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Integral inequalities related to Hardy’s inequality

R. N. MoHAPATRA and D. C. RusseLL
Dedicated to Professor Janos Aczél on his 60th birthday

Abstract. Some generalizations are given of Hardy’s inequality relating to L?-spaces. The results include
many existing integral inequalities.

1. Introduction and Statement of the Main Results

Hardy’s Integral Inequality (see [5], or [6, p. 240, Theorem 327]) is well-known
and states the following:
Let f(t) > 0 for teRy := (0, 0) and F(x) := {5f(t)dt. If 1 <p < o0 then

f: [x ™1 F(x)1Pdx < (ﬁ)pjwmx)]"dx (L.1)

[}

the constant being best-possible.

There is a companion theorem for 0 < p < 1 [6, Theorem 337] and an analogue
for series in place of integrals [6, Theorem 326], together with generalizations in several
different directions (e.g. [11, [2], [3], [4], [7]). The theorems in the present note are
essentially the integral analogues of the series inequalities of J. Németh [7], but they
include, for example, all the inequalities given by E. T. Copson [2], and (for p > 0)
those given by P. R. Beesack [1]. We have not considered the case p < 0.

We suppose throughout that all our functions are non-negative and measurable
on their domains of definition, and we now state our main results. We remark that
Hardy’s inequality (1.1) is the case g(x) = x"P(x > 0), a(x,t} = 1(0 <t < x), m = oo,
of Theorem 1(a) below, though we shall give a number of other corollaries in §3,
4,5 below.
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THEOREM 1. Assume that a(,-) is defined on Ry x R, with a(x,t) =290 for
0 <t<x, a(x,t) = 0 for t > x, and suppose that, for some constant K, 2 1,

a(x,t) < Kia(y,t) for x>y >t (1.2)
Let g(x) =0 (xeR4) and g()a(,t) e L(t, o) for each t > 0, and write

Gat) := [P g(x)a(x, t)dx  (t>0). (1.3)
Let f(t) > 0(te R+) and a(x,)f()e L(O, x) for each x > 0, and write

Fi(x) := [3a(x, t)f(t)dt (x> 0). (14

(@ If 1 <p< oo, 0<m< o0, g(x) >0 on(0,m), then

[8gF%dx < (pKE ™' P[5g' PG fydx. (1.5)

b)) If 0<p<1,0<r<ow, Fi(x)>0 on Ry, then

[ gFdx = (pKE™ 1) [, g 7P (G2f)7dx. (1.6)

(¢) If p=1 then hypothesis (1.2} is not required: (1.5) (0 <m < cc) and (1.6)
(0 < r < ) hold, with equality in (1.5)(m = ) and (1.6)(r = 0).

THEOREM 2. Assume that af,") is defined on R, x Ry, with a(x,t) 20 for
0 < x<t, alx,t) = 0 for x > t, and suppose that, for some constant K; > 1,

a(x,t) < Kaa(y, t)forx <y <t. .7
Let g{x) = 0(xeR.) and g()al(,t)e L(0,t) for each t > 0, and write
Gi(t) = [sg(x)a(x,t)dx (¢t >0). (1.8)
Let f(t) >0 (teR.) and a(x,) ()€ L(x, ) for each x > 0, and write

Fix) i= [Palx, t)f(t)dt (x> 0). 1.9

(@ If1<p<o,0<r<om,gx)>0on(r, o), then

§rgF5dx < (pK5™'P2 g' ~7(G, f)dx. (1.10)
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b) If0<p<l,0<m< o0, Fafx) >0 on R, then
{5gF5dx = (pK5 ™' V{59" ~AG: fydx. (1L.11)

(c) If p=1 then hypothesis (1.7) is not required: (1.10)0 <r < o0) and (1.11)
(0 <m < o) hold, with equality in (1.10)(r = 0) and (1.11}(m = o).

2. Proofs of the Theorems
We first require the following elementary result.

LEMMA 1. (a) Let 1 < p < o and z(*) be non-negative and integrable over (0, x).
Then

(Jaz(t)de Y = pfaz(e)(Joz(u)duyr ~ dr, 2.1

the result holds for 0 < p < 1 provided that {oz(u)du > 0 for 0 <t < x.
(b) Let 1 € p < oo and z(*) be non-negative and integrable over (x, c0). Then

(J2a(t)dey = pf3z(t)(f2(w)du) ™ d; 22
the result holds for 0 < p < | provided that L“’z(u)du >0 for x <t < oo.

