
L A T T I C E S  OF  S U B M A N I F O L D S  IN  M A N I F O L D S  O F  A L G E B R A S  

A.  A.  A k a t a e v  a n d  D. M. S m i r n o v  

Let r~z . r~ be fixed integers satisfying the inequalities t ,,~ ~ ~ ~ . We denote by ~",,~ ~ the mani -  

fold of a lgebras  ~=<AT, ~ . . . . .  ~ ,  ¢~r . . . .  , ¢,~,~ 7 of the type <rrr . . . . .  ~ ,  ~z,...,rz> . defined by the identities 

~ z  C ¢ , )  ,, ( . ~  t , . . . , . x ' ~  ~, . . . .  ¢D,.,7 ( ~ ,  . . . , . z -~  ) ~ =.z~L. ( L = ,;  . . . .  ~ ) " 1 

~ . ( ~  car, . . . .  ,~',~) . . . .  , %  cm, .... '~" '))--~" (¢"=~'"',~'}' ] (1) 

Swierczkowski [1] established that when ~-n < rv the manifold Or,~,~ conta ins  only a finite number  of iso-  

morphic  types of free algebras  of finite rank. In the ea r l i e r  ar t ic le  of Jonsson and Tarski  [2] they consid-  
e red  the case ~ ~-~', ~ = 2  and proved that in the manifold ~ , 2  all free a lgebras  of finite rank are  in gen- 
e ra l  isomorphic .  In view of these results  A. I. MaI ' t sev posed to the authors the problem of studying the 
lattices/~ (~.,~,..~ } of submanifolds in the manifolds ~ , , , ~  F ~ r e d  , It was expected that for some pairs  of 

numbers  rr~-~ ,7 these lat t ices might be foreseeable .  In par t icular .  A. I. Mal ' tsev observed that the mani -  
folds CA,'~,~ c~ 7 - 0  are  equationally complete (or minimal) .  

In the study proposed it is proved that the c lass  of manifolds (Jr,~a ( rr~ ,~ rz d contains no other mini -  

mal manifolds and that when rz ;.~-~;, ¢ the lattice L ( ~ : : ~ , ~  ~ ~ has the power of the continuum and does not 

sat isfy a single one of the terminat ion conditions for  increas ing and decreas ing  chains.  

We study also the lattices Z (~, , , , , )  of submanifolds in the manifolds ~:~,~,,T C~ ~- t ,2  .... ~ . This 
class of manifolds differs in principle f rom the class  of manifolds ~,,~,~ ( ~  < ~ , since each manifold 

c - g , . , , , ~  possesses  a complete spect rum ~ ,',2,3 . . . .  } of o rders  of finite a lgebras  and by the J o n s s o n - T a r s k i -  

Fujz iwara  theorem (see [2D (A~,~,,~ - f r e e  a lgebras  of different r a n k s - a r e  not i somorphic .  We have es tab-  

lished that when lz ~ 2 the manifold ~,~,~ has a continuous set  of equationally complete submanifolds and 
so the lat t ice/ . ,  (~r,~.a) when ~z ~ 2 also does not sat isfy the terminat ion condition for decreas ing  chains. 

The lattice /~ ¢~2c¢, ~) is i somorphic  to the lattice of positive integers  with the relationship of divisibility. 

completed by the external  zero  0 and the external  unit I. For  a r b i t r a r y  rc ~ "  the lattice K c ~ r ~ )  does 
not sat isfy the terminat ion condition for increas ing chains. 

The main method of the study is the method of modelling identities,  which is al together  natural  in the 
study of a rb i t r a ry  manifolds given by a sys tem of defining identities.  The mos t  important  par t  of this meth-  
od is establishing the rational equivalence (in the sense of A. L Mal ' tsev [3D of one or  another manifold 
which is being studied to an appropriate  manifold of a lgebras  for which the lattice of submanifolds has al-  
ready  to some extent been studied. The following have proved to be the appropria te  manifolds for  our pur -  
poses ;  the manifold of totally symmet r i c  quasigroups (briefly, TS-quasigroups) defined by the identities 

and also the c lass  of all infinite and s ingle-e lement  TS-quasigroups.  which can be enriched with new opera-  
tions and t ransformed into a manifold of universal  a lgebras .  We use as the principal  resul t  the theorem of 
A. D. BoPbot [4] to the effect  that a lattice of submanffolds of a manifold of TS-quasigroups has a continu- 
ous set  of atoms (or points). 

The authors dedicate the present  work to the enduring m e m o r y  of the unforgettable Anatolii Ivanovich 
Mal ' tsev.  

Transla ted f rom Algebra i Logika, Vol. 7, No. 1, pp. 5-25, J a n u a r y - F e b r u a r y ,  1968. Original  art icle 
submitted November 15, 1967. 



1.  C O N S T R U C T I O N  O F  A U X I L I A R Y  M O D E L S  

In what  fo l lows  we sha l l  r e p e a t e d l y  be  us Ing  the fo l lowing J o n s s o n - T a r s k i  r e s u l t  (see [2], p. 100), 

which  we f o r m u l a t e  In the f o r m  we need :  

L E M M A  1. F o r  an a r b i t r a r y  i n t e g e r  z v  2 e v e r y  inf in i te  s e t  .M a d m i t s  the s y s t e m  of o p e r a t i o n s  

~.(.:z:j, c,)r~,,.. . ,:z,".~ ) ~ ," = ,',2 ..... z., , 

s a t i s f y i n g  on this  s e t  the i d e n t i t i e s  

. , . , ) ( , / , : c . . v ) , . . . ,  s , , z ( : x . ) ) = . v .  ~ ( c , ~ ( . . r ~  . . . . .  : % ~ ) = , .  : ~ ' = : .  . . . .  z , .  

To m a k e  the expos i t i on  c o m p l e t e  we sha l l  p r o v e  this  s t a t e m e n t .  Since  the power  -~ = I .~c'l is  in f i -  

n i te ,  i t  fo l lows  that  , ~  = H~ ~'= . . . = ~ z  (see ,  fo r  e x a m p l e ,  [5]). So t h e r e  e x i s t s  a o n e - t o - o n e  m a p p in g  

: . , 2 c x : , . . . , x ~ ) : A 4 Z - - M  of the C a r t e s i a n  p o w e r  ~ r  of the s e t  ~ :  onto ~ o We put 

~.(w9~c: ..... ~:',_2) =-~rg c~'=g .... z). 

Since each element of /P: is uniquely representable in the form 

,.,.~ 6~'/ .... , x" z ) 

fo r  su i t ab le  e l e m e n t s  ~ . . . . .  ~ z  of - /~  , i t  fo l lows  that  the ~z ( " = : ,  . ~ ~  a r e  o p e r a t i o n s  on the s e t  /1 :  . 

We note that  

For let u= ,.~(~': .... ,:r=) , 

v:~ (~zJ = ~ : c : ) 8 ~ . . .  & :~, (~)  = ~ ,  (~z) ~ ~ =,  ~'. 

o~= cD(~,: . . . . .  ~,% ) ,  w h e r e  ~=z, ~z e ]~r .  Then ~. (co = _v~. , ~ .  ¢ ' ~ ) = y z  , whence  

~ . , =  ~, ,  . . . . .  x ~ = ¥ ~ =  , 

and so cz=c:. 

