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Abstract

We consider the problem of self-similar zero-viscosity limits for systems of
N conservation laws. First, we give general conditions so that the resulting
boundary-value problem admits solutions. The obtained existence theory covers
a large class of systems, in particular the class of symmetric hyperbolic systems.
Second, we show that if the system is strictly hyperbolic and the Riemann data are
sufficiently close, then the resulting family of solutions is of uniformly bounded
variation and oscillation. Third, we construct solutions of the Riemann problem
via self-similar zero-viscosity limits and study the structure of the emerging solu-
tion and the relation of self-similar zero-viscosity limits and shock profiles. The
emerging solution consists of N wave fans separated by constant states. Each wave
fan is associated with one of the characteristic fields and consists of a rarefaction,
a shock, or an alternating sequence of shocks and rarefactions so that each shock
adjacent to a rarefaction on one side is a contact discontinuity on that side. At
shocks, the solutions of the self-similar zero-viscosity problem have the internal
structure of a traveling wave.

1. Introduction

Consider the system of conservation laws in one space dimension
(1.1) o.U+ 0, F(U)=0

where x e R, t > 0, U(x, t) takes values in R", and the flux function F:IR¥ — R¥ is
assumed smooth. If the matrix VF(U) has real and distinct eigenvalues, then (1.1) is
called strictly hyperbolic and its eigenvalues (called characteristic speeds) may be
ordered:

(1.2) MU) < 2,(U) <+ < Ay(U).
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Let r{(U),...,ry(U) and [{(U),. .., Iy(U) be the corresponding right and left
eigenvectors. They are linearly independent and form a pair of local bases in the
state space.

The Riemann problem consists in solving (1.1) with initial data a single jump
discontinuity:

U. x<0,

(1.3) U(x,0) = {U+ o

It describes the local structure of BV solutions at points of shock interactions ([ Dp,
Li,]) and serves as a building block for solving the Cauchy problem via the Glimm
scheme [G]. In solving the Riemann problem, one encounters loss of uniqueness
that has to be accounted for by imposing admissibility restrictions on solutions.
For weak waves in strictly hyperbolic systems, it suffices to impose such restrictions
only at shocks. Lax [La,] in the genuinely nonlinear case and Liu [Liy, Li, ] in the
general case provided comprehensive shock-admissibility criteria and obtained
a unique solution of (1.1), (1.3) for weak waves. See Darermos [ D3] for a thorough
discussion of the issue of admissibility. The solution of the Riemann problem is
based on the invariance of (1.1), (1.3) under dilations of the independent variables
(x,t) > (ox, at) for oo > 0. Because of the expected uniqueness, one seeks solutions
U = U (¢) that are functions of the single variable ¢ = x/t. The function U is a weak
solution of the boundary-value problem

(P) —E¢U +FU)Y =0, U(+o)=U,

subject to admissibility conditions on shocks. The classical solution of (P) proceeds
in two steps: First, special solutions of rarefaction waves, shock waves or contact
discontinuities are studied, and are used to construct the elementary wave curves.
There is one elementary curve associated with each characteristic field, with the
parametrization of the curve serving as a measure of the strength of the associated
wave. Second, it is shown that the compound curves emanating from a fixed left
state U_ give rise to an invertible map that covers a full neighborhood of right end
states U, (cf. [Lay, Liy]).

The objective of this article is to obtain the complete solution of the Riemann
problem for weak waves by an alternative approach, in the spirit of viscosity
methods. Namely, admissible solutions of (P) are constructed as limits as ¢\ 0 of
solutions to the problem

() —CU + F(U) =¢U", U(fo)=U,,

with ¢ > 0. The Problem (P,) is an elliptic regularization of the Riemann operator
in (P). This approach was proposed by Darermos [D;], who motivated it by
introducing an artificial “viscosity” regularization that preserves the invariance
under dilations of coordinates. Solutions of (P) are thus constructed as self-similar
zero-viscosity limits, and the study of the Riemann problem amounts to performing
the following steps:
(i) Construct solutions of the problem (P,), with ¢ > 0 fixed.
(it) Construct solutions of (P) as limits of solutions of (P,) as ¢\ 0.
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(iii) Study the structure of the emerging solution.
Our interest in (P,) stems from the connection with the problem of zero-
viscosity limits. For the system of viscous conservation laws

(1.4) 0,U + 0, F(U) = £02U

subject to Riemann data, the invariance under dilations (x, t) — (ax, at), & > 0, no
longer holds. A simple calculation shows that the solution U? of (1.3), (1.4) can be
expressed as

(1.5) Uwﬁ=vcff>
where V (&, s) satisfies

1
(1.6) Ve — V&:E(—éVé—i—F(V)é)

for —oo< & <o, —o0 < s <0. Therefore, the zero-viscosity-limit problem for
Riemann data is a two-parameter problem, and studying the limit of U*® as ¢ |0
amounts to studying the limit of V' (&, s) as s70_. The problem (P,) arises when the
parabolic operator in (1.6) is replaced by an elliptic operator; its study is expected
to provide insight into the difficult problem of zero-viscosity limits. The two
regularizations have been compared for Burgers’ equation [S,].

The notion of self-similar zero-viscosity limits appears in the articles [Ka, Tu,
Tu,, Dy]. Tupciev [Tuy, Tu,] used them to formally motivate a shock-admissibility
condition for the Riemann problem that amounts to the requirement that admissible
shocks have associated shock profiles. The direct use of self-similar zero-viscosity
limits was initiated by DArerMos [Dy,D,], who proposed it as an admissibility
criterion and devised a versatile framework for treating the analytical aspects of the
problem. The approach has been tried on several examples of strictly hyperbolic
2 x 2 systems [D;, DDp, KKr, STz, Tz,], on a system of two equations that
exhibits change of type [S, Fa,], and on the fluid dynamic limit for the Broadwell
model [STz,, Tz,]. It has been established at the level of such examples [D,, Fay,
Tz,] that self-similar limits yield the same structure for the solution of the Riemann
problem as the structure obtained by using the shock-admissibility criteria of Lax
[La;] and Liu [Li,], or by requiring that each admissible shock have an associated
viscous shock profile. In contrast to most admissibility criteria, self-similar zero-
viscosity limits penalize the whole wave fan simultaneously. Based on that fact,
a fitting terminology would be to call admissibility via self-similar zero-viscosity
limits as the zero-viscosity wave-fan admissibility criterion.

Here, we pursue the method for strictly hyperbolic systems of more than two
equations. We address the questions of existence, of the limit ¢ — 0, and of the
structure of the emerging solution. The key step lies in controlling the diffusion-
induced wave interactions and obtaining uniform variation estimates for solutions
of (P,). The article is organized as follows:

In Section 2 we study the question of existence of solutions for (P,). We
show that for any system equipped with an L? estimate, the problem (P,) admits
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solutions for each ¢ > 0. The analysis applies to the class of symmetric hyperbolic
systems.

Sections 3—7 are the core of the article; they deal with the question of obtaining
uniform variation estimates for families of solutions to (P,). Even for Riemann data,
waves of different families can interact through diffusion and contribute to the total
variation. Therefore, one has to devise a scheme for measuring the variation of the
solution (through the individual waves) and to calculate the effects of wave interac-
tions. We refer to Section 3, which serves as an introduction to this part, for an
outline of our strategy. The outcome is summarized in Theorem 3.1 and states that if
(1.1) is strictly hyperbolic and the data U, are such that |U; — U_]| is small, then (P,)
has solutions that are of uniformly bounded (and small) oscillation and variation.

In Sections 8,9, and 10, we develop an existence theory for the Riemann
problem (1.1), (1.3) for strictly hyperbolic systems via self-similar zero-viscosity
limits. Our approach differs from the existence theories of Lax [La,] and Liu [Li,,
Li,] in that it is analytical in nature and bypasses the construction (and hypotheses
required thereto) of the wave curves. The variation estimates of Section 7 are used
in Section 8§ to establish the limit as ¢ - 0, and, more importantly, to study the
structure of the emerging solution U of (P). The existence result, Theorem 8.1,
states that the Riemann problem is solvable under the sole hypotheses that (1.1) is
strictly hyperbolic and |U; — U_| is small. The emerging solution U consists of
N wave fans separated by constant states. Each wave fan is associated with one of
the characteristic fields and is either a rarefaction, or a shock satisfying a weak form
of the Lax conditions, or a composite wave consisting of an alternating sequence of
shocks and rarefactions so that each shock adjacent to a rarefaction on one side is
a contact discontinuity on that side. In Section 9 it is shown that, for shocks that do
not correspond to linearly degenerate characteristic fields, solutions of (P,) have the
internal structure of traveling waves. In Section 10 we compare the solution
obtained via self-similar limits to the classical solution of the Riemann problem
for genuinely nonlinear systems [La;] or for general strictly hyperbolic
systems [Li;, Li,]. In both cases the same structure results for the Riemann
solution. The relation with the Liu shock-admissibility criterion is indirect, and
follows from the fact that (a strict version of) the Liu shock-admissibility criterion
is equivalent to the requirement that admissible shocks have associated shock
profiles [Liz;, MP].

2. Existence of Connecting Trajectories for (P,)

The objective of this section is to construct solutions of the problem (P,) for
fixed positive ¢. Problem (P,) is a boundary-value problem for a system of non-
autonomous ordinary differential equations. First, it is shown that L* estimates
are sufficient to establish existence of solutions for (P,). Then a construction
scheme, originally proposed by Darermos [D,], is presented in Section 2.2.
Existence of connecting trajectories then relies on a priori estimates, which are
established in Section 2.3 under various structural hypotheses on (1.1). Most
notably, the analysis applies to the class of symmetric hyperbolic systems.



Zero-Viscosity Limits in Systems of Conservation Laws 5
2.1. Preliminaries

Assume that U is a classical solution of (P,) satisfying the bound
2.1 sup UG = M,
—w<é<ow
where M is a constant that may depend on ¢. Integrating the differential equation
(2.2) eU"==¢U + F(UY)
we easily see that U satisfies the identities
g

(23) U'(&) = U'(0)e <7 + %e-fz/zf [e “PVFUQ)U' () de,

0

<
(2.4) eU'(&) = eU'(0) + F(U(&) — EU(9) — F(U(0) + [ U () dL.

0

Using (2.1), (2.3), and Gronwall’s inequality, we obtain
(2.5) |U'(€)] < |U'(0)] e@xél=812e,

where a:= supy <y [VF (V).

Integrating (2.3) over (—\/;, \/E) and performing a change of variables in the
resulting integrals, we arrive at the identity

L 2 1
26)  U0) [ e Rdr= ﬁ(U(ﬁ) — U(—/2)

FLRUO) [ e Rdz - [ UG/
1 ¢
P e R U d de

In turn, this leads to
P |

@7 U] | e Pde = [ﬁIU(\/E) —U(=/9)
-1

15 2 2
+ sup [F(UR/z))(4 +2[LeC ‘“/dedi)]
00

—1=Z=1

<8+ sup |FO)).

& WVi<M

On the other hand, (2.1), (2.4), and (2.7) give

3) UIGIERIE R
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Relations (2.5), (2.7), and (2.8) imply that any solution obeying the bound (2.1)
also satisfies the first derivative estimates

¢ if 12 < 20,

29) uel=q ¢ 0<e=l.
= e2aE= N2 if 1E] > 2,
&
In (2.9) the constants C and o depend only on sup_, <s<,|U(&)l, while the
exponent becomes negative for [£]| > 2a. In addition, (2.2) yields

(2.10) U ()l =

1
S @+ DUl

which in conjunction with (2.9) provides an estimate for the second derivatives.

2.2. The Construction Scheme

Let ¢ €(0,1] be fixed and consider the two-parameter family of boundary-value
problems

2.11) U 4 uF(UY = U’ —l<é<l,
U(tlh)=upU,

with parameters u €[0,1], [ = 1. The following theorem [Dy, p. 3] provides suffi-
cient conditions that guarantee the existence of solutions for (P,). We outline its
proof for the sake of completeness.

Theorem 2.1. Assume that there is a constant M depending at most on U _, U, the
function F(U), and ¢ (but independent of p and 1), such that any solution U (&) of (2.11)
satisfies the bound

(2.12) sup [U(Q)] =M.

—l=gsl

Then, there exists a classical solution of (P,) denoted again by U (&) and defined on
(_ o0, OO)

Proof. First, solutions of (2.11) are constructed by means of a continuation argu-
ment. Given a smooth function V, we compute the solution W of the boundary-
value problem

eW"(Q)+ W) =FV (@), —-Il<¢<l|
(2.13)
W(—l)=U_, W(+l)=U,
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by the formula

4 4
(2.14) W(E)=U-+ U, Jexp( : )dC + - JF(V(C)) da¢
¢

-1
L
w5
- T exp
Y

where the constant U, e R" is calculated by

> F(V(z) dud,

1 l

@15 U f exp(—gg> =~ U f FIV(Q)

-1 -1

¢
+lffrexp< _£>F(V())dfd§-
I 2¢

Set X = C°([—1,1]; RY) and

QZ={U€X: sup |U(§)|<M+1}.

—l=f=l

X with the sup-norm is a Banach space and Q is a bounded, open subset of X.
Consider the map T :Q — X carrying V eQto W = T (V) defined by the relations
(2.14) and (2.15). T is compact and continuous, and classical solutions of (2.11) are
identified with fixed points of uT. The map I — uT :Q x[0,1] — X satisfies the
hypotheses of the Schaeffer fixed-point theorem (see, e.g., [R, Ch. V]). Hence, for
each p €(0, 1] there is at least one solution of the equation U — uT (U) = 0 in the
set Q.

Now let U(-;!) denote a solution of (2.11) for i = 1. In the last step, solutions of
(P,) are constructed as limits of U(-;l) as [ — co. As in the derivation of (2.9) and
(2.10), it follows that such solutions satisfy the bounds (2.12) and

C 2 C >
(216) (UG]S - @92 UIED] S 5 (1 + (¢ e
& &

with C and o depending on M but not on [. Extend U(-;!) outside [ — [, [ ] by setting
U;l)=U_ for ¢ < —1land U(¢;1) = U, for € > 1. The Ascoli-Arzela theorem,
together with a diagonalization argument, implies the existence of a sequence {1,},
I, > oo, and a function UeC!((— o0, 0); RY) such that U(-;l,)— U and
U'(-;1,) = U’ uniformly on compact subsets of IR. Because of (2.16), the conver-
gence is uniform on IR, and U(+ c0) =U.. Passing to the limit [/, - co shows that
U is a classical solution of (P,). [
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2.3. The a priori estimates

The aim of this section is to provide the sup-norm estimates that allow the
application of Theorem 2.1. In the sequel, U(&) stands for a solution of the family of
boundary-value problems (2.11) defined on [—1[,/] and depending implicitly on
1, I and ¢. In the process of estimating U (£) we pursue ideas that were developed by
DarerMOs & DIPErRNA [DDp] in the context of 2 x2 systems and we use the
concept of entropy-entropy flux pairs (Lax [La,]).

A scalar-valued function (U) is called an entropy for (1.1), with corresponding
entropy flux ¢(U), if every smooth solution satisfies the additional conservation
law

(2.17) on(U) + d.q(U) = 0.

Such pairs (5(U), q(U)) are generated by solving the system of (linear) differential
equations

(2.18) Vq(U) = Vp(U)VF(U).

Trivial examples of solutions are (¢- U, ¢- F(U)), with ¢ any constant vector in IR¥.
Since (2.18) is overdetermined for N = 3, for systems of three or more equations the
existence of (nontrivial) entropies is the exception rather than the rule. Neverthe-
less, specific systems that arise in applications are often naturally endowed with
some entropy-entropy flux pairs. Also, the class of symmetric hyperbolic systems,
that is, systems for which VF(U) is a symmetric matrix, admits the pair

(2.19) n(U) =3UJ%, q(U)=U-F(U)-g(U),

where g is a potential for F satisfying F(U) = Vg(U).
Let (7(U)q(U)) be an entropy-entropy flux pair for (1.1). Using (2.18) we deduce
that solutions of (2.11) satisfy the identity

(2.20) — &'+ pg =y’ — U (ViU

where n = n(U(¢)), g = q(U(&)). In exploiting (2.20), it is helpful to use entropy
functions #(U) that are convex (or linear). The following lemma indicates how to
bound the total entropy production. Given a constant entropy level #, consider the
level set

(2.21) G ={UeR :n(U) =}

If %; is nonempty, let

(2.22) Q;= sup |q(Uy) — q(U,)|
Uy, Ue%5

be the oscillation of g(U) on the level set €.

