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1. Let U< R"be an open domaln, Le., a connected open set, and let £:U0-= R be a certain mapping.
We say that the mapping f belongs to the class Wg!(U) if each of the real functions fi,fa, ...,y constituting
the vector function f is locally additive in U and has therein generalized first derivatives (seec [7]) locally
additive in U in the n-th power.

Let feW,1(U). We set

af afy :
S ren = det { 211 = ceuy R
ra, nm‘.‘g’,“ﬁl[ (r)] = (FE) =t m

A map'ainb f:U — R™ of the class Wb (U) is called a mapping with bounded distortion {f there exists a
constant K(1 = K < ) such that for almost all x¢U

{}‘(ID f)]n.: g nanﬂf!](_t' l)'
We denote the least possible value of the constant K by the symbol q(f) and call it the distortion cocfficient
of the mapping f (in the terminology introduced in [3] q(f) is the distortion coefficient of f in the conformal
norm M,),

The notion of a mapping with bounded distortion was introduced in [1]. Its characteristics are inves-
tigated in {2} and [3].

The notion of a mapping with bounded distortion is similar to that of & quasi-conformal mapping in
space, Mappings with bounded distortion are essentially multishected quasi-confsrmal mappings in space.

Let G < R™ be a compact domain, i.c., 2 compact sct, the open kernel of which is connected and is
such that the closure of the open kernel of G coincides with G, We consider the arbitrary continuous map-
ping {:G —~R™, Every point y€R? such that y¢{(Fr G) (Fr A is the boundary of a sot A\ = RY) can be com-
pared with a certain number p(y, f) representing the index of the point y with respect to the mapping f (see
{5,6}, for example, for a definition of the index function). Additional information needed with regard to the
index may also be found in [2].

Let U< R™ be an open domain in BB, We say that a mapping [:U — R® satisfies the index boundedness
condition if for every compact domain G < U the function y— & (y, { G) is bounded,

Every mapping with bounded distortion is continuous, as proved in [1]. The purpose of the present
article is to demonstrate that every mapping with bounded distortion satisfies the index boundedness con-
dition,

The index boundedness condition was introduced in [2] as an additional requirement on the mapping in
the investigation of mappings with bounded distortion, It follows from the results of the present article,
therefore, that the requirement is in fact not a restriction.

We can lean heavily on the results of [4] for the proof of the fundamental theorem,
Let £:U — R be a mapping with bounded distortion, We use the’ following notation:

l‘«,= af‘/azi: ,|i= a!/azj'

The iterated subscripts indicate summation from 1'ton, We let Lg(x) denote the matrix ﬂfl i, The matrix
Lg{x} is defined almost everywhere in U. At every point x where L¢(x) = 0 we have Lix) = J (x fy = 0. We put
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0(z) = 0(s,/) == (L)) "{Ls") V(det L) a.n
at a point where det Ly # 0 (I4* is the transpose of the matrix Lg), and
6(z) =1 (2.2)

{where I is the unit matrix) at a polnt where det Ly = 0, The matrix 0(x) {5 a symmetric positive definite
matrix, where dot O(x) 1, and the smallest and largest eigenvalues of the matrix 9(x) le in the Interval
[, 1/a}, where 0 < & = 1, and o depends only on the distortion couefficient g = q(f) of the mapping f,

We also note the following property of the matrix 6:
LoL; = DI, (2.3)
where D = (det Lg)?/™,

Let £:U —~ R™ represent a continuous mapping of the class \Vn’. We assume that { is not {dentieally
equal to zero In the domain U, and we let V be the set of all x€U for which f(x) # 0, The set V is open,
and the following exterior differential form wyg of order n-1 is defined in it:

- .ILZ (=1 fedfy Ao AFA o Adfa

{the sign ~ over the subscript means that the corresponding term is to be dropped).

LEMMA 1, For every function nC\Vn’(U) whose carriexr is compact and is contained in the set V
54;, Aw, =0. (2.4)

Proof, We assume first that the functions n and f are infinitely differentiable, The function 1 is
clearly representable in the formn =7y + 1, + ... + 0y, where each of the functions ng¢C*® and is such
that its carrier is contained in some closed sphere Qg « V. Let I'g be suitably oriented boundary of the
sphere Qg. Then

S 0,0 = S dn, Ao+ S ndw,.

