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Descent Approaches for Quadratic
Bilevel Programming’
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Abstract. The bilevel programming problem involves two optimiza-
tion problems where the data of the first one is implicitly determined by
the solution of the second. In this paper, we introduce two descent
methods for a special instance of bilevel programs where the inner
problem is strictly convex quadratic. The first algorithm is based on
pivot steps and may not guarantee local optimality. A modified steepest
descent algorithm is presented to overcome this drawback. New rules
for computing exact stepsizes are introduced and a hybrid approach
that combines both strategies is discussed. It is proved that checking
local optimality in bilevel programming is a NP-hard problem.

Key Words. Bilevel programming, nonconvex and nondifferentiable
optimization, quadratic programming, computational complexity.

1. Introduction

The bilevel programming problem can be defined as

min  F(x, y),

X,y

st glx,y) <0,
where y is the solution of the lower level problem

myin S, ),
st h(x,y) <0,
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and xeR" and y eR™. Here, x() is called the upper (lower) variable. In the
same way, F( f) is called the upper (lower) level objective function.

Bilevel programming is an important area in nondifferentiable and
nonconvex optimization. Several applications of this problem have ap-
peared in the literature (Ref. 1). A number of algorithms have been
designed for finding global minima of bilevel programs when all the
functions are linear. Among other interesting approaches, the enumerative
algorithms of Bard and Moore (Ref. 2) and Hansen, Jaumard, and Savard
(Ref. 3) and a sequential lincar complementarity problem (LCP) method
(Ref. 4) should be distinguished. These procedures can be extended for the
linear-quadratic case, where the functions F, g, # are linear but the lower
level function f'is strictly convex quadratic.

Bilevel programs with strictly convex quadratic lower level problems
and nonlinear upper level functions are much more difficult problems. To
date, even for specific nonlinear instances of F, only enumerative proce-
dures have been proposed to find a global minimum (Refs. 5-8). Penalty
function approaches (Refs. 9-12) and other descent algorithms (Refs. 13
and 14) have also been developed but only guarantee local minima.

Some attention has also been focused on defining optimality condi-
tions for bilevel programming problems, A first attempt is reported in Ref.
15, which exploits an interesting bilevel reformulation involving an infinite
and parametric set of constraints. However, this reformulation has a
difficult structure, and a counterexample pointed out in Ref. 16 shows the
incorrectness of such conditions. Different necessary optimality conditions
can be found in Refs. 17-19.

In this paper, we propose two different descent algorithms for the
solution of bilevel programs in which the lower level function is strictly
convex quadratic, the upper level function is quadratic (strictly convex or
concave), and the constraints of the lower level problem constitute a
convex polyhedron. A first algorithm is based on modified pivot steps that
enforce direct movements along the induced region and may not achieve a
local solution in general. This is not the case of concave upper level
functions for which it is proved that a local minimum is always reached. A
modification of the steepest descent algorithm (Ref. 19) is introduced using
the sequential LCP algorithm (Ref. 20) for an efficient computation of each
steepest descent direction. The use of the sequential LCP method seems
appropriate although it may face difficulties when a local solution is at
hand. In fact, we prove that checking (strict or not) local optimality for
bilevel programming is a NP-hard problem. An appropriate technique for
computing exact stepsizes is presented. A hybrid approach is also proposed
which combines both methods and takes advantage of the particular
benefits of both strategies.
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The structure of the paper is as follows. In Section 2, the quadratic
bilevel program is introduced as well as specific definitions and properties.
The algorithms are described in Sections 3 and 4, where the particularly
strictly convex and concave instances of the upper level function are also
discussed. Complexity issues are addressed in Section 5 and some conclud-
ing remarks are reported in the last section of this paper.

