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Abstract. We consider a class of optimal control problems that depend on a set of scalar parameters which could
have some uncertainty as to their exact values. We show how to compute the control functions given that we
wish to balance two objectives. The first is the original objective while the second is the variation of the original
objective with respect to the scalar parameters. That is we wish to move the controls to a position where there
is less variation with respect to uncertainty in the scalar parameters, perhaps at the expense of the original objec-
tive. The gradient of the combined objective is derived and the method demonstrated using two examples.

1. Introduction

Consider a class optimal control problems involving uncertain coefficients. For specified
values of these coefficients, let #* be an optimal control and J* the corresponding value
of the objective functional. We refer to this «* as the base control. In this article, we wish
to consider the question regarding the sensitivity of J* with respect to these uncertain coef-
ficients. More precisely, if we use the same base control »* but make a small change in
the values of the coefficients, how will the value of J* change in response? Clearly, it is
desirable that this change be small. The aim of this article is to propose a computational
approach for solving this class of optimal control problems in such a way that the control
obtained takes into account the dual objective of minimizing the objective functional J as
well as minimizing the sensitivity of J with respect to changes in the coefficients. For illus-
tration, two numerical examples are included.

2. Problem statement
This article is concerned with the sensitivity of the following unconstrained optimal con-

trol problem, which is denoted Problem (P):
Subject to the dynamical system

X0 = f @, x®, u@), a), (1a)
x(0) = xo(a), (1b)
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find a control u € U such that

J = ®(D), ) + f0T£o<z, *(), u(®), adt @

is minimized over U, where x ; [0, T] — IR" is called the state; u : [0, T] = IR" is called
the control; a € IR™ is called the coefficient vector; £: [0, T] X R" X R” X R" = IR”;
Lo:[0, T XR"XR XR" > R; $:R*"*R" = IR ;x : R" > IR and

U= {uel, u <u <uae in[0,T), u;, s, € R; i € [1,...,r]}

is known as the set of admissible controls, where L[, denotes the Banach space
L([0, T], IR") of all essentially bounded measurable functions from [0, T7] into IR".
Its norm is

; 12
lulo = ess sup < D @@y
€017 | i

If the coefficient vector a is specified, then Problem (P) may be solved numerically by
several methods such as the gradient-restoration algorithms [5] and the control parameteriza-
tion technique [f, 7]. Note, that the control parameterization technique involves partition-
ing the interval [0, 7] and then approximating the controls by piecewise constant functions
that are consistent with the partitioning. The reduced problem can then be viewed as a
mathematical programming problem.

In more detail, fori = 1,2, ..., r, let {97} be a sequence of partitions of the in-
terval [0, T] such that 97 has n, elements, 97*! is a refinement of 97, and |9%| - 0 as
p — oo, where |92| denotes the length of the largest interval in the partition 97, We
assume that

g2 = {37321,

where I‘?j = [t‘zj_l, tfj] and 0 = 1 < t‘g < ... < tfnp = T. Then,
»
I97]l = max ur),
l<j=<n

P

where I(I5) =t — 7,4
Let U? be the subset of admissible controls which are piecewise constant and consis-

tent with the partitions :11,-7 ,i=1,2, ..., r Clearly, each u? € UP can be written as
Ty
Wi = D ohxi®,  tel0,TLi=1,2,...,r 3)

k=1
where afk € IR and x,%(#) denotes the indicator function of I%, defined by

1, ifrel
x/(0) = “
0, otherwise.
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Then, each control u? € ‘UP can be identified uniquely with a control parameter vector
o and vice versa, where

r _ T P T

of = (@D, (@, ..., @),

and
p p p p P qT .
0','2[0i1,6i2,0i3,...,0'inp] ,z=1,2,,..,r.

By virtue of the definition of U, the control parameters are subject to the following
constraints:

w<oh=sw, i=1,2..n1j=12 . .n, 5

Denote by E? the subset of IR"" which consists of all vectors ¢? such that the con-
straints (5) are satisfied. Z7 is called the set of admissible control parameters.

Using this approach, we obtain the following approximate problem, which is referred
to as Problem Q(p).

Subject to the dynamical system

X0 = f, x@), of, a), (62)
x(0) = x¢(a), (6b)

find a control parameter o” € E? such that

J? = &x(T|c?), a) + fTZGO(t, x(tlo?), 6P, a) dt )
0

is minimized over £7, where x(:|o?) denotes the solution of the system (1) when u? is
given by equation (3), Lo(t, x(t), 07, a) = L£olt, x(1), Ty ohx%®, a), and
3 n

f@, 30, 07, @) = f(t, x(0), Ty oGk, a).