Now le t  . . 1 . ) ( ~ # , . ~ ) , . .  , c # . ~ r O = ~ ,  . Then ~ . ( ~ ) =  ~.(-r) 

The fo l lowing  obvious  p r o p o s i t i o n  a l s o  ho lds :  

LEMMA 1' .  F o r  an a r b i t r a r y  i n t e g e r  ~ ~: t e v e r y  nonempty  se t  /~:  a d m i t s  the o p e r a t i o n s  
,:',: ( . r  t . . . . .  x , , . , )  , ~ .  (~-, . . . . .  _z-,,~), ~ ' = / ,  .... r r z ) ,  which  s a t i s f y  on this  s e t  the s y s t e m  of i den t i t i e s  (1) when 

F o r  as ~ - ,  ~)~. i t  is  s u f f i c i e n t  to take the s e l e c t o r  (or t r iv i a l )  o p e r a t i o n s  

& 0-,~) 
Z ( : z - , , . . . , . x ' , . ~ ) =  2 , :  ( g = 4  . . . .  , r , - o .  

We s h a l l  a s s u m e  g i v e n  the i n t e g e r s  ,-,7, rz , s a t i s f y i n g  the i n e q u a l i t i e s  1.< r,-, ~ r~ . In the s e q u e l  we 

sha l l  find use fu l  the fo l lowing .  

T H E O R E M  1. Le t  /2 be an a s s o c i a t i v e  r ing  with unit 1 and ~¢,~a . . . . .  ~ ~ +  ~ f ixed e l e m e n t s  of that  

r ing  of which  the e l e m e n t  ~ i s  i n v e r t i b l e .  If on the s e t  R i t  is p o s s i b l e  to define the s y s t e m  of o p e r a t i o n s  

~:(::z',, ..... x.,z ) , cD/(..,v: .... ,~a ~ cZ= :,...,~ ; /= ,',...,r.,.z) , 

connec ted  on P by the i den t i t i e s  (1), then put t ing 

~ ÷ , ,  ( .z~ . . . . .  .:c,.~ +: ) ~ ~ .  (:.v~,. . . ,..,-,: ~ + ~ ,  ) c ~ TM :, . . . .  ,.z ) ,  

fo r  a l l  ~" = :,.. . , 'z and, by what  has  been  p roved ,  



we o b t a i n  the  m o d e l  < P ,  ~ . ,  uO. ~ f o r  the  s y s t e m  of  i d e n t i t i ~  

~ - ( %  ,"~,, . . . .  ,~. , , . . , . . . . , ; . . . . ,  % . + ,  c~,,,...,~,.,.,.,..,~.) = ~. ,"c,"--~ . . . .  " ' + " ~ -  

A n a l o g o u s l y ,  i f  , q - ~ q ,  ~ , c ~ .  7 i s  an  a l g e b r a  of  the  m a n i f o l d  6V~,. ,~ , then  the  a l g e b r a  d e f i n e d  b y  the  

s e t  ~q" and  the  s y s t e m  of  o p e r a t i o n s  

~ ( . c ¢ , . . . , ~ , ~ . ~ )  ~- ~c~, 

~.~ c ~  . . . . .  ~ , ~ t  t )  ----- ~ ¢:v~,.. . ,a:,~+~) (d--6  . . . .  ~ ) ,  

b e l o n g s  to the m a n i f o l d  ~ , ~ - ~ , , r + ~  • 

P r o o f .  L e t  -v t. :v ,  .... b e  a r b i t r a r y  e l e m e n t s  of  the  r i n g  Q .  D i r e c t  c a l c u l a t i o n  g i v e s  

~f,, ( c.o t ( ~  . . . . .  . z  + , ,  ) . . . . .  ~ . ~ + , ,  C - v , . , . . .  , ~ v ~ ÷ r  ))  = ~ , ,  ~ ( ~ , , ,  . . . , .z:~+,,  ) ÷ . . .  

-- ~ , ~ ( ~ , . - - - , ~  . , )  = ~ : , - ~ ' 4  ~=,, .-., ~:,~., ) - : . . -2 , ,+  , w ~  c~,...,~,~_,) 

+ ~  ~.~)~ (-~ ..... ~v~+, > + . . .  + ~ + ,  ,,),~ ~ . . . . .  ~,~+ ~) = ~=,, 

~ ) ,  ( ~  (_z: . . . .  • ~..,z +,, ) , . . . .  - - - " -  • . 

- [  __  __  - , "  

. . . - ~  ~ ÷ , ~ , , ( ~ . , , . . . . = ~ , , ,  ), .... ~,~,~,.,. ,~,,~,)>=~+~, ~ ~+.. .  

- f  . ~  - ¢  . . . t~ ,  ~,,~., ~ - ~ ,  ' ~ . ~ , c ~ c ~  ..... ~:~.~> . . . . .  ~,~(~ ..... ~+, )>- . .  

. . . - ~  ~ ~ ~ c ~ c :~.~ , . . . , ~ : ~ +  , )  . . . . .  , ~  ( ~  . . . . .  ~ :  . , +  ~ )) = . . v  , . 

The  r e m a i n i n g  i d e n t i t i e s  a r e  o b v i o u s .  

T h e  s e c o n d  p a r t  of  T h e o r e m  1 m a y  a l s o  be  v e r i f i e d  by  d i r e c t  c a l c u l a t i o n .  

§ 2 .  T H E  S E R I E S  O F  S U B M A N I F O L D S  O~ (~> 

O F  T H E  M A N I F O L D  ,:::~ ,,..e(,'<,"~<,'z) 

L e t  rr~ • , ' .  We f o r m  the  t e r m s  

, . . t ga : ) -~  gO C ~ ,  O ¢ . , v ,  . . .  , ¢ '  ( . x ,  a c ) )  . . . ) , 

w h e r e  the l e t t e r  ¢ '  h a s  ~ e n t r i e s  ( ~ - - 4 2  . . . .  ) . T h e  i d e n t i t y  

- 7 ,  ~ (~:) "~ a: (3) 

d e f i n e s  w i t h i n  t he  m a n i f o l d  C.~'~ , ,  ( , . , : , - r ~ , : ~ )  a s u b m a n i f o l d  w h i c h  w e  s h a l l  d e n o t e  by  cZ  c~.) 

T H E O R E M  2. If .v ,< , . , , ,  ,z and t ~ -< ~ < ~ t h e n  the  m a n i f o l d s  6.¢',~.,~(~) and  c z  (~z,,~.,~ a r e  d i s t i n c t  and  the  

i n c l u s i o n  o~ ~a~,,~,,~ ~ CZ ,.~,~re h o l d s  i f  and on ly  i f  ~ / ~  . 

C O R O L L A R Y .  If  -~-.< r,z < ~z the  m a n i f o l d  C.~,~,n p o s s e s s e s  an  i n f i n i t e ,  s t r i c t l y  i n c r e a s i n g  c h a i n  of  

s u b m a n i f o l d s ,  f o r  e x a m p l e  



where  ~ is  an a r b i t r a r y  pos i t ive  i n t ege r .  

Before  p r o c e e d i n g  to p rove  T h e o r e m  2, we sha l l  c o n s t r u c t  a s p e c i a l  mode l  for  the s y s t e m  of the i den -  

t i t i e s  (1) (3), def in ing  the man i fo ld  ~ c~) by a s s u m i n g  that  4,~ , ~  < ,z and ~ ~ ~, 

We put z = ~ -  ~z ÷ t . Since ~z > ,-,z , i t  fol lows that z ;,~" . By L e m m a  1 the se t  of a l l  complex  
n u m b e r s  ~ "  is a suppor t  of some  a l g e b r a  K¢----<~,  ~ . ,  ~ , z  of the type < ~' . . . . .  4, ~ , be long ing  to the 
man i fo ld  0~.~ . 

