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Gaussian integration of Chebyshev polynomials and
analytic functions
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Explicit bounds for the quadrature error of the nth Gauss-Legendre quadrature rule applied
to the mth Chebyshev polynomial are derived. They are precise up to the order O(m*n~%). As
an application, error constants for classes of functions which are analytic in the interior of
an ellipse are estimated. The location of the maxima of the corresponding kernel function is
investigated.
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1. Introduction

Chebyshev expansions are very useful tools for numerical analysis. Their con-
vergence is guaranteed under rather general conditions, they often converge fast
compared with other polynomial expansions, and each summand of the series
may easily be estimated. Considering functionals on certain function spaces it is
therefore important to know, how they operate on the Chebyshev polynomials
T,, of the first kind, or on the Chebyshev polynomials U,, of the second kind.

GIn this paper, we analyse the errors of the Gauss-Legendre quadrature formula

Qru
Qr?[f] = Zauf(xu)‘
v=1

This formula is the quadrature formula with » nodes x, and weights a,, which is
defined uniquely by having the error

1
Rlpl = [ p(x)ax - Qflp) =0
for all polynomials p of degree less than 2n. Its error for Chebyshev polynomials
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has been considered by several authors. Explicit expressions for the first non-
vanishing errors, i.e. RS[Ty,], R¢[Ty,.,) and RS[Ty, . 4], as well as an asymptotic
result for R,[T,,. |, where k is arbitrary but fixed, have already been presented
by Nicholson et al. [16]. We recall some refinements of these early results. The
first nonvanishing errors R¢[T,,,,] are known explicitly for / =0,1,...,5 (cf.
Stegen [18, p. 107]), where

2%t T 1
G = = = = 1 - 0 -2 1
RelTwl = v = sen+ 1)~ 2 ( el (1)
and
2n+1
RS =—d,|1 : 2
n[T2n+2] dn( +(2n_ 1)(2n+3)) ( )
If ] > 2 is fixed and # is increasing, then,
™ —
RS [Ty, 4] = W(l +0(n™)
(see Stegen [18, p. 50]). Curtis and Rabinowitz [7] pointed out that for fixed %,
k
ig 1)1 +0(mn"'Inn) forj=1,...,n—1and
RS[T(4n+2)ki2j] = J (3)
(—l)kg+ O(n'Inn) forj=n.
Of course, if we have an odd function, then the Gaussian error is zero, i.c.,
R¢(Ty,_1] = RE[Us,,_ 1] = 0. Furthermore, we have the simple rough bound

2
|RS[T,]| < 24 —— forallm>2

1

(cf. Brass [4, p. 161}).

We will add explicit error bounds, which are of asymptotic precision O(m*n™®),
1.e., which allow an appropriate estimation at least for Chebyshev polynomials
of degree o(n*?). Some consequences are the inequality |RS[T,]| <3n~? for
2n+4 < m < 3n+ 1 as well as a further asymptotic term in equation (3) including
explicit bounds.

The method for obtaining these results is based on inequalities for the nodes and
weights of the Gaussian formulae derived by Gatteschi [10] as well as Forster and
Petras [9].

There are several possibilities to use the obtained bounds. We may apply them
directly to the Chebyshev expansion of the integrand (see Davis and Rabinowitz
[8, pp. 3351f.]), or we may approximate Peano kernels via a method of Brass and
Forster [5] and therefore determine error constants for functions having deriva-
tives of certain orders. In this paper, we consider the class of those functions,
which are analytic in the interior of an ellipse with foci —1 and 1, and continuous
on its closure. Explicit asymptotically sharp bounds for the related kernel function
are proved, yielding almost best possible bounds for the quadrature error.
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2. The error of Gaussian quadrature for Chebyshev polynomials

We give an estimate, which is simpler than that of the underlying lemma 2 below,
but nevertheless almost as sharp as the lemma.

Theorem 1

Let RS denote the error functional of the Gauss-Legendre rule involving » nodes.
Furthermore, let m = k(4n + 2) + 2j with | j| < nand an appropriate integer k > 1.
Then,

2 2(-1)* mj
Re[T,] = —

where N =n+1/2 and

4
|0nm| < (0.08 +0.0041n N)%.