Define the Hamiltonian for Problem (P) as:

H(t, x(@), u(®), N@), @) = Lo(t, x@), u(®), @) + NI £, x(2), u(®), a), )
where A is the costate vector satisfying:

9 H(, x(0), u@®, M), a)
ax ’
0®y(x(T), a)
()

NI = (9a)

IND]" = (9b)

The gradient formula for the objective functional (7) is well known (c.f.[2]). It is given
in the following theorem.
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Theorem 1. Consider Problem (Q(p)). The gradient of JP with respect to control param-
eter of; is given by

D (10)

arr _ ff 8 H, x(tlo?), uP@), Ntla?),
a 0% tll:;—l 3u,~

where u? is defined by equation (3), and A(*|o ) denotes the solution of the costate system
corresponding to u?.

Using the result of Theorem 1, the gradient of (7) corresponding to each control parameter
o? ¢ EP may be calculated using the following plan, which is referred to as Plan 1.

1. Integrate the state equations (la) together with the initial conditions (1b) forward in
time fromt = 0tot = T.

2. Integrate the costate equations (9a) together with the final conditions (9b) backward
in time from ¢t = Ttot = Q.

3. Calculate the required gradient using the formula (10)

With the aid of Plan 1, Problem (Q(p)) may be solved by using standard mathematical
programming techniques.

We may now formulate a new problem so as to take into account the sensitivity of the
optimum cost with respect to changes in the coefficient vector a. It is done by incorporating
the function

(&) (&)
da da J
in the objective functional. In this process, we obtain a new problem, which is referred

to as Problem (S).
Subject to the dynamical system

) = f@, x(0), u(®, a), (11a)
x(0) = x(a), (11b)

find a control u € U such that

G=J+a[%‘—,j [‘Z—J]T 12)
[2] a

is minimized over U, where x, u, a, ®;, £y, f, xp and U are all as defined in Problem
(P), « is a weighting factor, and J is the original objective functional

J = &yx(T), @) + fﬂT;:g(s, x(@), u(?), a) dt. (13)
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Problem (8) is of a different nature than Problem (P). Plan 1 cannot be used to find
the gradient of the objective functional (12) in the parameterized version of Problem (S)
because of the term (27) (2/] appearing in the new objective functional. Problem (S)
needs to be handled differently and the details are given in the next section.

3. Solution method

Let the control parameters ¢ and the set 7 be as defined in Section 2. Now, by apply-
ing the technique of control parameterization to Problem (8S), we obtain the approximate
problem, Problem (T(p)):

Subject to the dynamical system

) = f@, x(), ¢®, a), (14a)
x(0) = xp(a) (14b)

find a control parameter ¢” € E? such that

G*"-JP-!-oz[aJpJ [‘”p) (15)

is minimized over Z?, where
T .
= 2(x(Tlo"), @) + [ Lolt, x(tlo”), 0", a) (16)
0
and :Co, f, and x(*|¢7) have the same meaning as in Problem (Q(p)).
To solve Problem (T(p)), we need the gradient formula for the objective functional (15).
Let us establish a number of preliminary results. Since the notation in this section will
soon become very cumbersome, we will simplify it somewhat by temporarily abandoning

the ‘hat’ notation in the definition of Problem (T(p)) and by writing ¢ for o”.

Lemma 1. The gradient of the objective functional (16) with respect to a is:

aJ W O)|o)" 2o 6"0(") + f 0H 4, )
da

where
H(t, x(0), 0, N0), @) = Lo, x(), 0, @) + DNOT £, x(0), 0, @), (18)

and A\(|0) is the solution of the costate system:
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_ 0 H(t, x(D), 0, M), @)

ROT = (192)
dax
0 By(x(T1), a
T = 220, (195)
corresponding to ¢ € E7.
Proof. Let a; € IR™ be given and py € IR" be arbitrary but fixed. Define
a(e) = ag + €pg, (20)

where € > 0 is arbitrarily small. Let x(*) and x(*; ¢) denote, respectively, the solution of
the dynamical system (14) corresponding to gy and a(e). Then, from (14),

x0) = x@ + | O’f(s, x(s), 0, ag)ds o3

Xt € = x@@) + [ O'f(s, x(s; €), 0, ae))ds. 22)

