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Two groups  G and G' a r e  ca l l ed  e l e m e n t a r i l y  equivalent  if  the t ruth of any c losed  formula  of the group 
s igna ture  on one group imp l i e s  the t ru th  of the formula  on the other  group.  If each  c losed  formula  of the 
group s igna ture  not containing ex i s t en t i a l  quant i f i e r s  is  t rue  on G if and only if i t  i s  t rue  on G' ,  then G and 
G' a r e  ca l led  un ive r sa l l y  equivalent .  The quest ion na tu ra l ly  a r i s e s  as  to the p r e s e r v a t i o n  of e l e m e n t a r y  
equivalence  when group ope ra t ions  a r e  appl ied.  I t  is  for example  well known that  e l e m e n t a r y  equivalence i s  
p r e s e r v e d  under  the d i r e c t  and c a r t e s i a n  group p roduc t s .  The analogous quest ion for  the f ree  group produc t  
i s  s t i l l  open. The quest ion r e g a r d i n g  p r e s e r v a t i o n  of e l e m e n t a r y  equivalence for the group wreath  produc t  
was s ta ted  by M. I. Kargapo lov  in [1]. We give a negat ive answer  to this  quest ion he re .  More p r e c i s e l y ,  we 
cons t ruc t  groups  A, B, A ' ,  and B'  such that  A is  e l e m e n t a r i l y  equivalent  to A ' ,  B is  e l e m e n t a r i l y  equivalent  
to B'  but the d i s c r e t e  wrea th  p roduc t  of A and B is  not equivalent  to the d i s c r e t e  wrea th  produc t  of A'  and 
B T . 

Let  A and B be addi t ive  groups ,  and G the i r  d i s c r e t e  wreath  producL. This  means  that for  each e l e -  

ment  bEB there  is  an i s o m o r p h i s m  a ~ a  of A onto i t s  i somorph  A (b) and G = A • B, where ~7--- fTR ~) , 
geB 

f,a(6')g -' = c~ ~d'+6J for  a l l  ~ze~7 , $,g~E B . By the b e a r e r  of an e l e m e n t f E A  we mean the se t  ~ ( f )  of bEB for 
which the b - th  component  o f f ,  d e n o t e d f ( b ) ,  i s  not equal to 0. Let  Gp be the d i s c r e t e  wreath  product  of the 
infini te cyc l ic  group A and the d i r e c t  sum Bp of three  cyc l ic  groups of s imple  o r d e r  p. We take A to be the 
addi t ive  group of i n t e g e r s  and denote the e l emen t s  of Bp by t r i p l e s  (n,m,s) of r ea l  numbers  taken modulo p. 

LEMMA. There  ex i s t s  an e l emen t  go belonging to the commutant  of Gp which cannot be wr i t ten  in 
the form 

I I for  any ] , ~ e f f  and r~0rrz.SL (rz. rre. O ) e B p  . Here as  usual  [a, b] denotes  the commuta to r  a g a - ~  - '  . 

P roof .  We define the e l emen t  go thus:  

~o ( o , 0 , 0 ) = 6 ,  ~o(O,O,I)=-B, ~otO,/.O) = - 2 ,  ~/o (/,O, O) *=- ¢ and ~(~)=O 

for the r ema in ing  bEB. It  i s  e a sy  to see  from C o r o l l a r y  4.5 of [2] that go belongs to the commutant  of Gp. 

We f i r s t  note that  go cannot be wr i t t en  as  

Otherwise we would have 

P-f  p- i  

The left  s ide is  here  equal  to 3 ,as  in evident  f rom the defini t ion of go. I t  i s  ea sy  to ve r i fy  that 

p - i  p - I  

~2 rf.c,~.~.o~J¢~.j.o,=Y, Cfl(,~.~.o,3 (i.j.,,). 
4"=0 ~,j. , , :  o 

(1) 

(2) 

T r a n s l a t e d  f rom Algeb ra  i Logika,  Vol. 7, No. 4, Ju ly -Augus t ,  1968. Or ig ina l  a r t i c l e  submit ted  May 
17, 1968. 
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• • ! . , I • • 

w h e r e f '  of h xs de f ined  by:  J;(~.,.],o)=](~;,./,o) , f g . , J , g ) = 0  fo r  g4  i . , j ' . .<p-i ,~4g~p-¢ . The r i g h t  s ide  of (2) 
i s  equa l  to 0 by C o r o l l a r y  4.5 o f [ 2 ] .  The r i g h t  s ide  of (1) i s  t h e r e f o r e  a l s o  equa l  to 0. Th i s  m e a n s  tha t  
go canno t  be w r i t t e n  a s  s p e c i f i e d  in  the  l e m m a  for  s = 0. 