Le t  ~ be a f ixed complex  n u m b e r .  Pu t t ing  ~ =  ~ . ~ a =  ~ , 9~ = ~ ,~= . . .=  o and us ing  T h e o r e m  1, 

we c o n s t r u c t  the s e q u e n c e  of a l g e b r a s  ~ ( _ $ ) =  K¢ , ~ e  (~) . . . . .  2 ~  (g) p o s s e s s i n g  the fol lowing p r o p e r t i e s :  

1) K ~ ( ~ )  " c ~ z , z ÷ z _  ,, ( z=, , ,  . . . .  ,.-~). 

2) The p r i n c i p a l  s e t  (or suppor t )  of the a l g e b r a  K .  ~)(~-.~....~) is  the se t  of a l l  complex  n u m b e r s  /~  . 

3) The p r i n c i p a l  o p e r a t i o n s  of the a l g e b r a  Kz~-¢ (~) m a y  be e x p r e s s e d  in t e r m s  of the r ing  ope ra t ions  

in /< and in t e r m s  of the p r i n c i p a l  o p e r a t i o n s  of the a l g e b r a  

K Z (~) C~=~', . . . .  z - ~ )  

by the f o r m u l a s  (2). 

Since ~ = ~ - ~ ,  e , the a l g e b r a  , ~  (g) i s  of the type 

and be longs  to the m a n i f o l d  &v~,~ . 

LEMMA 2. If ~ -  , the va lue  of the t e r m  ¢~.~ (z~ in the a l g e b r a  ~ ( g )  when ~=c.  ez< is  

,:, (~ ,÷ :~  ÷ C z ,  . . .  ÷ : ~ ? .  

Proof .  By the c o n s t r u c t i o n ,  the va lue  in the a l g e b r a  ~ )  of the f i r s t  p r i n c i p a l  ope ra t i on  

, ~  . . . .  , . ~ .~  is  c a l cu l a t ed  f r o m  the f o r m u l a  

~, ,'-~, . . . . .  ~..~ , = .~:,  + $,-=~ 

whence  we obta in  
(~) 

,~,~ Get) = ~ -  @(c_z ~- . . .  t@ CCz + @cz .,> 
=c~ ( ~ ÷  @ ÷ ~ + . . . ÷ ~ * ) .  

P r o o f  of T h e o r e m  2. Let  / #  ~ < # and z ~  ~,~<m o If £~ is a t - th  power  p r i m i t i v e  root  of 1, then 
¢ ~ E e )  ~- .~ -~ ;  ¢= I So by L e m m a  2 the va lue  of the t e r m  ,,,,,{ # in the a l g e b r a  K ~ ¢ ~ : )  when a :=  / is  f ÷ ~ + .  • 

the iden t i ty  "~t~ ~N,~ t~-> = ~- does no t  hold in the a l g e b r a  ~ , ,  (e~)  and so ~ ~e~ ~ does not  be long  to the 

man i fo ld  ~t,,,~c~ . Howeve r , f o r  an a r b i t r a r y  e l e m e n t  ~ c A',~ ¢~e ) the value of the t e r m  ~,,~.~ ~" (x~ in ~ ( ~  

when ~ = ~  is  ~ G r + ~ e + . . . + ~ : ) = ~  and so / ¢ , , ~ )  ~ ~'~:~ Thus  i t  has  been  p roved  that  ~ ( ~ '  ~ (2~ ''~~ 

cz.~ . So the value If ~ c ~  ~_ /-~ce) • ~ / , a n d  ~ i s a  ~ - t h  p r i m i t i v e  root  of 1, then ~ . ~  ( ~ )  ~ . ~ z  

of the t e r m  ~ c ~  (.x> in ~ , . c ~ )  for  an a r b i t r a r y  e l e m e n t  x of i t  m u s t  be equa l  to ~: . In p a r t i c u l a r ,  

when ~r--t  w e o b t a i n ,  in  view of L e m m a  2: / + ~ + ~ ~ ' ~ . . . ÷ ~ = ~  , w h e n c e  ~ =  ! a n d s o  ~ / ~  

C o n v e r s e l y ,  if [ ~ ~ ~ ~ and  ~.fl~ , then it  is c l e a r  that  

This  p roves  T h e o r e m  2. 



§ 3 .  R A T I O N A L  E Q U I V A L E N C E  

The c l a s s  of a l g e b r a s  ~ is  s a i d  to be r a t i o n a l l y  e q u i v a l e n t  to the c l a s s  of a l g e b r a s  ~ '  ( see  [3], [6]) 
if  t h e r e  e x i s t s  a f in i t e  cha in  of c l a s s e s  of a l g e b r a s  ~,----- ~ . ~ . . . . .  x a = ~ '  , which  s t a r t s  wi th  ~ and f in -  
i s h e s  wi th  the c l a s s  ~ and in which  e a c h  s u c c e s s i v e  c l a s s  M , ' . ,  m a y  be ob t a ined  f r o m  the p r e c e d i n g  
c l a s s  ~z e i t h e r  by  jo in ing  on one t e r m i n a l  o p e r a t i o n  f r o m  the p r i n c i p a l  o p e r a t i o n s  of the c l a s s  x~. o r  b y  
o m i t t i n g  one p r i n c i p a l  o p e r a t i o n  of ~C z which  m u s t  in th is  con tex t  be e x p r e s s i b l e  t e r m a l l y  in t e r m s  of the 
o t h e r  p r i n c i p a l  o p e r a t i o n s  of ~z • Th is  t r a n s i t i o n  f r o m  ¢~c" to ~.+~ w i l l  be c a l l e d  s i m p l e  e n r i c h m e n t  in 
the  one ca se  and s i m p l e  c o n t r a c t i o n  in the o t h e r .  

T H E O R E M  3. F o r  a r b i t r a r y  i n t e g e r s  

7 ~< ,"; 'z  ~ z z  

c o )  
the  m a n i f o l d  ot,~+~.,~+t con ta ins  a p r o p e r  s u b m a n i f o l d  CZ ,+ , , , ~+ ,  r a t i o n a l l y  e q u i v a l e n t  to the  m a n i f o l d  

P r o o f .  We s h a l l  denote  the p r i n c i p a l  o p e r a t i o n s  of a l g e b r a s  b e l o n g i n g  to the c l a s s  o ~  u n e q u i v o c a l -  

ly by  

~ . ( x ,  . . . . .  x , . , . , ) ,  ~ . ( x , , . . . . x , . , )  c,.'=; . . . . .  ,.z,V'=,;, . . . .  ..,-~>, 

and the p r i n c i p a l  o p e r a t i o n s  of a l g e b r a s  b e l o n g i n g  to cZr,,~+,,~÷ t by  

( ~  . . . . .  x,,_,4_,,), ~. .~/(x  . . . . . .  . v  +,,) ( , '=t ,  . . . .  ~ + , ' ; / =  ,', . . . .  , -~+t) .  

L e t  O~.~,c°-) ~+¢ be a s u b m a n i f o l d  of the  m a n i f o l d  O~ +~.,~+t de f ined  wi th in  C]/~.  ~, ~÷ ¢ by  the i d e n t i t i e s  

~ C ~ ,  . . . . .  .v,,.~+.~) = ~ ,  = ~ ,  car, . . . . .  ~v,~+~), 

~ ( a ' , , x  z . . . . .  x,.,.., . , ,)=~. <$t, 2" z . . . . .  ~o,.~+,,) C , ' = z  . . . . .  ,z+~'). I (4) 

~ .  c x , , ~  . . . . .  x , ,+,  ~ = , ~ .  <y. ~ ..... a:,~ +,~ <,,'=a . . . . . .  +~). 

We s h a l l  show tha t  the m a n i f o l d s  C2r,,, ~ and c ~  co) , ~+¢ .n+¢  a r e  r a t i o n a l l y  e q u i v a l e n t .  

