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Entropy Dissipation and Moment
Production for the Boltzmann Equation
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Let H(f|M)=1{ flog( /M) dv be the relative entropy of f and the Maxwellian
with the same mass, momentum. and energy. and denote the corresponding
entropy dissipation term in the Boltzmann equation by D(f)=
[ QUL f)log f dv. An example is presented which shows that |D(f)/H(f | M)|
can be arbitrarily small. This example is a sequence of isotropic functions, and
the estimates are very explicitly given by a simple formula for D which holds for
such functions. The paper also gives a simplified proof of the so-called Povzner
inequality, which is a geometric inequality for the magnitudes of the velocities
before and after an elastic collision. That inequality is then used to prove that
§ fte) [e]* dr < C(1), where f is the solution of the spatially homogeneous
Boltzmann equation. Here C(¢) is an explicitly given function depending s and
the mass, energy, and entropy of the initial data.

KEY WORDS: Boltzmann equation; entropy production; Povzner
inequality; moments.

1. INTRODUCTION
This paper concerns the spatially homogeneous Boltzmann equation
9, f(v, t)=Q(f, f)(v, 1) (L1)

where Q(f, ) is the so-called collision operator,
QLN =] | (S =10 Bl w=v)) lo—vi] =, [o—v,]) doo o,
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Here f=f(v), fi=f(v,), /' =f(v'), and |, =f(v}), and v' and v} are the
velocities after the collision of two particles which had the velocities v and
v,, respectively, before they collided. The collisions are assumed to con-
serve mass, v+ v, =v' + v}, and energy, v> 4+ vi=v"?+v}>. Hence v’ and v}
are situated opposite to each other on the sphere with radius |v —v,| and
center in {(v+v,)/2, and one way of writing the relations connecting the
four involved velocities is

SR Uil

2 2

,_btu Jv—uy
e

Here w is the unit vector in the direction from (v+v,)/2 to v’ (cf. Fig. 1).
This particular parametrization of the gain term can be found in, e.g,, ref. 4.
The collision operator is thus an average over all possible collisions that
can take place, and B is a weight factor giving the effect of a particular
collision. We consider here only the case where the particles interact by
inverse-power-law potentials, in which case B factorizes into a function of
the form B=/h(0)|v—uv,|”. When the particles are hard spheres, B=
lv—v,|, and this is generalized to the so-called variable-hard-spheres
model, where B=|v—-uv,|” and 0.

The theory of the Boltzmann equation is treated, e.g., in ref. 7. The
equation is known to be well posed under very general conditions on the
initial data. As a consequence of the conservation of mass, momentum, and
energy in a single collision, the total mass, momentum, and energy of the
gas are constant in time. In terms of the solutions £, this is manifested in
that the first moments

jf(u,r)du, ff(v,r)udu, jf(u,t)|u|2du (1.2)
R PoN R}

are conserved. The stationary solutions are the Maxwellians, i.e., functions
of the form @ exp(—|v—wv,|?/b), and there is a unique Maxwellian corre-
sponding to the conserved quantities (1.2); it is known that the solutions
f converge strongly to this Maxwellian. This is related to the fact that the
entropy

[ fto) tog(ftw)) do (13)

[N

is monotonously decreasing.
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It is convenient to rescale the problem so that the mass is one, the
momentum vanishes, and the energy is equal to three. The unique
Maxwellian associated with these moments is M(v)=(2r)"?
exp( —|v|?/2). The relative entropy with respect to M is defined as

HU 1) = [ ft0)log 212
and the entropy dissipation term is
. d
D) =2 H(f | M)=[ Q(f. /)(v) log /(v) do (14)

The entropy dissipation term is negative, and vanishes if and only if f
is a Maxwellian, and the relative entropy vanishes if and only if f= M. It
was suggested in ref. 6 that an inequality of the type |D{f)| = C |H(f, M)
could hold, with C depending only on the collision kernel B and on the
Maxwellian M. An estimate of that type would imply that the solutions of
the Boltzmann equation converge exponentially to equilibrium at a rate
depending only on the mass and energy of the initial data. The inequality
would also be useful in the study of various limit problems for the full
Boltzmann equation.