Lemma 2.2. Assume that n(U) is a convex entropy with corresponding entropy flux
q(U). If ij is any constant such that

(2.23) 7> max {n(pU-),n(pUy)},
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then
B
(2.24) fUE) —mdé<K
for any (o, B) = (=1L 1), where K = Q; if n(U(&)) > 1 for some (o, ), and K =0
otherwise.

Proof. The proof is based on the following observation. Let i be a fixed entropy
level and suppose that a, b are two points in (—[,[) with the properties that a < b
and

(225 qU@)=nU®B) =7 with (1o UY(@) 20, (oU)(b) =0,
Integrating (2.20) over [a, b], we obtain

(2.20) F(U &) —n)dé + & JU'(E)- V(U ) U'(€)dé

—ulq(U(b) — q(U(a)] = 0y,
which, upon using the convexity of n(U), yields

(2.27) fU &) —n)dé Q.

If n(UE) <n for —1<¢ <1, then (2.24) is trivially true with K =0. So
suppose that the set {£ e(— 1 1):#(U(&)) > 7} is nonempty. It is also open and thus
admits a decomposition into a countable union of disjoint subintervals

(2.28) Ee(=LD:mmUE) >} = kU (ax, by),
el

where k ranges over an index set I (cither a finite set or the integers). For 7 restricted
by (2.23) the points a; and by lie in (— ,1). Also, since (U (£)) > 7 for a;, < & < by,
with k €1, relations (2.25) are satisfied at the endpoints ay, by.

Given any (o, f) = (—1L1), choose a,b as follows: If n(U(x)) >17n, set
a =sup{a, <o}; while if n(U(x) <7, set a =inf{a, > a}. If n(U(P)) > 17, set
b = inf{b, > p}, while if n(U(B)) < 7, set b = sup{b, < B}. If n(U(&)) > 7 at some
& e(a, B), then a and b are well defined, a < b, relations (2.25) are satisfied at a, b,
and

B b
(2.29) [(U©&) —n)dé < [((U(©&) — ) dé < Q5.
Otherwise (2.24) holds with K =0. [

In general, the quantity Q; depends on the form of the level set @; as well as the
function ¢(U) and may be infinite. If it happens that ; is a compact set, then Q; is
finite and (2.24) provides an integral estimate independent of y, [, and ¢. An entropy
is called normal if #(U)— oo as |U| — co. If the system (1.1) is endowed with
a convex normal entropy, then nonempty level sets %; are compact, and this leads
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to integral estimates of the type (2.24). For a symmetric hyperbolic system,
#(U) = 3|U|? is an example of a convex normal entropy.

Next, we present two approaches for obtaining the sup-norm estimates (2.12).
The first exploits the entropy identity (2.20) and requires the existence of a strictly
convex, normal entropy function 7(U ), defined (only) on the exterior of some open
ball in the state space.

Proposition 2.3. Assume that (1.1) admits a strictly convex, normal entropy n(U)
defined on the exterior of a ball and satisfying the growth restriction: There are ¢ > 0
and positive constants C and r such that

(H) IVa(U)I? = Cv(U)n(U)* ™1 for [U| = 1o,

where v(U ) is the small eigenvalue of the Hessian V*11(U). Then solutions of (P,) exist
for every ¢ > 0.

Proof. Let #(U) be a strictly convex, normal entropy defined for
{UeR":|U| = r,} that satisfies (H) for some g > 0. Without loss of generality we
may assume that #(U) is positive. Let U(&) be a solution of (2.11) on (— [ [). For
those & for which |U(&)] > rg, equation (2.20) is satisfied.

Let r > max{|U,|,|U-|,ro} and #, = maxyy,-,n(U) be fixed, and choose two
entropy levels 7, > #; > 7, > 0. Consider the set

(2.30) o ={Ee(=1LD: nUQ&) >, |UQ&)] > r}.

Since §(U) — oo as |[U| — oo, if the set o7 is empty, then sup_; < <;|U ()| < M for
some M depending on i, and r, and thus (2.12) holds in this case. So, assume that
o/ 1is nonempty. It is also open and thus admits the decomposition
o = U rer(ag, by) into a countable (or finite) union of disjoint intervals. In addition
the choice 77, > 7, implies that, for any keI,

nU(&) > i, forax <& <by,
n(U(a) = n(U(by)) = 112, o U)(a) 20, (noU)(b) 0.

Henceforth we focus on a fixed interval (ay, by). Let 7, be a point where n(U (&))
assumes its maximum in the closed interval [, b,]. Using Schwarz’s inequality, the
strict convexity of #, hypothesis (H) and relations (2.31), (2.25) and (2.26) we obtain

(2.31)

Tk

(2.32) G) (U () ?? — n(U(ap)¥?] = JW(U(C))(M)_IVW(U(C))U’({) d
U () VYO ‘@ U')- VU U Q) de

ai ai

lIA

Tk

12 /1 12
e [nvera] (Ton) "

Ak

lIA
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For those U e RY such that n(U) > i, > ij; > 0, we have

(2.33) n(U) — iy > 12y,

2

Then (2.32) yields the estimate

_ q CﬁZ 1/2 /w _ 1/2
(2.34) U @@)"* < ([72)7* + (—) <f an> (f m(U(C) — 1) dC> .
2) \e(, —1q) ay
Seta = inf{& e(—1Lay):n(U () > iy on (& ay)}, b = sup {& e(by,1):n(U(()) >, on
(b, &)} Since |U(+1)| <r and 7y > #,, it follows that a,b are well defined and
satisfy —I < a < a, < b, < b < I. In addition, (2.25) holds and, as in the proof of
Lemma 2.2,

Tk

(2.35) J (U(©) — i) dé =

Ak

(U(&) — i) dS = Oy,

R —

Consequently, the right-hand side of (2.34) is bounded independently of k, and
(2.12) holds in the case that .7 is nonempty. The conclusion now follows from
Theorem 2.1. []

Regarding the growth assumption (H), the following remarks are in order. If the
strictly convex, normal entropy function is of the form 5(U) = (1/p)|U|?, with
p > 1, we easily calculate that

(2.36)  Vy(U)=|UPP~2U, Vx(U)=|UPP"2 +(p—2)|UP U ® U.

The Hessian of 17 is a positive-definite matrix having eigenvalue (p — 1)|U|?~2 with
corresponding eigenvector U, and eigenvalue |U|?~2 of multiplicity N — 1 with
corresponding eigenvectors U+ any vectors orthogonal to U. Hypothesis (H) is
then satisfied with ¢ = 2. On the other hand, if #(U) and Vy(U) grow like a power,
ie., if

1
(2.37) ~|UI" =n(U) =c|U?, [VpU)| <c|U|I”7",
C

for some positive constant ¢, then (H) becomes a restriction on the decay of the
minimum eigenvalue for U large and is satisfied provided that v(U) = |U|"® for
some s < p + 2.

As a consequence of these remarks and Proposition 2.3, we have

Theorem 2.4. If (1.1) is a symmetric hyperbolic system, then solutions of (P,) exist for
every ¢ > 0.

In the interest of developing technique, we present an alternative way for
establishing (2.12) for symmetric hyperbolic systems. The actual result is weaker
than Theorem 2.4, as it requires a growth assumption on the flux F(U), but the
approach may be useful for other problems.
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Proposition 2.5. Suppose that (1.1) is a symmetric hyperbolic system such that the
flux function satisfies the growth assumption

(2.38) IFU)| = C(1 +[U?

for some positive constants C and p < 3. Then solutions of (P,) exist for every ¢ > 0.

Proof. Symmetric hyperbolic systems are endowed with the entropy-entropy flux
pair (2.19), for which (2.20) takes the form

(2.39) —&(UPY +2u(U - F(U) — g(U)) = &(IUP)" —2¢|U"|%.
The function g is a potential for F satisfying F(U) = Vg(U). It can be defined by

(2.40) g(U) = j%g(tU)dtz JF(tU)-Udt,

where g has been normalized by setting ¢(0) = 0. Assumption (2.38) induces
a growth restriction on ¢:
(2.41)

1
=|[F@U) - Udt|<C(1 +|U|P*.
(0]

Set r = max {|U-1,|U,|} and consider any point & €(— [, 1) such that |U(&)| > r
and (d|U|?/d&) (&) > 0. Deﬁnef =inf{{e(&1]:|U)| < |U(&)|} and observe that
& is well defined with & < &' < I. Moreover, |U(E'| = |U(&)|, (d|U|*/dé)(E") £ 0,
and |[U({)| = |U(&)] for ¢ £ < ¢&'. Integrating (2.39) over [£, '], we obtain

¢ ¢
(2.42) = JLqUPY () de + 2¢ [ U ()] dC
¢ ¢
+2u[U(E) - FUE) —g(U(E) = UE) FUE) +g(U©)]

2 d 2
=s<d'dlg' >(é’)—8< ';Q )(z).

& 4
(2.43) —J Loy = (UQOP = U©Pdl =0,
<

g
(2.42) together with (2.38) and (2.41) yields

d|U|2

Since

(2.44) (&) =8C+ U
Note that the bound (2.44) holds for any & e(— 1L, 1) such that [U(&)| > r.

To conclude the proof, fix two levels r; and r,, with r, > r; > r, and consider
theset # = {E e(—L1):|U(E)| > r,}. If # is empty, then (2.12) holds and Theorem
2.1 implies the desired result. If 4 is nonempty, then it can be decomposed into an
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at most countable union of disjoint subintervals (a,,b;) such that
|U(ap)| = |U(by)| =r, and |U(E)| > r, for a, < & < by. In each of the intervals
[ax, bi] the differential inequality (2.44) is satisfied. Next, fix k and let 7, € [ay, b | be
a point where |U(ty)| = max,, <: <5, |U(£)|. Lemma 2.2, applied for the entropy
n(U) = |U|? and the level i = r{, implies that

(2.45) [ (U@ - ) dé <02 < o0

Since the ratio |[U|*~7(1 + |U|)'*?/(|U|?* — r}) remains bounded for |U| = r,, using
(2.44) and (2.45) we deduce

Tk Tk

2
a0 o [wer ez o [uer-mescon

In turn, performing the integration in (2.46) yields

3 —
(247) U@F <7+ 5L 00 forp<3,

(2.48) |U(t)| < rpexp(C'Q,2/2¢) for p = 3.
In either case, (2.12) holds and the proof is complete. []

3. Solution Decomposition. The Main Result

The aim of this article is to construct solutions of the Riemann problem (P) as
limits of solutions of (P,) as ¢ — 0. The central difficulty lies in obtaining variation
estimates independent of ¢ for families of solutions of (P,). The reason is that, even
for Riemann data, there are wave interactions induced by the coupling through the
self-similar viscosity that need to be accounted for. The derivation of the variation
estimates follows from a lengthy analysis, carried out in Sections 3—7. The present
section serves as an introduction, where we outline the general strategy, introduce
the main hypotheses, and present certain interesting geometric properties.

Our approach is motivated by a detailed study of the following problem:
Suppose we are given a family of solutions to (P,) of uniformly small oscillation:

(Co) sup U (&) —U-[ =
—w<&<oo

Such a family would also satisfy uniform L* bounds

(Cs) sup U (&) = M,

—o0<é<wo

where the constants M and u are independent of ¢ and p is also small. Determine
under what structural hypotheses on (1.1) the family {U,},~, is of uniformly
bounded variation:

(S) TV(—oo,ao) Us é C.
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It is instructive to give a proof of (S) for the single conservation law, which
contains some ingredients of the approach followed for systems. Let {u,},-, be
a family of scalar-valued functions satisfying

(3.1 euy = — Cup +f (), u(£00) = u,

and the uniform bounds (C,) (which are easily justifiable in this case). Let
A(u) = f(u) be the characteristic speed of the associated hyperbolic equation. It is
easy to see that solutions of (3.1) satisfy the representation formula

o9 (0)e
(3.2) u (&) = (uy —“—)m,
where
9
(3.3) 9o(&) = [ 5 — Au(s)) ds.

From the form of (3.2), it follows that {u,} are uniformly bounded in L, and thus
{u,} is of uniformly bounded variation.

Returning to the general case, we note that the system (1.1) is assumed to be
strictly hyperbolic, but that no other structural assumptions are imposed. The
eigenvalues of VF(U) are denoted by

(3.4 MU) < LU) < < AyU)

and are ordered. The corresponding right eigenvectors r{(U),. .., ry(U) and left
eigenvectors [ (U),. . ., [y(U) are linearly independent and satisfy the relations
(3.5 VEU)r(U) = 2(U)ri(U),

(3.6) L(U) - VF(U) = 2(U)L(U),

6.) W] Lo 1

{r;} and {I;} form a pair of local bases in the state space R". By normalizing one of
these bases we can attain

The family {U,},-, consists of solutions to the boundary-value problem (P,)
that connect two fixed end states U_ and U.,. Conditions that guarantee existence
of solutions for (P,) are given in Section 2; nevertheless, the forthcoming analysis is
independent of such considerations, and eventually it will also suggest a construc-
tion scheme. We assume the members of {U, }, - o satisfy the hypothesis (Co) of small
oscillation uniformly in ¢ and (a fortiori) the uniform bound (Cy). This restricts the
data U, to satisfy

(Hp) Uy —U-|<r
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with r sufficiently small. Also, each wave speed is bounded by constants 4, _, 4+
independent of &:

(3.9) Ae— = 2(U(S) = Ager -

By choosing u sufficiently small, we guarantee that the wave speeds are totally
separated along the family {U,}, o, that is,

(A0) Ay S (ULE) S Aus <y S ip(UE) S gs < -+
<Aw-1- S An-1(Ue(8) = Av-1+ < Av- = An(Ue(Q)) = Ay

The bound (C,) implies that the derivatives of U, satisfy the estimates (2.9) and
(2.10) with the constants C and o independent of ¢. In the sequel we use the
following conventions on notation: The ¢-dependence is suppressed from functions,
except at places where emphasis is needed. By contrast, any ¢-dependence of
constants is explicitly indicated by either recording the precise dependence or by
using ¢ as a subscript.

Consider the decomposition of U, in the basis of right eigenvectors evaluated at
the local value of the solution U,:

(3.11) Ui€) = X a(O)relUn))

The amplitudes g, can be recovered by using (3.8):
(3.12) a (&) = L(U,(S) - UL(Q).
Also, integrating (3.11) over (— oo, c0), we have
N 0
(3.13) Uy —U_ =3 [ aQ)r(U,Q) dC.
k=1 —o0

To compute the equations that a, satisfy, take the inner produce of (2.2) with [, (U,)
to obtain

(3.14) —&ap + AU ar = e k(U,(8) - Uy
= eap — eV IL(U,Q))U; - U,

and hence
(3.15)
ea + [E — 4(U(&)]a=¢ Z_: Z LVL(U(E)rm(Us(&)) - 1(Ue(E))] aman.

If we introduce the notation
(3.16) i = 2(U(9)),
(3.17) Bromn = Bromn(Ue()) = V(U (E)rm(Ue(Q)) - ra(Ue(E)),



16 A. E. TZAVARAS

then a, satisfy the coupled system of ordinary differential equations with variable
coeflicients

N N
(3.18) eay +(E—2ar=¢ Y Y Brmnlmly.
m=1n=1

At this point several remarks are in order. First, the decomposition (3.11) is
partly motivated by the classical solution of the Riemann problem (Lax[La,], Liu
[Li,]). It is expected to capture the behavior near rarefactions, but it is not a priori
clear that it should work well near shocks. Good overall performance would
indicate that (3.11) captures the nature of diffusion-induced averaging at a shock.
The quadratic terms in (3.18) represent the effect induced on the k-family by
interactions of waves of all the families, and the f;_,,, measure the weights of such
contributions. By virtue of (C,), the f_ ., are uniformly bounded:

(3.19) Bl < B.
Let g, be the antiderivative of
(3.20) g = — =& — A4(U,(Q))

defined within an arbitrary constant of integration by
4
(3.21) g = | s — (U,(s)) ds.