In the  f i r s t  p l a c e ,  i f  the  a l g e b r a  A~= < ~ .  %., ~,~. > b e l o n g s  to the m a n i f o l d  o~,~,# , then r e l a t i v e  to the 

t e r m  o p e r a t i o n s  

~ (~v~ . . . . .  ~ ÷ ~ )  = ~ ,  

~.)# (~c¢ . . . . .  -~ - r~  ) ~ ~::¢, 

~ . + ,  c~:, . . . . .  ~ + , ) =  ~ .  c ~  . . . . .  ~,,+,,~ ( / = ~ ,  . . . .  ~ 

the a l g e b r a  A~=< ~7 ~ . ,  c,)].~ be longs  to the m a n i f o l d  C2z" co~ by the s e c o n d  p a r t  of T h e o r e m  1. 

Second ly ,  the o p e r a t i o n s  ~ ,  cO/ of Az a r e  in t h e i r  t u rn  c l e a r l y  e x p r e s s i b l e  by  m e a n s  of t e r m s  d e -  

r i v e d  f r o m  ~ , ~ / . .  

Thus  i t  is  p o s s i b l e  by  a f in i te  n u m b e r  of s i m p l e  e n r i c h m e n t s  and s i m p l e  c o n t r a c t i o n s  to p a s s  f r o m  the 

m a n i f o l d  CX,,. ~ to a s u b c l a s s  of the c l a s s  c.~ (o~ But in f ac t  t h i s  s u b c l a s s  c o i n c i d e s  wi th  the m a n i -  
, ~ ' r  + 4, .,"¢ ÷ ¢ " 

fold c z  <o) 

_ ~  ( O )  
F o r  l e t  the a l g e b r a  A ~  ~ # .  ~ . ,  c~. > b e l o n g  to the m a n i f o l d  brc~+¢, ~+¢ By i d e n t i t i e s  (4) i t  is  p o s -  

s i b l e  to def ine  on the s e t  ~ the t e r m  o p e r a t i o n s  



~ .  ( x , ,  . . . .  , . z ' m  ) = ~ + /  ( x ¢ ,  ~ ,..~,, , . . . , ,x ' , . , . ,  ) . ( ~ = , , , .  . ,  . , z } ,  

. . . . .  . . . . .  . . . .  

r e l a t i v e  to which the a l g e b r a  < # ,  ~ i ,  ~ "  ~ wi l l  be long  (as can e a s i l y  be checked) to the man i fo ld  O~,~/z . 

, O Z  ¢0~ has  thus b e e n  proved .  The r a t i o n a l  equ iva l ence  of the man i fo ld s  ~ , , ,  ,z and __,,.,.¢, ,~+¢ 

Since  the iden t i t y  

. ( o )  
is  t rue  in the man i fo ld  c_.~ +~. ~ + ¢ ,  ~ fol lows that when r~ ~,,-oz the i nc l u s i on  

~ • ,  r ' t + ¢  ~ ,,.r~4-¢, r ~ ÷ •  

GO) holds  and by T h e o r e m  2 of § 1 the subman i fo ld  --,,~++,~,~w is d i s t i n c t  f rom the mani fo ld  8 ~ ÷ , , = + ¢  . But 

if  ~z=err , then  on the s e t  of a l l  complex  n u m b e r s  /v we p r e s c r i b e  the s e l e c t o r  func t ions  e.  ~''~ ( . , ' = < . . . , ~ )  

and put 

Ce'nrJ ~.(x~ . . . . .  _~ )=~)~ - (~ , . . . , ~a ,~ )=e~  c x ,  . . . . . .  ) ( ( = ~ ,  . . . .  ,'-,-,). 

Then by f o r m u l a s  (2) we define in the s e t  K the o p e r a t i o n s  

( c = , ,  . . . .  

with ~ ~---- $~ ---- e , ~ =  ~.--- . . . -~  o . By T h e o r e m  1 we obta in  the a l g e b r a  < K, ~z ,  ~e" > of the mani fo ld  

~_+, ,~+ • in  which the va lue  of the ope ra t i on  G~ can be ca l cu l a t ed  f rom the f o r m u l a  ~,cx~ . . . .  ..r +¢)=.v~.G 

and depends  in e s s e n c e  on two a r g u m e n t s .  Consequen t ly ,  this  a l g e b r a  does not be long  to the man i fo ld  

(a~ T h e o r e m  3 has  thus b e e n  c o m p l e t e l y  proved .  

Note: In view of the i n c l u s i o n  

C,,~..,.(o) c=  ~ ¢ ¢ )  
÷ ¢ ,  ~ - ¢  - -  m- f -  ~ ."~'4- ¢" 

for  n ~,-~ , the ques t ion  n a t u r a l l y  a r i s e s  of whe ther  these  man i fo ld s  co inc ide .  We sha l l  show however ,  
cv 

that the man i fo ld  oz co~ is  d i s t i nc t  f rom the man i fo ld  c.v _~.,~÷~ for  a l l  ~-~, r~ /~ ~ 4. e ' ~  ÷ ¢, ." i~-¥ ' " 

In § 2 we c o n s t r u c t e d  the a l g e b r a  K-/ on the se t  of a l l  complex  n u m b e r s  K and be longing  to the m a n i -  
fold O~'t, z , where  z = ~ - , , z *  t . S t a r t i ng  f rom it and u s i ng  T h e o r e m  1, we c o n s t r u c t  the a l g e b r a s  K + . ~  .... 

wi th  the c o m m o n  suppo r t  /< and such that  /C~.+¢ be longs  to the man i fo ld  O/c.+e ' z + ;  and the p r i n c i p a l  ope r -  

a t ions  of / C . . /  m a y  be e x p r e s s e d  in t e r m s  of the p r i n c i p a l  ope ra t i ons  of K z by f o r m u l a s  (2) for  t •=-2  , 

~z = - ¢  . g a = ~  = ...-~ o Then the a l g e b r a  / f ~ ÷ ¢  be longs  to the man i fo ld  c,v {v s ince  the va lue  of 

the f i r s t  p r i n c i p a l  ope ra t i on  ~'< in this  a l g e b r a  is g iven by the f o r m u l a  

f rom which it  can be s e e n  that  the iden t i ty  % (x  ..... x - ) = x  holds in A',,T+ ¢ . At the sa_me t ime the a l g e b r a  

K,,,+¢ does not  be long  to the man i fo ld  cz ¢°~ s ince  in i t  the ope ra t i on  % depends  e s s e n t i a l l y  on two 
r r r +  ¢, r i t ~ '  

v a r i a b l e s .  

We r e c a l l  that a g roupoid  with the ident i ty  r e l a t i o n s h i p s  

c x y ) V =  x = Vcyx )  

is  sa id  to be a totaUy s y m m e t r i c  q u a s i g r o u p  (br ief ly  a TS - qua s i g r oup ) .  The c l a s s  of a l l  T S - q u a s i g r o u p s  
co inc ides  with the c l a s s  of a l l  q u a s i g r o u p s  in  which the th ree  p r i n c i p a l  o p e r a t i o n s  of m u l t i p l i c a t i o n  and lef t  

and r igh t  d iv i s ion  co inc ide .  



