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It is well known that not every  consis tent  theory, even among those which are  finitely axiomatizable,  
has a construct ive model. In view of this it is in terest ing to examine conditions which are  sufficient for  a 
theory to have a construct ive model. One such condition is: 

A. The theory 7" has a solvable extension. 

Another interest ing sufficient condition was obtained in [5], and consis ts  essent ia l ly  in: 

B. The theory 7" is axiomatizable by a recurs ive ly  enumerable set of Krom formulas  without equal-  
i t ies.  

The present  ar t ic le  will prove that the following condition is likewise sufficient for  a theory to have a 
construct ive model: 

C. The theory T is a r ecurs ive ly  enumerable extension of a theory of l inear  o rde r  with a finite num- 
ber of supplementary one-place predicates  in s ignature.  

Notice that there exists  a completely unsolvable r ecur s ive ly  enumerable  theory, extending a theory of 
l inear  order ,  without supplementary one-place predicates  in s ignature.  In other  words,  there exist  theor ies  
which have proper ty  C, but not proper t ies  A or  B. 

DEFINITION 1 [1]. A par t ia l ly  ordered  set  ]¢ is said to be tight if every  sequence ~a~ } Zew of 
e lements  of M contains an increas ing (not necessa r i ly  s t r ic t ly  increasing) subsequence.  

Denote by W n the set  of all words of the alphabet A - { ¢ , 2 ,  . . . , n }  o r d e r e d a s  follows. If ~ , ~  e W n , 

then ~ ~ ~ if and only if ~ is obtained f rom w~z by str iking out cer ta in  le t te rs .  

It was shown in [1] that W n is a tight part ial ly o rdered  set.  We shall also use the resul t  obtained in 
[1] to the effect that the d i rec t  product  of two, and hence any finite number,  of tight par t ia l ly  ordered  sets  

is tight. Thus the part ial ly o rdered  set  Wn~= Wnx W n x . . .  x W n (with rn factors)  is tight. 

DEFINITION 2. Let /¢ be a part ial ly ordered  set .  A subset  F_~ M will be called a f i l ter  if ~ • f ,  
~ ~------>Jz~t= We shall r e f e r  to the se t  2 3 ~ M  a s a b a s i s  of the f i l ter  P- if B consis ts  o fpa i rw i se  
incomparable elements and w-e/=4--~-) _Ttre2~ (~rL uJ). 

The following lemma is a slight modification of a l emma given in [1] (where the complement  of /r , 
and not the set  F itself,  was considered).  

LEMMA 1. Let M be a tight part ial ly ordered  set .  Then every  fi l ter  S:~M has a finite basis .  

Here and below, a consistent  set of proposit ions of a cer ta in  signature,  closed with respec t  to logical 
amplifications,  will be called a theory.  

Our aim will be to prove 
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THEOREM. Let F be any recur s ive ly  enumerable  theory of signature ~ = ( - ,  ,~, R/ ,  R z ,. , , 
extending a theory  T O of l inear  o rde r  of s ignature ¢o" <" , < > -  Then T has a construct ive model.  

Proof .  Throughout what follows, the theory T is fixed. We shall assume that this theory has no 
finite models ,  since otherwise the theorem would be t r ivial .  It may easi ly be shown (by introducing 2 a 
new one-place predicates  instead of the n original  ones) that the theorem can in general  be reduced to the 
par t icu lar  case when T contains the s ta tement  

Hence we shall assume that  this s ta tement  belongs to the theory Z . 

Let TpN F be the subset  of T consist ing of formulas  specified in the prenex normal  fo rm.  Obviously, 
TpN F is a r ecurs ive ly  enumerable  sys t em of axioms of the theory T . For  every formula  ~ • TpN F 

we denote by ~ '  the Erbranov  fo rm of the s tatement  ~P [4]. Let ~ 7  ~, ~ ? ' , . . . ,  ~S',~... be the list  of all 
functional symbols  for  all such possible ~* . We shall assume that, with respec t  to a formula  ~e TpN F 
and with respec t  to the occur rence  of the quantor ~ in this formula,  an s can effectively be found such 

that ~s ' ' '  s e rves  for  replacing p rec i se ly  this quantor.  In par t icular ,  the function ;b : % (S)'= m s is general  
r ecurs ive .  Denote 

R t t t m o m, m a 

0 %  ( = , < ,  ~, , . . . f, . . . .  , . . . >  

Denote by T" the theory of s ignature ~ , the set of axioms of which may be { ~  I ? e  Ta~,~p} • Obvi- 

ously, 7"* is a recurs ive ly  enumerable  theory,  and the res t r ic t ion  of T* up to the signature o is p r e -  
cisely T .  