If m=(2k—1)(2n+1) £ 1, we have to add

2
kT m m
=D 2<H:8N2+128N“)

on the right-hand side of (5).

The logarithmic summand in the estimate for p, ,, may be omitted if we add the
logarithmic term of the formula (10) below on the right-hand side of (5).

Note that under the assumptions of this theorem, the errors of the Gaussian
rules are similar to those of the Clenshaw-Curtis rules (cf. Brass [4, p. 145]).
Furthermore, we see that the theorem is an extension of the result of Curtis and
Rabinowitz (3).

More helpful for rapidly convergent Chebyshev expansions is the following
result.

Theorem 2
For 2n4+4 < m < 3n+ 1, we have that

[RA Tl < 3n72 (6)

Now, we are in the position to give bounds for the quadrature errors for
Chebyshev polynomials U,, of the second kind. We use the relation

Upm=2) Ty—1
=0
(cf. Abramowitz and Stegun [1, eq. 22.12.2]) and directly obtain the following

corollary from the relations (1), (2) and (6). Various further estimates may be
derived from theorem 1.
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Corollary 1
Let 1 <j < (n+1)/2, then,

(4n +2)d,
(2n —1)(2n + 3)

Rg[Uzn+2j] == +u;,

where || < 6(j — 1)n~2.

3. The error of Gaussian quadrature for analytic functions

We want to apply theorem 2 to error constants for analytic functions. Let there-
fore C, denote the interior of the ellipse with foci at +1 and with the lengths
(r + ") /2 of its semi-axes, where r > 1. Let furthermore 47 be the class of all func-
tions, which are analytic in C,, continuous on its closure C,, and have there the norm

1/p
{/ |f(z)|”|dz|} <1, wherel <p<oo.
oc,

We define the error constant of a quadrature formula Q, on a class A by

o(@n A) = sup{|R,[f]| : f € A}.

From the representation

RSV =3 [, @@ where k) = RE[ 2],

Z—n

which holds for all f € A, we obtain the following estimate for the error
constants,

1 /e 11

G gyr ~ ¢ NG

0 AD) < —/ k,(z "dz} =:0(Q,,A?), where -+-=1.
005,40 < {55 [ @ | = @t =

It is therefore convenient to analyse the behaviour of the kernel function &, on the
boundary of the ellipse C,. The argument of RS in the definition k, is a function,
which has a simple Chebyshev expansion. The results of section 2 may therefore
be applied usefully.

Theorem 3
Let2z = w+ w™', let d, be defined asin (1) and let ¢, = (2n + 1)/[(2n — 1)(2n + 3)].

(a)
kn(z) = 4dn (1 - WZCn_ 1 + 5,,(2)),

w2n+l

where
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2 467"
< .
G < e —Tr =

(b) If ¢, < r* — 1, we have

2d, Cy 1
(Qn’ r) ] <1+r2+1+7n><r2n+1 <l+ 2+1+’Yn)1

where

Remark
Note that the sequence of the values d, is monotonically increasing and we have

o 1 _3 T 1 ™

Gautschi and Varga [11] investigated the location of the points z, , € 9C,, where
the modulus of the kernel function k,, attains its maximum on the boundary of the
ellipse C,. Their numerical calculations indicated that z, , is located on, or in some
cases at least near the imaginary axis. The bounds calculated above cannot yield
that z,, lies exactly on the imaginary axis. However, the following corollary
gives a slightly weaker result.

Corollary 2
Let r be fixed and let |k,(z, ,)| = sup,cac, |k,(2)| with z, , € 8C,, then,

Rez,, = O(n‘l/z).

The behaviour of o(Q¢,.A™) has been studied more intensively. The simple
universal bound

o05 A7) < 5

(cf. Stenger [17]) is a ready consequence of a result of Achieser [2, sect. 111] on the
approximation error for analytic functions. Kambo’s bound [13],

008 A7) < BTEL forr s

gives a better estimate if 7 > (64 + 7°)/2(32 — 7%)™"/* = 1.8269... . A result of
Chawla and Jain [6] says that for each r and each € > 0,

0(Q%, AX) < 21(8C,) (1 6)—n,
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if we choose n sufficiently large. Here, we denote by /(3C,) the length of the
boundary of the ellipse C,. It is not useful to compate this result with the previous
bounds, since the factor (1 — ¢/r)™" may become arbitrarily large.