In view of (3.9), we have
(3.22) S —dr =5 — M(U(5) =5 — Ay,

which in turn implies that g, > 0 for & > A, gx < 0 for & < 4, _, and g, looks like
a potential-well function (see Figure 1). Let p;, be a point where g, attains its global

Figure 1.
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minimum, g(pr) = ming,(&). Then 4,- < pp, < A+ while the value of gi(px.)
depends on the choice of the arbitrary constant in (3.21). By setting

¢
(3.23) gu(&)= [ s — A(U,(s)) ds,
Pke
we attain gx(&) = gi(pre) =0 for &elR. Furthermore, A (U.(px:) = pr. and
gi(&) = 0(I¢P?) as [¢] — oo
Consider the linearization of the system (3.18). It consists of the decoupled
system of equations

(3.24) '+ (€ — e =0,

whose solutions are constant multiples of

1 1(e
exp<—29k> eXp(—; f S — A(UO) ds)

(3.25) @ = =

0 00 4 :
J_ exp <— % gk> dac J_ exp <—i J s — (U,(5)) ds> d¢

Due to their form {¢,,} are strictly positive functions that are uniformly (in &)
bounded in L*.

In the case of the scalar equation, it is precisely the representation formula (3.2)
that provides the variation bounds (compare to (3.25)). Due to the quadratic terms
in (3.18), though, this is insufficient for systems of conservation laws. There are two
problems that we need to account for in the case of systems. First, we need to
understand the effect of the quadratic terms. Second, differential systems like (3.18)
are best handled with pointwise conditions. On the other hand, the only existing
information (3.13), relating the data U, with the amplitudes «,, is of integral type.
It is thus necessary to devise a scheme that connects pointwise with integral
information.

We proceed by introducing a decomposition of a, of the form

(3.26) e = T Pi + O,

where ¢y is given by (3.25) and 6, satisfies the system of differential equations

N N
(327) 89,2 + (5 - }k) Hk =é Z Z ﬁk,mn(fm(Pm + Hm) (Tn ¢n + Hn)
m=1n=1
Then the sum 7, ¢, + 0 is a solution of (3.18). The idea is to seek an asymptotic
expansion of the wave amplitude g, in a parameter t = (14, . . . , Ty), Where 7 is
thought of as a measure of the strength of the k-th wave, and to construct an
expansion uniform in ¢ in the L!-norm. In this expansion ¢, is the leading term
and 0, is the error, which should be of order O(|t|?) as |t| = |74 + - - - + |tn] = O.
Clearly, such an expansion depends on the data provided, and the key question is
to determine under what conditions we can solve (3.27).
Next, we outline the strategy we follow and the attained results concerning
those problems: Fix c¢q,c,,...,cy to be the respective middle points of the
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intervals [A{-,A1+1], [A2—,42+1,...,[Av—>4An+]. Given a constant vector
T =(11,72,...,7y) €RY, we consider (3.27) subject to the conditions
(3.28) Ox(ci) = 0,

and, for |7| sufficiently small, we construct a solution 0,(&;1) that satisfies the
estimate

N
(3.29) 10501 = Clzl? Y o
m=1

This construction is performed in Section 5. It is based on detailed estimates that
are presented in Section 4, on the functions ¢;, and on integrals involving ¢,,¢, and
capturing wave interactions. The method is to apply the uniform contraction
principle to a weighted space of continuous functions. The selection of the weight is
motivated by the analysis of Section 4. The analysis of Section 5 validates the
asymptotic expansion

(3.30) a(+37) = ui(*) + O (+57)

for the amplitude a; in the parameter 7. Note that @, satisfy the pointwise
information

(3.31) (e 7) = Trepr(cr)

and satisfy (3.18) but not necessarily (3.13).

The objective of Section 6 is then to show that there exists a choice of
T =(T4,...,7y) such that (3.13) is fulfilled. To this end, we consider the map
S:IRY — RY that connects the wave strengths to the boundary data by taking t to

N

(3.32) SM=U-+ T [tk @i(©) + 05D Ir(U,(0) dl.

k=1 —o

We show in Section 6 that S is locally invertible in a neighborhood of t = 0, and
that the inverse map S~ ! is uniformly bounded independently of .

In Sections 46, we identify the precise hypotheses (supplementary to (3.10)), on
the behavior of the wave speeds 4, and the right and left eigenvectors r, and [, along
solutions U,, that are necessary to carry out the intermediate steps. All
these hypotheses are fulfilled if the oscillation of the family {U,},-, is restricted,
uniformly in e. It is convenient to phrase the analysis by using a general function
V of restricted oscillation, supsr|V(£) — U-| < u, in the place of a member of
{U,},>0. Apart from splitting naturally the various parts of the analysis, this has
another advantage: The considerations of Sections 4—6 motivate a construction
scheme that enables us, given Riemann data U, with |U, — U_| small, to use the
Schauder fixed-point theorem and construct solutions U, of (P,) that are of
uniformly small oscillation as well as of uniformly small variation. One interesting
feature of the scheme is that it is based on the quadratic equation (3.18) rather than
on a linearized equation. This final part of the analysis is carried out in Section 7. It
justifies in particular Hypothesis (Cy) and leads to the following theorem.
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Theorem 3.1. Assume that (1.1) is strictly hyperbolic and let U_ be fixed. There
exists an r sufficiently small such that for ¢ > 0 and |U;, — U_| < r the problem (P,)
has a solution U, with the properties:

(i) The family {U,},>, satisfies (Co) with some u independent of e.

(i1) The solutions U, satisfy the representation formula

N
(333) U; = Z ['Ck,s(pk + Gk(ars)] rk(Us)a
k=1

where @y is given by (3.25), 0(-;7) satisfies (3.29), and t, satisfies S(t,) = U..
(iii) The family {U,}, ¢ is uniformly bounded in L*(R), and {U,},~ ¢ is of uniformly
bounded (and small) variation.

We list below certain properties of S = F(U) relating to the coefficients
Bie.om = VIiry - r,. First, {r,} and {l,} form bases of the (trivial) tangent and
cotangent spaces of the state space at each U. Let fJ be the components of F and
consider the action of the Hessian V2F(a, b) on the vectors a,b € RYN. V2F(a, b) is
vector-valued with components a - V2f7b. Since V3f7 is symmetric, it follows that
V2F(a,b) = V?*F(b,a). For U fixed, t R and a,b e RY, equation (3.6) implies that

(3.34) (U + ta)- VF(U + ta)b = (U + ta)l,(U + ta)-b.

Differentiating (3.34) with respect to t and setting t = 0 in the resulting equation, we
deduce the identity

(3.35) li-V*F(a,b) = (Vi a) (L b) — (Viga)- (VF — A1),
which, in turn, yields the well-known identities
(3.36) L VEF (o) = (Vg 1) (1) + G — 2) (VIer 1)
_ {(zk — ) (Vhryr) k.
(VA1) (e 1), k =n.

The coefficients B, ., are related to the second derivatives I - V2F(r,,, r,) whenever
k & m or k % n. There is also the formula

(3.37) (M — A (Ve r) = (Vi r)(or), nEk

The coeflicient f; 1, = VI, -1, does not appear in the above relations. To
explain this, consider the effect of renormalizing the eigenvectors on the coefficients
Br.mm and especially on i . Let {f,} and {],} be a given set of right and left
eigenvectors and set r, = 1,7, [, = Sel, where 1, = 7. (U) and s, = s,(U) are renor-
malizing factors with 7,>0, s,>0. A simple computation shows
Vi, = I, ® Vs, + sV, and thus

(338) ﬂk,mn = Vlkrm Ty = Tl [(fm : Vsk) (ik ’ fn) + SkVikfm ’ fn]
=TTy [(fm ! Vsk) (ik ! fn) + Skﬁk,mnl

If k % n, the renormalization has no effect on the sign of §; ,.,. However, if k = n,
the renormalization of the left eigenvectors affects f;_,. and can make it to be zero.



20 A. E. TZAVARAS
In particular, on a small neighborhood of some state U, we can choose
a renormalization so that the resulting eigenvectors satisfy simultaneously
(3.39) Lire=1, Virer.=0.
To this end, first choose s, so that
(3.40) (Fe- Vi) (I 7o) + s VI, i = 0.

Relation (3.40) is a hyperbolic equation for s;. If we assign data for s, on a hypersur-
face & transversal to the vector field 7, then the Cauchy problem for (3.40) has
locally a unique solution. If the data are positive, then s, > 0. Next, 7, is chosen so
that 5.0, - # = 1. The resulting {re}, {li} have the desired properties.

4. Properties of the Functions ¢, — Wave Interaction Estimates

Let C°(— oo, o0) stand for the space of the continuous, bounded (scalar or
vector-valued) functions. Consider the set

4.1) Q={VeC’—o0,00):sup |V(¢)— U_| £ pu}

éeR

and suppose that y is so small that the wave speeds /(') are bounded and totally
separated for V eQ

(Ay) Ji— = 4V (E)) = s
(Az) M-S V() S his <A SLVEQ) S has <
<In-1)- SIxn-1(V () = dw-n+ <Av- = ANV Q) = Ay

Consider the linearized equation

(4.2) i + (€ — 4V (€))epr = 0.
The fundamental solution of (4.2) may be written in the form
ox (_ Ly )
43)  p=— AN - Iiexp <—1J§s — 0V (s) ds>,
[ en(-ta@)a

where

¢

o= | - Ao

(4.4) .

I, = j GXP<—89k> ¢ = f CXP(—gf s — ik(V(S)) dS>dC
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Recall that g, has the form of a potential-well function (cf. Figure 1) and that p, is
selected as a point where g, achieves its global minimum. As a result, p, satisfies
Ji— = P = a4V (pr)) = pi and

(4.5) 9i(&) Z gi(p) =0, SeR.

The aim of this section is to establish various estimates on the functions ¢, and
integrals involving them that are needed in the forthcoming constructions.

We begin with a careful analysis of the behavior of ¢, in the limit ¢ — 0. Given
a positive function h(e), we use the customary notation f(¢) = O(h(¢)) as ¢ >0 to
mean that there are constants ¢, sufficiently small and C such that |f(e)|] < Ch(e)
for 0 < e <Zg.

Lemma 4.1. Suppose that the wave speed /,(V') satisfies (Ay).
(1) If dy = Ay — A= >0, then as ¢ =0,

1
(46) mdi é Iks é dk + 27178,
47 0<o0m® jor cer.
d, 1 ,
Pr(&) = 0(1)ZGXP <—28(5 — Ji-) > for &< Jy_,
4.8)

d
Pr(¢) = 0(1)?kexp <—i (& — )»k+)2> for &> gy

(11) If dk = ;Lk+ - ;ka = 0, then

1 1 s
(49) =m0l = e (—28@ — Jxc) )

Proof. Assume first that d, > 0. Performing the change of variable { = p; + \ﬁn
in the integral (4.4), we obtain

¢ 1 ¢ 1
@100 = [ ew(=a@)a =5 [ e(~Latot on)a

Pk

N exp(—ipk+§ws V) ds) ay
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Using again the change of variables s = p, + \ﬁr and (4.5), we obtain
pe+/en

1 1
@) et Ve =) | s— a0 6)ds

Pk

f {r _ \;E LV (pi + \/;,r)) - ik(V(Pk))]} dr

>0 fornelR.

We notice that for # > 0,

: 1
(4.12) JT —— [V (px + /e0) — 24V (p))] de <1, /lk+ — A=),
7

g

while for n < 0,

n

2
(.13 J - i LalV (pe + /o) — iV (oo de <™

1
— (Ak+ — =)
N
0

Therefore (4.10)—(4.13) provide the estimate
(4.14)

n

L. = \/; J exp <— J \;; LV (pi + \/;T ) — 2V (pi))] dT)
| -
- f AU S50 — AV (o] dr) dn

&
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The asymptotic behavior of the last integrals can be evaluated by using the limits

* )
fe K/ch _e—x2/2
(4.15) lim *———— = lim =1,
X— 0 —eilez X— o0 ——eixz/z—eilez
X X
x 2
j e C/ch e_xz/z
(4.16) lim == = lim =1
X T 7le—x2/2 x"*"oi —x/2+e—x2/2
x 2

and for small ¢ yields

(417) IkSZ\/Eedk/k( \/7€_dk/2f+1€e dk/2s>: 1 g

d o(1) 4,

Next, observe that for & > A, = py,

:
(4.18) ge(&) = [ s = V() ds + gullu+)

:

[ (5= Ais) ds = 3(E — s )%,

Ak+

1\

while for & < ;- < py,

<
(4.19) g(&) = [ s = AV (5) ds + glli-)

.

S s ayds =3 —
¢

Therefore, (4.4) and (4.5) imply that

1\

Ak—

(420) I, < f exp(—zi@—ﬂ.m) dc + dy + fexp(—i<c—zk+>2> &
e e

- © A+

—dk+ffexp< >dn_dk+\/ﬂ

which together with (4.17) completes the proof of (4.6).
Estimates (4.7) and (4.8) follow from

1
eXp <_s gk(f)) d 1
(421) &)=L= 00) e <—8 gk@)),
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a consequence of (4.3) and (4.6), in conjunction with (4.5), (4.18) and (4.19). Finally, if
d, = 0, then /, (V') remains constant, say 4, _, and (4.9) follows from (4.3) and (4.4)
via a direct calculation. []

Remark. To expand on the implications of the lemma, suppose that we are given
a family of functions {U,},~, = Q and that for each U, we define the corresponding
solution ¢y, of (3.24). Then (4.8) implies that ¢, —» 0 as ¢ > 0 uniformly on any
interval of the form (— oo,a;]U[by, 0) with ap < A, < A+ < b,. The family
{®rs}e> o 1s uniformly bounded in L', and thus there exists a subsequence ¢, with
&, — 0 and a finite Borel measure ¢, with supp ¢, = [4x—, A+ such that ¢, — ¢y
weak-* in measures. For the single conservation law or the equations of isothermal
elasticity, objects similar to ¢, yield the same structure for the solution to the
Riemann problem as that obtained by the Liu shock-admissibility criterion

(ef. [Tz2]).

Our next task is to study certain integrals involving ¢,, and ¢, that account for
the effect of interactions between elementary waves. It is convenient to introduce
the notation:

d, = length of the interval [, _, Ax+ ],

¢, = midpoint of the interval [A;_, Ax+],

d(&, 4,) = distance between the point ¢ and the interval [A—, Ax+ 1,

D,,, = d(Z,, A,) = distance between the intervals [4,,—, 4,,+ ] and [4,-, 4,4+ ]

Because of (4,), D,,, > 0. Also, we may assume without loss of generality that
d, > 0 by replacing (4.9) with the weaker estimates (4.6)—(4.8). Lemma 4.1 indicates
that ¢, has the form shown in Figure 2. The behavior of ¢, is uncontrolled in the
interval [ A, —, A + ], where the wave speed A,(1) takes values, but its amplitude is at
most of order O(1/e). For E¢ [Jx_, A+ 1, @i decays like O(Lexp(—5d(&, x)?). Tt is
expedient to fix points ay, b;, k =1,..., N, such that

(422) aq <;u1_§/11+<b1<a2</12_§/12+ <b2<
and to introduce the notation

(4.23) si(e) = ém?ﬂi (&), o = 3min{|a — 4%, b — AP
& [ak, bl

@)

a Ay Aks by

Figure 2.
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Then (4.8) implies that

1
(4.24) 0(&) = sile) =4d, O <E ea"'/s>’ Eé [aw, bid,

and s;(e) serves as a global bound outside the main support of the wave. The
function h, = Le~ ™/ describing the decay rate behaves as follows: As ¢ increases
hy increases from O to its maximum value 1/ea;, achieved at ¢ = oy, and then
decreases down to 0 as & — co.

