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Asymptotic Behavior of Solutions to
the Coagulation-Fragmentation Equations.
II. Weak Fragmentation

J. Carr! and F. P. da Costa':?
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The discrete coagulation-fragmentation equations are a model for the kinetics of
cluster growth in which clusters can coagulate via binary interactions to form
larger clusters or fragment to form smaller ones. The assumptions made on the
fragmentation coefficients have the physical interpretation that surface effects
are important. Our results on the asymptotic behavior of solutions generalize
the corresponding results of Ball, Carr, and Penrose for the Becker-Doring
equation.
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1. INTRODUCTION

The discrete coagulation-fragmentation equations describe the kinetics of
cluster growth in which clusters can coagulate, via binary interactions, to
form larger clusters or fragment to form smaller ones. Denoting by ¢ (1) =0
the concentration of a cluster with j particles (j-cluster, for short), the
equations are
J—1 oo
éj=% Z Wj—k.k(C)— Z VVj.k(C) (1.1)
k=1 k=1
for j=1,2,.., where W, (c)=a, c;c,—b;,c; s, Wwith c=(c;). The
coagulation and the fragmentation rate coefficients, respectively a; ,
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and b;,, are nonnegative constants, and are symmetric with respect to
permutation of the subscripts.

From physical considerations, it is only relevant to consider solutions
to (1.1) which are nonnegative and have finite density p(¢) =372, je,(¢).
This motivates the study of solutions to (1.1) in the Banach space of finite-
density sequences

d

X={c=(cj): el =Y jlel <oo} (12)
j=1
Because each interaction preserves the number of particles, we expect the
density p(t) to be a conserved quantity. However, for some rate coef-
ficients, p(7) may not be constant.>”’ Throughout this paper we assume
that
a4, <K (j+k) (1.3)

for all j, k> 1, and some constant K, > 0. This condition ensures coagula-
tion does not lead to the breakdown of density conservation.?) Equations
(1.1), as well as some important special cases such as the Smoluchowski
(b; =0 for all j, k) and the Becker-Déring equations (a; ,=b;, =0 if
min{ j, k} > 1), have been the focus of a number of mathematical papers in
recent years (see, e.g., refs. 1-4 and 6). In particular, results concerning
existence, uniqueness, and density conservation of solutions of (1.1) were
proved in ref. 2 for coagulation coefficients satisfying (1.3). Two classes of
fragmentation coefficients have been identified, each leading to distinctive
behavior of solutions.

In a recent paper, Carr'®) considered the following “strong fragmenta-
tion” condition, namely that there exists a y >0 such that for all m>0,
there is a constant C(m) > 0 such that

[{r—1)/2]
Jj™b, ,_ ;= Cm)rr+” (1.4)

Jr—J
j=1
for all r =3, where [ x] denotes the integer part of x. The main result of
ref. 4 concerns the 4™ moment S,{t) of a solution

(=73 jhcn) (1.5)
j=1
If (1.3) and (1.4) hold, then if ¢ is a density-conserving solution, for every
#>0, S,(t)<oo for all 1>0. Thus, for this class of solutions, strong
fragmentation acts as a smoothing mechanism; in particular, orbits are
precompact in X, It is essential to restrict the class of solutions when (1.4)
holds, since in general, solutions are not unique (see examples in ref. 2).
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The precompactness of orbits of density-conserving solutions implies,
in particular, that every such orbit has a nonempty w-limit set in X. With
some additional assumptions, the most important of which is that a
detailed balance condition holds, namely, the existence of a positive
sequence (Q;) with @, =1 and such that, for all j and £,

;. Q;0k=b;10,41 (1.6)

the w-limit set of any orbit can be proved to be a single equilibrium c*°
with density p, = [c(0)]|.

This behavior contrasts markedly with what happens for the Becker—
Déring system‘!:*® for which one can have a behavior that can be physi-
cally interpreted as a dynamic phase transition: the existence of a critical
density p,e(0, co) such that orbits are precompact in X if and only if
Po < ps. Under convenient conditions on the coefficients, this compactness
result implies that if p, < p,, then solutions converge strongly in X to an
equilibrium with density pq. If py > p,, solutions converge weak* but not
strongly in X, to an equilibrium with density p, with the excess density
po— p, being “transferred” to infinity. This behavior can be physically
interpreted as a condensation phenomenon.®

In this paper we make use of a “weak fragmentation” condition that
allow us to prove results similar to the ones described above for the
Becker—Doring system. We say the weak fragmentation condition holds if
there exists a constant K,> 0 such that for all r> 1,

h(r)

Y b, <Kr (1.7)

j=1

where A(r)=[(r+1)/2]. With these conditions it was proved in ref. 2 that
all solutions conserve density. Moreover, under a condition slightly
stronger than (1.7), uniqueness was proved.'®

Both classes of fragmentation coefficients, (1.4) and (1.7), are physi-
cally important. For example, in unbranched polymeric chains, for which
the probability of breaking a bond between two monomeric units is inde-
pendent of the sizes of both the original chain and the resulting ones, we
have b; , = b= const and (1.4) is satisfies with y = 1. On the other hand, in
cases where the surface energy of the cluster plays an important role, we
can expect the fragmentation coefficients b, , to be very small if both j and
k are large. A very simple example of rate coefficients exhibiting this
behavior is b; , = ( Jjk)~*, which satisfies (1.7) if #> —1. Another one is

b« =K(j+k)exp{AL(j+k)* —j*—k*]}
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where K,A>0 and ue(0,1) are constants.”” For the Becker-Déring
equations in which all fragmentation coefficients are zero except b, , =b, ,,
condition (1.7) holds if b, , <const-r.

This paper makes frequent use of results from ref. 2, but can be read
independently of ref. 4. It is organized as follows:

In Section 2 we state the basic hypotheses and definitions and recall
some general results that will be needed afterward.

Section 3 deals with the behavior of the higher moments (1.5) of
solutions to (1.1). It is shown that, if (1.7) holds, an initially (+=0)
infinite moment stays infinite for every finite time. Also in this section we
prove that, although solutions do not become more regular, at least some
solutions [the admissible ones, obtained as limits of an appropriate finite-
dimensional truncation of (1.1)] do not become less regular either, i.e., if
c is an admissible solution of (1.1) and if the y-moment S, is initially finite,
then it stays finite for all finite time.

In Section 4 we start the study of the asymptotic behavior of solutions
by considering the simple cases of pure fragmentation (a;, =0) and pure
coagulation (b; , =0). We prove that in both cases solutions converge to
equilibria: for pure fragmentation, solutions converge to ¢;= pyd; , strongly
in X as t— oo, where p, is the density of the initial data, and in the
pure coagulation case solutions converge weak* to zero in X at t — co. In
both cases the proofs rely on the monotonicity of the partial sums
pa(1)=23_, jc;(t) with respect to 1.

For genuine coagulation-fragmentation equations a different method
is needed since p, is no longer monotone. Assuming the detailed balance
condition (1.6), we find that the sequences ¢?=Q,(c?), r=1, with ¢/
determined by the condition ||¢”| = p, are equilibria of (1.1). In contrast
with the strong fragmentation case,'¥ when the weak fragmentation con-
dition (1.7) holds we can have a critical density p,. In this case, no equi-
librium c¢” exist if p > p,, so we can expect similar results to those obtained
for the Becker-Déring equations. In Section 5 we prove that the function

Vic)= Ozo: ¢ (log%— l)

j=1 J

is a Lyapunov function for (1.1) provided c;(¢) >0 for all j and ¢ and log Q;
satisfies a Lipschitz and a superadditivity condition.