2. Problem Definition and Properties

The quadratic bilevel programming problem can be stated as follows:

C 1
(QBP)  min F(x,J’)=1/2[;]1[c3T gz][;]+[zz]l[;]

st. x>0,
yeargmin{f(x, y) = 1/2y7Qy + yTSx +d"y:
Ax +By <b,y >0},

where \

c,eR, ¢, deR™, C eR>n, 0, C,eRm>m,

S, CTeR"*"  AeR'*",  BeR*™  beR.
We assume that

C

o-|& &
and Q are both symmetric positive-definite matrices. This implies that both
the relaxed problem in the variables x and y,

. x{1C G x ¢ x
S HER MU
st. Ax+ By <b,
x,y=0,

and the lower level problem in the variable y,

(LLP(x)) Ir;in 12yTQy +yTSx +d7y,

st. By<b-—Ax,
y =0,
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are strictly convex quadratic programming problems. We also assume that
the constrained set

D(x) ={yeR™ By <b —Ax,y >0}

is nonempty for some values of x. As a consequence of this, problem
LLP(x) has unique solutions for different values of x and the problem QBP
has a global optimum (Ref. 7).

The following definitions characterize the feasible set of problem QBP
as well as its extreme points.

Definition 2.1. The set {(x, y): x>0,y is optimal for LLP(x)} is
called the induced region (IR) of problem QBP.

Since the lower level is a convex program in the y variable, the induced
region is defined by the following linear complementarity conditions:

Oy+Sx+d+By —p=0, n
Ax + By +a =b, 2
x, ¥y, 8,7=0, 3)
aly =y"f =0, (4)

where «, yeR’ and eR™. This result follows directly by replacing the lower
level problem LLP(x) by its Karush—Kuhn-Tucker (KKT) conditions,
which are sufficient by the convexity assumption.

Definition 2.2. u = (x, y) is an extreme induced region (EIR) point if
there exist «, B,y such that (x,y, o, f,7) is an extreme point of the
polyhedral set defined by (1)-(3) and satisfies the complementarity condi-
tions (4). An EIR point is said to be nondegenerate if the values of the
basic variables are all positive; otherwise, it is called degenerate.

We assume throughout this paper that all EIR points are
nondegenerate.

As in linear programming, two EIR points are said to be adjacent if
their bases differ in exactly one column. It follows from these last defini-
tions that a movement between two adjacent EIR points can be done by
performing a pivot step that maintains the complementarity conditions.
This can simply be done by not allowing two complementary variables to
be simultaneously basic.

Definition 2.3 establishes a class of directions that plays an important
role on the development of our approach to deal with quadratic bilevel
programs.
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Definition 2.3. d is an extreme induced (EIR) direction if it connects
two adjacent EIR points.

In an EIR point is not a local minimum of the QBP problem, then
there exists at least a descent EIR direction emanating from it. This result
is stated in the next theorem and is used later to design a descent EIR point
algorithm.

Theorem 2.1. Let # be an EIR point. If  is not a local minimum of
problem QBP, then there is at least one descent EIR direction at u.

Proof. The nonoptimality at » implies the existence of at least one
feasible descent IR direction d. From the piecewise linear property of the
induced region (Ref. 6), such direction may be written as

P
d = z Midh
i=1

i

where

y 4
Yw=1 >0,
i=1

and 4, are EIR directions, i =1,.. ., p. If all directions d,, i, . . ., p, satisfy
VFu)Td, >0,
then

i

4
wVFw)™d; > 0.
=1
By the convex linear combination of the direction d, this last condition
implies
VFu)’d >0,

which contradicts the fact that d is a descent direction. Therefore, at least
one of the EIR directions d,, ..., d, is a descent direction. a

3. Descent Extreme Induced Region Point Algorithm

If (%, 7) is a nondegenerate EIR point, then one of the following
situations may occur:

() (% p)is a local minimum for the QBP problem;
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(i) (%, y) is not a local minimum and there exists an EIR direction
such that the corresponding adjacent EIR point (X, ) satisfies

F(x,5) <F(, y);

(iii) (%, y) is not a local minimum for the QBP problem and
F(X, ) 2 F(x, y),

for all adjacent EIR points (%, 7); following the terminology
used in Ref. 21, we call (X, 7) a local star induced region (LSIR)
point.

