~ %" and ay(1, ¢) are
real, then 4§ can also be chosen to be real. So is 4,. Moreover, if such a
condition is met, even though y% and y* might be complex, their limits
are real since y, and y_ are solutions of real systems with real initial
values.

From (6.30), Theorem 6.1 follows by using the fact y__ and y , are the
same solutions which satisfy |[y(I, I, M,,e)|<M \/5 for I,=I,<I<
I, =I° Similarly, we can conclude the delayed bifurcation properties of
solutions with initial conditions |¥(/, I;, M, €)||,., < M, /¢ by an argu-
ment about exponential growth similar to Proposition 2.4. a

Remarks. (1) If the frequency w is replaced by w(l,+et), then
similar results can be obtained. Analogous results concerning near resonant
frequencies can also be given. (2) From Theorem 6.1, the perturbation
functions form a codimension one manifold in the periodic function space.

We believe the significance of Theorem 6.1 is to show that delayed
simple eigenvalue bifurcations are also a common phenomena in the sense
that they occurred in a codimension one family of systems among all
systems in which the eigenvalue A(J) is real, and changes sign at I=1_,
rather than isolated systems under very restrictive conditions.
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