Finally, in Section 6 we use the results of Section5 to prove con-
vergence to equilibrium for a solution with initial density p,. We prove the
weak* convergence of a solution with density p, to a unique equilibrium
c? as t-— oo, where the density of the limit equilibrium is 0<p<
min{ p,, p,}. Despite numerous attempts, it was not possible to establish in
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full generality the dynamic phase transition behavior proved to occur in
the Becker-Ddring equations, ie., the distinction between strong con-
vergence to ¢’ for p, < p, and weak* but not strong convergence if py > p,.
However, for the particular cases with a; , =b, , =0 iff min{j, k} >N, for

some integer constant N, we prove this result for rapidly decaying initial
data.

2. PRELIMINARIES

2.1. Definitions

We study (1.1) in the set
Xt={ceX:¢;20forallj>1}

where X is the Banach space of finite-density sequences defined by (1.2).
The following definition of solution, introduced in ref. 2, is used.

Definition 1. Let Te(0, ©]. A solution c=(c;) of Eq.(1.1) on
[0, T) is a function c: [0, T)— X* such that:

1. Each ¢;: [0, T) — R is continuous and sup, o, 1 lc(?)]| < 0.
2. Forallj=1,2,..and all te[0, T),

J Z a; 1.ci(s) ds < oo, Jo Y b i(s)ds< oo
k=1

3. Forallj=1,2,..and all 1[0, T),

o«

c(r)_c(0)+j[ Z Wy de(s) = T Wyulels) ]ds

For pe[0,0) let X°*={ceX*:|c|=p}, and with pe(0, )
consider the closed ball of X defined by

= {ceX: el <p)

The function d(a, f)= o lo;—B;i is well defined for a, feB,, and
(B,,d) is a metric space; furthermore, B S =B,nX* with the metric
d(-,-) is a closed metric subspace of (B,, d).

We will use the notions of strong (norm) convergence in X as well as
that of weak* convergence: a sequence ¢'”’ converges in the weak* sense to
¢ in X, symbolically ¢ ¢, if (i) sup, [c"[ <o and (ii) ¢{" —¢; as
n— oo for each j. The following characterization of weak* convergence is

822/77/1-2-7
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useful: let y'e B, be a sequence; then y’'—>ye X as i— co if and only if
yeB, and d(y',y) >0 as i —» .

Existence of solutions to (1.1) is proved by taking the limit as n — oo
of the truncated system

'-=%i k(€)= Z - 4(©)
(1<j<n)  (21)
c;(0)=cy; 20

A solution of (1.1) obtained as the limit of a solution of (2.1) is called an
admissible solution.

2.2. Preliminary Results
We now state some basic results that will be needed afterward.

Proposition 2.1. (2) Assume (1.3.). Let coe X*. Then (1.1) has at
least one admissible solution on [0, c0), and all admissible solutions con-
serve density. Furthermore, if for some T>0, ¢ is a density-conserving
solution of (1.1) on [0, T), then ce €%[0, T), X) and 2, Jc;(1) is uniformly
convergent on compact sets of [0, T).

Proposition 2.2. (2) Assume (13) and (1.7). Let c,eX™,
Te (0, co]. Then, all solutions of (1.1) on [0, T) conserve density.

For the manipualtion of solutions the following results will be very
useful.

Proposition 2.3 (Lemma 3.1 of ref. 2). Let ¢ be a solution of (1.1)
on [0, T) and (g;) be a sequence. Let | <m<nand 0<t,<t,<T. Then

[ Y (ger—8—8i)+3 Zg,+k

R, . R?

Y gleft) =gt =]

J=m n

+ Z (8j+k—8K)— Z gj] W, «(c(s)) ds

nm

n, m

where
R, ,,={(k):jk>m,j+k<n}

R, ={(.kym<j+k<n,jk<m}
R} ={(ky1<j<sm—1,k=zm,j+k<n)}
R:.m={(j’k):m<j<n,j+k>n}

with the sums equal to zero if the associated region is empty.
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3. SOME PROPERTIES OF HIGHER MOMENTS
Let x> 1 and define

def & s
X”={CEX: lell, = X j* ch|<°°}

j=1

The spaces (X, ||-1,) are Banach spaces and X, < X, if 4 > v, with com-
pact embedding. In this section we study the role of the hypotheses (1.3)
and (1.7) on the regularity properties of solutions, as measured by the

behavior of fc()]],,.

3.1. Nonsmoothing of Higher Moments

Theorem 3.1. Let u>1, 0<T<o0o. Assume (1.7). Let ¢ be a
density-conserving solution of (1.1) on [0, T') with initial data ¢(0)=c¢,. If
co¢ X,, then c(t)¢ X, for all 1€ [0, T).

Proof. The proof will be based on estimates on

def

t) = Z inSn(t (31)
n=1
where A,=n"'—(n—-1)" with v=p4—-1>0 and S,()=37,,, rclt)
Writing 4,S,=n"(S,—S8,,.,)+r"S, ., —(n—1)"S,, we find
q o
=Y (n—1)"nc,+q" Y nc, (3.2)
n=2 n=q+1

Since the nature of the series 3, j“c;, and 3 ,(j—1)*~'jc; are the same
(both convergent or both divergent), to prove the theorem it is sufficient to
show that
qlin:o T,(0)=o0 implies qlinzO T (t)=c0

for all 1>0.

This will be done by estimating T,(¢) using Gronwall’s inequality. By
density conservation we can write S,(#)=po—Y.7_, rc,(t), where p, is the
density of the solution. Applying Proposition 2. 3 we obtain

q
Tq(t) = Tq(o) + Z }'H(Sn(t) —S,,(O))

n=1

=T, 0)— Z A, Z r(c(t) —c,{0))

n=1 =

822/77/1-2-8
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q n -]

ekt QNN R ERIES

n o0

0)—[ S Y Y b ds

Opn=1 Jj=1 k=n—j+1

_T(O)—j S S dcis)ds (3.3)

Op=1 r=n+1

where y, ,=37_,jb;,_; Changing the order of summation of the double
sum in (3.3), we obtain

r—1

Z Z Mmc—Z Y An¥rnt Z c, Zm," (34)

n=1 r=n+1 r=2 n=1 r=g+1 n=1

and in order to proceed we need to obtain estimates on the behavior of the
coefficients of ¢, in (3.4). This is done in the next lemma, which we prove
later.

Lemma 3.2. Assume (1.7). Then the following inequalities hold:
1. Forrzg+1,37_,4

2. For2<r<gq, 352} Ay, n<Sconst-r(r—1)~

n=1

n¥r.nSconst - rg”.

Using the estimates of Lemma 3.2 in (3.4), substituting the result into
(3.3), and using (3.2), we obtain

(T =T, 0) <X L T,(s) ds

where " =2(K,, v) is a constant. Applying Gronwall’s inequality, we
obtain
T,(t)>T,(0)e "

and if T,(0)—> o as g—oo, then T (t)>x as g—oo for all
te[0, 7). 1

Proof of Lemma 3.2. Assume r>2g—1. Then ¢<(r+1)/2, and
since ¢ is an integer, this is the same as g <h(r). We have

n

Z Ayr"—z A’n Z.]jr—_/

n=1 n=1

<(54)(Em-)

hir)

—'q Zj_]l'—j

j=1

s Kfqu
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Now let g+ 1<r<2g-2.
Then h(r) <(r+2)/2<g<r—1, and we can write

Zj’yrn—z Zl".ljr—j

n=1 n=1 j=1
h(r) n
Z Z /1"-] J"“]+ Z Z /1,,] Jr—j (35)
n=1 j=1 n=h(r}+1 j=1

By changing the summation order we have, for the first double sum,

h{r) n h(r) h(r)

% 3 At =% by 3

n=1 j=1 Jj=1
hir) h(r)

