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1. Let U c R n be an open domain, I.e., a connected open set,  and let f : U ~  Fi n be a cer ta in  mapping. 
We say that the mapping f behmgs to the c l a s s  Wn'(U ) i f  each of the real  functions ft, fz . . . . .  fn constituting 
the vector  function f is locally additive in U and has therein general ized first  derivat ives (see [7]) locally 
additive in U in the n- th  power .  

Let fEWnt(U). We se t  

I t  t t  

_._ v v r r ] '  ,t,, (.z', [ )  -- ~ .~ - (2") , ] ( r ,  f) = ( le t  ( i ,  ] ~ ! ,  2 . . . . .  n) .  
, - t  J~, L o.,~ \ o.,,i t 

A mapping f:U ~ R n of the c lass  WbI(U ) is called a mapping with bounded distort ion if there exists  a 
constant K(1 ~ K < ~-) such that for a lmost  all xEU 

[k (z,  1) ] ~-  < n ~ ~ K ~ l ( x ,  ]).  

We denote the least possible value of the constant K by the symbol q(f) and call it the distortion coefficient 
of the mapping f (in the terminology introduced in [3] q(f) is the distort ion coefficient of f in the conformaI  
norm M2). 

The notion of a mapping with bounded distort ion was introduced in [I].  its cha rac te r i s t i c s  a r e i n v e s -  
tigated in [2] and [3]. 

The notion of a mapping with bounded distort ion is s imi la r  to that of a quasi-conformal  mapping in 
space . .Mapp ings  with bounded distort ion arc  essent ial ly  muttishocted quas i -conformal  mappings in space.  

I,et G ~ R n be a compact  domain, i.e., a compact  set, the open kernel of which is connected and is 
such that the c losure  of the open kernel of G coincides with G. V,'o consider tlxe a rb i t r a ry  continuous map-  
ping f:G --  II n. Every  point yE R n such that y6f(Fr G) (Fr A is the boundary of a set A ~a R n) can bc com-  
pared with a cer ta in  number  #(y, f) represent ing  the index of the point y with respect  to the mapping f (see 
[5,6], for example,  for a definition o f thq  index function). Additional information needed with regard to the 
index may also be found in [2]. 

Let U c R n be an open domain in tl n. We say that a mapping f:U - -  R n sat isf ies  the index boundedness 
condition if for eve ry  compact  domain G c U the function y-~ u (y, f G) is bounded. 

Eve ry  mapping with bounded distort ion is continuous, as proved in ill .  The purpose of the present  
ar t ic le  is to demonst ra te  that eve ry  mapping with bounded distort ion sat isf ies the index boum'edncss con-  
dition. 

The index boundedness condition was introduced in [2] as an additional requirement  on the mapping in 
the investigation of mappings with bounded distort ion.  It  follows from the resul ts  of the present  ar t ic le ,  
therefore ,  that the requi rement  is in fact not a res t r ic t ion .  

We can lean heavily on the resul ts  of [4] for  the proof  of the fundamental theorem. 

Let f:O - - R  n be a mapping with bounded distort ion.  We use the following notation: 

l,. ~ = ah / ozt, I , i  = Ol / Oz~. 
The I terated subscripts indicate summation f rom 1 t o  n. We let Lf(x) denote the matrLx [[fi,j [[- The matr ix  
Lf(x) is defined a lmos t  everywhere  in U. At eve ry  point x where Lf(x} ~ 0 we have Lf(x) = J(x, f) ~ 0. We put 
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0 ( : )  ~ 0 ( : . / 1  ~ ( G ) ' ( / - ? r ' ( d ~ t  t.,) ~ . ( : .11 

I t  a point  where  det  Lf ,' 0 (l.I* 1.~ the t r a n s p o s e  of the m a t r i x  Lf), a M  

O(zl  ,~ / ( 2 . 2 1  

{where I Is the, unit matrix1 at a point whe re  det  14 = O. The  m a t r i x  O(x) ts a s y m m e t r i c  pos i t ive  definite 
matrLx,  whe re  dot O(x) ~ 1, and the s m a l l e s t  and l a r g e s t  e lgenva lucs  of  the ma t r ix  O(x) lie in the interval  
[ a ,  l /c r ] ,  w h e r e  0 < ~ -~ 1, and ct depends  only on the d i s t o r t i on  coeff ic ient  q ~ q(f) of the mapping  f. 