Lemma 4.2. Suppose that the wave speeds 2, (V') satisfy (A,) and

(As) (1 + </3) (A + di) < d(Zss 2m) = Diom

for V eQ. Then there exist constants oy, > 0 depending on dy, d,,, Dy, but indepen-
dent of &, V such that

(4.25)

4
1 1
exp <— A gk> J exp <E gi(C )) Qm(() dL

Ck

1 did,,
—— &, + O (e” /ey =2
é ka (P ( ) ka

& — ¢kl ox, m=k.

P, m :': kv

Proof. When m =k, (4.25) follows from a direct calculation. So suppose that
m # k. Using the notation 4, = A,(V (£)) and (4.3), we obtain the chain of identities

4

1 1
@20 exo(~Loc) [erp(Lant0) out

Ck

¢

1¢
| ¢ ¢ | exp(——fs—/lmds>
=exp<—— Js—),kds> Jexp(— Js—/lkds> 8”1'” d¢
€ €
Pr Ck

me

¢
Js — lmds>dC
¢

Pk

¢

¢ ¢
1 1 1
= —exp<—— J s — /lmds> Jexp(— Js — )vkds>exp<—
1. I3 3
Pm Cr

¢

[

¢

&
1
= (Pm J‘ eXp <8 J\im - )s,k dS) dC.

¢
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In view of (A,), we have

(4.27)
g ‘ . y,

1 1 |“m |
onl e« fon(t -0
Ck ¢

mk

¢ 4 ¢
1 1 1
— e Jexp( f)um—ikds>d< Jlm—lkds>
D e &

Combining (4.26) with (4.27) and using (4.3), we arrive at the estimate

14
e*gk/«:j edxle Om dC‘

Ci

(4.28)

exp(——fs—) ds> L L
= Om + Lo exp <—— [ — ds> exp <— [——h ds>
3 3

&
mk I me Pk Pk

r 1 P
exp(—= [ s— Amds
é & 1 ) 1% )
= Om + On exp —gjs—ﬂkds exp Ejlm—ﬂkds

D Lne P Pk

e e 1 14
=D—mk(p +Dmk1m£|:exp<——fs—lmds+ | Zom —Akds>:|lks(pk.

Pk

The goal is to show that under (A;) the term in parentheses decays as ¢ — 0. To
this end, observe that

Pk
(4.29) —[s—Ipds < —3iDZ.,

Pm

Pk

It suffices to show that

Since the roots of the quadratic —2x2+4 x + 1 are li\/g, hypothesis (Aj)
implies the inequality (4.31), and thus there exists a positive constant oy, such
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that

1 Pk 1 Ci
(4.32) exp <_E [s— Amds+ - | —— ds> < O(e™%n/?),
Om

Pk

The proof of the lemma follows from (4.28), (4.32), and (4.6). []

Our next objective is to use the facts that each ¢, is essentially supported on the
interval [/,_, A+ ] and that such intervals are distinct in order to estimate the
integrals

¢
(4.33) Fimn(&) = e7 20 [ om0, (0) ,(0) dL.

Ck

We begin with

Lemma 4.3. Suppose that A, (V), k= 1,..., N, satisfy (A,) and (A3). Then
(i) form=1,...,N,

4
e—gk/fj' edlE Om s dé’

@) formmn=1,...,N,withm=%n, m=*k, and n £k,
(4.35)

(4.34) = P

&Sm(&) £5(e)
D,, Pn D, Pm

4
e Ukle j egk/sq,m(pk dC‘ <

Ck

_ did, e didyy
+ [sm(s)O(e ) —gkn + 5,(e)O(e ! )l’;—km] Px-
Proof. First we show (i). Since

4 ; &
“YklE
(436 Fum = ¢ [ e, it = g0 [ gu
ke

Ck Ck

it follows that |F_ .| < ¢4, and (4.34) is proved. Observe next that because of (A,),
(4.37) Pm®n = Sul(&) @y + 5,() @ for m =+ n, CeR.
Using (4.25) with m + k and n + k, we obtain

(438) |Fk,mn| é Sm(‘g)

9
R dz‘ + 5,(e)

Ck

14
e 9klE j e.qk/e(pmdc‘

Ck

Smle e sale
2 g+ 0 ) dydy) + 5

which in turn yields (4.35). []

= (E@m + O(e™ ™) did, py),
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It remains to estimate the integrals F ,, with m = k, which account for the
effect of self-interactions. Using (4.3), we write Fy_,,, in the form

(4.39)

4
Fk,mm =e % fegkls q)rzn d¢
Ci

¢
R ¢ —2j"s—/1mds>

| ¢ | exp<
=exp<—gfs—lkds> Jexp(f;s—iwls) 8”["‘2 dac

Pk Pk

P

2 ¢
exp<— |'s—imds

> g ¢
= 8";2 Jexp( Js—/lkds>exp<— Js—)»,,ﬁs)d(
" :

k ¢

—

™
™ N

¢ ¢

= @2 fexp(— Js — A ds) dac,

[ ¢

™ | =

where we have set
(4.40) An(U) =24,(U) — 4(U) = 1,,(U) + (A4u(U) — 4 (U)).

Note that the ordering is 7,(U) < 4,(U) < Ay(U) when k <m and A,,(U)
< Zm(U) < 24(U) when k > m. In order to estimate Fy_,,,, it is necessary to study
the ranges of the wave speeds 4,(V) and 4,,(V) relative to the range of the
composite speed A,(V), for V eQ, and to impose conditions that guarantee
non-resonance between the wave speeds and the composite speed. Note that
Am(V') 1s bounded by

(4.41) A = AV (E)) = A+

where the constants Ay, —, Ay,+, and dy,, the length of the range of A, (V),
depend only on u. We introduce the notation:

d(&, Aym) = distance between the point ¢ and the interval [Ag,—, Agn+ s

d(Ay, Arm) = distance between the intervals [An,—, An+ 1, [Akm—> Akm+ 1

and impose a strengthened version of Hypothesis (A3):

(A4) 7(dm + dk) = 7[()”m+ - }vm—) + (ik-%- - /lk—)] < d()“k’;hm) = ka~

It is easy to calculate dy,, = A+ — Arm— = 2d,, + di, d(App, Ak) = Doy — dp, and
to note that the ranges of A,(V), 4,,(V) and A,,,(V) are separated for V eQ (see
Figure 3). Since the lengths d; are of order O(u) while the distances D,,, are of order
O(1) as i — 0, hypotheses (A3) and (A,) are not particularly restrictive for solutions
of small oscillation. Hypotheses (A3), (A4) are imposed forall k,m = 1,. .., N,and
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(V) An(V) NinV)=2p (V)4 (V) = (V)

Vi 3} €
€ Ay

@l by ApApe by G Dine Nt bin

Figure 3. The ranges of 4,(V), 2,(V) and A, (V) for m > k.

points day,,, b, are selected (near the support of A, (7)) so that, upon rearranging
a, by, 1f necessary, we obtain

(4.42a)

A < M Sy <bp <y < Ape At < by < g < Agm— = A+ < biem-
when k < m, and
(4.42b)

A < Apm— S Ay < by <ty < oy L Aps < b < @y < Ay L iy < by,

when k > m. Such choices are clearly possible. The points ay, b, are now fixed, while
the points ay,,, by, Will be selected subject to (4.42) in the course of proving

Lemma 4.4. Suppose that A, (V'), A,(V) satisfy (A,)—(Ay4). There are choices of ayy,
bim and constants oy, P > 0, depending on dy, d,,, Dy,, but not on &, such that

(a) if k <m, then
g

(4.43a) e %[ e dC‘
1 2 + drzndk 0 1 — 20km/ & é <
— ¢ — " _Of-e 2 <a
(g A) " T A Ar)  \ Pl &=
= 1
dkmdmO <8 e_ﬂkm/£> (/)ma 5 g Agems

(b) if k > m, then

(4.43b)

5
€_g"/£f egk/ﬁ(py%l dé"

1
dkmdmo <8 e_ﬂkm/£> DOm> 5 é bkm,

1 2 drd, 1 _
L S e -
d(bkm: Akm) & Pm + d()\'k’Akm) e e Pres é = Vkm»

lIA

Proof. Let k < m. We first prove (a). The ranges of 4,(V), Zu(V'), and Ay, (V') for
V eQ are as in Figure 3, and a, is any point compatible with (4.42). Let py,, be
a point where the function ffs — A(V (s))ds achieves its global minimum. Then
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Akm(V(pkm)) = Pkm> Akm— é Pkm é Akm+s and

(4.44) Giom(&) = f s — Aum(V(s)ds =0 for EeRR.

Pim

Consider first the region ¢ < ay,, < Ay,—. In this region, Fy ,, in (4.39) is
decomposed into the integrals

E
(4.45) Fipm = 01 exp(1 Js — Ay ds>

&
Pim

¢ C a 4
1 1
><< ‘[ exp <—— fs — Apm ds> di — J exp <—— Js — A ds>dC>.
£ g
— 0 Pkm — 0 Pkm

The first integral is dominant when ¢ > ¢, and the second is dominant when ¢ < ¢.
Since { < & < ayy, < Agm-— , the first integral is estimated by

(4.46)

¢ ¢

: ¢
J eXp <_1 J‘S - Akm dS> dc é J exXp <_1 J‘S _ Akm dS> <Akm - C) dé,
¢ é Akm - 5

Pkm

Pkm

¢

1
¢ exp(—'g js—/\kmds> 1 .
é«sj Pl d<—— fs—Amds>
(&, A e ¢

¢

€ 1
= exp(—— | s— Awmds).
d(akvakm) exp( é Js o S>

Pim

In a similar fashion, the second integral is estimated by

Ck S Cik

(4.47) J exp<—% Js—Akm ds) dé§mexp<—% fs—/lkmds>

- Plkm Pkm

Ck

e 1
_— —= —A .
dn Ay exp< . Js km ds>

Pkm

lIA
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Let Dy = d(ayy, Awm), D> = d(24, Ay,,) and combine (4.45), (4.46), (4.47), and (4.3) to
obtain

1¢
(4.48) [Fyml < 02 <i + - exp (— [5— A ds>>
Dl &

D2 Ck
¢
exp(——js—imds>
_ & 2+i € om
D, Pm D, Ir%ls

1 Px 1¢
xexp(— [s— A ds) exp <— [s— A ds>
g g

Ck Pk

€ e 1 2 P 1A%
=D—1q0,2,,+D—21—rfw<exp<—gpjms—imds+;£S—Akmds>>lk£qok.

It suffices to show that the term in parentheses decays as ¢ — 0. Using the
estimations

Pk
—2 [ s—2,ds < —Di,,
(4.49) o
145
j S — A ds < (Aym+ — A=) dy £ 2[Diy + (dy + di)] (dy + dy),

Ck

together with the fact that (As) implies that (4.31) is satisfied, we conclude that

2 Pk 1 P«
(4.50) exp <—— [s—Imds+-[s— Akmds> < 0(e™ 25,
&

Pm Ck

In conjunction with (4.48) and (4.6), inequality (4.50) shows (4.43) for ¢ < ay,y,
k<m.

Consider now the region ¢ = a,,. An argument similar to the one leading to
(4.20) shows that

(4.51)

9
1 ¢
‘ Jexp <— [ s—Agm ds>dC
g Pkm

Therefore, (4.39) and (4.40) give

< f exp<—€ | s—Akmds>dC§dkm+ 2me.

” Pkm

— o0

1 g
4.52) |Fimml < O0(1) dimpmexp(= | s — Apnds
’ €

Pkm

1¢
exp(— [s=2m ds)

&
= O(I)dkm(pm ’}m X
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16 1
xexp(— | s—/lmds>exp<—— | im—/lkds>
&

> Pim Prom

dm 1 Prm 1 ¢ .
< 0(1) di @ | — exp - | 8= Ands |exp — | A — Jids | .

€ ;
Pm Pkm
The goal is to choose a,,, so that the term in parentheses decays as ¢ — 0 for any

& = Q. SINCE Pip & [ A —» Am+ |, the first term decays as ¢ — 0, and its decay rate can
be estimated by noting that

Pim Akm—
(4.53) — [ s—imds< — [ s—Aps+ds
Pm Am+

= _%(Akm— - ;“m+)2 = _%(ka - dm)2
Since 4,(U) > 4,(U), the second term decays for & > p;,, but grows for & < py,,.
The fastest growth occurs for & = a4,,, and the growth rate is estimated by

Akm

(4.54) - f S — 2 dS E (A — 2=) (Prm — Q)

Pim

< (Dim + dy + d) (d(@rns Aiw) + 2d,, + d).
It suffices to give conditions on dy, d,,, Dy,, and to choose a,, so that
(4.55) = Bim=—3(Dim — du)* + Dy + dp + di) (d(@ms Ag) + 2d + di) < O.
For example, if we choose ay,, = Ay,— — d;, and require that
(4.56) 4Dy + dpy + di) (dyy + di) < [Digw — (dy + di)]7,

then (4.55) is satisfied. By solving the inequality y* — 6xy — 3x2 > 0 for y/x, we see
that (A,) implies (4.56). Therefore (4.52) yields the estimate

(457) |Fk,mm| é dkmdmo (% e*ﬂk",/s) (pm

for ¢ > ay,,, k < m, and completes the proof of part (a). The proof of part (b) is
similar. []

Lemmas 4.3 and 4.4 provide estimates on the integrals F_,,,, which calculate
the effect of wave interactions induced by diffusion. The estimates are consequences
of the separation hypotheses (A,)—(A4) on the wave speeds. Obviously (A,) is the
strongest hypothesis and implies the rest. In the sequel we make use of the
following implication of (4.34), (4.35), (4.43), and (4.7).

Corollary 4.5. Suppose that 2, (V') satisfy (Ay) for k,m,n=1,..., N. Then there is
an g9 > 0 and a constant C, depending on dy, Dy,,, Dy, but not on ¢, such that

g N
(4.58) |Fiomn| = le™ %% [ e®/° 0 0,dl| < C ). ;

Pk Jj=1

for kkmmn=1,...,N and 0 <& < g.
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Remark. 1t is instructive to identify which of the integrals F; ,, have nonzero
contributions in the limit ¢ - 0. In view of (4.36) and (4.3), the terms F,_,, and
Fy tm Fr.1 have nonzero limiting contributions supported on the k-th wave speed.
On the other hand, (4.35) and (4.7) imply that F; ,,— 0 as ¢ >0 when m =+ n,
m # k,and n % k, which suggests that diffusion-induced interactions of two distinct
families have no contribution as ¢ — 0 on a third family. (Recall that we are dealing
with solutions for Riemann data.) By contrast, (4.43) suggests that the terms Fy .,
m * k, accounting for the effect of self-interactions of the m-th family on the k-th
family, have a nonzero contribution in the limit as ¢ » 0 supported on the m-th
wave speed.

5. Validation of the Asymptotic Expansion

The objective of this section is to solve the problem

&0k + [$ — AV (£)] O
.1 =¢ Z Z [VI(V (E)rn(V () ra(V ()T (Tn@m + ) (Tu @ + 0n),

m=1n=1

O(c) =0

where V €Q, defined in (4.1), and where © = (z,. . . , Ty) is a vector parameter in
R™. The aim is to construct solutions 0,(-;t) that are of order O(|7|?) in the wave
strength |t| =|t4| + - - - + |7n| as |t] = 0. This would validate the asymptotic
expansion (3.29).