=h(r)" Zf Jor—~Jj ZJ(J_I) Jor—Jj

Jj= =1

and for the second double sum,

S X by

n=hr)+1 j=1

hr) q
= Z Z Antbj,—j+ Z Z Andbj
Jj=1 n=hiry+1 J=hr)+1 n=j
h(r) h(r)
=q" Z Jbj. ;= h(r)” Z Jbjr—j
Jj=1 Jj=1

q

q
+qv Z jbj.r—j— z .](.1'_1) Gor—J

J=hr)+1 J=hry+1

Substituting these expressions into (3.5), we obtain

q h(r) q
Z Anyrn q Z.jjr—/ Z j"'—.l Zj(j_l) hr—Jj
n=1 j=1 Jj= h(r)+l
q
<Kfq“r+[q” Y Jbj._— ZJ(J—I) ,,_,] (3.6)
j=h(r)+l Jj=1

For the terms in square brackets we have

q
q’ Z J1r~1 Z](J_l) bJr—/
J=h(r)+1 j=1
q h(r)
= Z ("= (=D jby,—;— ZJ(J_I) jor—J

j=h(r)+1 Jj=1
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q

< X (@=U=D"jb,,
Jj=hry+1
q9
< Y (r=1=0G=1"jb;,, (3.7)
J=h(r)+1

To estimate (3.7) we make use of the following inequalities:
(r=1=0-=-1y<vr—1)"" (r—j), vl
(r=1—(=1<v(j—-1)"""  (r—j), O<v<l

For v>1, (3.7) becomes

q
Y (r=1y=(G=1"jb;,_;
J=hiry+1
q

<v(r—1)"7! Z (r_j)jbj.r—j

j=hiry+1

q
Svr=1"Y %Y (r—j)Jjb,,_;
J=h(r)
h(ry
=v(r—1)"" Z k(r—Fk)yb, _,
k=1
h(r)
<vrt Y kb, ik

k=1
<v2'g’K,r
For ve (0, 1), similar estimates show that
q

Y (r=1—(=1))jb,,,<v2 ~gK,r

J=h(r+1
Hence,

9 q
g Y Jbu.,— Y Ji—1)b,, ;<const-r
ji=1

Jj=h(n+1

and substituting this inequality into (3.6), we obtain

q
Y A.y..<const-r

n=1

which proves part 1 of the Lemma. Part 2 of the proof is similar, so we
only indicate the main steps. Briefly,
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r—1 r—1 n
Z ln?r.n= Z Z )"njbj.r—j

n=1 n=1 j=1
r—1 r—1
=2 2 Auibisy
j=1 n=j
r—1
=Y ((r=1"=(=1)"jb;.,;
j=1

Writing the last sum as 3./) + 372, , ,, considering separately the cases
v=1 and ve (0, 1), we finally obtain, for r=2, .., q,

r—1

Y A¥rnsconst-r W

n=1

3.2. Absence of Blowup of Higher Moments
of Admissible Solutions

We now turn to the role of the hypothesis on the coagulation coef-
ficients in the behavior of higher moments. We prove that, if a higher
moment of an admissible solution is initially finite, it stays finite for all
t<o0. We need the following auxiliary results, a proof of which can be
found in ref. 4: Let x4 > 1; then there exists a constant ¥(u) = 0 such that

0<(j+h) —j* —k*<E(u)jk* +j k)N j+ k)™ forall jandk>1

Theorem 3.3. Assume (1.3). Let #>1, and coe X" n X,. Let ¢ be
an admissible solution of (1.1) on [0, T') for some T e (0, co), with initial
data ¢(0) =c,. Then c(t)e X, for all 1[0, T).

Proof. The proof will be based on estimates of the moments of the
solution ¢! of the finite-dimensional system (2.1) with initial data ¢(0) =
¢ =(coy,5 Coz» s Con)- By Lemma 2.1 of ref. 2 and Lemma 2.3 of ref. 4 and
the above inequality,

n n—1 n—j
Y =1 T Y (k= — k) W)
j=1 j=1 k=1
n—1 n—j
LY T (GHRE e —k) a el
j=1 k=1
n—1 n—j
SEWK, Y Y jrkeel?
j=1 k=1

<EW) K, llcoll T jret™

j=1
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where %(u) is a constant independent of j and k. Hence, by Gronwall’s
inequality,

Y e < ( y j”c,‘."’m)) exp(K, poB(u) 1)

j=1 j=1

<lleoll, exp(K, po@(u) 1)

By admissibility of ¢ we can pass to the limit n— oo in the previous
inequality to obtain

Y j*e(D< el exp(K,poB(u) 1) W

j=1

4. PURE FRAGMENTATION AND PURE COAGULATION:
ASYMPTOTIC BEHAVIOR OF SOLUTIONS

In this section we start the study of the behavior of solutions of (1.1)
as t —» oo. The cases of pure fragmentation and pure coagulation that we
consider below are particularly easy to study due to the monotonicity of
the function t— 37_ | je;(1).

We start with the pure fragmentation case. It is heuristically clear that
if each cluster can fragment in at least one way; then the final distribution
consists only of monomers. This is proved in the next theorem.

Theorem 4.1. Let a,, =0 for all j and k. Suppose that for each
J=2 there is a k;<j such that b;_ , >0. Suppose c is the only solution
of (1.1) on [0, c0) with initial data ¢, and assume that ¢ conserves density
on [0, o). Define ¢=(¢;) by ¢;=p,yd; |, where py=|lco|. Then

J;

c(ty-»¢ stronglyin X ast— o

Remark 4.2. By Theorems 3.6 and 4.2 of ref. 2 the assumption of
existence, uniqueness, and density conservation of solutions to the pure
fragmentation equations is satisfied under condition (1.7).

Proof of Theorem 4.1. Define

PANE T je,(n)
Jj=1
For all n=1 and t>0, p,(t)<p,. By Proposition 2.3 we have, for all
0<t<r,

t+7 7 *©

P+ =2 0= T ¥ jbucuuds=0  (41)

Poj=1 k=n—j+1
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and so p,(t) is nondecreasing in ¢ for each n> 1. Hence, there exist con-
stants j,, 20 such that

pAt)— P, as t— o0
and thus

c(t)y—¢, as t— oo
with ¢, =p, and ¢, =(p,— p._)/n =0 for n = 2. By the sequentially weak*
continuity of c+— 372, g;c;, when g;~o(j) as j— 0,*! we conclude that

o 0
ety Y ¢ as t— o

j=1 j=1

Hence, we can pass to the limit 1 —» o0 in

0 1+1 °° J
Zc(t+1)— =%j ik xC(8) ds

j=1 j—l Jj= 2 k—l
to obtain

- r+1 o j=1
=1 lim Yo Y b sci(s)ds
fret =2 k=1
t+1 *

>1 lim Y bk ci(s) ds
j=2

t— o0 vy

t+1
>%bP—"ﬂ-"‘ﬂ,l_i,n;J.l c,(s) ds forall p=2

Suppose there exists a p > 2 such that ¢, > 0. Then, there exists a, > 0 such
that, for all ¢ sufficiently large, c,(t) > a, >0, and thus

t+1
1
11m , cp(8)ds =30, 1, 4,2,>0

0=1b

p—kp. A,,

Hence,
;=0 forall j=2 (4.2)

For ¢, observe that, by density conservation and the weak* lower semi-
continuity of ||-|, we have

ér=lell < lim (1)l = po (4.3)
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Moreover,

; on

&= lim ) =p O+ lm [T T bucsuls)dsp,(0)

=« = / 1 k=n-—j+1

and thus

¢,z lim p,(0)=p, (4.4)

n—o¢

Hence, (4.2)-(4.4) imply ¢;=p,J; ,, and the strong convergence follows by
Lemma 33 of ref. 3. W

We now consider the pure coagulation case.

Theorem 4.3. Let b, =0 for allj and k, and assume a; ;> 0 for all
j=1. Let ¢ be a solution of (1.1) on [0, o) with ¢(0)=c,e X*. Then
c(t)—0 as t —» .

