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Remark on BV-solutions of a functional equation connected
with invariant measures

Janusz MATKOWSKI

Dedicated to Professor Jdnos Aczél on his 60th birthday

We are going to deal with the functional equation

¢ = 3 gbLfi).  xel = [0, 1], W)

where fi: I =R are given functions and g; are given real numbers. This equation
appears when looking for an invariant measure u defined on the ¢-algebra of Borel
subsets of I for some mappings 7 : I — I. Indeed, suppose 0 = go < a; <...<ax = 1,
T [ai-1, a;]—1 is strictly monotonic and onto and define 7 (x)= 9 (x), xe[a; -1, a:),
(i=1,...,k), (1) = 1. If a measure p is J -invariant, ie., if u(J ~*(4)) = u(4) for
all Borel sets 4 < I then for 4 = (0,x] we have

k
#Ox) = 3, #7110 xD),  xel.

Hence, putting ¢(x) = u([0,x]), fi(x) = T 7 *(x), xel, and observing that u((x,y])
=¢(¥) — ¢(x) (in particular u((0,x]) = ¢(x) — ¢(0) where ¢(0) is a measure of the
one point set {0}), we get the equation

k

P(x)—¢(0) = _Zl alop(filx) — (0], xel, @
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where ¢ = 1 for increasing f; and ¢ = — 1 for decreasing f;. It is easily seen that
equation (2) has form (1) with n = 2k + 1 where f+:(x) = fi(0), fox+1(x) = 0, g; = &,
Gr+i = — &y Jak+1 = Li=1,..., k)-

Note that equation (2) has the following property: for arbitrary ¢: [0, 1]— R, this
equation is satisfied at the points x =0 and x = 1. For x =0 is evident and for
x =1 we have

=Z el (fi(1) — ¢S (0)] = _);1 [o(a@) — ¢lai-1)] = $(1) — ¢(0).

This property of a functional equation is of great importance in our paper and
therefore we assume that equation (1) satisfies the following condition: for each
function ¢: [0, 1]— R,

$(0) = deé[f(o)] o(1) =§: ¢ LAV Q)

REMARK. To obtain another broad class of functional equations of form (1)
which satisfy (3), one can take arbitrary fi: I—1I such that f(0)=0, fi(1) =1,
(i=1,...,n),and g;ieRsuchthatg; +...+gn = L.

Denote by BV(I) the space of all bounded variation functions ¢: I - R. For
¢eBV(I)let ¢* and ¢~ be upper and lower variation of ¢, respectively. The purpose
of this note is to prove the following theorem.

THEOREM. Let f;: I - I be monotonic and suppose that g; > 0 for nondecreasing
fi and g; <0 for nonincreasing fi(i = 1,...,n). If, for arbitrary ¢: I - R, conditions (3)
are satisfied then for every BV-solution ¢ of eq. (1) the ¢* and ¢~ satisfy eq. (1).

Proof. Suppose ¢ge BV (1) is a solution of eq. (1). From the Jordan decomposition

theorem, ¢ = ¢ — ¢~ and for every nondecreasing functions ¢+, ¢2: I — R such that
¢ = ¢, — ¢, we have the following two implications

0SxSy<1=¢*()—¢* ()< $1()— d1(x), @
0SxSy< 1= (3)— ¢ ()< $2(y) — halx). )

Putting in (1) ¢ = ¢+ — ¢, we get

6 (=6~ = 3 90" LAt - 3 0d” LG
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It follows from the assumptions of the Theorem that the functions
b= Y ab o fe d2= 3 007
are nondecreasing and ¢ = ¢, — ¢,. Hence by (4) we obtain for 0 Sx gy <1
$T =9 (0= 3 00" LA - 3 gi6” LA
Putting here x = 0, we have by (3)
NS Y b TGN yel

On the other hand, putting x = 1 we have

¢+(x)§_glgi¢+[ﬁ(x)], xel.

The last two inequalities show that ¢ is a solution of eq. (1). In the same way, using
(5), we can prove that ¢~ satisfies eq. (1). This completes the proof.

Note that, if a function f; is constant, the sign of the corresponding g; may be
arbitrary.

The above theorem reduces the problem of determining all BV-solutions
of eq. (1) to the problem of the determining of all monotonic solutions of this equation.
But it does not seem to be easy to find all monotonic solutions of eq. (1).

REMARK. Consider the equation

b(x) = ¢<§)+¢<x—’2ﬂ)—¢(-§-), xel. (6)

Observe that every linear function ¢(x) = ax + b (a,beR) is a monotonic solution
of eq. (6). There are also monotonic and discontinuous solutions. Indeed, let us take

1
do: (5’ 1] - R defined by the formuia

bo(x)=27% xe@ '427%1 271427, k=12, ...,
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and put

1
¢n(x) = ¢n“1(2x) - ¢0(’2' + x)9 xe(z-”"l’ 2—"]’ n= la 2, ceee
Note that the function

Ga(x) xe27"° 4,277, n=01,..

= 1

$)=1< [
is a solution of eq. (6). Since ¢, is nondecreasing and, by a simple calculation, we have

8n(x) = $o(2%) ~ 327 xe@™71,277)

and lim ¢(x) = —1
x-+0 2

it is well known that every absolutely continuous solution of eq. (6) must be a linear
function (cf. [2], [1]). Therefore, the following problem seems to be of interest.

, it is easily seen that ¢ is nondecreasing. On the other hand

PROBLEM. Does the eq. (6) have a nonlinear monotonic and continuous solution?
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