It is important to note that, if an LSIR point (%, 7) is not a local
minimum of problem QBP, then by Theorem 2.1 there exists at least a
descent EIR direction at (X, y). To illustrate this situation, consider the
following three-variable QBP problem:

min  1/2(x; —4/5)% + 1/2(x, — 1/5)%> + 1/2(y — 1)%,

X1,X2,).

s.t. 0<x,,x,<1,
yeargmin{(1/2)y> —y —x;y +2x,5:0<y <1}

The induced region for this simple QBP problem is the union of the
following sets;

{(xl, x27y)€|R3: X1 < 1’x2209 —X +2x2305y = 1}’
{(x1, %2, V)R —x; + 2%, +y =1,0<y <1},
{(x), %, ER: X, >0, x, <1, —x; + 2%, 2 1, y =0},

The first of these sets is diagrammed in Fig. 1 and consists of the triangle
with vertices ¥V, =(1,0,1), V,=(0,0, 1), V3=(1,1/2, 1). Although at the

EIR point ¥V, V,_f/2 and Vl_f/;, are descent EIR directions, the values for
the upper level objective function at the adjacent EIR points V, and V; are
greater than the value at V., Hence, ¥; is an LSIR point.

It is easy to design an algorithm that finds at least an LSIR point for
a quadratic bilevel program. The procedure starts by finding an initial EIR
point. In each iteration, either the current EIR point is a LSIR point, or is
a local minimum and the algorithm terminates, or an adjacent EIR point
is obtained with a lower value of the upper level function. The procedure
is then repeated. The steps of the algorithm are as follows.
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V2

S
Y Vi

Fig. 1. LSIR point with two descent EIR directions.

Initial Step.  Compute an initial EIR point u,. Set &k =0.
General Step. Let D, be the set of descent EIR directions at u,,
D, ={d:VF(u,)"d <0 and d is an EIR direction}.
(i) 1If D, # (&, select d.eD, such that
Flup 1) < Flw),

where u,,, is the adjacent EIR point that is
connected with u, by the direction d,. Set
k =k + 1, and repeat this step. If such direction
does not exist, stop: #, is an LSIR point of
problem QBP.

(i) If D, =, stop: u, is a local minimum for
problem QBP,

As stated in the previous section, each iteration of the algorithm consists of
a pivot step that maintains the complementarity condition. Hence, the
computational effort of the algorithm is not too high.

The algorithm always terminates with an LSIR point «, of problem
QBP, provided all the EIR points are nondegenerate. However, only the
case D, = J assures that u, is a local minimum for problem QBP. This
drawback of the algorithm motivates the use of another procedure such as
the steepest descent method (Ref. 19). This is discussed in the next section.

Another important issue of the algorithm is the computation of an
initial EIR point. Since the relaxed problem RP is a convex quadratic
program and its constraint set is nonempty, then an optimal solution
(xg, yg) exists and can be found in polynomial time (Ref. 22).

If (xg, yz) belongs to the induced region, then it is the global mini-
mum of problem QBP. In general, such a situation does not occur. A first
point of the induced region can be found by fixing x = xz and solving the
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lower level quadratic program LLP(xz). Since Q is a symmetric positive-
definite matrix and D(xy) # (J, this program has a unique solution y, that
can be found in polynomial time.

So, we can find in polynomial time an initial point of the induced
region. However, such a solution is not in general an EIR point, since it
does not correspond to a basic solution of the system of linear constraints
defined by (1), (2), (3). An algorithm described in Ref. 23 can used to
generate a basic feasible solution for the linear constraints. Such procedure
has been proved to be polynomial (Ref. 24). Since the number of positive
variables is reduced in cach iteration, then the algorithm only visits points
of the induced region (complementarity conditions are satisfied). Hence, we
can find an initial EIR point in polynomial time.

As stated before, the algorithm terminates with an LSIR point of
problem QBP provided all the EIR points are nondegenerate. If no such
assumption is assumed, then checking that a given point is a local star
minimum is a much more involved problem, since it might require the
performance of a number of dual pivot steps toanalyze all the extreme
directions at the given point.

4. Modified Steepest-Descent Approach

In this section, we discuss the use of the steepest descent algorithm
introduced in Ref. 19 for the solution of problem QBP. As in Ref. 19, we
assume that the gradients of the active constraints at each point used by the
algorithm are linearly independent.