We shall cons t ruc t  a model T~ ~ <M, v*> of the theory T* . The fundamental set of the model ~ 

w ~ ] b e  M - { Q o , o  , . . . . .  a s . . . .  : s < , ~ ] .  

The equality relat ion of M is natural:  a~= ~. ,~==~ i =]'.  As the numerat ion ¢ : N-----M we shall take 
the mapping defined as follows: q (g) = a s. 

Predica tes  and functions of the s ignature 6* will be defined s tep-wise  on M.  After step ~ , the pred-  
icates < ,~ ,  R z . . . . .  ~?~ > will be defined on the finite set  M~-{a0,G,. . . . .  a~i~j}. At this instant the p red-  

icate < will specify a l inear  o rde r  on M t , while the predictates  ~ .  R 2,..., R n will define a division 
of the set MS into n disjoint subsets .  The following conditions will then be satisfied: 

z .  Mo~-M,~ML= . . .  ~_I~-M~+~ ~ . . .  

The predica tes  on h~+¢ will be continuations of the corresponding predicates  on M~. 

As distinct f rom the predica tes ,  the Skolem functions ~7"~t ,~:.. ~,~... will be trial and e r r o r  functions. 

This means that the value of the function ~. (o.,a,  ..... a ,  ) is not defined once and for  all at a given instant, 
but is var iable  f rom s tep  to step, while always remaining defined. Fo r  instance, at the instant ~=0 the 
value of every  function will be g0 • This value may be changed severa l  t imes  la ter ,  but there always ex-  

ists an instant ~o , dependent on S,~',/~ .... , ] such that, s tar t ing f rom this instant the value of ~$ (a,, 

a/j ,...,O~ ) will r ema in  the same.  This last  value is in fact, by definition, the value of the function in the 

model ~ " .  In general ,  therefore ,  the Skolem functions are  not recurs ive  in the numerat ion Y . 

The process  of construct ion is such that the following condition is satisfied.  

3. At every  instant ~ the values of all the functions belong to the set  M e . 

Before turning direct ly  to the p rocess  by which the model is constructed,  let us descr ibe the t e rms  
and concepts to be employed. 

a) Level 8 functions. By definition, these include all express ions  of the form ~ ~o~, % ..... a! }, 

for which { p , . . . . ; '  } = S .  
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b) T e r m s  of l e v e l s  O + 8 .  (The e x p r e s s i o n  g + S  i s  to b e  r e a d  a s  " f r o m  O to S .") By de f in i t i on ,  
t h e s e  inc lude  the fo l lowing  t e r m s  of s i g n a t u r e  o~ : the  v a r i a b l e s  x0,x,  . . . . .  x s , a n d a l s o  the  t e r m s  o b -  

t a i n e d  by a s ing le  s u b s t i t u t i o n  of t h e s e  v a r i a b l e s  in  the  s y m b o l s  of the  f tmc t ions  h '~1  . . . .  ' ~s T e r m s  of 

the l e v e l s  0 ÷ $  wi l l  be d e n o t e d  by "~o, ~,,..., ~ ) -  

c) The f o r m u l a  d e s c r i b i n g  the a r r a n g e m e n t  of the t e r m s  of l e v e l s  0 ÷ ~  . We def ine  th i s  a s  the e x -  
p l i c i t  f o r m u l a  ~ (a-o , : r , , . . . , : r ; )  which  is  a con junc t i on  of  f o r m u l a s  of the type  Z~= ~ , ¢'~ , ~ , ,  Z ;  a n d d e -  

s c r i b e s  a l i n e a r  o r d e r  on  the s e t  of a l l  t e r m s  of l e v e l s  0 ÷ s  • Al l  we r e q u i r e  h e r e  i s  s a t i s f a c t i o n  of the 
condi t ion :  the  t e r m s  ~'a,w~ , . . . ,  x$ a r e  a r rm~ged  in d i f f e r e n t  c l a s s e s  of equa l  e l e m e n t s  in  th i s  o r d e r .  