Hence, by Taylor’s Theorem, it follows that

sx(t) = limd 759 = X0
e—0 €

= @, /! éf.(s_’?%ﬂsx(s) + Ww}d& 23)

da
Clearly,
&) = Max(t) L Y@ 2, 0, a9 0 4)
ax da
5x(0) = 2@, @s)
da

Now, we express J as

Ha) = Sx(T), a) + f OT{H(t, x®, 0, M), @) — NV £, x(0), 0, a)}dt. (26)



A COMPUTATIONAL PROCEDURE FOR SUBOPTIMAL ROBUST CONTROLS 337

Then it follows that

sl =27,
da
— 8‘1’0(x(T), tl) 6X(T) + aq’O(x(T)’ a) 00
ox da
+ [ 108, x0), 5,70, a0) ~ DOV 650 ~ (O£, x0), 0, a0)}dr,  (27)
0
where
8H(, x(t), 0, N@®), ag) = L 2& x(’)‘; 9 M), @) 5.
X
+ d H(Z, X(t), g, )\(t)s aO) 0
da
+ a H(z, x(0), o, Np), ap) N0, 28)
oA
From the definition of H, we have
P02 N0 %)~ (16, x0), 0, a0l = GO 9)
Substituting equations (19a) and (29) into equation (28), we get
SH(t, x(t), 0, N, ap) = —[N®1" 8x(t) + X" 6N
+ d H(z, x(1), o, N(D), ap) . (30)

da

Then, equation (27) becomes

a f(a()) Po = 3@0(X(T), aO) &x(Tr) + aq’(}(x(T)s a()) Po
da ax da

o [T - ADOT 0] | B X0 000 00 L
0 dt 0

da

— 020(T), a0) gy 4 9RWTD), A0) T aw(T)
8x da

+ INO)T 8x(0) + /OT 9 H, x(’)é;” M9, ao) po}dt. G1)
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Using equations (19b) and (25), (31) becomes

2@ ,, — 32D 40 5, 4 oy 2D, 4 (74 LT3, 0, D, G Po}dt~
da da da 0 da

(32)
Since py is arbitrary, it follows that

aJ _ 3%y(x(T), @) T 335()(4)
o = =l o) + f 9H 4,

as required.

Lemma 2. The gradient of the objective functional (16) with respect to o;; is given by

—dt. (33)

8l _ (7oK
0 doy;

865}-

Proof. Since ¢;; can be treated similarly to a, the proof is almost identical to that of Lemma
1, except that @, as well as x; are not an explicit function of ¢;;. Also o;; is not a vector.

Lemma 3. Let ¢ : [0, 7] —» IR” X IR™; ¢ : [0, 7] = IR" x IR™; and H" € IR" be such
that

H= —aﬁ fTo + [ ]u/ (34)
R 3 T
3@ = — [a—@] , (353)
dx
3‘1’0] ] (35b
o) = [ D) [ (35b)
. T
Yo = [a(H)] (36a)
xp(@)
Y(0) = . (36b)
da

Then,

T H
aa,J [ ] f d0;; dt. 37
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Proof. Note that both x and A depend on o. However, for convenience, we shall use x(*)
and \(*) to denote x(*|0) and \(*|0), respectively. From Lemma 1, we have

j [ T_a_Iid + aQO(x(I'L a) + [)\(0)]T axO(a)] .
60,1 da da

oaa

Gu= [ {——+(f-x)T¢+ ["’aH+ )\TJ \I/}dt

+ a@g(X(T), a) + [)\(O)]T axﬂ(a) .
da da

60, ;

(38)
Then,
G, = fr{ff _ 5o+ Ny dr + 2D D oy 0@ (39)
0 da da
Integrating by parts, equation (39) becomes
= T . _ T T T T 14T _ T T3
G, = fOHdt K1l + fﬂxq&dt + Y1 fox U dt
+ aq’o(x(T)» a) + [)\(0)]1- ax()(a)
da da
= (T4 + 7 = N} &t - DD + TOHO)
[t
+ XDUD) - N OO + ED D g 2o “0)
a a

Now, a small perturbation in o;; will cause a perturbation in x and A and both of these
will induce a perturbation in G,. Hence, by using the chain rule and equation (40), we get

3. = [ " oxoT" [ [“HT) " é] ar + [ T[&)\(t)]T[ [B(HT) ] dt
0 ox 0

+ fTa B so.dt — (D] $(T) + [6x0)]" $0) + [NDI ¥(T)
0 36,-]-

_ T K 3%, T] T ()
BANDI Y(T) + [6x(D)] [_‘“"axm [ aa] T INOIT = (@41)



340 V. REHBOCK, K.L. TEO AND L.S. JENNINGS

Both the initial conditions for the states and the final conditions for the costates are prescribed
and fixed so that

ox(0) =0
SNT) = 0.