In a given iteration & of this algorithm, the steepest descent direction
d, = (zx, w,) at an induced region point u, = (x;, y,) is found by solving
the following linear quadratic bilevel program (Ref. 19):

(LQBP,) m{vn (C1x + Gy + )Tz +(CTxp + Coye + ¢3)™w,
s‘t -1<z;<l,i=1,...,n,
weargmin{w7Qw + 2w7Sz:
A'z +B'w <0,
(—=dTANTz +(Qyr + Sx, +d)™w =0,
w’ =0},

where ze€R"” and weR™. The matrices A’ and B’ contain all the rows of 4
and B corresponding to the active constraints at u,. Similarly, the vector w’
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is a subvector of w where only the indices i corresponding to zero variables
(y,); are considered. Furthermore, ¢, are the multipliers associated to the
active contraints at u,.

If the optimal value of problem LQBP, is greater than or equal to
zero, then u;, is a local minimum of problem QBP. Otherwise, the optimal
solution of problem LQBP, is the steepest descent direction (z,, w,) and a
new induced region point is found by

Xk s 15 Yer1) = (X, Vi) + 04 (2i, W),

where o, is an appropriate stepsize.

If just a descent direction is required, there is no need to solve problem
LQBP;, until the end. All the values between zero and the negative optimal
value of problem LQBP, correspond to descent directions (Ref. 19). This
property should be exploited in the choice of the algorithm for the solution
of problem LQBP,.. In this section, we show that the sequential LCP (Ref.
20) is quite suitable for this purpose. We also describe how an exact
stepsize can be computed in an efficient way. These two procedures make
the steepest descent algorithm much more attractive.

4.1. Use of Sequential LCP Method to Solve Problem LQBP,. Since
the lower level problem of LQBP, is a convex program in w, it can be
replaced by its KKT conditions. Thus, problem L.QBP, is equivalent to the
following minimum linear complementarity problem:

min  (Cyx; + Gy +¢1) 7z +(Cix + Coyp + 63) ™w,

st. 20w +2Sz+ BTy — B +(Qy + Sx +d)TE =0,
A'z+B'w+o =0,
(—¢5A)7z +(Qyi + Sx, +d)'w =0,
o' Tyl = pTw' =0,
w,a', B,y =0, —1<z,<1, i=1,...,n,
where the dimension of the vectors o’ and y’ is equal to the number of rows
of B’, and B’ has the same dimension as w’.

The sequential LCP method (Ref. 20) looks for a global minimum of
this last problem by solving a sequence of LCP(4,). Each such problem can
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be posed as
(LCP(4)) (Cixe+ Csye+ 1)z +(CTxp + Coyp +¢3)™w < A,
20w + 25z + BTy — '+ (Qyi + Sx, +d)7¢ =0,
A'z+Bw+a =0,
(=LA Tz + (@ + Sxi +d)Tw =0,
a'Ty'=p"Tw' =0,
wi,oa, B,y >0, -1<z<1, i=1,...,n,

where {/,} is a strictly decreasing sequence.

The method stops when a LCP(4;) without a solution is found. In this
case, the solution of the previous LCP(4;_,) is an e-global solution for
problem LQBP,. The method works well to achieve the e-global solution,
but faces difficulties in establishing that such a solution has been found
(Ref. 20). In fact, showing that a linear complementarity problem has no
solution is a much harder task than just finding a solution to this problem.

As stated before, it is not required to find a global optimum for the
LQBP,. Instead, any solution (z, w) of problem LCP(4;) with 4, <0 is a
descent direction. Since the sequential LCP algorithm solves a sequence of
LCP(J;) with strictly decreasing values of 4, then it may terminate
whenever a solution of problem LCP(/;) is found such that 4, <0. This
overcomes the main drawback of the sequential LCP algorithm.

Now, suppose that a local minimum #, is at hand. Then, there exist no
descent directions emanating from u,, which means that the optimal value
of the LQBP, is nonnegative. So the sequential LCP has to perform its last
step to assure that the local minimum has effectively been achieved.