An example showing that the inequality suggested above cannot hold
was provided by Bobylev'®' (see also ref 5) for the case of Maxwellian
molecules (#=0). He constructed initial data for (1.1) such that the solu-
tions tend to equilibrium exponentially, but at an arbitrarily slow rate.
Here we study the relative entropy and the entropy dissipation directly and
give an example showing that also in the case of hard potentials (> 0) the
inequality cannot be as general as conjectured. Such examplies can be
provided by abstract arguments (this will be discussed in Section 3), but it
is also possible to make rather precise estimates for isotropic functions (i.e.,
depending only on |v|). A simple formula for the entropy dissipation for
isotropic functions is derived in Section 2, and in Section 3 this formula is
used to obtain the desired estimates.

The geometric arguments used in Section 2 are also used in Section 4
to give a simple proof of a slightly generalized form of the Povzner
inequality (see ref. 9 and the references therein). The Povzner inequality
gives estimates on the rate of change of radial moments (ie., of
j fl(v) |v]*dv) of solutions of the Boltzmann equation. In particular, they
can be used to prove that, at least for hard potentials, all moments that are
initially bounded remain bounded globally in time. Such results, which can
be found in, e.g, refs. 1 and 9, are important in the analysis of solutions of
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the Boltzmann equation, since uniform bounds on moments with s >2 can
be used for proving that the energy of the solutions is conserved. The fact
that there is still no proof of energy conservation for solutions of the space-
dependent equation depends on the lack of estimates on the evolution of
higher moments in that case.

An important improvement of Elmroth’s result was obtained by
Desvillettes,'®’ who proved that if the initial data possess moments of order
strictly larger than 2, then | f(v, 1) |v|* dv is bounded for all >0 and 5 > 0.
This result holds for > 0; in the Maxwellian case, the statement is false
{a proof that this is the case can be found in ref. 10, which also contains
a simplification of the proof from ref. 8 and analogous L’ estimates). The
last result of the present paper, Theorem 4.2, states that (still for f>0) it
suffices to demand that the quantities (1.2), (1.3) are bounded initially.
The proof of Theorem 4.2 is a direct calculation, which also gives good
estimates on the constants involved.

2. THE ENTROPY DISSIPATION FOR ISOTROPIC
DISTRIBUTIONS

The entropy dissipation can be written

- :UH 1 —ﬁ.)log%"(ﬁ) lo—,|" deo do do, (21)

To derive this expression from (1.4), one can, at least formally, use the
change of variables dvdv, —dv' dv|. Since the gas is assumed to be
isotropic, f, f, f, and ', depend only on the magnitudes of the vectors
v, vy, v, and v}, which will be denoted r, r,, ', and r}, respectively. The

notation is described in Fig. 1. To find expressions for #' and r/ it is useful
to introduce polar coordinates in (7, r;) by defining

r=pcosy, ry=psiny

Moreover, let p=(v + v,)/2. Then, by the cosine theorem

lv—uv,] =\/r2+rf—2rrl cos 8, =§\ﬂ —sin 2y cos 6,

and

1 —— -
¥ =5\/r*+r;+2rr, cos 4, =§«/1 +sin 2y cos &,
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Fig. 1. Geometry of a binary collision.

Then a second application of the cosine theorem and some simplification
gives

I =% [14cos 8, (1 —sin?2ycos®8,)'*]"?
(2.2)
P

r [1—cos 8, (1 —sin” 2y cos? 8,)'*]'?

/2

In the change of variables in (2.1) we can now fix a polar axis in the direc-
tion of v, and the rotational symmetry in the problem then gives dv—
4nr’ dr, dv, - 2nsin 0, d6, r} dr,, and dw — sin 6, df, dp. The result is

pa

-7 ‘[0‘ r2dr LL ridr, 2n J: sin 0, d6,

4 2r B
x j sin 0, do, f h0) dp 2 (1 —sin 2y cos 0,2 ¥(r, 1, ', F))  (2.3)
( 0 27

)
where ¥ denotes the expression involving f. In general 6 is a complicated

(but explicit) expression of the remaining variables, but in the case of
(variable) hard spheres, where /#(f)=1, the ¢ integral can be computed;

822/86,5-6-11
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the result is 2z. For the sake of simplicity, only that case will considered
henceforth. The final expression is also simplified by the fact that ¥ is sym-
metric with respect to the first two variables as well as with respect to inter-
change of the primed and unprimed variables.