By L e m m a  1 we can ,  fo r  e ach  i n t e g e r  z ~ 
e q u a t i o n s  

in an a r b i t r a r y  f in i te  q u a s i g r o u p  G, def ine  the s y s t e m  of 

in such  a way  tha t  the a l g e b r a  ~ ~ ,  ~ . . . . .  %,  ~ -  b e l o n g s  to the  m a n i f o l d  cz~, z . On the o t h e r  hand ,  by  the 

t h e o r e m  of S w i e r c z k o w s k i  and the J o n n s o n - T a r s k i - F u j i w a r a  t h e o r e m ,  both  m e n t i o n e d  in the i n t r o d u c t i o n ,  
the  m a n i f o l d  (}(~,z fo r  a r b i t r a r y  z ~% c o n t a i n s  no f in i te  a l g e b r a s  of o r d e r  g r e a t e r  than 1. So the c l a s s  of 

a l l  i n f in i t e  o n e - e l e m e n t  T S - q u a s i g r o u p s  m a y  be  r e g a r d e d  as  a m a n i f o l d  of u n i v e r s a l  a l g e b r a s  of  the  type  
• 2 ,  ~, . . . .  ~, z ~ cz ~ 2 )  wi th  the s y s t e m  of de f in ing  i d e n t i t i e s  

~ . ~ ,  = ~ = ~ . 2  ,~=  , 
(5) 

We adop t  the conven t ion  of deno t ing  th is  m a n i f o l d  b y  ~ , ~ ,  <7"~) . 

T H E O R E M  4. F o r  a r b i t r a r y  i n t e g e r s  zz ,rr~ ~ g  the m a n i f o l d  ~ , , , , ,  c o n t a i n s  a p r o p e r  s u b m a n i f o l d  

r a t i o n a l l y  e q u i v a l e n t  to the m a n i f o l d  c~, z (TS), w h e r e  ~=~-~ , -~ -~  ~ . 

P r o o f .  By T h e o r e m  3 e a c h  p r e c e d i n g  m a n i f o l d  in the s e q u e n c e  of m a n i f o l d s  

~Z~,r, c~'~,~+~ , c;~,,~+a . . . . .  c ~ . ~  

i s  r a t i o n a l l y  e q u i v a l e n t  to the  fo l lowing  one.  S ince  ~ ~ 2 ,  i t  i s  s u f f i c i e n t  to  p r o v e  T h e o r e m  4 f o r  the m a n i -  
fold  ~z'~, z+ ¢ . 

Le t  us a g r e e  to denote  the p r i n c i p a l  o p e r a t i o n s  of the a l g e b r a s  of the m a n i f o l d  ~Y~,v+¢ by  

~ . ( a " , , a c , ) , c . ~ . ( . z - ¢ , . . . , x , . ~ )  c'~'=,,, . . . .  ~ + , ' ,  j ' = ~ , 2 )  . We r e c a l l  that  in ~ e , z + ¢  they  a r e  l i nked  by  the s y s t e m  

of i d e n t i t i e s  (1) f o r  ~ = 2 , ~ =  z + ~ . L e t  ~: ~, r+¢ be the s u b m a n i f o l d  of ~ ,  z . ¢  de f ined  wi th in  v~z'~, z+e  

by  the i d e n t i t i e s  

l 

~.+~ c:,:, ~) = % . ~  c ~ , ~ )  cd=~, . . . .  z ) ,  

~ )  , ( x ~  ,a%. . . . .  , -v,~.,.,, ) = ~ ' ) z  ( ~ . . , v~  . . . . .  .z~r+ ~ ) ,  

~ . ) ,  (:v, ,  , . , , ,  . z '~+ ,, ) =  'P, (:%, c.~.)~. C.~,  . . . .  ,-, 'v,r+,, ) ) .  

(6) 

We s h a l l  show that  the m a n i f o l d  .~2,~,~ i s  r a t i o n a l l y  e q u i v a l e n t  to czz'~.~ (TS). 

In the f i r s t  p l a c e ,  if  the a l g e b r a  . ~ 7 = < , , ~ , ~ ,  , z ) j . : ,  b e l o n g s  to the m a n i f o l d  ~,~,z+t then,  pu t t ing  

~:.~ ~ ~ cx,V~, 

cbz) ~"  ~,'+t cx,~,,) cc'=r . . . . .  z>, 

c J . . )  ( " ~  r , " " " , " ~ : ~ :  ) ~ ~ - )  2 .  ( :~c .  , , ~ ' ,  , . . z ' ~  , . . . ,  . . ~ . ~  ) , 

we obta in  the a l g e b r a  ~7= c ~ ,  • ~ . ~ .  > which  c l e a r l y  b e l o n g s  to the m a n i f o l d  c~t, ~ (TS), i . e . ,  i t  s a t i s -  

f i es  the s y s t e m  of i d e n t i t i e s  (5). 

Second ly ,  the o p e r a t i o n s  ,p,., ¢~. of ~r a r e  in t h e i r  tu rn  e x p r e s s i b l e  t e r m a l l y  in t e r m s  of  the  o p e r a -  

t ions  " ~ , ~ .  : 

c x , ~ / s =  .~ .~  , ~÷,, cx,~/j=~.÷,,  cz .y>= ~,. c,,~ cz= ,,, . . . .  z>, 



Thi rd ly ,  if the a l g e b r a  < R, -, ~ . ,  ¢x) • be longs  to the man i fo ld  (.Zt. z (TS), then,  put t ing 

3 ¢  (~r,, : . . ,  x z + ,  ) = x,"  ~,) ( ~  . . . .  ,~'z+,)" 

we obta in  in  v iew of i d e n t i t i e s  (5) the a l g e b r a  ¢ ~ ,  ~ - ,  c~.  ~, of the man i fo ld  ~ z ,  ~r÷ ,, • F o r  the iden t i ty  

r e l a t i o n s h i p s  (6) a r e  obvious in  ~ ,  ,z,., ~.~. > , and the iden t i ty  r e l a t i o n s h i p s  (1) for  ~z-- z , ,z= z +  ¢ can  

be v e r i f i e d  without  di f f icul ty .  

The r a t i o n a l  e q u i v a l e n c e  of the man i fo ld s  ~:2.7~-~ , C]~. z (TS) has  thus b e e n  proved .  

We sha l l  show by m e a n s  of T h e o r e m  1 that  ~ :~ ,  is a p r o p e r  subman i fo ld  of ~¢ .  ~+~ . In view of 

T h e o r e m  3 it  wi l l  be p roved  that  ~ , z  (TS) is r a t i o n a l l y  equ iva l en t  to a p r o p e r  subman i fo ld  of the man i fo ld  

By T h e o r e m  1 the re  ex i s t s  in the se t  of a l l  complex  n u m b e r s  /< a mode l  of the s y s t e m  of def in ing 

iden t i t i e s  (1) of the man i fo ld  ~,~-+t, in which the va lue  of the p r i n c i p a l  ope ra t i on  % m a y  be ca lcu la ted  

f rom the f o r m u l a  % (=c.~z~ -~ 2 a : -  V . In this  mode l  , P , ( ~ : ~ r . ~ . ~ > = ~ x . - 3 ~  and so it does not  be long  to the 

man i fo ld  ~'~,z÷¢ , in which  the t e r m  % c ~  c=:.$,,>.2,> is  i den t i ca l l y  equa l  to x . T h e o r e m  4 is thus c o m -  

p le te ly  p roved .  

THEOREM 5. When ~ z ~ 2  the man i fo ld  v ~ . ~  con ta ins  a p r o p e r  subma n i f o l d  which is r a t i o n a l l y  

e q u i v a l e n t  to the m a n i f o l d  of a l l  to ta l ly  s y m m e t r i c  q u a s i g r o u p s .  