As a final conclusion of this discussion, we can claim that the
sequential LCP seems to be quite suitable to find a descent direction for the
modified steepest descent algorithm. However, it is difficult to establish that
the local minimum has been attained. It is known that checking local
optimality in nonconvex quadratic programming is NP-hard (Ref. 25). The
preceding discussion seems to indicate that the same property holds for
quadratic bilevel programming. In Section 5, we show that checking local
optimality in linear bilevel programming is NP-hard. Since linear bilevel
programming is a particular instance of quadratic bilevel programming, the
latter problem also shares this property.

4.2, Exact Stepsizes. Given an induced region point u, = (x;, y;)
and a feasible IR direction d, = (z;, w,), an efficient criterion should be
developed to compute the largest feasible stepsize ¢,,,,,. For polyhedral sets,
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such a criterion is usually given in terms of a minimum quotient rule. In the
case of an induced region, the boundaries are only implicitly defined and
the problem of finding ¢,,, is more complicated. Next, we describe an
efficient procedure for such purpose.

Let » be the number of active constraints at u, + ad,, where o is a
small positive number. If # = 0, no multipliers exist in the dual constraints
of the KKT conditions at u, + od,, whence

Oy, + owy) + S(x, +02,) +d =0.

The feasible IR direction dj, = (z,, w,) should verify these conditions, and
consequently the stepsize o,,,, is the largest value of ¢ such that

A(x, + 0z;) + B(y, + ow,) <b,
x, + oz, =0, Vi +ow, =0.

Therefore, a minimum quotient rule is sufficient to compute o,,, when
n = 0. Consider now the case n > 0. Let

r’x +sTy =t, i=1,...,n )

be the n lower level active constraints at u, + od,. The dual constraints of
the KKT conditions at u, + d, can be written as follows:

O(yx +ow) + S(x +02,) +d + 0184+ +6,5,=0, ®

where §;,i =1, ..., n, are the corresponding nonnegative multipliers. Since
Q is a nonsingular matrix, then this last condition implies

Vitow, = —Q7'S(x,+0z,)—Q7'd—6,Q7 sy — - = 5,07 's,.
Replacing this expression of y, + ow, in the active constraints (5), the
following linear system in the multipliers §,,i =1, ..., #, is obtained:

Zé=q' +oaq", (N
where

(=570l - —sTQ, J

z=| : A

| —s7Q sy - —sTQ7 s, J,

[t —rTx, +sTQ 7 'Sx, +57Q7'd

8, —rIx, +8TQ7'Sx, +sTQ7'd

—r{z +507'Sz

T -1
—r, 2z + 5,078z,
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By solving the two # x 5 linear systems
Zvl — ql’ Zv/( — qﬂ’

the following linear relationship among all the » multipliers and the o
parameter is obtained:

9, =v.+vio, i=1,...,n

We can measure the total computational effort to compute the vectors
v’ and v". Indeed we can state the following theorem,

Theorem 4.1. The total number of systems required to compute the
largest feasible stepsize oy, is # + 2, namely, n systems with the matrix Q
and two systems with the matrix Z =[z,],., where z; = —5,07's;.

Proof. After solving the # systems Q% =s,,i=1,...,#, only inner
products are needed to prepare the data for solving the system (7). Then,
two systems with the matrix Z are required to compute the vectors v’
and v". O

Since the matrix @ is symmetric positive definite, then its Cholesky
factorization can be computed, that is, Q = LL”, where L is a lower
triangular matrix with positive diagonal elements. It is important to remark
that this factorization has to be computed only once during the whole
steepest descent procedure. So in each iteration, it is necessary to solve 2y
triangular systems and two systems with the matrix Z.