We a l s o  note the fol lowing p r o p e r t y  of the matrLx O: 

' # G "  = O/, ( 2 . 3 )  

where  D = (det Lf)2/n. 

Let  f :U -~ R n r e p r e s e n t  a cont inuous  mapping  of  the c l a s s  Wnl.  We a s s u m e  that  f is no~ ident ica l ly  
equal  to z e r o  in the domain  U, and we let V b e  the se t  of all  xEU fo r  which f(x I ~ 0. T h e s c t V i s  open, 
and the fol lowing e x t c r l o r  d i f ferent ia l  f o r m  wf of o r d e r  n-1  is defineci in it :  

| r 

~ =  ,--~,,~ ( - - t ) ' - 'h4hA. . .Ad l~A A~tI~ 
I / 1 '  , . ,  " ' "  

(the s ign " o v e r  the subsc r ip t  means  that  the c o r r e s p o n d i n g  t e r m  is to be d ropped  1. 

LEMMA 1. F o r  e v e r y  function rl(~Wnt(U ) whose  c a r r i e z  is c o m p a c t  and is conta ined in the se t  V 

l d q / k %  = O. (2.41 

.Proof. We a s s u m e  f i r s t  that the funct ions  77 and f a r e  infini tely d i f fe ren t i ab lc .  The funct ion 71 is 
c l e a r l y  r e p r e s e n t a b l e  in the fo rm 77 : ~i ~ r/2 * �9 �9 ~ r/m, where  each  of the funct ions r~s{~C ~ and is such 
that  its c a r r i e r  is conta ined in some  c losed  sphe re  Qs r v .  Let  F s be su i tab ly  o r ien ted  bounda ry  of the 
sphe re  Qs.  Then  

I n a s m u c h  as  71 s = 0 on I s ,  wc have 

r .  Q, o e 

An e l e m e n t a r y  ca lcu la t ion  shows that dwf = 0, whence  it fol lows that  

Summing  over  s,  we obtain 

l dq, A ~  = ~ ,  d,1, A ~~ = 0. 

I a. Ao, = 0. 

We now c o n s i d e r  the gene ra l  c a s e .  Let  S c V be the c a r r i e r  of a funct ion 77, and let V' be an open 
s e t  such  that  S c V ' ,  while the c l o s u r e  of  V '  is c o m p a c t  and conta ined in V. Let  ~Th and fh be a v e r a g e  func-  
t ions  in the s e n s e  of [7] fo r  the funct ions  ~9 and f, r e s p e c t i v e l y .  Then fo r  suf f ic ien t ly  smal l  h (h< h0) the 
funct ions  71 h and fh a r e  defined on the se t  V ' ,  whe re  the c a r r i e r  of 71 h is conta ined in V' .  As h ~ 0 we find 
fh - ' f  u n i f o r m l y  on V' .  I t  follows that the re  e x i s t s  an  h i -< h 0 (h i > O) such  that  [[fh(x)ll > 0 for  0 < h < h t 
and fo r  all  xEV ' ,  so  that the f o r m  Wfh is def ined on V' .  We have I[~?h-l?[IWn(Vi--- 0 and I I fh- f lwn(v)  - - '0  as  
h ' - "  0. Hence (see [8], L e m m a  6) 
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as  h - ~  (it is a s s u m e d  In the left equat ion  tidal h < ht). Fo r  h < h| ,  by what haa been p roved ,  

s o  that  

~ d% A ~1,, =" 0 

~d,1/koi  ~ O. 
P 

which  it was  r equ i red  to  p rove .  

Now let  f:U ~ R n be a mapping  with bounded d i s to r t i on .  We a s s u m e  that  f is not fdent icMly equal  to 
z e r o  in U, and we say ,  as  be fo re ,  that  V is the se t  of all x6 U for  which f(x) ,~ 0. Let  us examine  thc func-  
t ion  

i (2.5) 
. (,) =., (;) = In 1"~Tfl" 

The  funct ion u is defined and cont inuous on the se t  V. M o r e o v e r ,  ff A = U \ V  is the se t  of  all  xEU for  which 
f(x) = O, then for  e v e r y  point x ' E A  t h a t  is an  aeeunmia t ion  point  for  V we have u( •  ~ ~ when x ~ x ' .  It is 
r e ad i l y  seen  a l so  that  u ~ Wni(V). 