Hence, equation (41) becomes

= = (Trawen™ | [ 3EDT L Tone™ | [(9EDT _
G, fo [6x(1)] [[ = ] +¢] dt + fo [A(D)] [[ o ﬂ dt
(TOH 3%,
o | o | G [ N om0 |

+ O [% - ¢(0)] . @)

From equations (35) and (36), equation (42) simplifies to

_ T3 H
5G, = bay; fo g—H dr. @3)

0}'}'

Thus, it follows that

TBH
60,] [ ] faa,]

This completes the proof.

Remark 1. Returning to the ‘hat’ notation, we have
H@, x(t), 0, N@), @) = H(, x(), u(d), XD, ).
So,

dH 3 H du

6_0','; au,- anj

where, from equation (3),

aul_—. 1, tl_}l—t<tt_]
doy; 0, otherwise.
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Hence, Lemma 2 becomes

o _ oM,
tijo1 OU;

(‘44

Boij

By a similar argument for H and H, Lemma 3 becomes

4
aal] [ ] ‘[:] 1 aul ( 5)

We are now in a position to present the gradient formula for the objective functional
(15) in the following theorem.

Theorem 2. The gradient of the objective functional (15) is:

3G fa-,- oH
= = d
L,

30,']- ij-1 Ou;
+ 20 [ / g "’_de] [___G‘I’O(x(T“’)’ D 4 o) )]Tax"(“) + f _dz,] '
tij«—l 8 U;
(46)

where G is given by equation (15); H is given by equation (18); and H is given by equation
(34).

Proof. We omit the ‘hat’ notation here for clarity. First,

-2 (o[ (2]
e (5(2)) ()

Using Lemmas 1, 2, and 3 and Remark 1, equation (47) becomes

G L H
90G _ % 3Hy o 5y
aoij f ij—1 aul [fu 1 j [ ]

= frij 9H,
£

-1 du;

v 9H Y (9%0(Tl0), @) . 1y o1py7 %@ | (TOH ]T
+ 20 U di [ el NULI L )

u -1 aul
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Consequently, the result follows readily.
Looking at equation (36), we see that it is reducible to:

o) = f + 30 (482)
aa
o) = ~—ax°(“’. (48b)
da

The system (48) is independent of both A and ¢. Thus, it is solvable without knowing either
of these. Next, let us examine the right hand side of equation (35a) and the integrand of
equation (45). We have

£ (3 (2] (502
et (2 L))

2 2 T 2 2
_0Ly S [ﬂ] 6+ [aoeo T "’f] g, fori=1,...,r

du0a du;0a ou; u;0x ou;0x
(49)

Similarly,

'3 2 2 v
OH_98 v 8f [ J [‘“ﬁo Ta;];&,foralli=l,...,n
X

ax;  Ox0a 0x;0a ox;0x
(50)
The system (35) becomes
(9H, 8H, om,| | _ad@m]
ax,  ox; oy ax;
o0H, 9H, dH, _AHD
ox, ox,  ox ox,
. dHM T . N . .
ax . . . . .
oH, 3H, 9 H, _OHY
'ax_,, ox, o, | 8%, |

o(T) = me[ } ) (51b)
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where %ﬂ, i=1,...,n, are given by equation (50).
X;

We are now in a position to give a plan, denoted by Plan 2, for finding the gradient
of the objective functional (15):

1. Integrate the state equations (1la) together with the initial conditions (11b) forward in
time from¢ =0tot = T

2. Integrate the costate equations (19a) together with the final conditions (19b) backward
in time from ¢t = Ttor = 0.

3. Calculate ﬂ from (44), using IH fori =1, , I

da;; du;
aJ . dH
4. Calculate P from (17), using 2

5. Integrate the Y equations (48a) together with the initial conditions (48b) forward in time
fromz =0tot =T

6. Integrate the ¢ equations (51a) together with the final conditions (51b) backward in time
fromt = Ttor =0

7. Calculate g—G from (46), using Z—H fori =1, ..., r as given by (49).
gij i;

Using this plan, we may, as before, apply the techniques of mathematical programming
to solve Problem (T(p)). From now on we will no longer use the ‘hat’ notation, so that
J and G are referred to as J and G respectively.

4. Examples

The general purpose software MISER3 [3] is an efficient one for solving Problem (P) via
the control parameterization technique. However, it cannot be used directly for solving
optimal control problems involving the cost functional of the form (15). On the basis of
Plan 2, we have modified the code of MISER3 for our purpose. The new code is used
to solve the following two examples.