After finding the vectors v’ and v”, the stepsize g,,,, is the largest value
of ¢ such that

A(xk + O'Zk) + B(yk + O'Wk) < ba
x, + 0z, >0, Ve +ow, =0,
vi+vie =0, i=1...,n

Hence, o,,,, can be computed by using a minimum quotient rule.
For computing the exact stepsize ,, we consider the function

G(o) = 1/2(uy + 0d,)"C(uy + od,) + ¢"(w, +0d,), >0,

where ¢” = (c{, ¢]). Since C is a symmetric positive-definite matrix, then G
is a strictly convex function. Hence, the unconstrained minimizer o}, can be
computed by solving G'(6) = 0. Thus,

0% = —(c"d + di Cuy)[(di Cdy), (8)
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and the exact stepsize o, is computed as follows:

5 = O, if 0 <0} < Grmaxs
¥ )6 max otherwise.

®

To illustrate the computation of the exact stepsize o, consider the
following QBP problem:

min  1/2(x; — D2+ 1/2(x, — 2/5)2 + 1/2(y — 4/5)%,

X 1:X2:Y
s.t. 0<x,x,<1,

yeargmin{l/2y? —y — x;,y +3x,y: 0<y < 1}.

The induced region for this simple three-variable QBP problem is the union
of the following sets:

{(xla X5 y)ERS: Xy < 1’ Xy 2 09 —Xi + 3xZ < Oa y= l}a

{(xla Xo, ER: —x, 4+ 3x, +y=1,0<y < 1,

{01 %2, ) ER%: X, 20,5, < 1, —x, 4+ 35,2 1,y = 0},
Figure 2 describes the first of these sets, the triangle of vertices
Vi=(,0,1), V,=(0,0,1), and V5;=(3/2,1/2,1). If us=V,, then the
steepest descent direction d, is (0, 1/3,0) and a new induced region point
w, = V, is computed by u; = uy + 6,d,, where 6, = 0,,,, = 1/3. In the second
iteration, d, =(0,1/15, —1/5) and wu,=u,+6,d,=(1,2/5,4/5) =V,

where ¢, = ¢} = \/10/15. The point u, is a local minimum, and the steepest
descent algorithm terminates. Note that, in the first iteration, the stepsize

Fig. 2. Computation of exact stepsizes 6,,,, and ¢}.
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g is not feasible and the displacement along the direction d, is made by the
largest feasible stepsize o,,.,. This is not the case of the second iteration,
where the stepsize ¢ is feasible.

It is easy to see that computing ¢ is a much less involved task than
finding the value of the stepsize o¢,,,. An alternative procedure can be
proposed which tries to avoid the computation of a,,,, at the expense of
solving a strictly convex program. The steps of this technique are presented
below

(i) Compute o}, as stated in (8) and set X = x;, + o} 2.

(ii)  Solve, if possible, the strictly convex quadratic program LLP(X).
Let 7 be the optimal solution of this problem. If y =y, + o, w,,
then consider the new point

U o1 =Xk i1, Ves1) =, D).

(iii) Otherwise o} is not a local feasible stepsize and o,,, has to be
computed. Furthermore,

Up g = Uy + o-maxdk'

Since the quadratic program LLP(X) can be solved in polynomial time
in a quite small number of iterations that do not depend on the number of
active constraints (Ref. 26), this procedure may be an alternative approach,
particularly when the number of active constraints  is large. However, we
may be forced to compute o,,,, if o} is not feasible.

4.3. Hybrid Approach. In the two previous sections, we have de-
scribed two algorithms for the solution of the quadratic bilevel program-
ming problem. The descent EIR point algorithm is quite simple, but cannot
always assure a local minimum for the QBP problem. On the other hand,
the steepest descent method is much more involved but always terminates
with a local minimum of the QBP problem. So a hybrid approach can be
designed that tries to exploit the advantages of these two procedures. The
steps of the resulting algorithm are presented below.

Step 1. Apply the descent EIR point algorithm. If the algorithm
terminates with a local minimum, stop. Otherwise, let u, be
the LSIR point obtained at the end of the procedure.

Step 2. Solve problem LQBP, to get a decent direction d,. If the
optimal value of this problem is greater than or equal to
zero, stop: u, is a local minimum of problem QBP. Other-
wise, compute ¢, as in (9) and set u, =, + o.d,. Set
k =k + 1, and repeat Step 2.
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The possibility of moving from Step 2 to Step 1 after some iterations
in Step 2 could also be considered. In this case, an initial EIR point can be
found by using the procedure discussed in Section 3. This strategy could be
used either to improve the convergence of the steepest descent algorithm or,
after the termination of the algorithm, to start the process again to look for
a better local minimum.