Throughout the section we use the notation

(52 A=V, Bemn = Prcwn(V (E) = VLV (E)rm(V (E) (V' ()

and assume that u is so small that the hypotheses (A;)—(A,) on the wave speeds are
fulfilled for ¥V € Q. Moreover,

(53) |ﬁk,mn| é B

with B depending only on u. Recall that g, is defined in (4.4) and that ¢, is the
midpoint of the interval [, -, 4+ ]. If we use the variation-of-parameters formula,
then (5.1) is expressed as a system of integral equations

(5.4)

B(E) = e [ S oo (VO enonld) + 000D (6100 (0)+ 0,00
Ck m,n=1
Our strategy is to formulate (5.4) as a fixed-point problem, and to use the uniform
contraction principle in order to construct solutions 0;(-;7), k=1,..., N
Let Cy(IR) stand for the continuous functions that decay to zero as | £| — oo, and
define

(5.5 E= {X =1 7xn) €[Co(R)]V: sup —? =" L ()l

<oo,j=1,...,N}.
ée]RZl 1 ()
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The space E with the weighted sup-norm

N |X,(5)|
5.6 - Xinied©)
56 7l = 2 swp v 5

with weight Y, ¢; > 0 is a Banach space. Let B; = {t e R":|t| < 6} and set

N
(5.7) F={yeE: |y ) = Al ¥ @i(é).eR,j=1,... N},
i=1

i=

where t€B; and A is a constant to be determined later. F is a closed bounded
subset of E in the weighted norm || - ||. Define the map T that takes V €Q, t € By,
x € F to the vector-valued function T () with components

13 N

(58) Tk(x) = e—gk/sj' egk/s Z ﬁk,mn (Tm(pm + Xm) (Tn(pn + Xn) dC’
Ck m,n=1

k=1,...,N. The map T has the following properties:

Proposition 5.1. There exist positive constants A and o, such that for 6 < dy:
() T:Qx Bsx F — F is well defined.
(i1) There exists o, 0 < o < 1, such that

(5.9) ITV,t.0) =TV, 0, )| =aly—7zll for x.x €F,

and for any V €Q, t € B;. Therefore T(V,1,"):F — F is a uniform contraction.
(iii) There exists a positive constant C, depending on p but independent of 9, such that

(5.10) ITV,7,0) —T(V,s, 0l = Colt —s| for t,s€B;,

and for any V eQ, yeF.

Proof. In the forthcoming estimates C, C’, and C” stand for generic constants that
can be estimated in terms of B, the dimension of the system N, and the constant in
the estimate (4.58). As a result, such constants ultimately depend on p in (4.1), but
are independent of 6. We now establish (i). Let V €Q, 1€ B;s and y € F be fixed.
Then (5.8), (5.7) and (4.58) imply that

(5.11)
& N
|Tk(/()| é e*gk/s fegk/g Z |ﬁk.mn|(|1m|(pm + |/(m|)(|fn|(pn + |/(n|)dC’
Ck m,n=1
4 N N N
é Be_gk/s j.egkls Z <|Tm|q)m + A|T|2 Z (Pi><|fn|(Pn + A|T|2 Z (Pj>dC‘
Ck m,n=1 i=1 j=1
N ¢
< CltP(1 + 245 + 4%5%) Y egmjew“¢wmd4
m,n=1 Cr

N
<C(1+ 40212 Y o
=1

J
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Comparing the outcome with (5.7), we see that if
(5.12) C(1 + Ad)* < A,

then T'(V,7,7) € F and (i) is established.
Next, we examine (ii). Let V' €Q, 1 € B; be fixed, and consider y, y € F. Then

(513) Tk(X) Tk(/{) = e_qk/e j. eqk/s Z Bk mn[fm(pm(/n - + T (pn(/Cm - }_fm)
Cx mn=1

Using (5.6), (5.7), (5.11), and (4.58), we obtain

(5.14)
& N
|Tk(X) - Tk(i)' é e—gk/s jegk/s Z |Bk,mn| [l’cm|(pm|1n - Zn' + |Tn|(pn|;{m - )_le
Ck m,n=1

+ |Xm| |Xn - )_fnl + |)_Cn| |Xm - }_fm|:] dC‘

< Be 9%/

¢ N T
fesis ¥ [2|rm|g0mlx—5( 2 ¢

Cx mn=1 i=1
N N

+ 2A|r|2< Y (Pj> lz =7l > qn]dl‘
i=1 i=1

e g"“‘feg“‘ wmwndCD Iz =l

1 Ck

N
<C 5+A5<Z
N

< C'8(1 + Ad) (Z >y

which, on account of (5.6), in turn implies that

(5.15) IT()— Tl = Co(1 + Ad)lx — 7ll.
Therefore T is a uniform contraction on F, provided that
(5.16) C'o(1 + Ad) =a < 1.

Note that (5.12) and (5.16) can be simultaneously satisfied for many choices of
A and 0. In the sequel, we fix 4 = 4C and § < d, = min{,¢, 55 . For these choices,
1 + Ad < 2, both (5.12) and (5.16) are fulfilled, and the proof of (i) and (ii) is
completed.

Finally, we turn to (iii). Let V €Q, y € F be fixed and consider t,s € B;. Then
(upon suppressing the y and V' dependence) (5.8) yields

& N
(5.17) Ti(t) — Ti(s) = e~ [e%* 3 B uu[(TnTu — SmSn) PP

Cr m,n=1

+ (Tm - sm) PmXn + (Tn - Sn) (anm] dC
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Using (5.6), (5.7), (4.58), and (5.16), we deduce that

(5.18)
& N
ITe(t) = Tu(s) S e | [e™* 3 B mnl([tm — Sulltal + 170 — SullSnl1@m @y
Ck m,n=1

+ |Tm - Sm|¢m|%n| + |Tn - Sn|§0n|Xm|)dC‘

& N
< Be 9| fen/s Y (5[|1-m — Sl + T0 — Sul] Omu
[ m,n=1

N
+ A52< Z qDJ) [|Tm - Sm|q)m + |Tn - Sn|(pn]>d€‘
=1

J

N g
SC"o(1 + Ad)|lt —s| ), eg"/‘“je""/s(pm(p,,dé‘
m,n=1 Ck
N
SC"o(t—5s) ) @
j=1
and, by virtue of (5.6),
(5.19) [T(x) = T(s)l = C"d[t —sl.

This completes the proof of (iii). [

The properties of the map T are useful both for solving (5.1) and for establishing
properties of the constructed solution 6 = (04, . . . , Oy).

Corollary 5.2. Let A and § be as in Proposition 5.1. Given V € Q, © € By, there exists
a unique solution 0(-;7) of (5.1) in the class of functions satisfying

N
(5.20) 050 < Al Y. @5 el <6, k=1,...,N.

j=1

Moreover, there exists a constant C independent of § such that 0(-;7) satisfies

N
(5.21) 10k(+37) — Ok(55)| < Colt —s| Y, @; for t,s€B;.
=1

J

Proof. For each fixed V €Q, t € B;, the map T (V,1,-): F — F is a contraction with
a uniform contraction constant o < 1. The first part of the lemma is a direct
consequence of the contraction mapping theorem.

The fixed point 6 depends parametrically on V' and 7. In the second part, we are
interested in regularity properties of 0 in t and need estimates that are uniform for
V €Q, 1 € B;. Instead of using general versions of the implicit-function theorem, we
opt for a direct approach that gives precise information on the bounds. Let 1V e Q
be fixed, and consider 7, s € B; and the corresponding fixed points 6(z) and 0(s) of T
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Then we have

(522)  0(x) = 0(s) = [T'(z,0(2)) — T (z,0(s)] + [T (z, 0(s)) — T (s, 0(5))].

Using (ii) and (iii) in Proposition 5.1, we obtain

(523) 00 =00 =T (x.0() — T(r,06)] + [T (z,0(s) — T(s,0(s))l
a[|0(x) — O(s)[| + Co|t — 5.

lIA

Hence,
C
(5:24) 10() = 0(s)] < 7— oz |

and (5.21) follows from (5.6). [

6. The Map Connecting the Wave Strengths to the Riemann Data

For VeQ the states V() take values in the ball B,(U-)={UeR":
|[U — U_| £ p}. Because of the orthogonality relations (3.8) and the continuity
properties of [;(U), r;(U), given > 0 we can choose p such that

6.0 LU) rU)=z1—n, U,U,eB,(U-),

(U rU)l =n, U, U, €B,(U-), i #].
Also, for states in B,(U_) the right and left eigenvectors are bounded:
(6.2) [r(U) =R, |[L(U)J=R, UeB,U.),i=1,...,N,

by a constant R depending only on u. For our future deliberations we impose an
additional hypothesis, which complements (A)—(A,) and concerns the behavior of
the right and left eigenvectors along functions in Q: Namely, we fix n < 1/N and
require that

LU r(V(E) 21—,
LU (VN =0, i+,

for VeQ and ¢ eR. This is attained by restricting, if necessary, the size of .
Consider the system of differential equations

(As)

(63) eai+[E—AVEOIa=2e Y X VRV ErmV(E) raV(EN] anay,

m=1n=1

where IV € Q. We saw in the previous section that (6.3) has solutions given by an
asymptotic expansion in a parameter T € RN of the form

(6.4) ar(&;7) = T pi(E) + 0k(E5 7).

The expansion is valid for |t| < § uniformly for V €Q, and 0,(- ;1) satisfies (5.20)
and is of order O(|t]?) as | 7| — 0. The parameter 7 is associated with the data at ¢,
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as from (5.1):
(6.5) a(Cr5 1) = T i)

It is instructive to visualize |t| = |74| + - - * + |tn| as measuring the wave strength
of the solution of the Riemann problem associated with a,(¢;7) (¢f. (3.11)).

A comparison with the general outline in Section 3 shows that while the
solvability of (3.15) is at this point well understood, it remains to select 7 so that
(3.13) is satisfied. The issue emerges of studying the connection between the
parameter t and the boundary data U, . To this end let U_ be fixed and consider
the map S that carries 7 into the end-state vector

(66) SO=U + 3 | [0o) + 0G0 ) de

ForteB; = {t e R":|t| £ J}, the map S is well defined, and depends explicitly on
V and implicitly on &. Our objective is to study the invertibility of S and to show
that the inverse map is uniformly bounded in V' and e.

Proposition 6.1. Assume that (A,)—(As) are satisfied for V e Q. There exist positive
constants r and o such that

(1) Given Uy € B.(U-), there exists a unique solution of the equation S(t) = U, with
TE Bé.

(ii) For each V €Q and ¢ > 0, the inverse map S~ *: B,(U_) — Bj; is well defined and
satisfies

(6.7) ISTHUL)| = 281U — U-|,

where f3 is a constant which depends on p, but is independent of the particular V e Q
and e.

Proof of Proposition 6.1. Let U_ be fixed. The equation S(r) = U, has the form
N © N o
68) Ui —U-= Y o | oun(V()dl+ Y | OG0V ()l
1 —

k= k=1 -

If A(V') is the matrix whose k-th column is given by
(6.9) a(V)= | gr(V()dl, k=1,...,N,

then (6.8) reduces to
N o
(6.10) Uiy —U_=AV)t+ Y, | 0(Con(V(©)de,

k=1 —o

whose solvability in 7 we now study.
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First we show that Hypothesis (As) implies that 4(V) is invertible:

Lemma 6.2. Assume that (As) holds (withn < 1/N). The matrix A(V) is invertible for
any V €Q, and the inverse matrix A~ (V') is uniformly bounded:

(6.11) ATV S B, VeQ,

by a constant B independent of e.

Proof of Lemma 6.2. Since ¢, are averaging measures, the mean-value theorem
implies that

6.12) alV)= | V)L =r(V})

for some V;* € B,(U-). Since {r;(U-)} are linearly independent, by choosing x suffi-
ciently small we guarantee that the vectors r((V[),. .., ry(Vy) are linearly inde-
pendent and thus A(}) is invertible.

We now show (6.11) and in the process provide an alternative way of showing
that A(V) is nonsingular. For 7,y € RY consider the equation A(V)t = y and write
it in the form

0

(6.13) Z, k j Qe (V(0))dl = y.

Taking the inner product of (6.13) with [;(U_-) and rearranging the terms we obtain

(6.14)
T jfo @i[LU-) r(V(O)]d = li(U—)'y*k;fk _fm @i [L(U-) e (V ()] dC.
Then (As), (4.3), and (6.14) yield
(6.15) lTl(1 —n) = [LU-) yl +’7k§i|7k|-
Adding the resulting equations for i = 1,. .., N and using the fact that < 1/N,

we obtain the estimate

N
(616 ol S 1 X 1KUYy = Blvl = BlA()e

The first implication of (6.16) is that the only possible solution of A(V)t = 0 is
the trivial solution T = 0. Therefore a,(V'), . . . , ay(V') are linearly independent and
A(V') is invertible. In addition, (6.16) implies that

(6.17) |[A7Y(V)yl = Blyl, yeRY,
which proves (6.11). [
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Next, we formulate the equation S(tr) = U, as a fixed-point problem. Let
B,(U-) be the ball centered at U_ of radius r, and consider the map P that takes
U, €B,(U-), V €Q, T € Bs into the vector

(6.18)  P(U+,V, ) =47 (V)(Us —U-) = A7 (V) ¥ Ojc Ox(Cs D (V(O)) dL.

Since A(V') is invertible, solutions of (6.10) are fixed points of the map P(U,, V,).

Lemma  6.3. There exist positive constants 6 and r such that
P:B,(U_)xQx Bs — Bs and has the property that there exists a constant o with
0 <o <1 such that

(6.19) [P(Us,V,7) = P(Uy, V,s)| Salt —s|, 1,5€B;,
for any U, eB.(U_), V €Q, that is, P(U.,V,-) is a uniform contraction on B;.

Proof of Lemma 6.3. Let U, €B,(U_), V €Q, and 7 € B;. Using (6.18), (6.11), (6.2)
and (5.20), we obtain

N

(6.20) [P(Us, V. 7| = IA_l(V)|<|U+ —U-|+ ) Oj? |0k(C;f)||rk(V(C))|dC>

=1-w

§ﬁ<r+RA|r|2N§ Of (p,»dC)

j=1 -
< B(r + RAN?6?).
The first assertion of the lemma is true, provided that r and ¢ satisfy
(6.21) Br + BRAN?§* < 6.
Now let 7,5 € B; and observe that

(6.22)
PU,,V,7) —P(U.,V,5)=—A"'(V) Z jo [O(C5T) — Ok(C59)]m(V (D) dC.

On account of (6.11), (6.2) and (5.21), we see that (6.22) gives

(623) [P(U.,V,1) = P(U, V.9 =B ). T 10(C57) — Ou(Es 9 eV ()] dC

k=1 —w
N [e]
< BRNCS|t—s| Y | o;d¢
j=1 —w

< BRN2Cé|t — s|.
Therefore, if
(6.24) o= BRN?>C6 < 1,

then P(U,,V,"): Bs — Bs is a uniform contraction.
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Note that if 6 < 3min{(SRN2C)~!,(BRN?A4)" '} and r < §/2, then both (6.21)
and (6.24) are simultaneously satisfied, and the proof of the lemma is complete. []

We return to the proof of Proposition 6.1. Lemma 6.3 implies that, given
U, € B,(U.), there exists a unique fixed point of P(U., V, ) in the ball B; and thus
a unique solution of S(t)= U,. Hence, S™! is well defined. Let U, and
7 =S~ }U,) be two corresponding points related through (6.10). Using (5.20), (6.2),
and (4.3), we obtain

N o
(6.25) AWV)t| S |UL = U-| + ), [ 10(&Golln(V ()l dl
k=1 —w
S|U. — U+ RANIP S | oyl
j=1—w

= |U, — U_| + RAN? |7~

Using Lemma 6.2, in conjunction with (6.21) and the choice of §, we deduce from
(6.25) that

(6.26) 7| £ BlU+ — U-| + BRAN?S|t| £ BIUs — U-| + 51,
which implies (6.7) and completes the proof of the proposition. []

7. Proof of Theorem 3.1

This is the concluding section of the derivation of a priori estimates for (P,). The
analysis of Section 3 to 6 is combined in order to prove the main theorem.

Let U_ be fixed and define Q by (4.1). Qis a closed, convex, and bounded subset
of the Banach space C°(— oo, c0) of continuous, bounded functions. Fix ¢ > 0 and
consider the map T carrying V € Q to the continuous function W defined by the
following procedure:

(a) Let ¢ be as in (4.3). We obtain the solution 0, (-; 1) of (5.1) for € R small, and
define a;(-;1) = T4 @x + 0i(-; 7). The resulting a, form a solution of the system of
equations (6.3).