Changing to polar coordinates in the (r, r;) integral and then writing

t=cosf,, u=cos @,

gives [+ and r| are given by (2.2)]

N 2
- 2—l+7f i dp '[ sin”® 2y dy
1 l 2n
xj dt j du J h(6) dg (1 —tsin2yp)2 ¥(pcosy, psiny r,r))
—1 -1 4]

A new change of variables,
cos 2y — s, 1 J1l—s*>1, uJJl—t?>u

together with the symmetries of ¥, gives

R 1 VIZE vierd — 12 (1 B2
z J ’*"dp_[ (ls'[ dtj du (H-n"+{+0)
0 Y]

L J1-1

x&”( /1+s \/ —s f+u \/—u (24)

After a change of the order of integration in ¢ and «, the inner part of the
integral becomes

NI /f’+ 1 + 1y
f J d+a dt Y(r,ry, r', ry) du
0O Y0

J1=-1
N et i § e i
gy =

¥

dt Y(r,r, ¥, ry) du

[N

The ¢ integrals can be evaluated, but the result can be expressed in terms
of elementary functions only if §=0 or f=1. For f=1, the result is

232 f1—5 and 23 /1 —u
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in the first and second terms, respectively. For all $€[0, 1], the asymptotic
behavior near s=1 (or u=1) is similar, and therefore this expression will
be used also when the § dependence is kept in the power of p. We thus
arrive at

|
~

1 ¥
J <f l—s¥Pr,r, ', ry)du +J L—uPr,r, ¥, ) du) ds
0 ]
Finally we note that because ¥ is symmetric with respect to the primed
and unprimed variables, the two terms are equal, and hence

va 1 ps
D(f) = _n325/2~/‘f p5+/ff j L—s®r,r,rr)dudsdp (2.5)
0 0 Yo

where the arguments of ¥ are as in (2.4).

3. ARBITRARILY SMALL ENTROPY DISSIPATION

In this section, the formula from Section?2 is used to construct a
sequence of functions such that the ratio of the relative entropy and the
entropy dissipation decreases to zero. The calculations are easy because we
only consider isotropic distributions, but it is important to understand that
the mechanism behind this result is independent of whether the distribu-
tions are isotropic or not. Instead the idea is the following.

Since the entropy dissipation vanishes for any Maxwellian, but the
entropy relative to a given Maxwellian is zero only for exactly the same
Maxwellian, it is natural to attempt a counterexample in the form of a
sequence of functions f, with given first moments (so that the Maxwellian
M, with which to compute the relative entropy is fixed) which converges
pointwise to a Maxwellian M, with different moments. In fact, the example
by Bobylev'* is of that form. Since the integrand of the relative entropy is
positive, it follows immediately that lim,_ ., H(f,|M,) =z H(M,|M_ )>0.
This integral involves a factor |v|* which comes from log M, and therefore
this means "exactly that [ f.(v) |v|*dv is uniformly convergent for all s <2,
but not for s =2. Now, the integrands in the entropy dissipation term con-
verge pointwise to 0 as » — oo, and therefore one only needs to establish
that the integrals converge uniformly. In practice that means imposing
bounds from below on the sequence f,. Note, for example, that if f,(v) =0
for all v in some open set, then the entropy dissipation rate is infinite,
regardless of the values of f, for other v.
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For an example, let M (r) =(2rT) ~*? exp( —r?/2T), and define
fdv) =M (]o])+e(1+ v]) " +='= M (Jv]) + g.(|v]) (3.1)

Then, as e-0, [mf(v)dv—1 and [ f(v)|v]*dv—>3+1. The
Maxwellian with the corresponding mass and energy is M,+(v). Then
|D(f.)/H(f.| M,3)| = 0 when & — 0, because

H) M)~ [ M(1o]) 1og(M(1o])/M ys(Io]) do> 0

and

ID(£,)] =0

The first expression follows from the fact that the family f, is uniformly
bounded from below by M, uniformly bounded from above by, e.g., Cg,,
and pointwise convergent. Since the integrand of D(f,) is pointwise con-
verging to zero, all that is needed to prove the second one is to establish
some uniform integrability. To do that, insert (3.1) into