Proof. With p, as above, by Proposition 2.3,

t+t1 B

P+ =pu)= =] % S Jac(s) eds)ds<0 (45

Jj=1 k=n—j+1

so p,(1) is a nonincreasing function of ¢ for all >0 and all n> 1, and since
p.(1) =0 there exist constants g, =0 such that

pult) =P, as 11—

for all n> 1. Hence c,(t) — é, as t — oo for all n > 1, with ¢, as in the proof
of Theorem 4.1. We prove that ¢, =0 for all n by induction:

If n =1, since ¢,(t) =p,(t), we conclude, by (4.5), that ¢, is nonincreas-
ing, thus ¢,(t)>=¢,20. For all 1>0 and >0,

t+7v X

c(t+1)—c{t)= —J Z a, ;,(8) cxls) ds

I+t %

=—J Z ay x€\(s) cils)ds—ay, |f'+t(cl(s))2ds

t+r 2
<-a, [ (els)as
t
< —a, ,it<0

Letting 7 — o0, we obtain 0 <a, &2t <0, implying ¢, =0.
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For n=2,

et +1)—e (1) =fm (%a._ 1(€1(5))2 —e,(s) i az_kck> ds

k=1

=£’ rCl(s)(%al,|C1(5)—a2.1cz(s))d5
_f’+rcz(3) Z az i Ci ds
! k=3
_az.zf’+r(cz(3))2d5
gJ’,I fcl(s)(%al,1C|(~5')—‘12.|C2(S))a’3

+t
_az_zj- (ca(s5)) ds

Letting ¢ — oo, we have

o< lim [ ci(s)dar, e1(s) ~a, cx(s)) s

K r+r
—a,, 'lim f (cfs5))? ds (4.6)

and since ¢, - 0 as 1 — o0 and c¢,(¢) is bounded, the right-hand side of (4.6)
is zero and we have

. i+r
0< —ay, lim [ (ey(s))?ds
t— o Yy

Hence

]

lim [ (cys))2ds=0

t— o0 Yy

and this implies ¢, =0, because otherwise there would exist a positive
constant 0 <a, < ¢, such that, for all sufficiently large ¢, c,(¢) >, and

4+

im [ (cys)?ds> (0p)27>0

t— o0 Yy

a contradiction.
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Proceeding by induction, assuming ¢,=--- =¢,_,=0, we prove
c,=0:
0= lim (¢, (t+1)—0c,(1))
= o
1+t n-1 o
= lim {f |:% Z an—k.kcn—k(s) Ck(S)—C"(S) Z an.kck(s):l ds}
fmroe e k=1 k=1

. 4+t
< —a, , lim J (c,(s)?ds
11— J,
and the conclusion follows as before. B

5. COAGULATION-FRAGMENTATION:
EQUILIBRIA AND LYAPUNOV FUNCTIONS

By an equilibrium we mean a time-independent solution of (1.1). If we
assume the detailed balance condition (1.6), then for any ¢, >0 the
sequence ¢ = (¢;) defined by

e=0,(c),  j=2 (5.1)

satisfies a; ,c;c, —b; ,c;, =0 for all j, k and thus ¢ is an equilibrium of
(1.1) provided c€ X, i.e., ¢, must be chosen in such a way that

o0 o} .
el = Z Jjei= Z ijC{< 0
j=1 j=1
Let z >0 and set

Fz) =Y jQ2! (52)
j=1

Let p,=supg«. ., F(z), where

-1

z,= (lim sup Q}”)
J— =

is the radius of convergence of the series in the right-hand side of (5.2). If

z,= oo, then p,=oo. In the case z,€(0, ov) we have p,e(0, 0] and if

p.<co then p,=F(z,). For ce X* let

W)=Y c,<logﬁ—1) (53)
j=1 QJ‘
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where the summand is defined to be zero when c; = 0. Define

V)=V c)—< Y _]c)log: (5.4)

Jj=1

In order to show that V is a Lyapunov function, we need to introduce
some more hypotheses on the rate coefficients:

HI. a;,<K/(j*+k") forall j,k>1, where K. >0and 0<a <1 are
constants.

H2. ¥/ b;,_;<kr’ for all r>2, where x,>0 and fe(0,1) are
constants.

H3. Forallk>1, a,,, b, >0

H4. The sequence Q; defined in (1.6) satisfies

1. |log Q;,,—log Q;| < K, for some constant K,>0 and all j> 1.
2. log Q;+log Qi <log Q,,, for all jk>1.
3. O<liminf;_ Q}Uglim SUP; _. Q}/j<oo.

Remark 5.1. Assumption H3 implies all solutions are strictly
positive for >0, i.e., c,(¢) >0 for all j> 1 and 7> 0.’ Conditions H4.1 and
H4.2 have the following physical interpretation. Since the quantity —log Q;
is the free energy of a cluster size j, condition H4.1 means that the energy
change involved in the gain of a single particle by a j-cluster is bounded
independent of j. Condition H4.2 is a statement on the thermodynamic
stability of clusters: a given cluster has a lower free energy than the sum of
the free energies of all the possible clusters that can be obtained via
fragmentation.

Theorem 5.2. Assume (1.7) and HI1-H4. Let ¢ be a solution of
(1.1) on [0, T) with initial data ¢, #0. Then

V(e(t)) = V(C(O))—Jo' D(c(s)) ds (5.5)

where

D)= Y W, (c)[log(Q;,icick) —log(Q;Quc;sk)1 =0 (56)

Jik=1

Proof. The basic idea of the proof is similar to the corresponding
ones in refs. 3 and 4. Defining

Vie)=3 <log g— 1) (5.7)

j=1 J

822/77/1-2-9
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we obtain an equation for the evolution of V" along solutions of (1.1).
From this equation we deduce two inequalities for the asymptotic behavior
of V"(c) when n— oo. Using these inequalities and the monotone con-
vergence theorem, we prove (5.5).

We start by proving the inequality in (5.6). If a; , #0, then by the
detailed balance condition (1.6), b, , #0. Assumption H3 implies that all
solutions satisfy ¢;(1)>0 for all 1>0, j=> 1. Since (x —y)(log x —log y)
>0 for all x, y>0, x#y, we conclude that

Wi k(C)[IOg(Qj+ijCk) —log( QijCj+k)]
=W, i(c)log(a; c;c,) —log(b; sc; k)12 0

If for some j and k, a; z=0, then (1.6) implies b; =0, too, so that
W; #(c)=0 and the corresponding term in the sum (5.6) is zero. This
proves the inequality.

Define

Dn(C)=% VI/j,k(C)[IOB(Qj+ijCk)—IOg(QijCjwc)] (5.8)

Jj+k<n

Condition H2 implies that b, , <const-jk. In particular this implies, by
Theorem 5.2 of ref. 2, that for density-conserving solutions each component
¢, 1is continuously differentiable. Thus, by Proposition 2.3 with

g;=log(c;/Q;) we obtain, for all 0<r<r< T,

V(e(t)) — V(c(t))
= —j'D,,(c(s)) ds—Jl i i (log Cj(s)) W, «lc(s)) ds
* Tj=1 k=n—j+1 Q;

We use (5.9) to obtain the following inequalities that will allow us to pass
to the limit n — oo:

(5.9)

V"(c(t))SV"(c(r))—flD,,(c(s))ds+o(l) as noow  (5.10)

Vie(t)) = V"(c(r))—J-lD,,(c(s))ds+o(l) as n—o (511)

valid for all 1, ¢ satisfying 0 <t <t < T.
We start by proving (5.10). The double sum in the right-hand side of
(5.9) can be written as

n o n

Y Y Wulologg—Y Y W{c)lgQ, (5.12)

j=1 k=n—j+1 j=1 k=n—j+1
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By H4.1 and Theorem 3.7 of ref. 2,

JZ i W, ilc(s))log Q;ds—»0 as n—oo  (513)

Tj=1 k=n—j+1
For the first double sum in (5.12) we can write

¢ n oc

[[S T W) iogeis)ds (5.14)

Tj=1 k=n—j+1

tno—1

[T T Wes)loges)ds (5.15)

T j=1 k=n—j+1
+[ T % W) loges) ds (5.16)
Tj=ny k=n—j+1

for some fixed ny> 1.
Observe that, for all £ > 0, there exists a constant ¥(¢) > 0 such that

x |log x| <€(e)(x' e+ x'7%) (5.17)

for all x> 0.