Theorem 4
Let 4, be defined as in (1) and set ¢, = 2n+ 1)/((2n — 1)(2n + 3)). Denote by
I(8C,) € (mr,min{4r, n(r + r~")}) the length of the boundary of C,, then,

2d,1(8C,) <1+ 3 5)

G o0 —
Q(Qn ,Ar ) < 71_’,2;,-;.1 2nr2 ’.n+l

1c,) 3 9
G ) r
Q(Qna-Ar ) < r2n+| <1+2nr2+2rn+l)

<_7_i. 1+l 1+_3_+L
g r 2nr2 2Pt )T

4 3 4
0(05.A47) < 7 (14 3+ ). ®)

(7)

nr?

I thank Helmut Brass for a useful hint, which enabled an upper bound without
any factor (r* — 1)™'. This factor would have destroyed the uniform quality of the
bound.

Remark
(a) Ifn > 3 and if Stenger’s bound is less than (1/27°)(16 — 37)* = 0.6971 ... , then
the bound (8) improves upon Stenger’s. For n > 5 and arbitrary parameter r, the
bound (7) is smaller than Kambo’s.

(b) A lower bound for the error constant is given by

2r 2d 7(l — (4n)™h)
G o0 > G P— n >
Q(QtnAr ) = Rn l;An + 1 T2nj| rb,(l +r—4n) = r2n(1 + r-4n) )

(c) By theorem 3a, the modulus of the kernel function is almost constant on the
boundary of each ellipse C,. This implies that theorem 3b gives better results than
theorem 4 except for those functions whose modulus is closer to a constant function
on the boundary of the ellipse C, than |k,| is. As an example, consider the function
f(x) = (d* + x*)! with a real parameter d # 0. We have

max| /2 = mid,) = (@ =5 (- 1))

z€8C, r

while

[ 176 1asl = Otinim(a, ),
zedC,

which is asymptotically an essential difference when i - d approaches the ellipse C,.
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The same remark is valid for all spaces A7, where 1 < p < co. Usually, the estimate
with the error constant §(Q¢, A!) should asymptotically be superior.

A further observation concerns more general regions than ellipses. It is an inter-
mediate consequence of theorem 3.

Corollary 3

Let C, be a subset of the region ) and let each ellipse C, with p > r contain inner
points of the complement of Q. Denote by A?(Q2) the space of functions being
analytic on (2 and continuous on its closure, endowed with the L,-norm taken
on its boundary curve. Then,

lim {/0(05, 4°(2)) = .

n—o00 r

The upper bound r~2 for this limit follows from theorem 3. To prove the lower
bound, we just have to consider errors for the functions (z — -)~' with z in the
complement of 2 and arbitrarily close to the ellipse C,.

This corollary shows that ellipses C, are the most appropriate complex regions
for the error estimation of the Gauss-Legendre rule for analytic functions. An
extension of the region of analyticity makes only sense with respect to error
constants, if the new region contains a larger ellipse. This makes clear that
regions such as small circles enclosing the basic intervals are not optimal for
error estimation for the Gauss-Legendre rule (cf. Kowalski et al. [14]). It is an
obvious conjecture that each quadrature formula has particularly favourable
regions of analyticity. These might be the regions, where the modulus of the
kernel function is almost constant. Note that, for example, the Gaussian rules
are close to optimality on ellipses C, with arbitrary parameter r > 1 (see theorem
4 and Bakhvalov [3]).