d) The f o r m u l a s  d e s c r i b i n g  the  a r r a n g e m e n t  of the  t e r m s  of l e v e l s  g+S in the m o d e l  a t  the  i n s t a n t  
g. (Under  the cond i t ion  $ ~ ~ .) We def ine  th is  a s  the  f o r m u l a  of t he  type  above  d e s c r i b e d ,  which  is t r u e  a t  
t h i s  i n s t a n t  in the mode l  u n d e r  the  i n t e r p r e t a t i o n  :r i in a i , ~= 3, / . . . .  , S. 

e) The C ) - r e p r e s e n t a t i v e s .  (Le t  .~ be a f o r m u l a  of  t h e  t ype  ~P ). We def ine  the C - r e p r e s e n t a t i v e s  
a s  the  s y s t e m  3, ' J z  . . . . .  .~ ,  of  t e r m s  of l e v e l s  0+S , which  con ta ins  j u s t  one t e r m  f r o m  e v e r y  c l a s s  of  
equa l  e l e m e n t s  in  the  l i n e a r  o r d e r  which  d e s c r i b e s  $ . H e r e ,  ~, <_~,< . . < j r ,  and  m d e p e n d s  on ~fl. 

f) The f i l t e r  of c o n t r a d i c t i o n s  f o r  ¢ .  L e t  $ (~ra ,~  . . . . .  x~) be any f o r m u l a  which  d e s c r i b e s  the  a r -  
r a n g e m e n t  of the t e r m s  of l e v e l s  0 ÷ s , and  l e t  _~,,~2 . . . . .  ~m - ¢ be ¢ - r e p r e s e n t a t i v e s .  We def ine  the 

f i l t e r  of c o n t r a d i c t i o n s  f o r  ¢ a s  the  s e t  ~ i~P) ~ W~ ~'~ (where  n i s  the  n u m b e r  of  o n e - p l a c e  p r e d i c a t e s ) ,  
which  i s  de f ined  a s  fo l l ows .  

Le t  u r=  c5~ ~ ,..c~ c be an  a r b i t r a r y  w o r d  of the  a l p h a b e t  ~=t / .2  ..... a} . With g= 0.4 . . . . .  m we deno te  

we do not  w r i t e  _~ in th is  f o r m u l a  i f  ~= 0 , whi le  we do not  w r i t e  .~÷n if ~=rn . 

Le t  u ~ ,  ~-0, ¢ ..... m, be any  ~ +  f - m e m b e r  s e q u e n c e  of w o r d s  of the a l p h a b e t  A ; then ,  by de f i n i t i on  

rrl 

(,,,o. ..... . ¢ r .  

It can  e a s i l y  be s e e n  tha t  the  s e t  Y(q~J thus  d e f i n e d  i s  in f a c t  a f i l t e r  of the  p a r t i a l l y  o r d e r e d  s e t  
mt.¢ 

w .  

g) The l eve l  2 c o n t r a d i c t i o n .  C o n s i d e r  an  i n s t a n t  ~ in  the  c o n s t r u c t i o n  of the m o d e l  such  tha t  3~ ~ . 
Le t  c9 (X0,~. " ..... .~}) be the  f o r m u l a  which  d e s c r i b e s  the  a r r a n g e m e n t  of the t e r m s  of l e v e l s  0+$ in the m o d e l  
a t  the  i n s t a n t  ~ . Le t  ~ ,  ~z . . . . .  _~  "be ~ - r e p r e s e n t a t i v e s ,  and  ~-1,~ . . . . .  ~,~ t h e i r  v a l u e s  unde r  the i n -  

t e r p r e t a t i o n  ~:  in a i . Denote  by ~ the  s e t  of e l e m e n t s  of M~ which a r e  l e s s  than  J ,  , by ~ i  ' ~= 
¢,z ..... m-~ , the  s e t  of e l e m e n t s  of 3~ which  a r e  a r r a n g e d  b e t w e e n  ~_ ,  and  -~i , and  by  ~ the  s e t  of 

e l e m e n t s  of N ,  which  a r e  g r e a t e r  than  Jr~ • 

Denote  by ¢]~ , d=0 , /  . . . . .  m , a w o r d  of the  a l p h a b e t  ,4 of l e n g t h  I ~ L I , s u c h t h a t  oc i s  in the j - t h  
p l a c e  of i t  i f  the p r e d i c a t e  @ is  t r u e  on t h e  j - t h  e l e m e n t  of the  s e t  R~ . .  We s h a l l  s a y  t ha t  t h e r e  i s  a 
c o n t r a d i c t i o n  a t  the l e v e l  S a t  t h i s  i n s t a n t  i f  