(b) Let S be the map defined in (6.6). Let ¢t be the solution of the equation
S(t) = Uy, that is, t = S~ (U,).

(c) W is then defined by setting

& N
(7.1) WE=U-+ [ Y [tod) + 0l 0]V () de.

—o0 k=1
The construction is feasible for the following reasons: The parameter u in the
definition of Q is fixed so that Hypotheses (A;)—(As) are satisfied for V € Q. Also, we
fix the parameters A and d, as in Proposition 5.1 and let § < d,. Then Corollary 5.2
states that for T € B; the problem (5.1) has a unique solution satisfying the estimate

N
(7.2) 0(s0l < Al ) ¢;, T€B;.
j=1

J
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According to Proposition 6.1, for r and ¢ sufficiently small the map S: B; —» B,.(U-)
is invertible, S(r) = U, is uniquely solvable in B;, and the inverse t = S~ ' (U,)
satisfies the estimate

(7.3) |t =S~ (U.) =2B|Us — U-|, U, eB.(U-),

for some fixed f (independent of V' and ¢). As a result, W (— o0) = U_ and W (4 0)
= S(t) = U,. From (7.1) we obtain

aw X

(7.4 g Z i + Ok (50T (V ()

which, in conjunction with (7.2) and (6.2), yields

N N
< |:|tk|(pk + At ) (Pj:||rk(V)|
k=1

j:

aw
(7.5) ‘df

N
< R|t|(1 + AN|t|) Z
In turn, (7.1), (7.3), and (7.5) imply that

f

< 2BNR(1 + 2BAN|U, — U_))|U; — U_|.

(7.6) W) -Ul=

Z [t or(8) + Ok O] 1V (D)) ‘dC‘

k=1

It follows that if U, € B,(U-) and r is restricted by
(7.7) 2BNRr(1 + 2BANrF) < u,
then the function W defined in steps (a)—(c) satisfies
(7.8) W@ —-Ul=u <CeR

In the sequel we fix r and 6 to simultaneously satisfy (7.7), (6.21), (6.24), and (5.16).
All the stated constructions and estimations are then feasible, and the map
T:Q — Qs well defined. In addition, (7.5), (7.3), and Lemma 4.1 dictate that there
is a constant C such that

C ¢ 2
W (&) —U_| U, —U_|— [ e C™m240 for & <2y,
€ — 00

(7.9) o
W) = Ui =IUs = U-| [ e G ma’2eqr for &> Ay
9

Our next task is to apply the Schauder fixed-point theorem to the map T.
(i) T(Q) is precompact in C°(— oo, o0). Consider a sequence {V"} = Q and let
W™ = T (V"). Estimates (7.5), (7.3), (7.8), and (4.7) imply that {W "} is uniformly
bounded and uniformly equicontinuous on the reals. It follows from the Ascoli-
Arzela theorem and a diagonalization argument that there is a subsequence { W "/}
and a continuous function W such that W™ — W uniformly on compact subsets of
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RR. But then the decay estimates (7.9) imply that the convergence is in fact uniform,
and thus T (Q) is precompact in C°(— o0, o).
(i) T:Q— Qis continuous. Let {V'"} = Q be a convergent sequence in C°(— oo, c0),
with V" - V° and set W"=T V"), W° = T(V°). We proceed to show that
T(V")— T(V°). Recall that ¢ is held fixed and that W" and W° are defined in
terms of the intermediate quantities ¢}, 0%(-;7), af(-;7), S", t" and ¢},
02(-;7),ap(-;1), S, t° in steps (a)—(c) for V = V" and V = V°, respectively.
First, we show that ¢} — ¢ in C°(— oo, o0). We first use (4.7), (4.2) and (4.8) to
show that {¢}} is a uniformly bounded and equicontinuous sequence of functions
that satisfies the decay estimates (4.8) as |£| — co. An argument as in (i) implies that
there exist a subsequence {¢}’} and a function ¢y such that ¢}’ - ¢} uniformly
in RR. Passing to the limit in (4.3) along the subsequence n;, we find that

(7.10)
1 1

0 4 - 0 4
J, exp <—% LZ s — A (V"(s) ds) d{ fﬁw exp (—% L s — A (VO(s) ds> dt

from which we deduce that ¢# = @?. The sequence {¢f} has limit points, and any
limit point is equal to ¢f. Hence, the whole sequence {¢}} converges to ¢f.

Second, we show that for 7 fixed 0%(-; 1) — 0R(+; 1) in C°(— o0, c0). This follows
by a similar argument, which we only sketch: Using (5.20), (5.1), (4.7), and (4.8), we
show that {0} possesses a subsequence {0}} and a limit point 0% so that 0} — 0¥
uniformly in R. Passing to the limit in (5.4) along the subsequence n; and using the
convergence of V" and ¢}, we obtain

(7.11)

& N
07 (&) =e W [ e Y (VOO Enon(0) + 07 (O) (@l () + 07 () dL.

Ck m,n=1

nj __ _ 0
QK = = Qk>

Since the limiting 03 inherits the estimate (5.20), the uniqueness part of Corollary
5.2 implies that any limit point of {0;} is of the form 6;°(-;7) = 6(;71). Conse-
quently 03(-;7) = 0%(+;7).

The third step is to show that t"—t° in R". Let S” and S° be the maps
associated with V" and V° respectively and define t* and t° to satisfy S"(t")
= S°(t°) = U,. Since {1"} is bounded, there is a subsequence {t"} and a vector t*
such that t" — t*. We use (5.20), (5.21) to pass to the limit in $" (t") = U, and to
obtain S°(¢t*) = U,. Because of the unique invertibility of the map S° we have
t° =t* and thus the sequence {t"} converges to °.

The precompactness of T implies that the sequence {W "} has a subsequence
{W"} and a limit function W * such that W" — W * in C°(— oo, o0). Using the
established convergences and (5.21), we pass to the limit in (7.1) along n; and obtain

& N
(712) W) =U-+ [ Y [tRoR(Q) + 0R(CO)Tm (Vo) dl = T(V ) ().

—oo k=1

Therefore any limit point of {W"} is equal to T (V °) and thus T (V") —» T (V' °) in
C°(— oo, c0). Hence, T is continuous.
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The Schauder fixed-point theorem implies that there exists a fixed point U, of
the map T in Q. By construction U, satisfies

& N
(7.13) U8)=U-+ [ ) auCrn(UQ)de
—oo k=1
where
(714) aks(é ;Ts) = Tk,s(pks(é) + 0k?(é7ré')

satisfies (3.15). The functions ¢y,, 0., and a,, depend implicitly on ¢, and the
quantities 7, satisfy

N £9

(7.15) Sit)=U-+ Y | au@r)r(U0)dl = U..

k=1 —o0

As a result, U, (+ o0) = U, and

M=

Ué) =

k

(€5 7:) = L(Ue() U (&)
Using (7.16) and (3.5)—(3.8), we can rewrite (3.15) in the form

aks(é 5 Ts)rk(Us(é))s

(7.16)

(7.17) L(U)-[— ¢+ VF(U)IU; = I(U,)- U

which implies that U, is a solution of (P,).

Consider a family {U,},-, of such solutions to (P,). By construction, U, are of
uniformly bounded (and small) oscillation (C,) and satisfy the representation
formula (3.33). Relations (7.2) and (7.3) imply that there exist constants C, indepen-
dent of ¢, such that |7,| £ C|U, — U_| and

N
(7.18) ke (€50 = 1Tel @i + Cll® Y 010

Jj=1

N
§C|U+_U—|<(pks+|U+_U—| Z@jr)
=1

j=

As a result,

(7.19) VLI =K ) 9

J

where K is a constant of order O(|U, — U_|) that is independent of ¢. Since {¢},}
are uniformly bounded in L'(IR), it follows that {U;} are uniformly bounded in
L'(R) and that {U,} is of uniformly bounded variation. The total variation of the
family is controlled by |U; — U_| and is thus small. The proof of Theorem 3.1 is
complete.
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8. The Solution of the Riemann Problem

Our next objective is to construct solutions of the Riemann problem (P) by
taking ¢ — 0 limits of solutions of (P,) and to identify the structure of the emerging
solutions. The analysis is patterned on the framework developed in the previous
sections. Nevertheless, it is instructive to single out the set of hypotheses used in
performing the limit as ¢ > 0 and to provide an independent presentation. Let
{U,},>0 be a family of solutions to (P,) that connect U_ to U, and enjoy the
properties:

U, satisfy the uniform bounds (Cy), (S) for ¢ >0,
(Ay) Ax(U,) satisfy the uniform bounds (3.9), (3.10) for ¢ > 0,
U, satisfy (7.19) where ¢y, is given by (3.25).

Solutions satisfying (A,) were constructed in Theorem 3.1, and the resulting families
are of small oscillation and variation. The results of this section remain valid for
families of large oscillation and variation, provided that the global separation of
the eigenvalues and, most important, estimate (7.19) hold. Helly’s selection prin-
ciple implies that there exists a subsequence of the original family, denoted again by
{U,}, with ¢ - 0, and a function U of bounded variation such that

(8.1) U,(¢)—> U(¢) pointwise on (— oo, o0).

Since U is of bounded variation, its domain can be decomposed into two disjoint
subsets ¥ and &: € consists of the points of continuity of U and . of the points of
jump discontinuity. .# is at most countable, and the right and left limits of U exist
at any ¢ € % and are denoted U (¢ +).

We proceed to show that U satisfies (P). In the sequel C denotes a generic
constant that can be estimated in terms of the bounds in (A,) and the Riemann data
and that is independent of ¢.

Theorem 8.1. Let (1.1) be strictly hyperbolic and let {U,},~ o be a family of solutions
of (P,) corresponding to data U, and satisfying (A,). There exists a subsequence
{U, } with &, — 0 and a function of bounded variation U such that U, — U pointwise
on the reals. U satisfies

(8.2) —¢U' '+ FUY =0
in the sense of measures, the Rankine-Hugoniot conditions
(8.3) —CUEH) - U+ [FUE+) —FUE=)]=0

hold at any point ¢ € ¥, and there exist constant vectors U, ..., UyeRN with
Uy,=U_,Uy = U, such that

Uy=U_, —oo<é<i_,
(84) U(é) = Uk’ /’{kJr < é < )"(k+1)*7 k= 17 e 7(N - 1)7
UN:U+, ;LN+<é<+OO.
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Proof. Let {U,} be a convergent subsequence as in (8.1), satisfying the uniform
bounds (Cy), (S), and let y e [CZ(R)]Y be a test function with compact support.
Then (P,) gives

(8.5) JUAEY) —FU)-ydé=e [ U,-y"de.
Passing to the limit as ¢ —» 0, we deduce that
(8.6) JU- (&) —F(U)-y'dé =0,

thatis, U satisfies (8.2) in the sense of distributions. Since U is of bounded variation,
it also satisfies (8.2) in the sense of measures.

Let & =[A1-,A1+]U- " - U[Ay-,Ax+] stand for the range of variation of the
wave speeds 1, (U,). Then (4.8) and (7.19) imply

C 1
Pie = " exp< T 2 d(g, ;Lk)2>, Ee(—00,00) = [Ax—» Ak+],
(8.7)

N

C 1
Ul =K ) szé—eXp<—2—d(é,ff)2>, Se(—o0,00) — Z,
= € €

j=

where d(¢, 4) and d(&, &) are the distances between the point & and the sets
[Ax—, A+ ] and & respectively. Therefore the limiting function U stays constant on
each connected component of (— oo, 00) — %, and (8.4) follows. In addition,
U.(+ o0) = U, implies that Uy = U_ and Uy = U,.

The Rankine-Hugoniot conditions (8.3) are a consequence of the fact that U of
bounded variation satisfies (8.2). We outline a different proof, in the spirit of
self-similar zero-viscosity limits. Integrating the equation (P,) on an interval (a, b),
we obtain the weak form

(8.8)
[—bU,(b) + F(U,(b))] — [—aU,(a) + F(U,(a)] + | U,({)d{ = eU,(b) — £U(a).

For ¢ e ¥ and ¢ > 0, we evaluate (8.8) between the points 0 and 1, with 7 < 4, _,
and integrate the resulting equation in 0 over [&, & 4+ J] to arrive at the identity

E+o E+o0

(89) [ —0U.(0)+ F(UL0)do+ [ [U.(()dldo
4 &t

E+o

=¢ | Uy0)d0 — edUy(x) + o[ —tU,(r) + F(U(1)].
g
From (7.19) and (3.25) we have

(8.10) [ 1U,ld{ < KN.
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Using this in conjunction with (Ay), (8.1) and (8.7), we first take ¢ — 0 in (8.9) and
then divide the resulting equation by ¢ and take 6 — 0+ to obtain

(8.11) —CUEE+)+ F(UEH+) + f U(()dl = —1U(7) + F(U(1)).
In a similar manner, given any 0 and t < /, _, we establish

(8.12) —0U(0—) + F(U(0—)) + E U()d{ = —<U (1) + F(U(1).
Then (8.3) follows from (8.11) and (8.12; for ¢ =0. [

With U(&) as above, define
(8.13) V(x,t) = U(x/t), (x,t)e(— o0,00)x(0, c0).

Clearly lim,_ oV (x,t) = U- for x <0, U, for x > 0. Furthermore, a solution V' of
the form (8.13) is a weak solution of (1.1) on (— oo, o) x (0, o0) if and only if U is
a weak solution of (8.2) on (— oo, o0). The equivalence follows from an argument
due to Darermos [D5]. Let y(x,t) be a C* RN-valued function with compact
support in (— oo, 00) X (0, c0) and define

(8.14) (&) = | 2(ct0)d

The resulting function y € [CZ (— oo, 00)]". Conversely, any test function i may be
represented in the form (8.14) by choosing y = y(x/t)a(t), with a(t) e C (0, o)
a fixed function such that {; a(t)dt = 1. For solutions of the type (8.13), the weak
form of (1.1) may be written as

(8.15)

o— 38

T Vx,t) y:(x,t) + F(V(x,0) y:(x, 1) dx dt

i U(f)'(? wlt, r)tdt) n F(U(&))-(? xx@t,r)rdz) aé
- 0 0

_}O U©) (= Cy Q) + FIUQ) ¥ () de,

and the equivalence follows from the chain of identities. Theorem 8.1 in conjunc-
tion with Theorem 3.1 leads to an existence theorem for the Riemann problem.

Theorem 8.2. Assume that (1.1) is strictly hyperbolic. Given any data U_, U, with
|Uy — U_| sufficiently small, there exists a function of bounded variation U () defined
on (— oo, o0) such that U(x/t) is a weak solution of the Riemann problem for (1.1).

Next we investigate the structure of the emerging solution U. It is instructive to
use the correspondence between functions of bounded variation and finite signed
Borel measures on IR (see [F, Sec. 3.5, Sec. 7.3]). Let u be the (vector-valued)
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measure generated by the right-continuous function of (normalized) bounded
variation (U(¢+) — U_-). Consider now the functions

4
(8.16) (&)= | ou(0)d.
In view of (3.25), the family {®,,} consists of increasing uniformly bounded
functions. Therefore @,, converge along a subsequence to an increasing function
@, pointwise on the reals. The measures generated by @,(£+) are denoted by ¢;;
they are positive measures with total mass 1.
Introduce the measures associated with the functions U, and ¢, defined by

{pesth> = [ ULE) Y (&) de,

(8.17)
(Prer 1) = | Prel &) 1(8) dE,

where 1 e [C.(R)]¥, y € C.(R) are continuous functions with compact support.
Then (3.25), (7.19), (8.10), and Helly’s convergence theorem imply that

JUAdE— [ -dU =y for e [C(R)TY,

(8.18)
| ey dé— [y d®y =i,z for y e C(R).