Proof. (2.1) is proved by Davies and Petersen [2, Lemma 2] (their proof, stated for
p>1, clearly holds also for 0 < p <1 under the given positivity hypothesis). In a

similar way, for (2.2) we write F(t):= j',‘” z(u)du and then F'(t) = —z(t) a.e. on (x, o0);
then (2.2) follows from

[Fx)1? = ~p[Z[F@)]P " F'(t)d. O
Proof of Theorem 1(a) (1 < p < ©). By (1.4) and (2.1),

[F1(x)1? = pfalx, )f()(foalx, u)f(wdu)® ™ dt
< pK (P falx, 1) f()[F1(t)]7 ™ dt, by (1.2). 23)

Hence on multiplying through by g(x), integrating over (0, m), and inverting the order
of integration (the integrand being non-negative),
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[39F 1% < pK: P~ f3f(LF (1)1 de [T g(xJalx, t)dx
SPKPTHBSFAPT Gy, by (13)
— pK.#" 1[50 PG, f(g PF 1P, >0 on (0, m)

.11
< pKiPH([Bg" HG2f ) R(fgF 7)Y, PR 1 (24)

by Hoélder’s inequality. If {ggF;? = 0 then (1.5) is trivially true; otherwise we may
divide both sides of (2.4) by (fggF:?)'/?, and then raise both sides to the power p,
to get (1.5). O

Proof of Theorem 1(b) (0 < p < 1). The proof begins as in Theorem 1(a), denoting F,
as in (1.4) and using (2.1), and proceeding as in (2.3) since, by hypothesis, F; >0 on
R4+; but the inequality sign in (2.3) is now reversed since p—1 < 0. If g = 0 a.e. on
R+ then (1.6) holds trivially. Hence suppose that g > 0 on a set E of positive measure,
g = 0 on R, \ E. Then multiplying the (reversed) inequality (2.3) by g(x) and integrating
over E, we shall obtain

{ gF» 2 pKy» ™ gladx [3atx, 6)f () [F1(6)]7 ™ dt
=PRI ESOUROY e [ galx, D)dx

=pKP @ fFPT1G,y, by (L1.3)

2 pKP [ fF PTG,
E

:pKlp—lj'gu“p)/szf(guij)p_1, g>0on E
E

.11
2 pKP (g GNPV ([ gF )P, —+ = =1
E E P P

by Hoélder’s inequality for 0 <p <1 (p' <0) (e.g. [6, (6.9.3)]). Dividing through by
(fegF1?)"/* and raising both sides to the (positive) power p, we get (1.6) with the
integrals |° on both sides replaced by [g. However, since g = ¢' "? =0 on R4 \E,
and by taking g(x) = 0 for 0 < x < r (since (1.6) is not affected by those values) we
can write our result in the form (1.6). o

Proof of Theorem 1(c) (p = 1). This is an obvious special case of (a) and (b); only
Fubini’s Theorem is required. o

Proof of Theorem 2. With F, defined as in (1.9), we begin by using (2.2) and (1.7)
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instead of (2.1) and (1.2). The modifications required, to the proof of Theorem 1 set
out above, will be immediately evident. O

3. A Convolution Inequality

THEOREM 3. Let s(t) = 0(t > 0), s(t) = Ot <0), and for some constant K = 1,
s(x) < Ks{y) for x > y > 0; suppose also that

S(x) := {3s(t)dt > 0 for x > 0.

Iff(t)Zz00on Ry and 1 <p < o0, then

<3 1 x 1 pZK
L (—g-(-x—)J-os(x—t)f(t)dt> dx§(p_1

Proof. For any p > 0, denote

),, J : [f(¢))7dt. @3.1)

G(t) := [P[S(x)] Ps(x — t)dx (t > 0). 3.2)

Now take a(x, t) = s(x —t), g(x) = [8(x)]7%,r = 0, m = o0, in Theorem 1 and we get,
for 1 <p< 0,

J§(IS()1Hfas(x — t) f(e)dt Pdx < (pKP ™ 1)P[(SP ' Gf . ¢
By (3.2), and since S(x}1,

G(t) < [S(t)177f2's(x — t)dx + [SLSx — )] Ps(x — t)dx
=[S()]* "7+ (p— 1) {[S(t)]* ~* = [S(0)]" "7}
Spp—-D)7'S@)]) 7P forp>1L.

With this estimate on the right of (3.3), we now obtain (3.1). O
EXAMPLE. s(t) = 1{t > 0), K = 1, in (3.3) gives Hardy’s inequality (1.1) again.

REMARK. Inequality (3.3) is reversed if 0 < p < 1.
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COROLLARY. If f(t) 20 on Ry and 1 <p < o0, then

© 1 * 1) r p2 p o ,
L (log(x+ DJox—t+ 1‘”“) dxé(;:{) L [f(¢)]?de. (.4

Proof. Theorem 3 with s(t) = (t + 1)}t >0), K = 1. O

4. Corollaries from Hardy, Littlewood and Polya [6]

We select, as corollaries of our Theorems 1 and 2, some examples from [6] which
are dirgctly related to Hardy’s inequality. Given f(¢) = 0 on R, then whenever the
integral exists finitely, we write

Fi(x) 1= [§f(t)dt,  Fa(t) := {2 f(t)dt, x>0.