We now examine  the functional  

K(L,, I, A) = I {% (*) u, ,(.~) u,j (.0}":~d.r, 
A 

(2.6) 

where  A ~ V is an  a r b i t r a r y  compac t  set ,  v is a function of the c l a s s  Wx~(U), and 0(• : (0tj(x)) = 0f(x) is a 
matrb< defined by the condi t ions  (2.1) and (2.2). It is a s imple  m a t t e r  to ~how that the funct ion 

~'(z, p) = {0o(x)p,pJ ~'~ 

m e e t s  all the condi t ions  of [41. The  exponent  ot spec i f ied  in these  condi t ions  is equal to n in this c a s e .  

L E M S b \  2. The function u defined by Eq. (2.5) a c c o r d i n g  to the mapping  f:U - -  R n is an e x t r e m a [  
funct ion for  the functional  (2.6) on the s e t  V. 

P roo f .  As shown in [4], it is suf f ic ien t  to p rove  that  u is a s t a t i o n a r y  funct ion of the function:ll  (2.6), 
L e . ,  that  fo r  e v e r y  funct ion ~(~WnI(V) finite in V 

I F~l(z , Vu) Tl, ldx = 0, 

w h e r e  F(x, p) = (0ij(x)plpj) n/2. We have 

M o r e o v e r ,  

P=j (r, Vu) % t = n (O.u, , . ,  ,)n,'-'O,,.. ,q. ~. 

u , , = M ~ . , / I / I  = ( ~ = t , 2  . . . . .  . ) .  

Hence  
! 

eu , ,  ,~, j = ~ % h . , / , .  j l ,h .  

B y  v i r tue  of  (2.3) ,  fk, l e i , j  = D 6k l ,  w h e r e  D = [J(x , f )~ /n ,  S k / =  1 for k = l ,  and 51d 0 for k Thus  

! 
e~B,, ,. j : / ~  DaJdd,. (2.7) 
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F u r t h e r m o r e ,  It foll(~vs f rom (2.3) that  

t, lO ,=  D ( l , l ' )  "~ (2 .8)  

at  every point where Lf ,' O. We denote by Ykl i the signed minor of the element fk, I of the matrix l,f ~ (fk. I). 
Then 

q.t*) -~ ,= (Y,,  / D,~).  (2.9) 

F r o m  the re la t ions  (2.8) and (2.9) we obtain 

and, f inally,  

I | �9 YajI,~I, ,~ 
eou. , q, l = I'iT' o,jh h. , q. ~ = ~ (Li O),,f,~, ~ = I t  t ' - 0" ' - '  

D,~-| y , , f ,q .  Y .  lJq. 
(e,,u,,u,~),,~-|%u.,q,~ ,=III,,_,III:~D..., ' =- I / 1 ~ .  

( 2 .10 )  

Equation (2.10) has thus been p roved  at  points x where  I.f ~ 0. Wherever  Lf = 0 we have fk, i = 0 for  all  k 
and i, whence it is c l e a r  that (2.10) is a l so  t rue  wl)erever  Lf = 0. We have 

]1,1, ,/l,s . . . . .  fl.~ 

~ . - , . | ,  fk  - | , ,  . . . .  , f i l - | . l t  

~1.| 'q.s , . . . .  11. 

1,.|.|. l*. t . ,  . . . . .  1,.,.., 

H e n c e  

-~ (--  l )*-tdq /\  dlt A . . .  A dl~" A . . .  A d/,. 

I t  follows f rom this equation that  

(%u, tu, ~)~-I Ot/i ' trl, jdxt /~ dzl A . . . A dx, 

('i  = d q A  I ~ '  (-- t)*-U, dI, A . . . A d l ; , A . . .  A d / , )  == dnA{o~. 

By L e m m a  1 we obtain 

I Fpj (:r, u, t) q, dx:= t dq /~  ~ O. 
t* 

t 

LEMMA 3. Let f:U "-" R n, where  U is a domain in R n, be a mapping with bounded dis tor t ion.  If f is 
not identical ly constant  in U, then the complete  image of a point in the mapping f is a set  of ze ro  n-capaci ty .  