. q, d,

Inasmuch as ng = 0 on I'y, we have
§ dn, A\ oy = — S ndw,.
s qQ,

An elementary calculation shows that dwy = 0, whence it follows that

§dq,/\m,= ‘5 dn, A e, = 0.
L ]
Summing over s, we obtain

qu/\m,:: 0.

We now consider the general case. Let S < V be the carrier of a function 7, and let V' be an open
set such that § ¢ V', while the closure of V' is compact and contained in V. Let 5, and {}, be average func-
tions in the sense of [7] for the functions 7 and f, respectively, Then for sufficiently small h (h< hy) the
functions ny, and fy, are defined on the set V', where the carrier of 7y, is contained in V', As h — 0 we find
f, — f uniformly on V', It follows that there exists an hy = hy (h; > 0) such that flfy )l > 0 for 0 < h < hy
and for all x€V', so that the form wyy, is defined on V', We have Inp-nllw n(v) 0 and ltn-tlwn (V) ~0 as
h — 0., Hence (see [8], Lemma 6)
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Sdn,, Aoy, = 5' dy A oy, - 5‘ de /oy - qu A

as h ~+ 0 (it is assumed In the left equation that h < hy), For h < hy, by what has been proved,

‘S‘ dn, Ay, =+ 0
so that

d' = 0,
§ TAY

which it was required to prove,

Now let £:U ~ R" be a mapping with bounded distortion, We assume that { {s not identically equal to
zero in U, and we say, as before, that V is the set of all x€U for which f(x) # 0. Let us examine the func-
tion

1
u (@) =u () = In s (2.5)

The function u is defined and continuous on the set V, Moreover, {f A = U\V is the set of all x€U for which
fix) = 0, then for every point x*€A that is an accumulation point for V we have u(x)—~ + « when x —x*, [Itis
readily scen algo that u€Wgp(Vy.

We now examine the functional

K@ 1, 0= 0, () v, () v, @)70de, 2.6)
A

where A < V is an arbitrary compact sct, v is a function of the class Wg(L‘), and f{x) - (Uij(x)) = O¢ix) is a
matrix defined by the conditions {2.1) and (2.2), It is a simple matter to show that the function

F(z,p) = {0i;(n)pips}?
meets all the conditions of [4], The exponent « specified in these conditions Is equal to n in this case,

LEMMA 2. The function u defined by Eq. (2.5) according to the mapping {:U —~ R™ is an extremal

function for the functional (2,6) on the set 'V,

Proof, As shown in [4], It is sufficient to prove that u is a stationary function of the functional (2.6},
i,e., that for every function n€WL(V) finite in V

5&,(1. yu) 1, dz =0,
- (fe: 4n/2
where F{x,p) (Oij(x)pwj) . We have

Flll (z, gu}n,;=n (041, u, Y3 10u, M, 4

Moreover,
u|‘=’llh,‘/"|2 (lr:i,z,...,n).

Hence

Oyu, 8, = T;IT Ota s hi, s Iuh
By virtue of (2.3), fyc 16y, = Dok1, where D = [J(x,0¥/D,61y = 1 for k=1, and 8jg = 0 for k #I. Thus

Ot 12 = ,—;T.DO.:M:- @.7)
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Furthermore, It follows from (2.3) that

L0 e= D(L,S ) (2.9
at every point where Le # 0, We denote by Yy g the signed minor of the element fy | of the matrix Le = (fy ).
Then

(Ls*) = (Yai/ D™B), {2.9)
From the reclations (2,8) and (2.9) we obtain
‘ ) , », Y , i,
Oyu,gm, ;= meuhh. iy = 7P (L0, = #j;—"{i
and, finally,
DMt Yyt Ve fan,; (2.10)

Ogu, ju, )™16,u, 0, = (e~ T

Equation (2,10} has thus been proved at points x where Ig # 0, Wherever Ly = 0 we have fi = 0 for all k
and I, whence it is clear that (2,10) is also true wherever Lg = 0, We have

f!,ll !ll! 1000y ,l.u

@ ¢ % s s e '8 0 2 o« s 4

,.‘l.ll f‘*l.f‘ LA } ,‘-I,I\
Yl)“) = “.l ‘L: LICEYY "l. ]
froogy Teerse oo fran

-------------

In,h lu.l DY ] /n.n

Hence
Yamudz Ao Adzp=dh A ... Ao AdyAdfva A Ndfn

= (=) -tdyg Ndi AL AN N dfn
It follows from this equation that
©Guu, e, Y180, , doy Adeg AL Adry,

= d"/\(l';*fxz (—O%thdfi AL A A AdE) == diAuy.