Now l e t  s ~ 0. We i n t r o d u c e  the a b b r e v i a t i o n s  

• . . F ( i , , j , ~  

::) ~(',.j, ,~l)- ?(~'a.Jz.~, >= tz, j ,  

and e x a m i n e  the fo l lowing  s u m s :  

P-~ ~-Ion ~ -g.n,  - K m  ~ - D ' n ,  - - es  ) 
T]. F -(z+O s (3) 

and 

P-f ( - £ r t t , - K ~ r t - g r r d , - ~ S )  

e=o \ - ~  rt - (~-~) ~ ' , -K, 'r t  - ( ~ + ~ )  r , . t / -K  s ' 

We note tha t  ,C(  ~ , j ~ )  ~' /L.  j , L-r~ . j - r n : ~ - s  + ' t~-rd, j'-~:~<) i s  equa l  to ~o (~:,j,K), p r o v i d e d  qo i s  w r i t t e n  a s  the sum 

of the  two c o m m u t a t o r s  s p e c i f i e d  in the l e m m a .  It  i s  e v ide n t  tha t  (3) and (4) a r e  equa l  to 0, so 

p.-f 

1 / 
But on the o t h e r  hand th i s  l a s t  sum i s  not  l e s s  than  1. F o r  the e l e m e n t  ~rLr~,O/ of  Bp i s  not equa l  to 0; 

P - '  F ( - ,~ n , - -  , . - r =  , - ,~ s I ~ - '  
o t h e r w i s e  ~ \-<~+nn.-(K~-nm,-(K÷Vsl would be equa l  to 0 on the one hand and e q u a l  to ~ ~o(--Kn.--Km, --KS) 

on the o t h e r ,  but  t h i s  l a s t  sum is  not  l e s s  than  3, s i n c e  s ~ 0. So ( r ~ r n ' , o ) ~  o and th i s  m e a n s  tha t  the 
s y s t e m  

-- ~m.. -- e r r  I ------ o ,  

- . ~ , - - ~  - -  e r r t  I -  O ,  

- - K S  - - 0  

modu lo  p has  the unique t r i v i a l  s o l u t i o n  e_~K = o .  T h e r e f o r e  e a c h  of the t h r e e  s y s t e m s  

-Krz --~'n ~ ~ E I ,  

--Krrz - -Cr ' rz ' - - - -  £ z ,  

--KS ~ E ~  

w h e r e  (~ , .  E 2 , ~ )=o ,o ,o~ .  (o,t. o j, (o, o, ~ ,  ha s  not  m o r e  than  one so lu t ion .  In  a d d i t i o n ,  not  m o r e  than  two of 
t h e s e  t h r e e  s y s t e m s  a r e  s i m u l t a n e o u s l y  c o m p a t i b l e .  F r o m  th i s  and the de f in i t i on  of go we f ind tha t  

p-I 

K,l=O 

T h i s  c o n t r a d i c t i o n  p r o v e s  the l e m m a .  

Le t  G be the s e m i d i r e c t  p r o d u c t  of the A b e l i a n  g r o u p s  A and B with a n o r m a l  s u b g r o u p  of A. We s h a l l  
h e r e a f t e r  r e q u i r e  the  fo l lowing  e a s i l y  v e r i f i a b l e  r e l a t i o n s  in  G. F o r  any aEA and bEB and any  i n t e g e r  m 
t h e r e  e x i s t s  an e l e m e n t  a '  EA such  tha t  

[,-,, ~"~] = [ a ' ,  t, ] .  (5) 
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The fol lowing hold for  any  ~z~ . aze  ~7. $~,~z e B :  

4-'], (6) 

[=, =, # , ]  (7) 

Using  (5), (6), and (7), we obtain  the fol lowing 

COROLLARY.  Let  G be the d i s c r e t e  wrea th  p r o d u c t  of the infinite cyc l i c  group A and the d i r e c t  sum 
B of  n infinite cyc l i c  g roups .  Then  each  e l e m e n t  of the c o m m u t a n t  of G can be wr i t t en  as  the sum of m o r e  

than C n+~7 .~ c o m m u t a t o r s .  

P roo f .  A c c o r d i n g  to (7) e a c h  c o m m u t a t o r  of G can be wr i t t en  as  the sum of two c o m m u t a t o r s  of the 

f o r m  ~] ,~ ] ,  . / e f t ,  [,~ ~ .  But it  fol lows f r o m  (5) and (6) that  E ] ,~ ]  = ~  C / i ,  ~L] , where  ] i  ~ ,  ~:  is the 

g e n e r a t o r  of the i - th  d i r e c t  sum of  B. The c o r o l l a r y  follows f rom this  by e a s y  computa t ion .  We note that 
the c o r o l l a r y  r e m a i n s  t rue  and with a l m o s t  the s a m e  p roo f  if the cyc l i c  s u m s  of B a r e  r ep l aced  by loca l ly  
cyc l i c  ones .  