(w'0, w', . . . .  , w'rn ) £ ~ (~Z~) . (2) 

h) The ~ - c o n t r a d i c t i o n  a t  l e v e l  3 . The c onc e p t  of l e v e l  S c o n t r a d i c t i o n  d i s c u s s e d  in the  p r e v i o u s  
p a r a g r a p h  i s  not  in  g e n e r a l  e f f e c t i v e ;  i . e . ,  t h e r e  m a y  be no a l g o r i t h m  which ,  f o r  the g i v e n  S and f o r  t he  
g iven  a r r a n g e m e n t  of t e r m s  of l e v e l s  0~-5 in  the  s e t  N t , y i e l d s  an  a n s w e r  to the ques t i on :  i s  t h e r e  a c o n -  
t r a d i c t i o n  a t  the  l e v e l  S ? The concep t  of ~ - c o n t r a d i c t i o n  at  the l e v e l  $ in a s e n s e  a p p r o x i m a t e s  the  c o n -  
cep t  of l e v e l  S c o n t r a d i c t i o n ,  whi le  be ing  at  the  s a m e  t ime  e f f e c t i v e l y  s p e c i f i e d ,  hi e s s e n c e ,  i t  a m o u n t s  
to  the fo l lowing .  

It i s  obvious  tha t  the  s e t s  T= (¢~), with a l l  p o s s i b l e  q9 , a r e  un i fo rn f ly  r e c u r s i v e l y  e n u m e r a b l e .  Sup -  
pose  we have  an  e f f ec t i ve  p r o c e s s  which  e n u m e r a t e s  the  e l e m e n t s  of a l l  p o s s i b l e  s e t s  /=(cp) . Le t  G * ( ~ )  

be a f in i te  s u b s e t  of F(CP), e v a l u a t e d  a t  the  i n s t a n t  ~ , and  l e t  Bt(q~J be the  s e t  of a l l  mi l~imal  e l e m e n t s  

of g~ (c~ ]  . Denote  by ~:~ (q~) the  f i l t e r  f o r  which  .,~t(cb) s e r v e s  a s  a b a s i s .  O b v i o u s l y ,  
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w h i l e  t h e r e  e × i s t s  a n  ins , t o , d e p e n d e n t  on s u e h  t h a t  = • i s  p r e c i s e l y  

the  i n s t a n t  a t  wh ich  t h e r e  a p p e a r  in  ~ ~ ( ~ )  a l l  e l e m e n t s  of  the b a s i s  of f i l t e r  ~'(qg] , wh ich  e x i s t s  and  
i s  f in i t e  by L e m m a  1. 

In1 o r d e r  to  def ine  the  concep t  of ~ - c o n t r a d i c t i o n  a t  the  l e v e l  S , we r e q u i r e  a w o r d - b y - w o r d  r e -  
p e t i t i o n  of the  p r e v i o u s  p a r a g r a p h ,  with j u s t  one m o d i f i c a t i o n :  i n s t e a d  of cond i t i on  (2), we have  to r e -  
q u i r e  s a t i s f a c t i o n  of the c o n d i t i o n  

( uro, ur~ . . . . .  arm ) e Z t ( q)) • (3) 

Not ice  tha t  the  concep t  of ~ - c o n t r a d i c t i o n  a t  the  l e v e l  S d e p e n d s  on the  m e t h o d  of  e n u m e r a t i n g  the 
s e t  F(cP).  We c h o o s e  any one s u c h  m e t h o d  and  s e t t l e  on t h i s .  

We have  

L E M M A  2. F o r  e v e r y  S t h e r e  e x i s t s  an  i n s t a n t  ~o = ~ ~S) such  t ha t  fo r  e v e r y  ~ ~' ~o ' the c o n c e p t s  
of c o n t r a d i c t i o n  a t  the  l e v e l  ~ and  of ~ - c o n t r a d i c t i o n  a t  the  l e v e l  $ a r e  i d e n t i c a l .  

T h i s  fo l lows  f r o m  the f a c t  t ha t  t h e r e  is  a f in i t e  n u m b e r  of  f o r m u l a s  d e s c r i b i n g  the a r r a n g e m e n t  of  the 
t e r m s  of l e v e l s  0 ~.- S . 

i) A d m i s s i b l e  ¢ - m o d e l .  Th i s  is  any  6 - m o d e l  which  i m b e d s  i s o m o r p h i c a l l y  in to  the a p p r o p r i a t e  
m o d e l  of the  t h e o r y  F . 