4. Proof of the results on Chebyshev polynomials
First, recall some known estimates for the nodes and weights of the Gauss-
Legendre rule.
Defining ¢, = (v — 1/4)(7/N), ¢, = ¢, + (cot¢,)/(8N?) and x, = —cosb,, we
have that
T, 1
a, = NSln ¢u(1 - W) (1 + 6,,),

cos’ ¢, 1
—_—— €, <
16N*sin‘ ¢,

= 2N*sin*g,’
and for v < [(n + 1)/2] that

where
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I1cos¢,
0,=v,—6, where0<6, € ——————
v =¥ =4, where 128N*sin’ ¢,
(see Gatteschi [10] and Forster and Petras [9]).
In the following, we set y, = —cos ¢, and first prove two lemmata.
Lemma 1
For even m = 2n, we have
Q,, Z sin ¢, cos m¢, — 2 N3 Z cos ¢, sinmao,,
m’ cos’ ¢, cosma, )
128N52«"  sing, O
where
2 m m’
el < 5+ 73 * 1571w * TR03TIN
Proof

We prove the lemma for n > 2. For n = 1, it may be verified easily. Since m is even,
we have .

n

3 (a,,Tm(x,,) — 5 Sin & T yu))

v=1

= Z (a,, cosmb, — T sin ¢, cos m¢,,)
v=1 N
n T T n
= ; (a,, % sin ¢,,> cosméb, + v ; sin ¢, (cos mf, — cos mp,)

™ - .
+5 ; sin ¢, (cos mi, — cosme,)

=1+ I+ 1.
We consider the three sums 7, IT and IIT on the right-hand side separately.

First sum: From

_Esincb{ + cos’ 9, }<a Wsin¢< T
N 7V|8N?  16N*sin® ¢, Y N 7Y T2NSsin’e,
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we obtain

.
a, — —sin ¢,

<1sin¢> ! + !
N T N7 TV|8N? T 2N4sint g,

We have

Zsmd),,— lcsc—

and, by the convexity of csc®,

2 m—57/(4N) dx
NZsm d),, Nsin® ¢, /

st/(4N)  Sin’ x
= 27—rcsc —3— + COSS—WCSC 5—+ Incot o7
- 4N AN~ 4N 8N’

Hence, we obtain the following upper bound,

1 1
] < NZSIH¢”{8NZ IN*sin® ¢u}

<— {0 csc® 37 + 5= 1 cos o csc? — om ! ——Incot— o
N2\16N° 4N N3 4N " 2N? 4N T 4N ' 2N? 8N |’
Second sum: The inequalities
11m|cos ¢,
6, — , O ———F
|cosm cosmyp,| < m|b,| < 128N sin’ o,

and the convexity of | cos | - csc? yield

1tm |27 cos¢; m=|cosg,|
Il < += -
| < Togna {N sin? ¢, Z sin’ ¢,

=2
11m (27 cos¢, /"/2 cos x }
< = +2 ——dx
128N4{N sin? ¢, sx/(4N) sin? x

= 1 llm il 083_7TCSC .3_+i S_W_l
T NZ\|64N |[NZ 4N 4N N 4N N|J

Third sum:
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2

12’;1N4 cot’ ¢, cos me,

cosmy, — cosmeo, = — ——cot ¢, sinmep, —

8N2

——cot¢, —sin| ——-cot @, | ¢ sinmg,
8N 8N? 8N 8N?

1/ m 2
+ {cos <8N2 cot d),,) -1 +—2— (Wcot ¢,,> }cosde,,

2

m R m 2
= — WCOt o, sinmep, — 1_28N—4C0t ¢, cosmo, +r,,
where
1 L)
r,| < 618Nzcot¢,, 2 <8N2cot¢,,) .
Applying the same method as for the first sum, i.e., for the sum over the csc’-terms,
we obtain
T . 1 m [ wcos’e, 1 Sn St
— < — — — in——2
N;'” Sné| < 32 {1536N3 {NZ sinlg TN (CSC4N TSN ﬂ }
N 1 m' mcos’ ¢, N L o5 2 5T
N2 |49152N* | N3sin¢, 2N? 4N~ 4N
whence lemma 1. 0
Lemma 2

Using the notation of theorem 1, we have

2 sin " COSE

On[Tnl = L+o7 N 4N
2N 128N%) 02 ™ _ o2 ™T
4N 4N

cos " .nm7r k. 2
il 4NSI 4N + (=1)m In tan—zlj| +17r + 0
1683 02 T 2™ 64N* 8N e

4N 4N

where |0, < lo{),| +m?/(18N*). If m = (2k — 1)(2n + 1) £ 1, we have to add
2
1T mom
T3 (1 *an T 128N
on the right-hand side of (8).