In the language of functional analysis, u, — p and ¢, — ¢, weak-x in measures.
Using (8.18) we can express (i) =—[,U-y'd¢ for test functions
W e[CH(R)]". Note that ¢4 supp u if and only if there is an open interval I ¢ such
that {u, ) = — [ U -y’ d¢ =0 for e [C}(I)]". This is in turn equivalent to the
function U being a.e. equal to a constant vector on I. Consequently supp u
coincides with the region in the £-domain where U is not a constant state. From
(8.7) it follows that p is absolutely continuous with respect to ¥ ¥_, ¢, and that

supp ¢k < [ik—a ;L'k+:|>
(8.19)

N N
suppuc () suppdp = L = | [+
k=1 k=1

The following proposition states an important property of ¢, which incorpor-
ates admissibility restrictions induced by the self-similar viscosity. In preparation,
recall that

o Gksl®

(8.20) Pre=—
j e kel dC

— 00

where

¢
(8.21) gi(&) = [ s — A (Uy(s)) ds,

P
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and assume (by restricting to a further subsequence) that p,, — p, as ¢ —» 0. Using
(8.1), (Cy), and the Ascoli-Arzela theorem, we deduce that

: :
(8.22) gie(@) = [ s — AU s) ds — [ s — 2(U(s)) ds =t gu(&)

Pke Pk

uniformly on compact subsets of (— oo, 00). We show that points in the support of
¢y, are global minima for the function g.

Proposition 8.3. If & e supp ¢y, then g ({) = gi (&) for { e(— oo, ).
Proof. The proof has two steps. First, fix any ¢ € R and & > 0 and consider the set
(8.23) o = (LeR:g(() — gul) < —o <O},

Since g, is continuous, either .o/ is empty or it has positive Lebesgue measure m(.<7).
We prove that if m(</) > 0, then there exists an open interval I5¢ such that
{¢r, x> =0 for any y € C.(I). As a result, if m(o/) > 0, then &¢ supp ¢;.

To establish the assertion, observe first that
(8.24) 9i(0) = gi(&) = 3(C* — &%) — max{| 4|, |4+ [}1E — &

implies that g, ({) — oo as |{| — oo and that .« is contained in some compact interval
[a,b]. Fix 6 > 0 such that |g,(¢) — gx(0)] < o for O e(E — 6, + §). By virtue of
(8.22), there is an gy > 0 such that if ¢ < g, then

(8.25) [G1:(0) — gi(0)] < 200 for 0 e/ U(E — 6, + 9).
From (8.23) and (8.25) we deduce that if 0 €(& — 6,& + 9), € < &g, and { €./, then
(8.26) Jie(8) — gie(0) = gi8) — gi(E) + 194(E) — g ()]

+19(0) — g1(0)] + 191e(O) — gDl < — 3%,
In turn (8.20) and (8.21) yield

1 efa/Zs
8.27 0 < ¢w(0) = =
(827) = D (— H (gD — gl O L = )

for0el:=(&—06,& + ). Let y e C.(I). Then (8.18) and (8.27) imply that

(8.28) > = | @u(0)2(0)d0 >0 ase—0.
(E=0,849)
Hence, {¢y, x> =0 for y e C.(I).
Suppose next that & e supp ¢. Then o7 is empty for any o > 0 and g,({) = g,(&)
for any { e(— o0, 00). [

The minimization properties for the g, yield information on the structure of U.
In particular, a weak form of the Lax shock conditions is induced at points of
discontinuity.
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Proposition 8.4. Let &, & esupp un[Ag—, A+ ] with & < &'.
(@) If E€F, then

(8.29) ¢ = A(U(Q)).
(b) If ¢ €, then U satisfies at & the jump conditions (8.3) and the inequalities
(8.30) Z(U(E+)) = ¢ S AU(E-)).

(c) If & & esupp un[Ai—, A+ ), then 1, (U(E+)) = & L (U(E'—=)) = &. Moreover, for
any point 0 €(&,&),

0=4UO) if0e?,

(8.31)

AUO+) =0=4UW0-) ifoes.
Proof. The function ¢, in (8.22) is continuous and has the property that
gr(&) = o0 as |E| — oo. Since U is of bounded variation, the limits

832 tim #EO=9C) T

¢
lim S 2 = lim o J s — AU ds = £ — AU (E)

exist and imply that the derivative dg,/d¢ exists and is continuous for ¢ € €, while
only the right and left derivatives exist for ¢ € &. Fix a point & e supp un[Ax—, Ax+ |-
It follows from (8.19) and Proposition 8.3 that & e supp ¢, and that g, ({) = gi(&) for
{eR. In turn, (8.32) yields

(8.33) C—4UE+) 20, &—A4lUE-) =0,

which leads to (8.29) for £ € @ and to (8.30) for & €.
It remains to show (c). Let &, & esupp unsupp ¢, with & < &' Then &, &' are
both global minima for g, with g,(&) = g, (¢'). We assert that

(8.34) gx(0) = gi(&) for any O (S, ).
If (8.34) is violated at some point, then there exist a, b with ¢ < a < b < &’ such that
(8.35) gi(a) = gi(b) = gi(S),  gi(0) > gi(&) fora <0 <b.

At the points a,b we have
AUa+)) £ a < 4(Ula—)),
AUb+)) =b = 4(Ub-—)),

On the other hand, at any 0 €(a,b) the set o7 = {{eR:g,({) — gi(0) < — o} is
nonempty for some « > 0. Proposition 8.3 and (8.19) then imply that 0 & supp ¢,
and the function U(¢) remains constant on the interval (a,b). Hence
A(U(a+)) = 4(U(b—)), and the inequalities (8.36) yield b < a. This contradicts
a < b and (8.35) follows. [

(8.36)

In summary, the region where U is nonconstant consists of (at most) N disjoint
closedintervals I;, = [a;, b, ],k =1,..., N.Each I, is associated with one charac-
teristic family 4,(U) and could be empty or consist of just a single point. The
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function U takes constant values on the complement of  J;_, I, and has the
properties listed in Proposition 8.4 at points of I, . The emerging solution consists
of N wave fans separated by constant states. Next we use the weak form of (8.2):

(8.37)
g
—EUE+)+0U0—) + F(UE+) — F(UO—) + [U(s)ds =0, &0€R,

in conjunction with relations (8.29)—(8.31) to obtain a fuller description of the
behavior of U on the wave fans.

Proposition 8.5. Suppose that I, = [ay, by] is a full interval, a;, < by.
(1) For each & €ay, by) such that VA, (U(E+)) m(U(E+)) *+ 0,

. 1 1
®.38) lm GUEThD)=UCH) =g mEmy) ey Ve

(i1) For each & €(ay, by ] such that VA, (U(E—)) r(U(E—)) £ 0,

(8.39) lim 1(U(f +h+)—-U(E—))

1
h-0.h<0 - Vi(U(E—) 1(UE—)) (U (E—))

Proof. We show (i). Fix ¢ e [ay,by) and let h > 0 such that { + hel;, . The weak
form (8.37) taken between the points £+ and & + h— gives

(8.40)
[—&I+ VFUEH)UE +h—)—-U+))

= —[FUE+h=) = FUEH) = VFUCE+))UE+h—) = U(+))]
E+h

— | UM = UE+)]ds + h(U(E + h—) = UE+)).
4

The increment (U(¢ + h—) — U(£+)) is expanded in the basis of right eigenvec-
tors:

(8.41) o(h)=UE+h=) = UE+) =} ohr(UE+)).

Note that for a function U of bounded variation, w(h) - 0 as h - 0+, and that
(8.42) w;i(h) = LU +)) w(h)
by (3.8). Taking the inner product of (8.40) with [;(U (¢ +)) and using (3.6), (8.42) and

the Taylor expansion, we obtain

(843) [—&+ 4UEHTwih) = 0(lwm)?) + 0(£ Iw(S)IdS> + O(hla(h))).

On account of Proposition 8.4 and the strict hyperbolicity of (1.1), the coefficient
[— ¢+ 2,(U(E+4))] is nonzero for i & k but vanishes for i = k.
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Next, using (8.29)—(8.31) and the Taylor expansion of /,, we see that
(844) AU+ h—)) — 4(UE+)
=h=Vi(UE+) (UE+h—)=UE+)) + 0(awh)P)

If we set ji, = VA (U(E+)) r(U(E4)), jir £ 0 by hypothesis, and use (8.44), (8.41),
and relations (8.43) for i & k, we arrive at the estimate

(8.45) Jewn(h) —h = 0( ) |wi(h)|> +0(om?)

=0(lo(h)*) + 0 <f () dS> + O(h|o(h))).
Adding (8.43) for i + k to (8.45) gives

(8.40) @(h):= |jxow(h) — hl + 3 |y(h)]

i+k

= O((lo(h)| + Wl (h)]) + 0<§ l(s)] dS>

= O((lo(W)| + h)op(h) + 0([(9(5) dS> +0(h?).

Since w(h) —» 0 as h — 0+, we can choose ¢ so small that

h
(8.47) @(h) < Ch* + C | @(s)ds

0
for 0 < h < 6. This integral inequality, in turn, yields
(8.48) 0Z ) ZC'h* forO<h<9,
and thus

i(h h 1
(8.49) fim %P _ofor ik gim W _1
-0+ h w0+ h J

This shows (8.38). The proof of part (ii) is virtually identical. []

Proposition 8.5 implies that U has right and left derivatives at any point & that
is not an accumulation point of &. If such a point ¢ belongs to €, then U is
Lipschitz continuous there, and if, in addition, it is an interior point of I, , then f'is
differentiable there. It also completes the picture regarding the structure of the
wave fans. We distinguish the following cases:

(i) If I,, consists of a single point, then the solution is a shock wave satisfying the
weak form of the Lax shock conditions (8.30).

(i) If I,, is a full interval of points in %, then the solution is a k-rarefaction wave
(provided that V4, -r, + 0 on I;, which anyway is necessary for rarefactions).
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(iii) In general I, consists of an alternating sequence of shock waves and
k-rarefaction waves such that each shock adjacent to a rarefaction from one side is
a contact discontinuity on that side.

9. Self-similar Zero-Viscosity Limits and Shock Profiles

In this section we discuss the relation between self-similar zero-viscosity limits
and shock profiles for strictly hyperbolic systems. It was conjectured by DAFERMOS
[D,] and Tupciev [Tu,], and proved for systems of two equations [D,], that
self-similar zero-viscosity limits have the internal structure of traveling-wave solu-
tions. We pursue here the question in the context of general systems.

Let £ be a point of discontinuity of U and note that U(£+) satisfy the
Rankine-Hugoniot conditions (8.3). Consider a sequence of points {£,} with the
property that &, — £ as ¢ — 0. Define the function

This introduces a stretching of the independent variable centered around the point
., a shift of the shock speed £. The uniform estimates (C,), (S) imply that V is
uniformly bounded and that

9.2) TV.V,(") = TV.U(& +67) = TV:U,(1) < C.

Using Helly’s theorem and a diagonalization argument, we establish the existence
of a subsequence and a function V' such that

9.3) U, + e0) > V({) pointwise for — oo <{ < co.

Proposition 9.1. Let & € & and suppose that {&,} is a sequence of points with &, — &.
Then the function V ({) defined in (9.3) is continuously differentiable and satisfies on
(— oo, o0) the traveling-wave equations

d
9.4 — ¢V -UE-)]+[F(V)—-FU(E—-)] Zd_IC/
with initial conditions

The limits lim,_, ., V({) = V. exist and are finite, and V., V_ satisfy the equations
9.6) — L[V -UE=)+[F(V)—=FUE-)]=0.

Proof. We evaluate (8.8) between the points ¢, + ¢{ and 0 and then integrate the
resulting equation in € between ¢ and & 4 6 for some J =+ 0, to arrive at

9.7
E+s
[— (& + DU, + &0) + F(U(E: + €0))] —% | [—0U.(0) + F(U,(0))] db
9

1§+6§£+s§ &+0

d !
vyl ] Udedd = UG +el) —eg [ ULO)dO.
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After an integration in { we get

(98)
4o

f[ 684‘85U(és‘i‘b‘s)-i—F(U(és‘l—ES))]dS—Clj.[ 0U,(0) + F(U,(0))] dO
¢

1 v dednds = Ue+ a0 - Ue) 5T U)o
0 <

il

Letting ¢ —» 0 and using (9.3), (C,), (8.1), and (8.10) we deduce that

QAIH

&40

L
9.9) [[=¢V(s)+ F(V(s)]ds — C% f [—0U@©)+ FU(@©))]do

tao ¢

{5 [ [U@dedo =V )~ VO,
)

From (9.9), by letting consecutively 6 - 0+ and 6 - 0—, we obtain

¢
(9.10) JL[=E(V(s) = UEx) + F(V(s) — F(UE )T ds = V() = V(0).
0
It follows from (9.10) that V' ({) is a continuously differentiable function that
satisfies the traveling-wave equations (9.4) and the initial conditions (9.5). Since V is
of bounded variation on IR, the limits lim,_, , ,, V' ({) =V, exist and are finite. Also,
for any integer n,

n+1

O11) | [=EV() —UE=)+F(V(s) = FUE—)]ds=V(n+1)— V(n).

Taking the i-th component of (9.11) and using the mean-value theorem, we deduce
that there are t, with n < t, < n + 1 such that

(9.12)
—EVith) —U(E—) + Fi(V(th) — F(UE=) = Vilm+ 1) — Vi), i=1,...,N.

Letting n — oo shows that V. is an equilibrium for (9.4). Similarly, V_ satisfies
9.6). O

The function V' as well as the limiting values V', depend on the choice of the
sequence {&,}. For several choices of {£,} it may happen that the traveling wave
disintegrates to a constant solution. Two questions arise: (i) Is it always possible to
choose {&,} so that the resulting V' does not disintegrate to a constant solution of
(9.4). (ii) What is the relation of U(&—), U (¢ +), and nontrivial heteroclinic orbits.

Proposition 9.2. Let & €. be fixed and suppose that the set of solutions to (9.6) is not
connected. There exists a sequence of shock shifts {£,} such that the resulting V in
(9.3) is a nontrivial heteroclinic (or homoclinic) orbit.
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Proof. Suppose that the solution set of (9.6) with ¢ fixed is contained in two open
sets O_3U(¢é—) and O, s U(E+) with O_n0O, = §. Because of (C,) we may restrict
attention to a ball By, containing U,. For a large integer n, we have U (¢ — 1) e (-
and U(¢ +3) €0,. Choose ¢, such that U, (¢ — 1) e, U, (¢ ++)€0,. There
exists {¢,} satisfying ¢ — 1 <&, <¢&++ and U, (&) € By — (O-u0;). Along
a subsequence, &, — ¢ and U, (&,) = V (0) with V(0)¢ O-u ... The resulting V' is
a nonconstant solution of (9.4) connecting two equilibria V_ and V.. []

The hypothesis in Proposition 9.2 is violated only for shocks associated with
a linearly degenerate characteristic field: VA, (U)-r.(U) = 0 for all U (cf. Section
10). Addressing (ii) is quite complicated at the full level of generality. We give one
result indicating what can happen if there is a finite number of equilibria in B,,, the
range of variation of U,.

Proposition 9.3. Let & € & and suppose that (9.6) has a finite number of solutions in
Byy. There exists a subsequence ¢, — 0 and choices {&1, }, {&,,.} of the shock shifts

such that &, < &,,, €1, = &, Eap, = &,
(9.13)
U, (&1, + 0 = V10, Uy, (Eae, + €,0) = Va(l)  pointwise for — oo <{ < oo,

and the resulting Vi, V, are solutions of (9.4) that satisfy Vi(— o0) = U(E—),
Vo(+ o0) = U(E+).