THEOREM 1. If  g roups  A and B a r e  e l e m e n t a r i l y  equiva len t  to A'  and B '  r e s p e c t i v e l y ,  it does  not 
follow that  the wrea th  p r o d u c t  G of A and B is  e l e m e n t a r i l y  equivalent  to the wrea th  p roduc t  G'  of A '  and B ' .  

P roo f .  Let  A, A ' ,  and B be infinite cyc l i c  g roups  and let B '  be t k  4 i r e c t  sum of an infinite cyc l i c  
g roup  and two i s o m o r p h s  of the addi t ive group of the ra t iona l  n u m b e r s .  It  is  ea sy  to see  f rom the c r i t e r i o n  
for  the e l e m e n t a r y  equ iva lence  of Abel ian  g roups  that  B and B'  a re  e l e m e n t a r i l y  equivalent .  By apply ing  the 
c o r o l l a r y  we find that  each  e l e m e n t  of  the c o m m u t a n t  of G is  a c o m m u t a t o r ,  i . e . ,  the fol lowing 

is t rue  in G. On the o the r  hand we can  find in G ~ a g~ f rom the c o m m u t a n t  which is a lso  not a c o m m u t a t o r .  
F o r  let  

/ 9a¢o,o,o~=6, ~[,¢o,o,~=-.~, 9o¢o,~,o~=-2, ~'o(',o,o~ =-t 

and ~,~ c ~ ) = °  fo r  the r e m a i n i n g  ~ B .  (The e l e m e n t s  of B t a r e  t r i p l e s  (rl, r2 ,n) ,  where  r i ,  r 2 a r e  ra t iona l  
and n i s  an in teger . )  By C o r o l l a r y  4.5 of  [2], g~ be longs  to the c o m m u t a n t  of  G ~. We a s s u m e  that  g~ is  a 
c o m m u t a t o r ,  i .e . ,  

I 

where  ] ,  ~ ~ ~ /  (%, zz ,  n ) ,  ( ~ ,  clz , i-~)e B ~ . Using  (5) and (6) we r ewr i t e  g~ as :  

t I ' ' , o f l + [ ~ , ' ,  ,~' %,,~J:] go = E/', ~ , ,  z~ c , , ,  
t O) i i B( where  ] ' ,  ~ ' e  • '  f z / , ~  z,  , , ¢ ~ / ,  c-/z , m ',~ e 

We examine the finite set 

/ I I I I 

of t r i p l e s  of  r a t iona l  n u m b e r s .  Let  R be the c o m m o n  denomina to r  of these  n u m b e r s .  We c o n s i d e r  g0 f rom 
the wrea th  p r o d u c t  G of the infinite cyc l i c  group C and the d i r e c t  sum B of the th ree  infinite cyc l i c  g roups  
spec i f ied  by 

c~o (~) = 0 for the remaining [~ ~. 

We e a s i l y  note that  g0 can  be wr i t t en  as  
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where F ge C , C~, E, s~, c~',e~o) e~. 

We map B homomorph ica l ly  onto the d i rec t  sum of three  cycl ic  groups of s imple  o rde r  P, where P 
sa t i s f ies  g -  / (r,.,odP). We extend this homomorph i sm in a natural  manner  to a homomorph i sm ¢ of ~ onto 
Gp and find that {oW=~oe Gp. This cont rad ic t s  the l emma ,  and the theorem is proved.  

THEOREM 2. I f  group A is un iversa l ly  equivalent  to group A' and group B is un iversa l ly  equivalent  
to group B' ,  then the d i sc re te  wreath  product  G of A and B is un iversa l ly  equivalent  to the d i sc re t e  wreath  
product  G' of A' and B' .  

Proof .  We note that two groups are  un iversa l ly  equivalent  if and only if each finite submodel  of the 
f i r s t  group has an i somorph ic  submodel  in the o ther  group and converse ly .  

Let  M=tg, ..... 9:} be an a r b i t r a r y  finite submodel  of G' .  By using mult ipl icat ion notation we can wri te  
each e lement  ~Le~4 as 7£= ~6~6 , where ~zLe ~ ~66~B. Fur the r ,  let 

rL ~6~=~={6, ..... ~ } .  

I I I 
We can cor respond  the finite submodel  {$, ..... gs,g, ...... $,~} of G' with the i somorph ic  submodel  {e,,...,6~.e,; .... , 

J ! 1 
$,,.~} of G !, bj be ingplaced in co r respondence  with bj and bii with bii. We now cons ider  the finite submodel  

of A and find the submodel  {¢aie~.~)' } in A' i somorph ic  to it. I t  is e a sy  to ve r i fy  that the mapping ~: ~L--~' = a~ ~[. 
will be an i somorph i sm of M onto M'=  {~/ ..... ~'n} if we se t  

CA L, ~.Ic ) ~ [ f otherwise. 

This p roves  the theorem.  

The author wishes to thank M. I.  Kargapolov for s ta t ing the p rob lem and providing valuable advice.  
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