Wi th  e v e r y  f in i t e  m o d e l  f f~-~4M, o> we a s s o c i a t e  a w o r d  ff of the a l p h a b e t  A of l eng th  IMI , such  
tha t  ]' s t a n d s  in i t s  o c - t h  p l a c e  if  the p r e d i c a t e  ~ i s  t r u e  on the ] ' - t h  e l e m e n t  of the m o d e l  R ~ .  

The s e t  of w o r d s  ~ ~ W~ c o r r e s p o n d i n g  to a d m i s s i b l e  f in i t e  ~ - m o d e l s ,  i s  r e c u r s i v e .  L E M M A  3. 

P r o o f .  O b v i o u s l y ,  ~=-- ~ \ .@ i s  a f i l t e r .  By L e m m a  1, F has  a f in i te  b a s i s .  I t  f o l l ows  tha t  F ,  

and  hence  ~ , i s  a r e c u r s i v e  s e t .  

We a r e  now in p o s s e s s i o n  of a l l  the  n e c e s s a r y  c o n c e p t s ,  and  can  p r o c e e d  d i r e c t l y  to d e s c r i b i n g  the 
p r o c e s s  of m o d e l  c o n s t r u c t i o n .  

C o n s t r u c t i o n  of the Mode l  

Step ~ = 0 .  M 0 = ~Qo} , we def ine  p r e d i c a t e s  on M 0 in s u c h  a way  tha t  an a d m i s s i b l e  o - m o d e l  i s  o b -  
t a i n e d ,  and  a l l  f unc t i ons  a r e  i d e n t i c a l l y  e q u a l  to a 0 . 

A s s u m e  t h a t  s t e p  ~-¢ h a s  b e e n  c o m p l e t e d .  Denote  by S o (~} the  l e a s t  S~ ~ - /  such  tha t  t h e r e  i s  
a t - c o n t r a d i c t i o n  a t  the  l e v e l  ~ . If t h e r e  i s  no such  S , we a s s u m e  that  So[/.) i s  equa l  to  ~ . 

Step ~ > 0  . Th is  c o n s i s t s  of two s u b s t e p s .  If 8o(~)= ~ the f i r s t  s u b s t e p  i s  o m i t t e d .  

F i r s t  s u b s t e p .  We c h e c k  i f  i t  i s  p o s s i b l e  to r e d e f i n e  the  func t ions  of  l e v e l  s 0 [~} and  e x t e n d  the p r e d -  
i c a t e s  to the v a l u e s  of  t h e s e  func t ions  go ing  beyond  hi:_, in  such  a way t ha t  

1) the  r e s u l t i n g  5 - m o d e l  i s  a d m i s s i b l e ,  

2) the  ~ - c o n t r a d i c t i o n  a t  the l e v e l  S~, t )  d i s a p p e a r s ,  

3) t h e r e  a r i s e  no ~ - c o n t r a d i c t i o n s  a t  l e v e l s  be low 30 (~' . 

The  f u r t h e r  p r o c e d u r e  d e p e n d s  on w h e t h e r  o r  not  t h i s  is  p o s s i b l e .  

a) It i s  p o s s i b l e .  L e t  ~ be the l e a s t  n u m b e r  of new e l e m e n t s  n e e d e d  f o r  th i s ,  and l e t  n be the  
/ 

g r e a t e s t  n u m b e r  of e l e m e n t s  of ?d~_, . We s e t  M~ = M~_~tl [an+ ' , . . . ,an+~}.  We cont inue  the  p r e d i c a t e s  

f r o m  M~/ to  M£ , and  a l s o  r e d e f i n e  the  func t ions  of l e v e l  S o (~] , a s s i g n i n g  v a l u e s  f r o m  to t hem 
in such  a way  a s  to s a t i s f y  a l l  t h r e e  of the c o n d i t i o n s  above  l i s t e d .  T h i s  t e r m i n a t e s  the f i r s t  s u b s t e p .  

b) I t  i s  i m p o s s i b l e .  We s e t  /~;--- M~_/ , and the f i r s t  s u b s t e p  t e r m i n a t e s  h e r e .  