Proof. Let By, be the ball where the solutions U, range, and suppose that (9.6) has

a finite number of solutions U(¢—), U(¢+), and Uy, . . ., U;. Fix two open balls
B_, B, and an open set ¢ with the properties that B_, B, and O lie inside By,
B_ is centered at U(¢ —), B is centered at U (¢ +), O contains Uy, . . ., Uy, and the

distances between any two of the sets B_, B, and (¥ are strictly positive. Since U is
of bounded variation, we can fix 6 > 0 such that U(@)eB_ for 0 €[¢ — 9,¢) and
U)eB, for 0e(&E+ 0]

Consider a convergent sequence U, — U pointwise on R. In the sequel we will
be extracting appropriate subsequences that are denoted again by U, . Choose
ne such that U, (£ —0)eB_, U, (¢ + ) € B, for n = ny. For each n = n,, choose
points al, AL, bi, BL,i=1,..., K(n), in the interval I; = [¢ — ,¢ + ] in the
following way: a, = & — 6, b, is the first point where U,, enters the ball B, 4, is
the last point in (a,, b,) at which U, exits B_, a7 is the first point after b, at which
U, enters the ball B_ (if applicable), B, is the last point after b, at which U, exits
B, and so on until finally BX™ = ¢ 4 §. These are defined by

by, =inf {0 > a,:U, (0)eB.}, Al =sup{0e(al,b;):U,(0)eB_},
©.14) . . o
ai*'=inf{0 > b,: U, (0)eB_}, B.=sup{0e(b,a’™"):U,(0)eB,}.

if a}* ! is not well defined in the i-th step, then i = K(n) and B}, = ¢ + 6. Since U, is
of uniformly bounded variation, it can go back and forth between B_ to B, at most
a finite number of times: thus K(n) is bounded. By restricting our attention to
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subsequences, we may assume that K(n) is some positive integer K for large n and
that , and a! » a', AL > AL, b ->biand B > B, i=1,...,K, as n - .

By construction, a, < A, < bl < B}, < a;,*!, and U,, satisfies U, (0) € Byy — B
on (ak, A}), U, (0) € By — (B_UB,) on (4,,b}) and U, (0) € Byy — B_ on (b}, B)).
As a result, the limits d’, A, b, B° have the following properties: (i)
ad <A =b<B' =d"*!,({)if B < ¢, then A'=b'=B' =d'*!, and (iii) if ' > &,
then B~ ! = a' = A' = b'. To see (ii), suppose that B < &;if A" < a'*!, then there is
a0 < &such that U, (0)¢ B_ for large n. Passing to the limit, we see that U(0)¢ B_,
a contradiction. The rest of the properties are proved by similar arguments.

In what follows we fix j to be the first index such that B/ = & and k to be the last
index such that a* = £. Then we have the ordering

9.15) W <A =b=Bi==¢= =g =A=b<B

for any index between j and k.
Consider first the case that (9.6) has precisely two solutions U (¢ —) and U (£ +).
Set

o, = Al Vi (0) = Uy, (47 + 2,0),
E, = bi V2o () = U,,(by + &,0),

Then V. (0) lies on dB_ and V,, (0) lies on 0B,. Along a subsequence, V;,, and
V., converge pointwise to a solution of (9.4), and the limits V;(+ c0) = V;, exist
and are finite. Since no solutions of (9.6) liec on the boundaries of B_ and B, the
resulting traveling waves are nontrivial. From the definition of V;, and V,,, it
follows that

(9.16)

J—AJ bk_Bk
DTN <0, Vi ()éB_for0 << 2"

n 8"

(917) Vi, (0)éB, for

Since lim af = a’/ < & = lim A4 and lim bX = ¢ < B¥ = lim B¥,
(9.18) V()& B, for —oo<( <0, V,(()é&B_ for0<{ <o,

Since U(¢—) is the only equilibrium in By, — B, and U (& +) is the only equilib-
rium in By, — B_, it follows that V;(— o0) = U(é—) and V,(+ o) = U(E+).
Suppose next that (9.4) has more than two equilibria. If U, never enters (), then
the previous proof shows the desired result. If U, enters (), we restrict our attention
to the interval [aJ, bi] and note that U, (0) e By — B, on [al, bj) and that
U, (b})€0B,. As in the previous step, we choose points ¢, < C, <di < D.,
i=1,...,K(n), with the properties that c, = a;, d, is the first point after ¢, that
U,, enters (), C,, is the last point before d, that U, exits B_. If U, reenters B_, then
we define ¢; to be the first point after d, that U,, enters the ball B_, define D, to be
the last point before ¢, that U, exits ), and reiterate the above procedure. If
U,, does not reenter B_, then we set D, to be the last point of exit from ¢ before
touching 0B, and stop at this step. Since the sequence {U,} is of uniformly
bounded variation, the process concludes in a finite number of steps. By restricting
our attention to subsequences we may assume that K(n) = K < oo, ¢l — ¢,
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Ci—Ci,di—d D.—- D' Againifd’ < &forsomei,then C'=d' = D' =c'*! Let
[ be the first index such that D! = ¢. Then D' "' = ¢! < C' =d' = D' = ¢, If we set

(919) 615,, = Cf‘l’ Vm(é) = Uan(cfl + snz)a

then V., satisfies

1 l

niCn
(9.20) Vi ()& OUB, hrcé) <(<0

’n

and the resulting traveling wave V; has the property that V;(— o0) = U(E—).
A similar construction shows the second part of the proposition. []

Proposition 9.3 shows that if £ is a point of discontinuity of a solution U arising
via self-similar zero-viscosity limits, then there exists one heteroclinic orbit of (9.4)
that emanates from U (£ —) and one that terminates at U (& +). It is expected that in
general this is the same heteroclinic orbit. However, if more than two states in
By, satisfy the Rankine-Hugoniot conditions (9.6) at a given ¢ € %, or if multiple
heteroclinic connections between two equilibria are possible, then the precise
relation between self-similar limits and shock profiles requires a detailed analysis of
the heteroclinic orbits. (The proof is suggestive as to what possibilities must be
excluded.) In specific examples it usually happens that there is a single shock profile
connecting U(¢—) to U(E+). It is however possible that there are intermediate
states V;,j =1,.. ., J, satisfying (9.6) and a chain of shock profiles with the same
shock speed ¢ that connect successively U(E—) to V, each of the points V; to the
next, and V; to U (& +). The latter situation occurs for the equations of elasticity in
the presence of multiple inflection points in the stress-strain relation, for specific
positions of the Riemann data relative to the stress-strain curve [Tz,].

10. Comparisons with the Classical Solution of the Riemann Problem

In this section we compare the classical solution of the Riemann problem with
the solution obtained via self-similar zero-viscosity limits. For systems of strictly
hyperbolic conservation laws the classical solution of the Riemann problem is
based on a detailed study of elementary solutions of rarefaction waves and shock
waves, and was established, for |U; — U_| small, by Lax [La;] in the genuinely
nonlinear case and by Liu [Liy, Li,] in the general case.

Fix Uy. Let #, = %,(U,) be the integral curves of the vector field r, emanating
from U,. Rarefaction wave solutions take values on the curves #,. Shock waves
emerge by solving the Rankine Hugoniot conditions

(10.1) s(U — Uy) = F(U) — F(Uy).

For U near U,, the set of solutions of (10.1) consists of N smooth curves
S = S (Uy) tangent to #,(Uy) at Uy, k =1,..., N. Each % is associated with
the k-th characteristic field, and is defined by parametric equations U = U,(r) and
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s = si(7) for || small, and the parametrization may be arranged so that
Ui(0) = Uy, Ui(0) = 1 (Uo),
(10.2) 5:(0) = 2(Uo),  $:(0) = 3V A(Uo) - 1(Uo),
2= 1(Ui() < 84(7) < g+ 1 (Ui (7).

A state U, (1) € #(U,) gives rise to a shock-wave solution with speed s (7), left state
U,, and right state U,(t). Liu [Li,] performed a detailed study of the shock curves
and proposed the following shock admissibility criterion. A shock (U, Uy (1), sk(7))
is admissible if it satisfies

(E) Si(t) < s5¢(t) for t between 0 and .

Using (E) and imposing some mild geometric conditions, Liu obtained a unique
solution of the Riemann problem.

Consider the solution U constructed via self-similar zero-viscosity limits in the
previous sections. U(&) takes values in a small ball B,(U-), the wave speeds
A(U(&)) are separated, and U (&) has the properties indicated at the end of Section
8. Each wave fan is studied separately; we distinguish three cases:

(1) Ay is genuinely nonlinear: V2, (U) 1, (U) % 0 for all U.

For a genuinely nonlinear characteristic field, the shock speed s; () is increasing in
one direction of the shock curve ¥, (U,) and decreasing in the opposite direction.
Contact discontinuities are excluded for weak shocks. The behavior of U on
I, simplifies considerably: Either I, is empty, or I, consists of a single point of
jump discontinuity ¢ with U satisfying at ¢ the Lax shock conditions

(10.3) AUE+)) <& < AUE-))

or I, is a full interval of points of continuity and the solution is a k-rarefaction
wave on I;, . Therefore, for genuinely nonlinear and strictly hyperbolic systems, the
emerging structure of U is identical to that determined by Lax [La,].

(1) Ay is linearly degenerate: VA, (U) 1 (U) = 0 for all U.
For a linearly degenerate characteristic field, the k-th shock curve emanating from
U, is given by U = Uy (1), s = s,(t) where

avy
dr !

A version of the converse is also true: If (10.1) has a curve of solutions U(r)
corresponding to s(t) = s, fixed, then U (1) = r,(U(7)), 5o = A4(U (7)) for some k, and
the k-th field is linearly degenerate. Since 4, remains constant on the curves %,
rarefaction wave solutions are not possible for linearly degenerate characteristic
fields. A close look at the proofs of Proposition 8.4 and 8.5 shows that it is not
possible that I, is a full interval. Therefore, either I, is empty, or it consists of
a single point of jump discontinuity and U is a contact discontinuity.

(10.4) k() = A(Uo), ) = 1(Uk(z)), Uk(0) = Uy.

(iii) The curves & intersect the set {U:VA4,(U) r(U) =0} at discrete points.
The solution U cannot be further simplified in this case. The relation with the Liu
shock-admissibility criterion (E) is established indirectly, using Proposition 9.3 on
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the relation between self-similar limits and shock profiles, in conjunction with
results of Liu [Lis] and Maipa & Peco [MP] on the relation between shock
profiles and (a strict inequality version of) condition (E). Maipa & Peco [MP,
Theorem 3.1] prove that, given two states U (¢ —) and U(¢+) in a small ball B,(U-)
satisfying the Rankine-Hugoniot conditions for some speed &, a shock profile
connecting U(¢—) to U(E+) and lying in B,(U-) exists if and only if condition (E)
is satisfied as a strict inequality. Moreover, there exists at most one trajectory V ({)
of (9.4) connecting U(¢—) and U(¢+) which remains in B, (U-) for all {.

Fix ¢ e ¥nI,, and consider the set of all solutions to the Rankine-Hugoniot
conditions that are compatible with (8.30). If U(¢ —) and U(&+) are the only states
with this property, then there is a shock profile connecting them and the shock
speed ¢ satisfies the strict condition (E). If there are more than two such solutions of
(9.6), then there is a shock profile in B, (U-) connecting U (¢ —) to some state V; and
another shock profile connecting a state V; to U (¢ +). It is expected that in this case
there is a chain of shock profiles that connect U (& —) through intermediate states
with (eventually) U(&+).

Acknowledgement. This research was supported in part by the National Science Foundation
Grant DMS-9209049 and the Office of Naval Research under Contract N00014-93-0015.

References
[D,] C. M. DAFERMOS, Solution of the Riemann problem for a class of hyperbolic con-
servation laws by the viscosity method, Arch. Rational Mech. Anal. 52 (1973), 1-9.
[D,] C. M. DAFERMOS, Structure of solutions of the Riemann problem for hyperbolic

systems of conservations laws, Arch Rational Mech. Anal. 53 (1974), 203-217.
[DDp] C. M. DAFERMOS & R. J. DIPERNA, The Riemann problem for certain classes of
hyperbolic systems of conservation laws, J. Diff. Eqns. 20 (1976), 90—-114.

[D4] C. M. DAFERMOS, Admissible wave fans in nonlinear hyperbolic systems, Arch.
Rational Mech. Anal. 106 (1989), 243-260.
[Dp] R. J. DIPERNA, Singularities of solutions of nonlinear hyperbolic systems of

conservation laws, Arch. Rational Mech. Anal. 60 (1975), 75-100.
[Fa,] H. T. FAN, A limiting “viscosity” approach to the Riemann problem for materials
exhibiting change of phase (II), Arch. Rational Mech. Anal. 116 (1992), 317-338.
[Fa,] H. T. FAN, One-phase Riemann problem and wave interactions in systems of
conservation laws of mixed type, SIAM J. Math. Anal. 24 (1993), 840-865.

[F] G. B. FOLLAND, Real Analysis. Modern Techniques and their Applications, Wiley
Interscience, New York, 1984.

[G] J. GLIMM, Solutions in the large for nonlinear hyperbolic systems of conservation
laws, Comm. Pure Appl. Math. 18 (1965), 697-715.

[Ka] A. S. KALASNIKOV, Construction of generalized solutions of quasi-linear equa-

tions of first order without convexity conditions as limits of solutions of parabolic
equations with a small parameter, Dokl. Akad. Nauk SSSR 127 (1959), 27-30
(in Russian).

[KKr] B. KEYFITZ & H. KRANZER, A viscosity approximation to a system of conserva-
tion laws with no classical Riemann solution, in Proceedings of International
Conference on Hyperbolic Problems, Bordeaux, 1988.



60

[La,]

[La,]

[Li,]
[Li,]
[Li,]
[Li,]
[MP]

[R]

[S.]

[S,]
[STz,]
[STz,]
[Tz,]
[Tz,]

[Tu,]

[Tu,]

A. E. TZAVARAS

P. D. LAX, Hyperbolic Systems of Conservation Laws II, Comm. Pure Appl. Math.
10 (1957), 537-566.

P. D. LAX, Shock waves and entropy, in Contributions to Nonlinear Functional
Analysis. E. H. ZARANTONELLO, ed., Academic Press, New York, 1971, pp.
603-634.

T.-P. Liu, The Riemann problem for general 2 x2 conservation laws, Trans.
Amer. Math. Soc. 199 (1974), 89—112.

T.-P. L1u, The Riemann problem for general systems of conservation laws, J. Diff.
Egns. 18 (1975), 218-234.

T.-P. Liu, The entropy condition and the admissibility of shocks, J. Math. Anal.
Appl. 53 (1976), 78-88.

T.-P. L1U, Admissible solutions of hyperbolic conservation laws, Memoirs Amer.
Math. Soc. 240 (1981), 1-78.

A. MAJIDA & R. L. PEGO, Stable viscosity matrices for systems of conservation
laws, J. Diff. Eqns. 56 (1985), 229-262.

P. H. RABINOWITZ, Théorie du Degre Topologique et Applications a des Problemes
aux Limites non Lineaires, rédigé par H. BERESTYCKI, Laboratoire d’Analyse
Numérique, Université Paris VI, 1975.

M. SLEMROD, A limiting “viscosity” approach to the Riemann problem for
materials exhibiting change of phase, Arch. Rational Mech. Anal. 105 (1989),
327-365.

M. SLEMROD, A comparison of two viscous regularizations of the Riemann
problem for Burgers’s equation, SIAM J. Math. Anal. 26 (1995), 1415-1424.

M. SLEMROD & A. E. TZAVARAS, A limiting viscosity approach for the Riemann
problem in isentropic gas dynamics, Indiana Univ. Math. J. 38 (1989), 1047-1074.
M. SLEMROD & A. E. TZAVARAS, Self-similar fluid-dynamic limits for the Broad-
well system, Arch. Rational Mech. Anal. 122 (1993), 353-392.

A. E. TZAVARAS, Wave structure induced by fluid dynamic limits in the Broadwell
model, Arch. Rational Mech. Anal. 127 (1994), 361-387.

A. E. TZAVARAS, Elastic as limit of viscoelastic response, in a context of self-similar
viscous limits, J. Diff. Egns. 123 (1995), 305-341.

V. A. TupcIev, Collapse of an arbitrary discontinuity for a system of two
quasilinear first order equations, Z. Vycisl. Mat. i Mat. Fiz. 4 (1964), 817-825.
English translation: USSR Comput. Math. Math. Phys. 4 (1964), 36—48.

V. A. TUPCIEV, On the method of introducing viscosity in the study of problems
involving the decay of a discontinuity, Dokl. Akad. Nauk SSSR 211 (1973), 55-58.
English translation: Soviet Math. Dokl. 14 (1973), 978-982.

Department of Mathematics
University of Wisconsin

Madison, Wisconsin 53706

(Accepted April 14, 1995)