Consider again problem QBP and suppose that the upper level
function F is concave, that is, C is negative semidefinite. Then, a well-
known result for concave programming also holds for the concave QBP
problem,

Theorem 4.2. If F is a concave (strictly concave) function, then at
least one (every) local minimum of problem QBP is attained at an extreme
induced region point.

Proof. To prove the theorem, we start by showing that all the
induced region points in a given face form a polyhedral set. In fact,
suppose that a given face is the set of # active constraints of the form (5).
The dual constraints of the KKT conditions (6) represent a polyhedral set
in R**”*7 The projection of this polyhedral set onto R**™ is also a
polyhedral set. The intersection of this last convex set with the given face
is a polyhedral IR subset of that face.

Now, let u be a given local minimum for the QBP problem. As we
have proved before, the induced region of problem QBP is a finite union of
polyhedral sets,

K
IR={J P,
i=0
where P; is a polyhedral set, i =1, ..., K. Thus, there exists at least one

ke{l,..., K} such that ueP,. Since u is a local minimum over P,, the
result follows immediately from the theory concerning the minimization of
concave functions. - Ol

Suppose that we apply the descent algorithm described in Section 3 to
problem QBP when F is a concave function. If the last EIR point is
nondegenerate, then it is an LSIR point and, by Theorems 2.1 and 4.2, it
is also a local minimum for problem QBP. So the modified steepest descent
method is not required in this last case. However, if the last EIR point
obtained by the descent EIR point algorithm is degenerate, then there is no
guarantee that such point is a local minimum.
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5. Checking Local Optimality in Bilevel Programming Is NP-Hard

In this section, we prove that checking strict local optimality and
checking local optimality in linear bilevel programming are NP-hard
problems. To prove these results, we use the same ideas described in
Pardalos and Schnitger (Ref. 25) for nonconvex quadratic programming,
where the problem of checking (strict or not) local optimality was proved
to be equivalent to a 3-satisfiability (3-SAT) problem. A classical survey on
intractability issues can be found in Ref. 27.

These last two results have been proved using a special indefinite
program whose set of constraints,

Agx 232+ ¢, (10a)
1/2 —xo < x; < 1/2 4+ x,, i=1,...,n, (10b)
x; =0, i=0,...,n, (10c)

is associated to a given instance S of the 3-SAT problem.

To prove our complexity results, we start by considering linear bilevel
programs containing the constraints (10) as upper level constraints. Then
we show that these problems satisfy some properties, similar to those
presented in Ref. 25, that enable one to establish the desired conclusions.

Theorem 5.1. Checking strict local optimality in linear bilevel pro-
gramming is NP-hard.

Proof. Consider the following instance of a linear bilevel program -
min  F(x,l,m,z) =Y z,
i=1

x,lm,z

st.  Agx>32+¢,
12 —xo < x; < 1/2 + x4, i=1,...,n,
x; =0, =0,.

I,m, zeargmax{z ziix;— L =12—x5,x,+m; =1{2+x,,

z,-sl,-,z,-Sm,-,i=1,...,n,220}.

Since all the variables z; are forced to be nonnegative, then

F(x,l,m,z) >0.
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Consider now the point x* defined by
xy=0, x¥=1/2, i=1,...,n (11)

Then, x* satisfies the upper level constraints. Furthermore, [* =0, m* =0,
and z* =0 is the optimal solution of the lower level problem when x is set
equal x*. Hence, (x*,I* m* z*) =0, then (x* [*, m* z*) is a global
minimum of the linear bilevel program.