Y, r, v r) = f = ffollog( S /1) —log( ff1)]

Since M(r) M(r,)= M(r'} M(r}), only terms of order ¢ remain after expand-
ing the expression for ¥. All these terms can be handled in a similar way,
and here we only study one of them:

lg.r) gdri)log[ £.(r") f.Lr1)]]
<gdr)gdr,) llogl g.{r) g.(r1)]l
Se(l+7) B2 (1 4r) "3 og[eX(14+7) (14 7)) "B+
<Clelogel (1+p) *** (14 /T—up)

The term has been simplified here by taking into account that M(r)<
¢(1+r)~%, and also that outside the log term an upper bound is desired
and that a lower bound is needed for the argument of the logarithm. Then
the log term is estimated by a ¢ power. Next this expression is inserted into
(2.5) and integrated over p°*/ dp. The remaining integrand is of the form

C(l _”)—(l+/i+()‘)2

and carrying out the last integration, one sees that this part of the entropy
dissipation is @(¢ log ¢}. In the same way it follows that all terms converge
to zero as ¢ decreases.
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This construction fails if the sequence f, has some higher order
moment uniformly bounded. The result in Section4 shows that coun-
terexamples of the type given here are not very relevant for solutions to the
space-independent Boltzmann equation, at least not for hard potentials.
Thus it would be interesting to know whether the inequality proposed by
Cercignani holds for a smaller class of functions. This question has been
partially answered by Carlen and Carvalho (e.g., ref. 5), who proved that
for all /' with | f(v) |v]*dv < C< o0, s> 2, there is a strictly increasing func-
tion ¢ such that

—D{f)Z ¢(H(f|M))

Though this has not been proven, it is conceivable that ¢ grows linearly
near the origin.

4. ABOUT POVZNER’S INEQUALITY AND
MOMENT GENERATION

The expressions for |v|, |v,|, |v'|, and |v)| given in Section 2 can be
used to obtain a simple proof of Povzner’s inequality, which is an essential
inequality for studying the behavior of the moments of solutions of the
Boltzmann equation. An improvement of that inequality was proven and
used by Elmroth'® to establish that all moments that exist initially remain
bounded, and by similar methods Desvillettes'®' proved that if any moment
of order higher than two exists initially, then all moments exist for any
positive time.

This result holds only for molecules harder than Maxwellian, but the
short proof below shows that one does not need to assume more than
bounded enery and entropy for the result to be valid. That in turn implies
that the example given in Section 3 is not relevant for any solution of the
spatially homogeneous Boltzmann equation, except possibly for a fixed
initial time interval.

Here is first a sharpened version of the Povzner inequality and the
simple proof.

Theorem 4.1. Let y(x)= [-(‘,' $(&) dE, where ¢ is a strictly increasing
and positive function. Then

Y11+l ) = (o)) = wlo 12 < ol ¢l (ol + [0, [?) - (41)
For y(x) = |x|*"? this becomes

W+ Tl = fol* = o, 1P < €, fol 7 ol (42)
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and, moreover, if |(v' —v))(v—1,)| <{1 —6¢) [v—1,|?, then
[0+ {0417 = 1ol* = |0, "< 2C, [0l ~ ' oy ] = K [o]* + 1o, ]) (43)

where C,=52%"2 and K, , = s&/4 — O(?) — O(&*7).

Remark. The proof below directly shows that the first two terms of
{4.1) can be uniformly estimated by the remaining terms. The importance
of the inequality comes from the fact that this sum then can be estimated
by a product as in the theorem, and there is a considerable freedom in
trading between growth in |v| and in |z,|. Elmroth’s version of the Povzner
inequality consists of the two second inequalities.