Since ¢;(s) is bounded and bounded away from zero for s in compact
intervals not containing the origin, we conclude that [log c;(s)| is bounded
for 1 €j<ny—1 and v <s<t Hence, by definition of solution, the integral
(5.15) converges to zero as n — co. Thus, in order to prove (5.10), we need
to prove that

-y S W) loge(s)ds<o(l)  as now  (5.18)

Tj=ng k=n—j+1

The series 3, jc;() is uniformly convergent on compact subsets of [0, T),
and so, given # a compact subset of [0, T'), there exists an integer n, such
that, for all se # and all j=n,

—log c;(s)>0 (5.19)
So, choosing n, in (5.18) conveniently, we have
—log ¢;(s) W, i (c(s)) = —log c;(s)(a; xc;(s) ci(8) — b i ¢; 1 1($))
<a; kcil(s) ¢;(s) |log c;(s)] (5.20)

Considering that, for sufficiently large j and all s, ¢;(s) <1, we have, by
(5.17),

—log ¢;(5) W) i(c(s)) S26(e) aj pehls) ¢;(s)' (5.21)
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Hence, using H1 and (5.21),

l Z i W, «(c(s)) log c;(s) ds (5.22)
Tj=ng k=n—j+1
<29(e) ch' T Y (kN e o(s) eds (523)
T j=ng k=n—j+1

ac

=2‘€(3)ch'[ Y oje(s) T Y, als)
TLji=ng k=n—j+1
+ X C,-(S)“‘k_ ; ]k“ck(s)] ds (5.24)
j=ng =n—j+

By Hoélder’s inequality

n n I—e n e
e L) (Lot (5.25)
j=1 j=1 j=1

for all 6e[0,1) and e€(0, 1). The first term in the right-hand side of
(5.25) is bounded by |lcoll' % and if e€(0, (1 —0)/2), the second sum
is convergent as n— co. Hence, we can bound (5.25) by a constant
€ =%(lcoll, & o) independent of s. Taking o=a, we conclude that
Y, xJ%¢} "%, is uniformly convergent and so the remainders in the right-
hand side of (5.24) converge to zero as n— oo. This proves (5.18), and
hence (5.10).
Knowing that (5.10) holds, we can prove that

[ Diets))ds—[ Dic(s)ds  as n—oo (5.26)

with D and D, given by (5.6) and (5.8), respectively. By Lemma 4.2 of ref. 3
and the present assumptions on the asymptotic of Qj'./f, we conclude that
V(c(-)) is bounded, and by (5.10),

J.l D (c(5)) ds < V"(c(1))— V"(c(2)) + o(1) as n—ooo (527)

Since V"(c(s)) — V(c(s)) as n— oo, we can bound the right-hand side of
(5.27) independently of n. Also, for all s and n, D,_,(c(s)) < D,(c(s)) <
D(c(s)), and D,(c(s)) — D{(c(s)) as n — oo, so we can apply the monotone
convergence theorem and conclude that D(c(-)) is integrable in [z, ] and
(5.26) holds.

In order to prove (5.11) we make use of the integrability of D{c(-)).
We need to prove that
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r n @

—fZ )3 logcf(s)%k(c(s))dswu) as 11— oo

Tji=1 k=n—j+1 Q/
Since ! D(c(s)) ds < oo we have

t n o«

lm [ Y Y W)

Tj=1 k=n—j+1

X [log(Qj+ij(s) ci(8)) — log(QijCj+k(s))] ds=0
Hence, as n — oo,

3 3T 10gl2w, e ds

Tj=} k=n—j+1 Q_[

r n o

=-[ X 2 Wj‘k(f(s))[logw

Tl k=n—j+1 Q01 1(5)

cj(s)]d
0,(s) s+ o(1)

—log

_[ c - Qj+k(-'/.-(5)
_J; jgl k=n§j+1 pVJA(C(S)) log chj+k s) ds+0(1)
= _J ) Y Wilcs) loge, i ls)ds
Tj=1 k=n—j+1
+[[ LT Wds) logeds)ds

Ti=1 k=n—j+1

+JIZ > W,-.k(C(s))logQé“'dHo(l)

Ti=1 k=n—j+1 k
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(5.28)

(5.29)

(5.30)

(5.31)

We are going to deal with each of (5.29)-(5.31) separately. Starting with
(5.29), we have, from (5.19) and the paragraph that precedes it, that by

choosing n, sufficiently large

t n o

_j Z Z u/jlx(c(s)) ]Og cj+k(S) ds
Tj=1 k=n—j+1

¢ n o

= __[ Z Z (aj.kcj(s)ck(s)—bj,kcj+k(s))10g c,-+k(s)ds

Tj=1 k=n—j+1

n o«

>y %

Tj=1 k=n—j+1

[ 2T bucands) og e uls)] ds

by kCisi(s) 108 ;4 (s) ds

r n o

>-26) [ ¥ Y buciiio)ds

Tji=1 k=n—j+1

(5.32)
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using (5.17) for the last inequality. In order to prove that (5.32) converges
to zero as n— oo, it is sufficient to prove the uniform convergence of the
series Zj_kbj_kc};,f. Using H2 and noticing that r—h(r)— 1 <h(r) and
h(ry+1<r—1 for r =>4, we have

z b/ kcj+l\
j+ks<sn

n r—1

=Y Y by
r=2 Jj=1
3 r—1 n

=" Z byt X 7" Z or=J
r=2 7 r=4
3 . n . hr)

SIS -s( Yoot T b))
r=2 = J=hir+1
3 n h(r) r—h{ry—1

~y S L (Lo, L b
r=2 Jj=1 r=4 j=1
3 r—1 n

<Y er7e Y by, 2,y rPelE (5.33)

(8]

Jj=1 r=4

~

and by (5.25) with o= f and e (0, (1 — 8)/2) we conclude that
Y jfej T <E <0
J=1

where € =%(|co |, & B) is independent of n and s, for s in compact subsets
of (0, T'), which proves the right-hand side of (5.32) is o(1) as n— co.
For (5.30) we have

¢ n

[ % wuconiogaid

J=1 k=n—j+1

cno—1 n
[T T W) logeus)ds (5.34)
T k=1 j=n—k+1
Jl Z i W «(c(s)) log ¢i(s) ds (5.35)
Jj=1 k=n—j+1
k=zng

The integral (5.34) converges to zero as n — oo for the same reason that
(5.15) does. For (5.35) observe that
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Y Y Wlc(s)) log cils) ds

j=1 k=n—j+1
k=ng
— Z Z a; ;. ¢;(5) ci(s) |log c,(s)| ds (5.36)
Jj=1 k=n—j+1

k2no

and using (5.17), H1, and the argument that follows (5.24) we conclude the

right-hand side of (5.36) tends to zero as n — 0.
Finally, for (5.31) observe first that, by H4.1 and Theorem 3.7 of ref. 2,

we know that

lim [ Z S W,cls)) log Oy(s) ds =0

n—+ o j=1 k=n—j+1
So, to prove (5.31), it suffices to show that

[ z S Widcls)llog ;.. ~log 0~ log 0,1ds

=n—j+1
P ( as n— o (5.37)
Let

%, < log 0, ~ log 0, —log 0,
By H42 a; , >0, and since W, ,(c(5)) = —b, ;c;,(s), we conclude
Winle(s)) o 2 —a; 4 bj 1€ i(s) (5.38)

Now F:onsider the series 3, , a; «b; x¢;,x. A partial sum of this series can
be written as follows:

Z af-/\'b Cive= Z Z &r—j J’—J

Jj+k<n Jj=1

~

:}
N

o, ,_:b

Jor—jYir J

J’JJ’J

IIM=
an

r

,
3

o
g

aj-r—jbj'r—J Z Z & r—j / r—Jj
r=4 =

“

e l[vju I

(8]
~,

r—1

n

+Ye Y b,
r=4 j=hMr+1

1

- n hir)
’Za}’]]f—} 22 Z l'}}’}
j=1 r=4 f=

(5.39)

3
<y

»
ix}
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By H4.1 and H4.2 we have
,,_;=|log @,_;+log Q;—log Q,|

<|log Q,_;—log Q.| + |log Q)]

<Kpj+llog Qi (5.40)
By H4.3 there exist constants k., K, such that, for all j,

e < QI < e
It follows that
llog ;| <xj (5.41)

where x =max{|kyl, |«pl}. Thus, there exists a K, > K, +« such that
o; ,_; < K,jfor all j. Substituting this estimate into {5.39) and using (1.7),

Sor—js
we get

n hir) n
YooY b <KK Y e,
r=4 j=1

r=4

and hence the uniform convergence of the series. This proves (5.37), and
concludes the proof of (5.11).
From (5.10) and (5.11) we have, for 0 <t<1<T,

_J' D (c(s)) ds+ o(1) < V"(c(t)) — V"(e(7)) < —j' D (c(s)) ds+o(1)

as n— oo. By the convergence of V" to V and (5.26) we can pass to the
limit n — co to obtain

Vie(t)) = Vie(t)) —JI D(c(s)) ds (5.42)

By Theorem 5.1 of ref. 2, ¢: [0, T)— X* is continuous, and Lemma 4.2 of
ref. 3 and (5.41) imply the continuity of ¥: X* — R. Hence, passing to the
limit 7|0 in (5.42) gives (5.5) and concludes the proof. W

We now prove that equilibria of the type (5.1) are the only possible
ones

Theorem 5.3. With the assumptions of Theorem 5.2 we have:

(i) Let p<oo and 0<p<p,. Then there exists exactly one equi-
librium ¢” of (1.1) with density p, and it is given by

Cf=Q,-(Z(P))j, Jj=12 .

where z(p) is the unique positive solution of F(z)=p.
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(i) Let pe(p,, ). Then there is no equilibrium of (1.1) with
density p.

Proof. The existence of such an equilibrium for pe[0, p,] and its
nonexistence for pe(p,, o) follow from the definition of p, and the
arguments in the beginning of this section.

The uniqueness in case (i) follows from the energy equation: if ¢ is an
equilibrium of (1.1) with ||c|| = p, then, by Theorem 5.2,

t [> o)
J;) Z u/j_k(c(s))[lc’g Q;+1Ci(5) ci($) —log QijCj+k(3)] ds=0
jok=1
for all te[0, T), and since all terms in the sum are nonnegative, ¢ must
satisfy W, ,(c)=0, or

Civk _ G Ck

Ojvi Q0
By H4.1 these two conditions are equivalent. Hence we must have ¢;= Q,z’

for some z20. As |c|=p, and F(z) is strictly increasing for z>0, we
obtain the existence of a unique z=2z(p) such that |c||=p. W

6. COAGULATION-FRAGMENTATION:
ASYMPTOTIC BEHAVIOR OF SOLUTIONS

6.1. Preliminaries

In order to handle the coagulation-fragmentation case, and since the
hypotheses presently under consideration do not ensure uniqueness of
solution, we must use the concept of generalized flows'>* in the study of
the asymptotic behavior of solutions to (1.1).

Definition 2. A generalized flow % on a metric space Y is a family
of continuous mappings ¢: [0, co) — Y such that:

(i) If ¢c% and ©>0, then ¢,e€%, where ¢ (1)=""¢(t+7),
1€ [0, o).
(ii) If ye Y, there exists at least one ¢ € % with ¢(0)=y.

(iii) If ¢;€ ¥ with ¢,(0) convergent in Y as j— oo, then there exists
a subsequence ¢, of ¢, and a ¢ €% such that ¢,(¢+) > 4(¢t) in ¥
uniformly for r in compact intervals of [0, o).

The following two results were proved in ref. 2.
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Proposition 6.1. Assume (1.3). Let ¢ denote the set of all density-
conserving solutions of (1.1) on [0, o). Then ¥ is a generalized flow on
the closed metric subspace X+ of X.

Proposition 6.2. Let g;>0 with g;=0(/) as j— co. Assume that
a,,<g;+gcand b, . <g,g, for all j, k. For p>0 let ¢, denote the set of
all solutions of (1.1) on [0, co) with initial data in B:. Then 4, is a
generalized flow on B.

Let 4 be a generalized flow on a metric space Y. For ¢ € ¢ the positive
orbit of ¢ is defined by 0*(¢) =), ¢(?), and the w-limit set of ¢ is the
set w(@) = { y € Y| there exists a sequence ¢, — oo such that ¢(¢;) — y}. The
following result gives conditions under which w(¢) is nonempty (see ref. 3
for a proof):

Proposition 6.3. Let ¢ be a generalized flow on Y. Let ¢ € 4 and
suppose (O*(¢) is relatively compact. Then w(¢) is nonempty and
invariant, and dist(¢(¢), w(¢)) — 0. Furthermore, if ¥: Y >R is a con-
tinuous Lyapunov function on Y, then w(¢) consists of complete orbits
along which 7~ has the constant value ¥"* =1lim, _, , 7 (¢(¢)).

6.2. Stabilization of Solutions: Weak Convergence Results

We now apply the results of the previous paragraph and of Section 5
to get convergence of solutions to (1.1) to a single equilibrium as ¢ — o0.
The proof is the same as in ref. 3 for the Becker-Déring case, and it is
reproduced here for completeness.

Theorem 6.4. Assume (1.7), H1-H4, and b;,<o(j)o(k) as
I(js k)| = oo. Suppose Q¥ -z " as j— co, and 0 <z, < co.

Let ¢ be a solution of (1.1) with initial data ¢(0)=c,, |¢sl = po, and
let ¢? be defined by (5.1) with ||¢?|| =p.

Then c(t) = ¢” as t — oo for some p satisfying 0 < p <min{p,, p,}.

Proof. If p,=0, then p(z) =0 and thus ¢(r) =0 = c° Suppose p, > 0.

By Proposition 6.2, 4, is a generalized flow on B, . By Proposition 4.5 of
ref. 3, V_, is continuous on B, and by Theorem 5.2

V. (c(1)=V.(co) —L D(c(s))ds, 10 (6.1)

Since p(t) is bounded, 0" (c) is relatively compact in B, and thus, by
Proposition 6.3, w(c) is nonempty and consists of solutions ¢(-) along
which V. has the constant value

Ve=1lim V,(c(1)) (6.2)

t— oo
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Let ¢(-) be a nonzero solution in w(c). Clearly 0< ||¢(-)| < po. Applying
(6.1) to &(-), we obtain

j'D(c-(s))ds=o forall >0
(4]

and necessarily
¢()=0,(c(1)’ foral j=1 and >0

By density conservation, we have, for all 1 >0,

8

2 Je =Y jO;(E(n) = Z JQ,(€1(0))’
Jj=1 Jj=1 i=
so ¢;(t) must be a constant, hence ¢ must be an equilibrium. Consequently
w(c) consists of equilibria ¢* and we must have p<p,. Thus 0<p<
min{ py, p,} and V,_(c?)= V. Since, by Proposition 4.3 of ref. 3, V, (c*) is
strictly decreasing in p, we must have w(c)={c”} for a unique p in
[0, min{ pg, p,} ], and, by Proposition 6.3, dist(c(t),c?)—0 as 1— oo,
where dist(-, -) is the metric of B :0 , which implies c(t) >c”ast—»cc. W

6.3. Stabilization of Solutions: Strong Convergence Results
for the Generalized Becker-Déring Equations

As discussed in the introduction, the identification of the density p of
the w-limit solution in the previous section has not been accomplished in
full generality. Consequently, it is not yet possible to decide if, or under
what circumstances, the weak™* convergence to equilibrium in Theorem 6.4
in indeed a weak* convergence (i.e., p <p,) or is actually a strong con-
vergence (p = po). Since this problem for the Becker-Déring equations was
solved under conditions that are a particular case of the ones now under
consideration,’*’ we expect results like Theorem 5 of ref. I or Theorem 5.6
of ref. 3 still to be true for the present case.