As in Ref. 25, the theorem is proved by establishing that
F(x,l,m,z) =0 if and only if x;€{1/2 — x4, 1/2+ x,}, forall i=1, ..., n.
If this last condition holds, then /;=0 or m; =0 and z;=0 for all
i=1,...,n This implies that F(x,/, m,z) =0. To show the converse,
suppose that x, # 1/2 — x, and x; #1/2 + x, for some i. Since the lower
level program is a maximization problem, then z; must be positive, which
implies that F(x, /, m, z) > 0. O

Theorem 5.2. Checking local optimality in linear bilevel program-
ming in NP-hard.
Proof. Consider the following linear bilevel program
min  F(x,,mz,w)y=Y z;—1[2n Y w,
i=1 i=1

xdm,z,w
8.t. Agx >3[2+¢,
12 —xo < x; <1/2 + xg, i=

x; =0, i=0,...,n,

I
—
S

n

I, m, z,weargmax{z Zi— Y wiix; =l =1/2—x,,
/=1

i=1
xp+m;=1/2 4 x,,
Z,-Sl,-,z,-Sm,-,l'=1,...,n

w; > x; — 1/2,
w,-21/2——x,-,i=1,...,n,z,w20}.

Let IR be the induced region of this program. As before, consider the point
x* defined by (11). If we fix x = x* and solve the lower level program, we
get

¥=m}=z}=wF=0, i=1,...,n
Hence, (x*, [*, m*, z*, w*) eIR. Furthermore,

F(x*, I*, m*, z*, w*) = 0.
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Therefore this point (x*, [*, m*, z*, w¥*) can play the same role as x* in
Theorem 2 of Ref. 25. So, we can prove our result if we are able to show
that

F(x,I,m,z,m) >0,

for all (x, ], m, z, w)elR satisfying x, > 1/2 — x,/3 and x,> 0.
Since the lower level program is a maximization problem, then

z; =min{l;, m;}, i=1,...,n

Hence,
Y z;=Y min{l,m} =Y min{x, — 1/2+xo, —x; + 1/2+ Xo}.
i=1 i=1 i=1

But
.xl 2 1/2 — x0/3,
and this implies that

Y. z; >min{x; — 1/2+ xo, —x; + 1/2 + x5} = 2/3x,. (12)
=1

On the other hand, since
w,zx,—1/2, w,>212—x, i=1,...,n,

and the lower level program is a maximization problem, then we must have
w; = |x; — 1/2], i=1,...,n

Furthermore, the upper level constraints imply that
[, —12|<x,, i=1,...,n

Hence,
120 Y w, <1/2n Y x4 =x,/2. (13)
i=1 i=1

Therefore by (12) and (13), we get
F(x,l,m,z,w) = 2/3x — x0/2 = x,/6 >0,
and this proves the theorem. O
Since the upper level constraints do not contain the lower level
variables z;, [;, m;, w;, they can be moved to the lower level problem. Hence,

the theorems are also valid if the upper level constraints only contain
bounds for the values of the upper level variables.



JOTA: VOL. 81, NO. 2, MAY 1994 397
6. Conclusions

In this paper, a descent framework for quadratic bilevel programming
has been discussed. Different strategies depending on the properties of the
upper level function have been introduced. The rules for computing exact
stepsizes proposed in Section 4.2 can be used by any descent method as
long as the lower level problem has a strictly convex quadratic structure.
We have also dealt with the intractability of quadratic bilevel programs, by
proving that checking local optimality is a NP-hard problem.

The case where the upper level function F is strictly convex but not
quadratic does not bring many changes to the descent approach described
in the last sections. The sequential LCP method can still be applied and
only the computation of the stepsize o, requires a different technique, since
no exact procedures solve the equation G'(¢) =0 directly. Theorem 4.2 also
holds for general concave functions, whence the descent EIR point al-
gorithm terminates with a local minimum provided all the EIR points are
nondegenerate.

In this paper, we have not considered the possible occurrence of
degeneracy in the descent algorithms. Degeneracy is an important issue and
deserves some attention in the future. Another important area of future
research is the extension of the descent techniques described in this paper
to the solution of bilevel programs with linear or nonlinear upper level
constraints in both the x and y variables. It is our opinion that the success
of this research will play a major role in the development of techniques for
finding global minima of nonlinear bilevel programs in which the lower
level function is quadratic and strictly convex.
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