R}
By Lemma 1 we obtain

Spn,-(fn uy ) n,jdz== sdq N @y =0,

LEMMA 3, Let f:U —~RP, where U is a domain in RN, be a mapping with bounded distortion, If f is
not identically constant in U, then the complete image of a point in the mapping f is a set of zero n-capacity,

Proof, Let u€RM be an arbitrary point, The set A = f-1(y) is closed with respect to U, and V = U\A
{g an open set, Replacing f(x) by g(x) = [(x)-y In the preceding arguments, we deduce that the function

1
vl =ln 7=y
is continuous on the set V and is an extremal function for the functional
; Ou, ju, )~dz

on the set V., As x tends to any boundary point of A, clearly, v(x)—==, We sce, therefore, that all the con-
ditlons of tho theorem of {4] are met, so that the n-capacity of the set A is equal to zero, The lemma is

proved,
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THEOREM, faot L0 == (0 be an arbitracy mapping with boanded distortton, Then § satislies the index
boundedness condition,

Proof, The theorem {s obvious Uf [ {s identically constint on U, Let us suppose that this s not so,

et x,CU be an arblitrary point of the domain U, and let yg = f{xg). By Temma 2 the set A (Yy,) has
zero n-capacity, Hence A s o net whase Unear Hauvsdorff measure I8 equal to zera {{2), Corollary 1 to
Theorem 1, Section 3), We denote by Qp(xg) the ball {,\;('R“:Ex-—xo!{ r}, and by 8pixg) the sphere {xﬂ'{“:!x—xol
< r}, Then for almost all r €0, ») the sphere S;{x,) does not contain points of the set A, We assign an ry> 0
such that Qp (xg) < Uand Sp (xg T A = 0. The point y, does not belong to the set ((Fr Q), hence the quan-
tity gg = gy, []Qg) Is defined, Let V be the connected component of the set R™Nf(Fr Q) containing the point
¥g. Then for all y€V we have p(y, f1Qq) = #g.

Now let ry be suchthat0< ry < reand f!ﬁr (x)lo V., Weset Q j:Qq (xq). Fory¢ Vwehave, clearly,uly,
£]Q) =1, Fory ¢Vwehave uly, £ [Q) =u(y, 1] Qg by virtuc of the properties of the index of mappings
with bounded distortion, - We infer, therefore, that the function uly, ”Ql? is bounded, and uly, f(Q,)Suo
for all y ¢ f{¥r Qp). For every compact domain G lying in the open ball Q; we have u(y, f{G) =u(y, ] Q)
=ug4, Hence, by Theorem 3 of [2], Section 4, it follows that £ (yo) N Qq comprises at most iy elements,
Consequently, there exists a ball Qry {xg) such that 0 < r; = Iy and f(x)= f{xp for EQr, (xg) if x = xg,

Consequently, every point x,€U has a spherical neighborhood  such that @ < U, the function u (v, £1Q)
is bounded, and f(x) = I{xg) for x€Q if x # x4. This means that for every point x,€U it is possible to specify
an integer j{xg, f} as the index of the mapping [ at the point x;. Here

j{=o, h= F(y;‘vflg)a

where Q is the neighborhood indicated above, It follows.that jlxg, £y = Y for every x,€ U, We call a neighbor-
hood Q having the stated properties a normal neighborhood of the point x;.

Now let G < Ube an arbitrary compact domain, For every point x€G we construct its normal neigh-
borhood. By the compactness of G there exists a finite system of normal neighborhoods Qq, Q,, ..., QAm
covering G, Let yCI(G), and let y¢{(Fr G}, Each of the sets f"’(y);‘lQi isfinite, Hence it follows that the set
A =) 1 G is finite, We have

B HG) = X i, o).
wA
For every i

iy =R )<y
xEANQ

where fi,H,, ...,y are constants, Hence
pp, fIGy St pe+ o= M < oo,

Since y is any point of the set f{G)\{(Fr G), the theorem Is proved.
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