Proof .  By T h e o r e m  3 it  is  su f f i c ien t  to prove  this  s t a t e m e n t  for  ~ = , z  . Each  a l g e b r a  , ~  ~ 

has four  p r i n c i p a l  o p e r a t i o n s ,  let  us say  ~o . ~o , ¢p¢ . , ~  , which a re  b i n a r y  and a re  connec ted  by the 

s y s t e m  of i den t i t i e s  (1) when . , - , z - - ~ =  2 . .  We d i s t i ngu i sh  in ~ the subman i fo ld  ~ by me a ns  of the addi -  

t iona l  i den t i t i e s  

~ ~ ~ c=~. 2.>,~, > ~ -  ~ = % ( . r .  ~, , .~,2,," 

~ ,  cx ,  V> = ,P, c-~, 9"> , 

~ C-~,5/>=~r = % c x ,  y ~ .  

We sha l l  show that  the man i fo ld  ~ is r a t i o n a l l y  equ iva l en t  to the man i fo ld  of T S - q u a s i g r o u p s  defined by 
the i den t i t i e s  ~=y.~r=az=y.~_z: . 

Let  the a l g e b r a  ¢ ~ .  ~ , ¢~¢. • be long  to the man i fo ld  ~". Pu t t ing  

we c l e a r l y  ob ta in  a T S - q u a s i g r o u p .  Here  the ope ra t i ons  ~ . . ~ .  in the se t  ~ a re  in t he i r  t u r n  t e r m a l l y  ex -  

p r e s s i b l e  in t e r m s  of a q u a s i g r o u p  m u l t i p l i c a t i o n  ope ra t ion .  F i n a l l y ,  if the groupoid  ~ ,  -~ is  a T S - q u a s i -  
g roup ,  then,  on put t ing  

we c l e a r l y  ob ta in  the a l g e b r a  < ~, ~,, ~ ,  ~ , ,  ¢')z > of the man i fo ld  ~ . 

It only r e m a i n s  to note  that  ~: is  a p r o p e r  subma n i f o l d  of the man i fo ld  (z¢, z . F o r  by L e m m a  1' and 

T h e o r e m  1 the re  ex i s t s  an ~z.z  - a l g e b r a  < ~ .  ~.  % ,  c~, .  '~z • g iven on the se t  of a l l  complex  n u m b e r s  /¢ 

with the ope ra t i on  ~ c-r,,~2=x+~ . This  a l g e b r a  obvious ly  does not  be long  to the man i fo ld  ~ . 
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T h e o r e m  5 is  thus p roved .  

§ 4 .  E Q U A T I O N A L L Y  C O M P L E T E  M A N I F O L D S  A N D  T H E  P O W E R  

O F  T H E  P O I N T  S T R A T U M  O F  T H E  L A T T I C E  ~5l'~,~',~.,~) W H E N  ~ - t ~ , 2  

The s y s t e m  of i den t i t i e s  )~ of the s i g n a t u r e  /2 is sa id  to be equa t i ona l l y  comple te  if it  is  compa t ib l e  

(that is i ts  c o r o l l a r i e s  do not  inc lude  the iden t i ty  .r=~¢ ) and fo r  an a r b i t r a r y  iden t i ty  ¢- of the s i g n a t u r e  

~2 e i t h e r  ~ - ~  or  { ~ ,  2"} ~ ~ - -~ ,  . A mani fo ld  of a l g e b r a s  is sa id  to be equa t iona l ly  comple te  if the se t  

of a l l  i ts  iden t i ty  r e l a t i o n s h i p s  is  equa t iona l ly  comple t e .*  

Let  us denote the la t t ice  of s u b m a n i f o l d s  of the mani fo ld  of a l g e b r a s  ~ by z-(oz-) . In Z,(Oz'2 a t o m s  
or  points  (cf. [8], p. 24) c o r r e s p o n d  to equa t iona l ly  comple te  s u b m a n i f o l d s  of ~" . So we sha l l  ca l l  the se t  
of a l l  equa t iona l ly  comple te  submanf fo lds  of lgZ the point  s t r a t u m  of /.(¢z) and denote it  by Ki , (cX) . 

THEOREM 6. In the c l a s s  of man i fo ld s  

¢2Z~, n ( ¢ ~  ~ < ~ )  

the m a n i f o l d s  ~1.,~ , and only they,  a re  equa t i ona l l y  comple te .  

Proof .  When , ~ y  the man i fo lds  ~,,,,,~ a r e  not  equa t i ona l l y  comple te  by T h e o r e m  3. As has  a t -  

r eady  been  noted ,  the equa t iona l  c o m p l e t e n e s s  of the ma n i f o l d s  (z,,,, was d i s c o v e r e d  by A. I. M a l ' t s e v .  F o r  

,z= 2 this  fac t  was  g iven by M a l ' t s e v  as an i l l u s t r a t i v e  example  in  a c o u r s e  of l e c t u r e s  on the theory  of 
man i fo ld s  and q u a s i m a n i f o l d s  of a l g e b r a i c  s y s t e m s  which he d e l i v e r e d  in 1966 at  N o v o s i b i r s k  U n i v e r s i t y .  
The d i s c u s s i o n  is the s a m e  in the g e n e r a l  case .  To make  our  expos i t ion  comple te  we now give that  d i s c u s -  
s ion .  

Let  ,z be a fixed i n t e g e r ,  ,z :,~, . We sha l l  p rove  the equa t iona l  c o m p l e t e n e s s  of the fo l lowing s y s t e m  
of i den t i t i e s :  

~ . c ~ , ~ x ,  . . . . .  : " ~  = "~c" , " ; (  ~ c x 2  . . . .  , % , ( . z ' ) ) = . r  ( z = ¢ ,  . . . .  ,~2.  (7) 

By L e m m a  1 the s y s t e m  of iden t i t i e s  (7) is  compa t ib l e  and it  is only n e c e s s a r y  to show that  e v e r y  iden t i ty  

¢ ' ( . z  . . . . . .  .x-~ ) = C/c .v , , . . - , . z - t )  (8) 

in  the func t iona l  s y m b o l s  ~ ..... ~,~, ~ is  e i t h e r  a c o r o l l a r y  of the s y s t e m  of iden t i t i e s  (7) or  is such  that  the 

iden t i ty  x = y .  can be deduced f rom (7) and (8). 

We sha l l  a s s u m e  that the t e r m s  ~ ,  ~ a re  r educed ,  t h a t i s ,  do not  have s u b t e r m s  of the fo rm 
~z ( c , . , ( x ,  . . . . .  x , , ~ ) ,  ¢4)~¢-r~,...,%(==~) , and a re  g r a p h i c a l l y  d i s t inc t .  We sha l l  show that  with these  a s s u m p -  

t ions  the ident i ty  x = y  can be deduced f rom (7), (8). We prove  this  by induc t ion  over  the n u m b e r  e , 

which is  the s u m  of the n u m b e r  of e n t r i e s  of ,,~ in ¢ and the n u m b e r  of e n t r i e s  of u) in z/ / .  

When g =  o the t e r m s  ¢o . ~," do not  conta in  the s y m b o l  ,19 and iden t i ty  (8) has the fo rm 

~ . . . ~ .  (ac. 7 = ~  . . . .  ,-,-, ( 8 ' )  

Since • and z/z do not  co inc ide  g r a p h i c a l l y ,  it  m a y  be a s s u m e d  that  e i t h e r  K > ~ or  .~ -=¢ ,  bu t  in this  

context  ~'~ -~=/k for  some  ~ . When K ~ ~ ,  s u b s t i t u t i o n s  of the fo rm - z : ~ , ) ~  ..... .v,~) and a p p r o p r i a t e  c a n c e l -  

Ia t ions  by m e a n s  of the i den t i t i e s  (7) can be used  to r educe  the iden t i ty  (8') to the fo rm '~'1 "" " ~,~ ,3:2 ~ .z= or  

. . . .  ,z .  c x )  ~ ~, ( A  z , z )  . Replac ing  x in  the f i r s t  of them by ¢ 0 ~ , . . .  _z,,~ and ope r a t i ng  on both s ides  

of the iden t i ty  so obta ined  with the o p e r a t o r  ~- , with ~'~ ~',~ , we obta in  an iden t i ty  of the fo rm ~ ,  . . .  ~ -  (:v) = ~ , .  