In this subsection we prove a result for a particular case which is
obtained by setting a; , =b, , =0 if min{j, k} > N for some fixed N>2.
We shall call this case the “generalized-Becker—Ddring equation,” as the
Becker-Déring system is recovered by setting N=1. Although more
general than the Becker-Doéring equation, this system is still considerably
simpler than the general case obtained, formally, by setting N= co. The
proof of the main result of this subsection, Theorem 6.5, depends crucially
of the fact that N is a fixed positive integer, and so is not applicable to the
general equations (1.1).



116 Carr and da Costa

Assume from now on:

HS5. There exists a positive integer N =2 such that
«=b,,=0  ifand onlyif min{j, k} >N

Under this condition the coagulation-fragmentation equations (I.1)
become the following generalized Becker—Ddring system:

’ o
éy=~ Z W, «lc)
/._1
Z W, _ralc)— Z W (c), 2<j<N
< f , 5 (63)
G=3 Z W, _k «l€)— Z W, lc), N+1<j<2N
k=1

“ v
G=3 Y Wi aile)— Y W, o), JZ2N+1

1 k=1

Since it is a special case of (1.1), all previous results still hold for this
system under the same assumptions. Furthermore, we have the following
“phase transition” behavior.

Theorem 6.5. In addition to the hypotheses of Theorem 6.4,
assume H5 and suppose there exists a constant M >0 and a positive
integer k, such that, for all /=1, ..., N and all i> kg,

0<b, —a, Q<M (6.4)
0<b,_,,—a, 0z, (6.5)

Let p,<oo, and suppose coe X* satisfies 37 | co;/(Q;z{) < co. Suppose
also that c is the only solution of {6.3) on [0, cv) with ¢(0) =c¢,. Then:

(i) If0<py<p,, then ¢(r) — ¢ strongly in X as 1 — o0, and

lim F(c(t))= V(c?)

{— o
(i) If po>p,, then c(t) = ¢ as t — oo and

lim V(c(t))= V(™) +(po—p,) log z,
1= oC
Remark 6.6. It is presently not known if the assumptions of the
theorem ensure uniqueness of solution. However, for certain choices of
parameters uniqueness can be guaranteed. For example, if 0<a<1/2 in
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HI and b; , < K( Jk)# with < 1/2, then, by Theorem 4.1 of ref. 2, solutions
to (6.3) are unique. This condition is fulfilled by certain types of physically
important coefficients, for which a, § ~ 1/3.%%

Remark 6.7. It is easy to check that the assumptions of Theorem 6.5
hold if a; , =K(j+ k)" and b; , = K(j + k)" exp{A[(j + k)* —j*—k*]} for
min{j, k} <N, and a; ,=b,, =0 otherwise, where K, i, u, and v are
positive constants and O<u<1, v<1—u. For these coefficients the
sequence (Q;) is given by Q,=exp[A(j—;j*)] and the condition on the
initial data is 3272 | exp(4/#) ¢g; < 00.

We need some preliminary lemmas on the behavior of moments of the
type 372, ¢;(1)/( Q;z!) before proving the above theorem.

Lemma 6.8. Assume (1.3), (1.7), (6.4), and H5. Let ", .# be con-
stants such that

-J
Az M> max (Q;z/)7'+ max k=021

I<j<N 15N 4 kQ/ka“"
<k<ko
Define
o1 .
=Aj+ ~— M for j=1,2,..
sz.\'
Then:

(i) g;i>0forallj=1.

(i) giox—g —8ge=0forall 1<j<Nand k>1.

(il1) (grx—8k) .k ~0(gi) as k- oo for all 1 <j<N.
Proof. (i) g,=Aj+1/Qizl—M>AHj— M= H(j—1)20.
(i) Let k>kq,. Then

1 1 1
ivk— 8 —8k= —— + A
Bivk ™8™ & Qj+kz:v’+k j”! kak
1 )
=—_a.AQ_,ij~k(b,A—aj.ijzﬁ_aj.kazf)'i'«//f
kX j“s c“s
1
= - -+ M =0

OH
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If 1 <k<k,, then

bj.k—aj.ijz:v’__ 1

Bk 0,027 Q2
b.,.—a: z/ 1
(s, LY,
aj‘ijQst szs
|b_[k /ij sl -1
max —2—~2——— 4 max (Q;z]
Z §1<N a AQJQI‘Z;_"’-k I<jsN Qj ) +s/”>0

{11} Since we are interested in the case k — oo, we can assume k > k.
Then

. 1 1
(gj+k—gk) Q= (fj'*'QHk Tk kak> ajk

. 1 b —a;.0;z]
<K, A j(j+k)+ it
M 025 Q!

1
<K, *N>+ K, ¥ Nk+MH—
Ouzs
<const-[ g+ .#]

provided we choose the constant sufficiently large. Since g, — o0 as k — o0,
the result follows. W

Lemma 6.9. With the assumptions of the previous lemma, suppose
Co€ X satisfy 3772, g;c;< c0. Let ¢ be an admissible solution of (6.3) on
[0, T) with ¢(0) =c¢,.

Then 372 | g;c;(t)< oo for all te[0, T).

Proof. Let ¢'™ be a solution of the n-dimensional density-conserving
truncation of (6.3) with initial data cj”. Then, for n>2N +1,

n—1 n—j
1
Z g] (")=5 Z (gj+k_gj_gk) I/Vj.k((—‘(n))
j=1 j=1 k=1
n—1 n—~j
1
<3 Z z (gj+k_gj_gk)aj,kcj('")c;<")
j—l k=1

N
_Z Z (8j+k—8—8K) iy e —5 3, (82—28)) a; (")’
j=1

=1 k=j
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(n) (n)
(gj+k_gj_gk) a; kC; C
1

<

Nk

-
bl

gk

J

(n)

(n)
< (gj+k_gk)aj.kcj Cr
1

ek

Mgk

Jj k

N n
<const- Y, ¢ Y giey”
j=1 k=1
n

<const- [lcoll Y grel”
k=1

Hence, by Gronwall’s inequality

n n =)
( (const) ¢ {const) ¢
Z gjcj") << ) ng0j> e S( Z gjc0j> e

j=1 j=1 j=1

and by the admissibility of ¢ we can pass to the limit in this inequality to
obtain the result. H

Lemma 6.10 With the assumptions of Lemma 6.9, the function
t— 372 g;c;(t) is continuous on [0, T).