4.1)[6, Th. 330]. If 1 <p < 0, c> 1, then

© p Lo
f x‘“‘FI”dxg(—«p—) J X~ )Pdx.
0 c—1 0

(4.2) [6, Th. 347}. If 0O < p < 1, ¢ > 1 the inequality in (4.1) is reversed.
Proofs. Theorem L g(x) = x" (x>0, a(x,t) =1 0<t<x)r=0,m=c0. [
REMARK. For a generalization of (4.1) see Fehér [4].

(4.3) [6, Th. 330). Thecase l <p< o, c <1 of 4.1).
(4.4) [6, Th. 347). The case O<p <1, c <1 of 4.2).

Proofs. Theorem 2: g(x) = x (x> 0), a(x,t)=10<x<t),r=0,m=o00. O

(4.5)[6, Th. 328]. Choose g(x) = 1 (x > 0),a(x,t) = 1 (0 < x < t)in Theorem 2(a). U
4.6) [6,(999)]. If l <p< o0, < 1/p, then

© e o — F p p o .
L x (J; t 1f(t)dt) dxé(l—ap) L Lf(¢)]xde.

Proof. Theorem 2(a): g(x) = x P (x > 0), a(x, t) = t* 1 (0 <x <t), Ky = 1,r=0.
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4.7) [6,(9.9.8)]. Choose g(x) = x**~V(x > 0), a(x, t) = t "0 < t < x) in Theorem 1(a).
d

5. Corollaries from Copson [2] and Beesack [1]

Copson [2] has given six inequalities which generalize those which we have
mentioned in §4 above. Beesack [1] has also given six similar inequalities, two of
which provide alternative proofs for [2, Theorems 5 and 6]; a further two are additional
cases which complete Copson’s list. Beesack’s final two inequalities [1, (30) and (31)]
deal with the case p <0.

Let f, ¢ be positive and measurable on R, and suppose that

O(x) := [5o(t)dt
exists for 0 < x < co. Whenever the integral exists finitely, we write

Fi(x) = [sfodt, Fix) = 2 fpdt, x>0.

G2, Th 1]l Ift<p<oo,c>1,0<m= oo, then

m p(m
f FiP®~pdx < (-”—) J [POP~<Pdx.
0 c—1 0

(52 [2, Th.2]. If0<p<1,¢>1,0<r < oo, ®(c0) = oo, then

f F1"d>'”¢dx>< ) J [POP~Pdx.

Proofs. In our Theorem 1 choose a(x, )=¢(t) O<t<x), K;=1,
9(x) = P(x)[®(x)] " *(x > 0), so that (1.3) gives

Ga(t) = (c — )" *¢(O){[®(1)]' ~° — [®(0)] "}

In case (5.1) it is enough to use G < (c — 1) '¢®' ~¢; for the opposite inequality (5.2)
we need ®(c0) = oo to give us Gz = (c — 1) '¢®! <. O

(53) [2, Th. 3]. The case 1 <p< 0, c<1,0<r < 0.
(54) [2, Th. 4]. The case 0 <p<1,c<1,0<m < 0.
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Proofs. These companions to (5.1) and (5.2) come from our Theorem 2 by choosing

a(x, t) = ¢(t) 0 <x <t), K2 = 1, g(x) = ¢(x)[®(x)] (x> 0). O

(5.5 [1,29]. If 1l <p< 0, 0<r < w, then

J FP®~ 1¢dx$p”j fror- ‘{logi(())} ddx.

(5.6) [2, Th. 6] and [1, (33)]. If O <p< 1, O <r < oo, then the inequality in (5.5) is
reversed.

Proofs. In our Theorem 2 take a(x, t) = ¢(t)(0<x <t), K =1, m = o0, and
g(x) =0(0 <x <7), g(x) = $p(X)[Vx)]"(x >7). O

(5.7)[2, Th. 5] and [1, (28)]. If 1l <p < 00, 0 <m < o0, then

" pp-1 P " ppr—1 E’(_)
LFND ¢dx§pj0f® {logq)()}qux

(5.8)[1,(32)]. If 0 < p < 1,0 <m < o0, the inequality in (5.7) is reversed.

Proofs. In our Theorem 1 take a(x, t) = ¢(t)0<t<x), K;=1, r=0, and
g(x) = $)[B(x)] 710 < x <m), g{x) = 0 (x > m). U
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