So when ~ ~,~¢ iden t i t i e s  (7), (8') imply  the iden t i ty  _r=~/.  When K= ~ the a r g u m e n t  is  ana logous .  

Let  the s t a t e m e n t  be proved  for  iden t i t i e s  with the n u m b e r  E l e s s  than some  va lue  ~ , where  ~ , o ,  

and le t  (8 )be  an iden t i ty  with E=e, ,  . Since both s ides  of (8) a re  r educed ,  it  m u s t  be of the f o rm:  

* Other  equ iva l en t  def in i t ions  of an equa t iona i ly  comple te  man i fo ld  a r e  to be found in T a r s k i ' s  a r t i c l e  [7]. 
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~ ¢ ,  . . . . .  q~,~)----~ or  a ) ( ¢ , , . . . ,  Q , . , ) = ~ ( ~ ,  . . . .  , ~ >  , w h e r e  the t e r m  ~ does no t  conta in  the s y m -  

bol  u) , and the t e r m s  ~ and . ~ a r e  g r a p h i c a l l y  d i s t i nc t  for  at l e a s t  one value of L, le t  us say  ~'~ . In 

the s econd  c a s e ,  o p e r a t i n g  on both  s ides  with the o p e r a t o r s  ~ .  , we a r r i v e  at  the r educed  ident i ty  ~ - ~  

with a s m a l l e r  va lue  of ~ .  In the f i r s t  p l ace ,  ope r a t i ng  on both  s ides  with the o p e r a t o r s  ~t . . . .  , % ,we obta in  

If in at l ea s t  one of these  i den t i t i e s  the two s ides  a r e  g r a p h i c a l l y  d i s t inc t ,  then by the induc t ion  hypothes i s  
the iden t i ty  x = ~ /  is deduc ib le  f rom (7), (8). It r e m a i n s  to note that  the t e r m  ~. (¢z)  cannot  coincide  

g r a p h i c a l l y  with the t e r m  ~ for  each  E--t, . . . .  t~, s ince  o the rwise  the t e r m  u . ) ( ~  r . . . . .  ¢ )  would have been  

g r a p h i c a l l y  equa l  to the t e r m  

which is not  r educed ,  and we would have obta ined  a c o n t r a d i c t i o n  with the a s s u m p t i o n .  T h e o r e m  6 is  thus 
p roved .  

THEOREM 7. When tz ~ z ~  2 the point  s t r a t u m  K~(cx,. , . , , . ,  ) of the la t t ice  of subman i fo lds  

/. (6~,~,,) of the man i fo ld  ~,,,0,, has  the power  of the con t inuum.  

Proof .  Le t  n ~ r , z .  By T h e o r e m  4 i t  i s  su f f i c i en t  to ca l cu l a t e  the power  of the point  s t r a t u m  of the 

la t t i ce  £(cz~. z (T~¢)) , where  ~ =  ~ - t r z  + t ,  and the man i fo ld  6¢'¢, z ( T S )  is of the type <~t,.. ./ .z~ , and 

is  def ined  by the s y s t e m  of i den t i t i e s  (5). A. D. Bol 'bo t  [4] has  p roved  that  the point  s t r a t u m  EL ( T S )  of 
the l a t t i ce  of s u b m a n i f o l d s  of the man i fo ld  TS of a l l  to ta l ly  s y m m e t r i c  q u a s i g r o u p s  has the power  of the 
con t inuum.  But this  power  is a l so  p o s s e s s e d  by the se t  

Iv7= { TEEL(T3); fleT, I~I ~'1~----21/71~ -~o} 

of those equa t i ona l l y  comple te  m a n i f o l d s  of T S  - q u a s i g r o u p s  of which aH the n o n t r i v i a l  q u a s i g r o u p s  a re  i n -  
f in i te .  By v i r t u e  of the o b s e r v a t i o n s  made  in §3 in the c o u r s e  of def in ing  the man i fo ld  (Y~'t,z ( T , 9 2  each  

man i fo ld  7-G M m a y  be c o n s i d e r e d  as  the man i fo td  c~.~(7? of u n i v e r s a l  a l g e b r a s  of the type 

~. t. . . . .  ¢. -~ ;. def ined by i d e n t i t i e s  (5) and by the q u a s i g r o u p  i den t i t i e s  which give the submanifoLd T 
wi th in  the man i fo ld  T S  . Since the d i f fe ren t  man i fo ld s  of q u a s i g r o u p s  f rom M do not  i n t e r s e c t ,  the m a n i -  
folds 6~t. z ( T )  a r e  a l so  p a i r w i s e  n o n i n t e r s e c t i n g .  It is  known that  each  n o n t r i v i a l  man i fo ld  of a l g e b r a s  

p o s s e s s e s  at  l e a s t  one e q u a t i o n a l l y  comple t e  subman i fo ld .  D i s t i ngu i sh ing  in  each  man i fo ld  '~*,z  (7") 

( T e p d )  an equa t i ona l l y  comple t e  subman i fo ld ,  we obta in  a cont inuous  se t  of equa t iona l ly  comple te  s u b m a n i -  

folds of the man i fo ld  6~, z ( T S )  . On the o the r  hand,  the power  of the point  s t r a t u m  E l . ( c z ,  z (T.S')) obvi-  

ous ly  does no t  exceed  the power  of the con t inuum.  So this  power  is  in fact  p r e c i s e l y  equa l  to the power  of 
the con t inuum.  

When rrL-=n ~ 2 T h e o r e m  7 i m m e d i a t e l y  follows f rom T h e o r e m  5 and the t h e o r e m  of A. D. Bol 'bot  

c i ted above.  This  c o m p l e t e s  the proof  of T h e o r e m  7. 

COROLLARY 1. If ,~ ~ ~ - ~  ~ , then 

I/_,cc_zC.~,,~)I = l~ L(o'Z,.,~,,z)l = ~ . 

COROLLARY 2. If ~z ~.,-r, ,~ 2 ,  then the la t t i ce  Z ( 6 % , , , )  does not  sa t i s fy  the t e r m i n a t i o n  condi t ion  

for  d e c r e a s i n g  cha in s .  

F o r  s ince  the se t  of f in i t e ly  a x i o m a t i z a b l e  s u b m a n i f o l d s  of the man i fo ld  C¢,,,,~ is no m o r e  than denu-  

m e r a b l e ,  i t  fol lows that  when ,z ~ rrz ~.; the re  e x i s t s  a subma n i f o l d  in 6%~.,~ which does not  have a f ini te  

b a s i s  of iden t i ty  r e l a t i o n s h i p s .  So when ,~,~2_ there  a l so  ex i s t s  an in f in i te  s t r i c t l y  d e c r e a s i n g  chain  of 

s u b m a n i f o l d s  of ~',,,,,, . 

§ 5. THE LATTICE LCOY.~) 

The manifold OZ~.¢ is of the type < 4, 7'> and is defined by the system of identities (1)when .rz= ~_= ~ , 

that is by the identities 
~ <~:~ = ~v = ¢~)~c:r). (9) 
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Let  ] be a l a t t i ce  of pos i t ive  i n t e g e r s  with the r e l a t i o n s h i p  of d iv i s ib i l i t y .  Jo i n i ng  z e r o  0 and uni t  1 

to i t  e x t e r n a l l y  (cf. [8]), we obta in  a new la t t i ce  which we sha l l  denote  by y * .  