Proof. In the expressions for [uv|, |v,], [¢'|, and |v}|, write cos(2y) =
cos® 0, =a? and cos 0,=>b. Then

Y)Y+ y(lo D) =g(n) =¥(p*(1 + 1)/2) + Y(p*(1 —1)/2)
YD)+ |0y =glb /1= (1-r)a’)

Both functions are even and increasing with ¢, and since |b| <1 and |a| <1,
we have

Yo' 1?) + g (1oh 1) = glfo ) — d(fv, 1)

1
<gl)—gl)=] g(r1de

prel (P +1) pH1—1)
<5l ["’( 3 >—¢< 2 ﬂ"
<3(1—r>¢(p') (4.4)

and expressed in terms of {¢{ and |v,|, this is exactly the estimate (4.1). In
the special case of y(x)=x"?, this gives

[0+ i — Jol " = Jv,]*

e

Szx,@%(%) 1—1‘)]7 1+r)(\—l)/ 2.\-;’2%|vl_lvl|s—l

<22

Mlnq
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which is the second inequality in Theorem 4.1. Next we note that if 1 <1 —¢
and ¢ < 1/2, then

(I1—=0)=(1—1)g(t)/g(t)>eg(t)/g(l —¢)

and so
[ * + 104 = ol = o *
<2*3( ) [20-n-51%]
<2220l Jo " = 5 (ol + o)) (4.5)
On the other hand, if |b] <1 —¢, then
g(lbl)—g(t)sg(gl(;e) [e(l)—g(0)] ——g(—l_gg()l;—gmg(t)

and
[g(l—e)—g(1)]/g(1)=(1—¢/2)"7 +(&/2)"* — 1 = —se/A+ O(e”) + O(e7)

and this implies that (4.5) holds also in this case, apart from constant fac-
tors of order one. Finally, it is easy to see that if [cos 8] < (1 — 6¢), i.e., the
condition required for (4.3) (see Fig. 1), then either t<1—¢ or || <1 —e.

As an application of the Povzner inequality, we analyze the evolution
of moments of solutions to the Boltzmann equation, as announced in the
introduction.

Theorem 4.2. Let f,(v) be given, with mass 1, energy E,, and
entropy H,, and consider the solution f(v, 7) of (1.1) with >0 and with
initial data f,. Then for any 7> 0,

. ¢ A "
wa(v, 1) o} dv < <B[1 ~expl _A,)]>

where the constants A and B depend on s, f, E,, and H,.

Proof. We recall first that mass is conserved (and is assumed to be
one) and that the energy and entropy of f(v, t) are bounded by E, and H,,
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the corresponding estimates of the initial data. In particular this implies
that

[ 10, 000" oz 1+ 101" (4.6)

where ¢ depends only on m,, E,, and H, (cf, e.g., ref. 2). The equation for
moments of order s is

d
Ejﬂmnwrm
= [ 0 1)) lol* do

1
e o
x([V'] 4+ 1045 = o) = |v,]%) v — v, |* W(8) dow dv, dv

This expression can be obtained by using the same change of variables as
when deriving (2.1). Write (8)=h,(8)+ h5(0), where h,(0)=0 when
cos 0 < 2e. The Povzner inequality then gives

dr, .
Z ol de
SC;ﬂfhnﬂvn|mr”wm.w—quwdm

=K. [ 1) foul + o) oo P dvdo,  (47)

where C, and K,, are the constants from Theorem 4.1 multiplied by
jsz hdw and {2 I, dw, respectively. For the negative term, first using (4.6)
and the conservation of mass and then using Holder’s inequality gives

[] 710 £ 01 10 =0, do o,

s+ fi)n
> fio) |v|~*‘+f’dv>c<ff<u) |vi“dv>
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Because
lo* =" ol - fo—o < o " el (1 + Jof + o, D) < L+ o)1+ [0]?)

the positive term in (4.7) is bounded by
C‘(1+EO)<Jf(v) lvl“'dv+l>
Writing Y(7) = f(z, v) [v]* dv. we find
i—fs CAl+ENY+1)—=2cK,  Y'*H

The result now follows by comparing this with the Bernoulli differential
equation

ay - -
—— =247 - BY'*/"
dr

which has the solution

—xif

- -~ . B .
~fx ,=2Apt —2upt s
Y(f)—I:Y(O) e +—7 (1—6’ )

If ¥Y(0) <1, there is really nothing to prove. Otherwise take 4 =C (1 + E})
and B=2¢K,,.

Remark. The same general result holds for any kernel B(cos,
lv—v,]) which is unbounded in |v—v,], as well as for noncutoff interac-
tions, but the singularity of C(f) as t— 0 is stronger for a more slowly
increasing B.
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