Proof .  Let u(~R n be an a r b i t r a r y  point.  The se t  A : f-t(y) is closed with respec t  to U, and V = U\A 
is an open se t .  Replacing fix) by g(x) = f (x)-y  in the preceding  a r~Jmen t s ,  we deduce that the function 

t 
v t.~) = I n  ] T V i  - y l 

Is  c o n t i n u o u s  on the  s e t  V and i s  an e x t r e m a l  function for  the functional 

l ( % u ,  u. j)"~dz I 

o n  the  s e t  V .  A s  x t e n d s  to  any boundary  point of  A ,  c lear ly ,  .v(x)-" *% We see ,  the re fore ,  that all  the con- 
dit ions of the t heo rem  of [4] a r e  met ,  so  that the n -capac i ty  of the se t  A i s  equal to ze ro .  The l e m m a  is 
p roved .  
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T_ t[t:OtH~:~tt |~'t f:I! =~' R n b~ an a r b i t r a r y  mappinll with b~,mded dl:~tovti,n, Then I ~ di:ffies the |nd,,x 
bo~adcdne~;~ comltt bin, 

P ro0~ The theorem ts (~bvimm if f is identically conut;mt on U'. l~'~t us supim:~e ~hat this is not so. 

I~'t x~t ~ U bc an a rb i t r a r  5 p~int of the domain U, and lot y~ = f(,%), llv l~,mma 2 dm set  A f-t(yG) has 
z e ro  n-capaci ty ,  licnce A is a .~,et whose Iim-ar Hausdorff  mr.a,~ure is cqq:d to ~.ero ([2], C(wollary I to 
Theorem l ,  Section 3). We dem,te by Q.F(xo) the ball {x(-Rn:l• < r}, and by Sr(Xo) th,, sphere  {x(" lln:[x-xo[ 

r}. Then for a lmost  all r t~(0, ~) the sphere  St(x0) (h~s not contain pdints of the set A. We assigm an ro> 0 
such that Qr0(x0)c U and SrQ(X 0 n A ::: O. The point Ye does not belong t o  U~e set f(Fr Q~), hence the quan- 
t i ty pe P(Y0, f[Q0) is defined, l.ct V be the connected component of the set  Rn"kf(Fr Q~) containing the point 
y~. Then for all y(~V wc have p(y, f[Q0) = iaa. 

Now let rl be such that 0 < .  , . rl < r0and f[Qr, (:<~)] c ~ ; .  �9 V'e se t  QI .=Qrr  {x~)<. F o r y ~  ~ ~ e have,, c l ea r ly ,p  (y, 
f ] Q I ) ' l -  F o r y  ~V~:ehave U(Y, f [Qt) r # ( y ,  I |  Q~) by vi r tue  of the p rope r t i e s  of the index of mappings 
with bounded dis tor t ion.  We infer,  ~ e r e f o r e ,  that the function u(y, f [QI! is bounded, and ply:  f lQ0~t~  
for all y ~ f (Fr  QI}- For  every  compact  domain G lying in the open ball QI we haveu (y ,  f iG)  ~ u ( y , f  [Q[) 
-~p~. l tence,  by Theorem 3 of [2], Section 4, it follows that f-I (ye)13Qt compr i s e s  at m o s t g  0 e lements .  
Consequently, there  exists  a ball Qr~ (x0) such that 0 < r~ ~ rl and f(x)~- f(x~) for ~Qr~ (xo) if x * xo. 

Consequently,  eve ry  point xL(~ U has a spher ica l  neighborhood Q such that Q ~_ U, the function # 0", flQ) 
is bounded, and f(x) ~ f(x~) for x~Q if x * x 0. This means that for  e v e r y  point x0~U it is possible to specify 
an integer j(x~,f) as the index of the mapping f at the point x 0. Here 

l ( * o ,  I )  = ~,(yo, llO), 
~hcre  Q is the neighborhood indicated above. It fo l lowstha t  j(x~,f) e I for  eve ry  x0EU. We call a neighbor-  
hood Q having the stated p roper t i es  a normal  neighborhood of the point x~. 

Now let G c U be an a r b i t r a r y  compact domain.  For  ev e ry  point x6G we cons t ruc t  its normal  neigh- 
borhood.  By the compactness  of G there exis ts  a finite sys tem of norm:it neighborhr Q1, Q2 . . . . .  Qm 
covering G. Let y~f(G), and Iet y~ f (F r  G), Each of the sets  f - t (y) i ]Qiis  finite, tlence it follows that the set 
A = f-~(y) ~ G is finite. We have 

p (,J, I t c,) = ,~ i (~, 1 +  
ag.,r 

For  eve ry  i 

Y, 1(*, f,) ~= p(,J, It q , ) < p ~ ,  
~ A N Q  t 

where Pl,P~. . . . . .  #m are  constants .  Hence 

p ( y , l [ G )  ~ pl + ~ + . . .  + p,,-~- M <  c~. 

Since y is any point of the set  f (G) \ f (F r  G), the theorem is proved.  
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