THEOREM 8. Each  subman i fo ld  of the man i fo ld  ~ , e  m a y  be def ined wi th in  ~ by a s ing le  iden t i ty  

and the i s o m o r p h i s m  

holds .  

Proof .  F o r  the o p e r a t o r s  ~,~) we adopt  o p e r a t o r  no ta t ion ,  and we sha l l  f i r s t  show that  e v e r y  s u b -  
man i fo ld  of o/,~ can be def ined wi th in  c2~,e only by one of the i den t i t i e s  

~---x, x = ~ ,  : v ~ = ~  c ~ ) .  (I0) 

We sha l l  denote a subman i fo ld  of o~,~ , which  c o n s i s t s  of s i n g l e - e l e m e n t  a l g e b r a s . b y  ~' . It m a y  be 

def ined by the iden t i ty  _r=y , and the man i fo ld  CZt. ¢ i t s e l f  (within i tself)  by the iden t i ty  ~r=.~ . We sha l l  

denote  by c~.v the subman i fo ld  defined in or~,¢ by the iden t i ty  ~ - ~ * = x  ( •  ~ t )  . 

Let  ~" be a ova, t - f r e e  a l g e b r a  with one f ree  g e n e r a t o r  x- . We sha l l  a l s o  c o n s i d e r  the a b s o l u t e l y  

f ree  a l g e b r a  ~ of the type < 4, ~> over  the s e t  {x} . The a l g e b r a  $" wi l l  be a f ac to r  a l g e b r a  of $'o with 
r e s p e c t  to the v e r b a l  c o n g r u e n c e  @ c o r r e s p o n d i n g  to the s y s t e m  of i den t i t i e s  (9). We r e c a l l  t ha t t he  t e r m s  

¢~ ~ ~ ,co a r e  in the relat ionstLip ~ if and only if it  is  pos s ib l e  to pa s s  f rom one of them to the o t he r  by a 

f in i te  n u m b e r  of t r a n s f o r m a t i o n s  of the fo rm u ~ , ~  ---- ~ , ~ , ~ ) , p ~ - ~ .  It  fol lows f rom this  that  e v e r y  t e r m  
~o~,c~  . . .  0% of ~. ~_~ is c o m p a r a b l e  in r e l a t i o n  to tp with a t e r m  of the fo rm ~= ~ ~ or  ,v~,) ~ (~ >/o) . 

Since what we a re  i n t e r e s t e d  in is  iden t i ty  r e l a t i o n s h i p s  in Oz',~ - a l g e b r a s  which a r e  not  c o r o l l a r i e s  

of the s y s t e m  (9), we m a y  r e s t r i c t  o u r s e l v e s  to c o n s i d e r i n g  f o r m a l  equa t ions  in e l e m e n t s  of ~" ,  that  is 
equa t ions  of the fo rm:  

.~(P~= ~(P~ =co)*= ~/u.) e, .~(,@~=~ 

where  ~ ~ ~ ~ o . Re la t ive  to (9) they a re  e q u i v a l e n t  r e s p e c t i v e l y  to the i den t i t i e s  

.~C,,~-Z' .~ Z. ~ . ~ . ) ~ - z ~  _ :~. , _2:~.F$~-~ .~ ,  

which in there turn can be reduced by means of identities (9) to identities of the form 

-~ ~ ,  (~  ~ O )  . 

Since the iden t i ty  r e l a t i o n s h i p  x , ~ = y  i m p l i e s  the iden t i ty  a :=~,  , i t  fol lows that e v e r y  s u b m a n i f o l d  

of C2/~,¢ which is d i s t i n c t  f rom ~ can be def ined within oV,, only by a s y s t e m  of i den t i t i e s  of the fo rm 

x(~  ~--~ zv l~ ~ o )  . 

Let  ~ ~ ~ be an a r b i t r a r y  subman i fo ld  of oz¢,, . If i t  does not  have ident i ty  r e l a t i o n s h i p s  of the 

fo rm ~:v'~=-v ( ~ o ) ,  then by what  has  b e e n  p roved  ~---- cx~,, . 

Let  ,~  be d i s t i n c t  not only f r o m  K but  a l so  f rom c2Qe . We sha l l  denote  by  $~ the l e a s t  pos i t ive  

va lue  of the n u m b e r  :~ for  which the iden t i ty  xv ,~=,~  holds  in .~- .  Then  for  an a r b i t r a r y  iden t i ty  r e l a t i o n -  

ship  ~ , ~ =  x in ~ we sha l l  have ~ / 4  . Thus the subma n i f o l d  ~ m a y  be def ined wi th in  (7~,~ only by  

the s ing le  iden t i ty  ~ o - - - ~ :  , that  i s  ~ =  ~ , r ~ .  

We sha l l  show that  If ~ ~=~,  then ~'~'~--~,~ ~: ,vFr~--~,~ . Le t  ~ • ~ . ,'? = ~ ¢.,% . . . .  z'} . ~--  c¢.~ . . . . .  ~') 

be a cyc l i c  p e r m u t a t i o n  over  the s e t  ~, , , ) = , ~ - ' .  Then the a l g e b r a  ~?=<,~, ~ , ~ >  be longs  to the man i fo ld  
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¢~ s i n c e ,  for  e x a m p l e ,  (Z ¢~) s i nce  :r~, ,c , )=x, .~,~=x and . ~ . c , . ~  for  a r b i t r a r y  .r~,,~ H o w e v e r , ~ 4 _ _ t ,  e ¢,¢ ~ o 

(*; c 6A "¢~; We shall consider the alge- C l e a r l y ,  if ~ / g  then ~ c~ c_ 6v ed) C o n v e r s e l y ,  le t  6'~.¢ ~.¢ , ~r£ ~, ¢ ¢,¥ • • 

bra <,~. ~ : , ,  where 

~= { ~,2 . . . . .  -J J ,  ~=c, ' .2 , . . . ,~)  

is  a cyc le  of l ength  -~ , . ,~= , , , - "  Since th is  a l g e b r a  be longs  to the man i fo ld  f2z c~) and the i n c l u s i o n  , . / . ¥  

~ , ~ c  ' ~  ho lds ,  . v ~ = _ z -  f o r a l l  - ~ e ~ Z , w h e n c e  $ / ~ , s i n c e  t h e e l e m e n t  "P in the p e r m u t a t i o n  group  t . ¢  f- '~'z. , ,  

ove r  the s e t  ,'~ is  of o r d e r  • Thus  the m a p p i n g  6 ' ~ . , ~  2", 6z  ' ~  • ,,, - -  ~,  ~ - -  o is  an i s o m o r p h i s m  of the 

l a t t i ce  /. ~c~,,¢) onto the la t t i ce  ~ 

This  p r o v e s  T h e o r e m  8. 

COROLLARY 1. The man i fo ld  o~ ,v of the type ~ ~, ¢ > def ined by the i den t i t i e s  4 , "  

and only it  a m o n g  the s u b m a n i f o l d s  of the man i fo ld  c)Q,. , is equa t i ona l l y  comple te .  

F r o m  T h e o r e m s  3.and 7 we obta in  

COROLLARY 2. F o r  an a r b i t r a r y  i n t e g e r  r,~ ,~,  the la t t i ce  of s u b m a n i f o l d s  / ~ ( ~ p , )  of the m a n i -  

fold (z,,,,,~ does not  s a t i s f y  the t e r m i n a t i o n  condi t ion  fo r  i n c r e a s i n g  cha ins .  

l o  
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