Proof
The lemma is readily verified for n = 1. For n > 2, we have to estimate the three
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sums occurring in lemma 1. The first two sums are calculated readily by using the
equations

z": sin ¢, cosmg, = %an(sin(m + 1)¢, — sin(m — 1)¢,), 9
v=1

v=1

i cos ¢, sinme, = %Xn:(sin(m + )¢, +sin(m — 1)¢,)
v=1 v=1

and
0 if 7 is even,
S sinrg, = %cscl—;’ if 7 is oddand 7 # 0 (mod 27 + 1) and
(=D ifr=(Q2k-1)(2n+1)

(cf. Hansen [12, eq. (14.1.1)]). From the third sum, a sum of the form (9) may be
extracted. Let the primes at the sums below denote that the last summand has to
be halved if # is odd. Then, the remaining sum may be estimated as follows,

m/2

T\ COSMm, 1 .
; Y Z(Sm ¢V—2251n(2,u— 1)¢,>

v=1

[(n+1)/2] 1 m/f2

=2 lesmqb,,_gcsc 2u— 1)4N

+ Z (csc(2u—l)m—2( 1)*n )

2u—1=(2%—-1)2n+1)
1<p<sm/2
0 m/2 ™
) 1= _ 1) —
Z: csc(2u )4N u;“csc(zu 1)4N

+ N(l _ (_1)[(m+2n)/4NJ),

where n* is the least odd number greater or equal to n. We obtain

i( )“csc(2p—1) "’”Zsec— (l)n =-n

=1

(for the last equation, see Hansen [12, eq. (26.1.2)]). The periodicity and symmetry
of the cosecant yield

mf2 1 2n+ 11l

+ Z csc(2p — 1)4LN=_(_1)k(5+ Z csc(2p — 1)4N)

p=n+2 u=n+2

N[ —
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Since the cosecant and its second derivative are convex, we may apply theorem 100
in Brass [4] to this sum and obtain

1, s 2N 1

0< 7t “;2 csc(2u — l)m— (7lncot(2|j| + l)m+2csc(2|j| + )4N)
mcos(2|j| — l)mcsc2(2|j| - I)IW]V'

Lemma 2 follows. d

A slight simplification of lemma 2 is the relation

, mm L+ " m m7T' £ 2
o= T COSaN TN SN | (—1)'m nlan2 LY L,
nldml = 2 T T 3 )
BN? o ™ _ o™ | 64N 8N
4N AN
(10)
where
Nolgl < 24y T
Inml S 3TN TTON? T 187IN? T 180313N°

If n =1, we readily verify this result. If » > 1, we just have to calculate the
error when omitting the term m?/(128N*) in the first summand on the right-
hand side of (8) and when replacing sinw/(4N) by n/(4N) in the first and
cos7/(4N) by 1 in the second summand on the right-hand side of (8). The calcula-
tions are elementary.

Proof of theorem 1
For the main term on the right-hand side of (10), we may write

2 cosm + m sin mm 2 CO jﬂ ~|-ismj7r
_m 4N 27N 4N _ (—l)k T 2N 27N 2N
2 s mmn - 2
BNT cos® n —cos’ BN cot I —cost

Setting o = w/(4N) and x = jw/(2N), we have x = 0 or 2 < x < 7/2 — @, and we
may prove with some analytical effort that

2 < COS X 1 <0
3 T cosPa—costx x*-a?
as well as
sin x X
cosla —cos?x x2—o2 4

We obtain
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cosx+2 Nsmx 1+m/Q2rN)x| _ 3m
cos?a — cos? x x*—o 16N

and therefore inequality (5) with

2 3m m? m m*
2 < = 4= 2InN .
Nolpnml < 345+ 1ogyz (13 + 200 N) + 1oim5 + T303 1307
The theorem now follows from 2N < m. O

Proof of theorem 2

Nothing has to be proved for n < 2. Let therefore be n > 3 fixed. Then, consider
m/N € [2,3] as a variable in the expression on the right-hand side of (8) times
N?. This expression is a combination of monotonic terms. We divide the interval
[2,3] into 100 subintervals of equal length and estimate each monotonic term in
(8) in each of these subintervals from above and from below. The theorem
follows. O