Proof. Let c'™ be a solution of the n-dimensional maximal truncation
of (6.3) with initial data c{". Then, for all 0 <¢, <t,< oo and all n,

2 gt = Y, gjcj(tl)’
j=1 j=1
Z gj(cj(tz)—cj(-")(tz))

j=1

o

Z gj(cj(tl) —C}")(tl))

j=1

< +

n

)) gj(cj(-n)(tz) —C,(")(tl))’

Jj=1

+

By admissibility of ¢ there exists a sequence n, — oo such that c/‘.""’ — ¢, for

all j as k— oo and by density conservation we have ¢™ —c¢ in X* as

k — o0. Consider n to be an arbitrary element of (n;). By Lemma 6.9 the

first two terms above can be made arbitrarily small by choosing n suf-

ficiently large, with ¢, and 1, kept fixed. To obtain an estimate for the last

term, we are going to derive a lower bound for the rate of change of
o1 gic” Let n=22N + 1,



120 Carr and da Costa

n n—] n—j
Z gjc(")—— Z Z (g/+k &~ gk) W (c(n))
j=1 /—l k=1
1"_] n—j
22—z z Z (gj+k g_/ gk) c;"-{-)lx
j—l k=1
N n—j
2—2 Z (gj+k_gj_gk)bj‘kcj("2k
=1 k=1
" (b —~a; 0zl —a;  Qpzk
=_Z Z ( k _I./\’Qj sk j.;ch x+'/”>b_, kc;'i.)k
J=1 k=1 a1 Qiz; Q)24
N
_ (z "Zjb JkQI“ bj,k kcj('""-)k
,_1 k=1 23 a; 1 Qu s
n—j N n—j
5T b T Y b
J—lk=lQJ j=1 k=1
o " b Q b« n
>-(3 3 B S,
_/—l k=1 JZka“x
n—j
'y S, kc;'gk) (66)
Jj=1 k=1

Without loss of generality we can choose M so large that the right-hand
inequality in (6.4) is valid for all i>1 and so we can bound the first double
sum in (6.6) by

N o n-j . o) )
Y zb —a,,9z] bk et

7 % k
=1 k=1 szj ;kaZ I

<May 'y e

A Lk j+k
j=1 k=19 ka“
N
—M‘//[Z Z _41___600

ji=1 p= J+la

p—jp
HpP— JQP Jz

N n ,..j
— Xj¢s (n)
=MMY 5 <
Jj=1 p=j+1 =p“s

n

< 1 (n)
=MM Y, 0zl Y, ¢

-P P
Jj=1 p= j+lQP

n
<const- Y g,ci”
p=1
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For the second double sum in (6.6) we have

n—j

N N n
X 2 b= X ) by pjcp”

j=1 k=1 =1 p=j+1

N n
Scomst- ) Y jp—jlc”

j=1 p=j+1

N n
<const- ) j ) pc’

J=1 p=j+1

n
<const- ) pei”
p=1

n
<const- Y g,ci”
p=1

Hence, we obtain

n

n
() _ . (n)
L g¢" > —const- Y g;c]
j=1 j=1

with const a constant independent of n. This inequality, together with the
one in the proof of Lemma 6.9, gives, for 7,,,€.#, a compact set of
[0, o),

Y gi(ed () — e (1) <Ky lta— 1]

j=1

where K, is a constant independent of n. W

Lemma 6.11. With the assumptions of Lemma 6.10, the series
2., &;¢;(1) is uniformly convergent on compact sets of [0, T').

Proof. Defining

St = Z gjcj(t)
j=1
we have that f, is continuous, f,,,>/f,, and by Lemmas 6.9 and 6.10,
lim, _ .. f,(t) exists for all >0 and is a continuous function. Hence, by

Dini’s theorem, the series converges uniformly for ¢ in compact sets of
[0,7) W

Proof of Theorem 6.5. We will prove that if ¢(t) = ¢” as t — oo for
some p<p,, then ¢(t)— ¢? strongly, so that, by density conservation,
p=po=lcol.

822/77/1-2-10
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Hence, for p,<p,, Theorem 64 implies 0<p<po<p, and using
strong convergence and density conservation, p=p,. For p,>p,, then
0<p<p,. If p<p,, then we would have strong convergence in X to c?,
which, by density conservation, would imply p, = p < p,, contradicting the
original assumption po>p,. So if po>p,, we have p=p,. Similarly, if
po=p,, density conservation and the strong convergence result above
imply p = p,. The results on the limit behavior of the Lyapunov function
follow from Theorem 4.4 of ref. 3.

So we are left to prove that, if ¢(f)*>c¢” in X as t— oo for some
p<p,, then ¢(r) - ¢” strongly in X as t — 0.

By Lemma 6.9 we have X2, c;(£)/( Qj"f)<oo for all 120, and by
Lemma 6.11 this series is uniformly convergent for ¢ in compact intervals of
[0, o). Define

()_cfc(t)

Jj“ .\'

Since ¢(z) = c” with p < p, as t - o0, we have, for fixed ry > 1, the existence
of a ¢, such that for all t>¢, and all 1<j<r,, x;(t)<1. We are going
to prove that x;(f) <K, + 1, where K, =sup{x,(#,):j>1}. If not, by the
uniform convergence of 37, x;(¢), there exist a £,>1¢, and a minimal
n>r, such that x,(z,)=K,+1=x,(t;) for r#n and x, (1) <x,(t,) for
te[t,,t,]. Now, taking ro>max{2N, k,}, using the definition of x, and
the detailed balance condition, we obtain

1
o= QH<Z Wosm ¥ W)

k=1 k=1
N

—k k
=5 n Z (@ ke kXn -1 Xk @ i2y " QuZs —bu ke kX D0zl
n*s k=1

- k k
_an—k,kxnkun":Qk‘; +bn.kxn+k Qn+kz:+ )

k

; _k k
B ks XXk = bk X — A 1 X X QpZ5 + Ay Xk Qi Z5)

(6.7)

B ag ks

1

N
= z [(x,— l)(bn—k,k"an.kazf) Xp
k=1

+bn—k.k(xn—k_xn) Xk+an.kaz§(xn+k—xn)] (68)

where (6.8) is obtained from (6.7) by adding and subtracting
SN (Bp_k kXnXita, Q.2z¥x,) and rearranging the terms. By (6.5), the
minimality of n, the positivity of solutions, and the fact that x;(¢) <1 for
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1<j<ry, t>1t,, we obtain X,(¢,) <0, which contradicts x,(¢) < x,(t,) for
1, <t<1t,. So we have ¢;(1) <(K,+1) szj' forall t=1¢,, j= 1. Now, since
372.,JQ;z] < 0, we have y} relatively compact in X* and so c(f) > c”
strongly, as t—-oc0. W

Theorem 6.12. Let p,= 00, and assume the remaining hypotheses
of Theorem 6.5 are still valid, with z, changed to a Z€ (0, z)).

With ¢ an admissible solution of (6.3) on [0, co) with initial data ¢,
we have ¢(t) — ¢” strongly in X as t — co.

Proof. In this case p,=lim,;, F(z)= 00 and so we cannot use the
bound ¢,;(1) < (K, +1) Q;z] to prove compacity of @*(c). However, since
p,=00 and py=|lcy|l < o0 there exists a 0 < Z < z; such that p, < F(£) < c0.
The proof of Theorem 6.5 is now applicable with Z instead of z,. W

ACKNOWLEDGMENT

The work of F. P. d. C. was supported by grant 9/90/B from Fundagio
Calouste Gulbenkian.

REFERENCES

1. J. Ball and J. Carr, Asymptotic behaviour of solutions to the Becker-Déring equation for
arbitrary initial data, Proc. R. Soc. Edinburgh 108A:109-116 (1988).

2. J. Ball and J. Carr, The discrete coagulation-fragmentation equations: Existence, unique-
ness, and density conservation, J. Stat. Phys. 61:203-234 (1990).

3. J. Ball, J. Carr, and O. Penrose, The Becker-Ddring cluster equations: Basic properties and
asymptotic behaviour of solutions, Commun. Math. Phys. 104:657-692 (1986).

4, J. Carr, Asymptotic behaviour of solutions to the coagulation-fragmentation equations.
I. The strong fragmentation case, Proc. R. Soc. Edinburgh 121A:231-244 (1992).

5. J. Carr and F. P. Costa, Instantaneous gelation in coagulation dynamics, Z. Angew. Math.
Phys. 43:974-983 (1992).

6. M. Slemrod, Trend to equilibrium in the Becker-Ddring cluster equations, Nonlinearity
2:429-443 (1989).

7. M. Shirvani and H. van Roessel, The mass-conserving solutions of Smoluchowski’s
coagulation equation: The general bilinear kernel, Z. Angew. Math. Phys. 43:526-535
(1992).