Second  s u b s t e p .  If, a s  a r e s u l t  of  the  f i r s t  s u b s t e p ,  h¢ ~=M~_ t , we s e t  M~= M~ , and  s t e p  ~ t e r m i n -  
i 

a t e s  h e r e .  If Mt ~ • / q t - ,  we l e t  n be the  g r e a t e s t  n u m b e r  of e l e m e n t s  of M t . We s e t  M ~ M ~  t/ [~n+,} • 
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I 
We r e t a i n  a l l  the v a l u e s  of the  f u n c t i o n s ,  whi le  con t inu ing  the  p r e d i c a t e s  f r o m  ~ t  onto M t in such  a 
way tha t  

1) the r e s u l t i n g  ~ - m o d e l  i s  a d m i s s i b l e ,  

2) S~ (~÷¢)  t a k e s  the g r e a t e s t  p o s s i b l e  v a l u e .  At  th i s  po in t  the s t e p  ~ t e r m i n a t e s .  

Having  d e s c r i b e d  the  p r o c e s s  of  c o n s t r u c t i n g  the m o d e l  T(5 , o u r  t a s k  i s  now to show tha t  i t  s a t -  
i s f i e s  a l l  ou r  r e q u i r e m e n t s .  

Cond i t ions  1, 2, and  3 a r e  o b v i o u s l y  s a t i s f i e d .  

Le t  us show tha t  e v e r y  func t ion  ~ (a~ ,  a# . . . . .  a I ) in  fac t  b e c o m e s  s t a b i l i z e d  f r o m  a c e r t a i n  i n s t a n t .  
S ince  only func t ions  of the l eve l  so (~) m a y  be v a r i e d  a t  the i n s t a n t  ~ , we on ly  have  to  show tha t ,  f o r  e v e r y  
s t h e r e  e x i s t s  an i n s t a n t  i s such  t ha t  

~$ --'~ So (~) ~Y" (4) 

AS go we can take O. Assume that a ~s satisfying condition (4) has already been fotmd. We set 

{ .4- , ,  

w h e r e  ~ Cs) is  t h e  func t ion  of L e m n m  2. 

A s s u m e  that  So(~+ ~ - / )  = S . Th is  m e a n s  tha t ,  a t  the  i n s t a n t  ~ = ~s+~ - ¢ , t h e r e  a r e  no c o n t r a d i c t i o n s  
a t  the  l e v e l s  0, ~ ..... s -~  whi le  t h e r e  i s  a c o n t r a d i c t i o n  at  the  l e v e l  S • Then ,  dta-ing the f i r s t  s u b s t e p  of the 
s t ep  ~ = ~s~ - t cond i t i on  a) wi l l  be s a t i s f i e d ,  s i n c e  o t h e r w i s e  the  t h e o r y  T * would  only  have  f in i t e  m o d e l s  
of l i m i t e d  power .  As  a r e s u l t ,  S o (~J+t)  ~ s + t  t h e r e  a r e  no c o n t r a d i c t i o n s  a t  the  b v e l s  o, ¢ . . . . .  s . We 
have  thus  e n s u r e d  the  p o s s i b i l i t y  of con t inu ing  the p r e d i c a t e s  on to a l l  the newly  i n t r o d u c e d  e l e m e n t s ,  w i t h -  
out ob ta in ing  c o n t r a d i c t i o n s  a t  the  l e v e l s  o, ¢,.. , s  . In tha t  c a s e ,  a t  e v e r y  s u b s e q u e n t  i n s t a n t  ~ , w h e t h e r  
a s  a r e s u l t  of the f i r s t  s u b s t e p  o r  a s  a r e s u l t  of the  s e c o n d  s u b s t e p ,  the func t ion  30 (~} wi l l  not  d rop  be low 
$4-~ . 

If S o (~st~- / ) ~  s + t  , t h e r e  wi l l  be no c o n t r a d i c t i o n s  a t  the  l e v e l s  0,~ . . . .  , $ a t  the  i n s t a n t  ~ -  ~s+t - ¢ • 
In that c a s e ,  we have  s o (~ )~  S+¢ a t  e v e r y  s u b s e q u e n t  i n s t a n t  ~ . 

S ince  e v e r y  f in i t e  i m p o v e r i s h m e n t  of e v e r y  f in i t e  s u b m o d e l  ~ ~ does  not  c o n t r a d i c t  7" + and 
th i s  t h e o r y  i s  u n i v e r s a l l y  a x i o m a t i z a b l e ,  2r~Z* m u s t  be a m o d e l  of  the t h e o r y  7"* . If we denote  by 
the ~ - i m p o v e r i s h m e n t  of m o d e l  ~ *  , (grb,  ~ ) wi l l  be a c o n s t r u c t i v e  m o d e l  of t h e o r y  7" . QED. 
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