5. Proof of the results on analytic functions

Proof of theorem 3

Following Lether [15], we set 2z = w4+ w™", so that
= 4cosvx w? — 1
Sy,
— W w(z — cos x)

(see Hansen [12, eq. (17.17.2)]) and therefore

ka(z) = Z w1 RG[Tzu]

4 (2n+ 1)d, w1
= - —5, Ry [T .
w1 (d" (2n _ 1)(2n+3)(w2 _ 1) + w? — l;wz" n[ 2n+2u]

On the boundary of the ellipse C,, the variable w had modulus r, so that theorem 2
and the estimate (4) yield

2 00 2 o)
r 3 1 r 2 3 1
< — .= -4 . - _ = E —_
|(5,,(Z)| = |w2 _ 1| n2;r2"+ Iwz _ 1| <2+9n2 nZ) 2v )

v=|(nr3)2) "

which gives part (a) of the theorem. Now consider the function k, defined by
k,(z) =1 —c,(w? — 1)7'. Using w = re with ¢ € [0,27), we have
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~ 2r’cos2p —2—¢,
Ven(2)] = V L=a r*—2rtcos2p + 1’

For sufficiently large n, namely for ¢, < r* — 1, the maximum of lk | is attamed for
¢ =n/2and ¢ = 37/2, i.e., for w=+irand z = £(i/2)(r —r'). If ¢, > r* — 1,
the maximum is attained for ¢ =0 and ¢ =7.) Part (b) of the theorem now
follows from part (a). O

Proof of corollary 2
We set 2z=w+w"' and z=z()=i(r+r")cost+ (i/2)(r—r')siny,
t € [0,27). Theorem 3a and some calculations show that

r2n+l

1 -2
g (@)l = |1 =gy + 0™ = 14 5 e(t) + 0(n7),

2n
where

1 —r*cos2t
r*+1—2rtcos2t’

c(t) =

To obtain a maximum of |k,|, the value ¢(¢) may differ from the maximum
c(m/2) = c(37/2) at most by the amount O(n~'), which yields the corollary. [

Proof of theorem 4
Define m = |(3n+ 1)/2] and

= f T2u
Lif]= T, /
l 2 2 | e
Since the functional RS — L, vanishes for all polynomials of degree 2m, we obtain

RSN < NIRY = Lyll- B £ ]+ IL,[f]],

where E[ f| denotes the error of the best approximation of f from the space of
polynomials of degree at most s. Achieser [2, sect. 111] proved the bound
E,[f] <8 *"!/x. The norm

RS — ,.||—z+/

may be calculated explicitly for n = 1 and n = 2. For n > 11, we estimate

ZR [TZV]\/TQ dx
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dx

RS ~ L]l < 2+/]1—¢——_x(m> Ty 1a())

2dncn l|T2n+2( )l 3 |T2,,(X)|
+ - /-1 dx +— Z

Vl_x v=n+2 Vl—xz

T d _
<2+ / sinx — — (cos 2nx + cos(2n + 2)x)| dx + dducy + 3n > 3
0 s T n
44d, -
2+/ |1 —2sin(2n + 1)x|sin x dx + & 3nn2 &
and, setting again N =n+1/2,
2n+1 i
1— =4 T - -
/ |1 —2sin(2n 4 1)x|sinxdx = 2—+—2 it ) 6NCSC4N (\/—cot6N 2N)

1 6V3 -7
<2+§(12\/§—4w+m>.

If 3<n<10, we use the explicit expressions of Stegen [18, p. 107] for
RE[Ty,), ..., RE([T,,] instead of the upper bound 3n~% as above. We obtain
|IRY — L,|| < 5.5 for all n and therefore, from Achieser’s bound for the approxi-
mation error,

IS — L7 Exnl ] < —ar.

Now consider the kernel function of the functlonal L,,,

1 “ 4RS[T21/]
k(z)=L, [—_—] =202
4d, 1 w2 2 RS [Tt 2) 4d,
=58t (1 (o £ ) ) ¥
where

1 3n-3 T+ 6
S 7| < :
18(z)l |w? — 1] (c + 2d,,n2> 2mn|w? — 1|

The theorem now follows from

/ |dz| 7
o, W =1 r’
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