Example 1.[6]. Consider the following dynamical system:

X = x)
X)) = —x(0) + (1.4 — 0.14(x2(t))2)x2(t) + 4u(r), (52a)

with initial conditions
0 =-5+a
x0) = —5. (52b)
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The objective functional is:
1 r10
- f (@O + @O (53)

Here, we have one coefficient a which occurs only in the initial conditions and we set
a = 0. We solve two problems. The first is just the standard optimal control problem (52)-
(53). The second problem is of the form (S), which is obtained from the problem (52)-
(53) by incorporating the sensitivity factor in the objective functional. More precisely, the
new problem is: subject to the dynamical system (52), find a control u, such that the “ob-
jective functional”

2
G=J+a ["’—J] (54)
da
is minimized, where J is defined by (53) and « is the weighting factor. In both cases, n, is

taken as 20. The weighting factor « is set to be 1. Let u* and u be, respectively, the optimal
controls of the problems (52) with equation (53) and (52) with equation (54), both with
a = 0. These are shown in Figure 1. Furthermore, let J(u*) and J(u) denote, respectively,
the values of J corresponding to the controls u* and u. As we expect, J(u*) = 15882 < J(u)
= 17.948. However, the value of ”%;JH, which gives an idea of the sensitivity of J with
respect to a, has been reduced significantly when # instead of u* is used. This is shown
in Table 1.

Table 1. Optimal solution for Example 1.

aJ
Problem Objective J —
da
(52) with (53) 15.882 4.5464
(52) with (54) 17.948 0.0312

Let us now see how varying the value of g about a = 0 influences the value of J in
both cases. The controls obtained from ¢ = 0, u* and u, are taken to be the base controls.
J is recalculated using the base controls and changing the values of a for both the original
and the new problem. The results are shown in Figure 2. The first thing to note is that
J(u*) is very sensitive with respect to changes in a. For example, a change of 0.1 in the
value of a causes J(u*) to nearly double. The change in J(iz), however, is much smaller.
For most values of a, except those near a = 0, J(u) is far superior to J(u*). A few numerical
values to compare the two solutions are given in Table 2.

Example 2.[4]. Consider the following dynamical system:

x1(0) = —(x (® + 0.25)2.0 + u(®d) + () + 0.5e(x (D)
() = 0.5 — 00 — (0 + 0.5 (), (55a)
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4 —
3 u*
—-----T
2 —]
=
I
&
e 1
)
]
0 —
1
-2 1 ] ] T ] a 7
-2 0 2 4 6 8 10 12
fime t
Figure 1. Optimal controls computed for Example 1.
353
e (153
30
-
2
=25 4
<
R
=
©
20 —
15 T 1 T T T a
-0.15 -0.1 -0.05 0 0.05 0.1 0.15

Figure 2. Variation in objective functional due to a in Example 1.
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Table 2. Varying a for the solutions of Example 1.

a J(u*) Jw)
-0.10 31.311 20.407
-0.05 27.548 18.684

0.03 24.059 18.195
0.08 28.892 19.313

where

25x
e(x) = e{;ﬂ.
The initial conditions are:
x0)=01+a
%(0) = 0. (55b)

The objective functional is:
J = % f;(lOO(xl(t))z + 100(,(0)? + (@) dr. (56)

Again, we have one coefficient ¢ which occurs in the initial conditions and we set a =
0. As before, two problems are solved, one with minimizing the sensitivity factor and one
without. Minimizing the sensitivity factor in this case means we want to minimize the “ob-
jective functional”:

2
G=J+cx[§-—1—], 6D

oa

where J is given by equation (56), subject to equation (55). This time 7, is taken as 40
and the weighting factor « is set to 0.01. Let u* and # be the optimal controls of the prob-
lems (55) with equation (56) and (55) with equation (57), respectively. A plot of these
is shown in Figure 3. Note that unlike Example 1, #* and u are not very different. Let
J(u*) and J(i) be the values of J corresponding to u* and u, respectively. We observe that
it manages to reduce the size of || 22|, although J(@) = 0.74234 > J@*) = 0.73043. See
Table 3.

Recall that #* and u are obtained with a = 0. We take them to be the base controls and
proceed to vary the value of a. The results obtained are plotted in Figure 4. Although for
negative values of a J(#) is slightly greater than J(u*), there are some significant gains
for positive values of a. The results for some selected values of a are shown in Table 4.
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5_.
4 —
3_
=
g
g 2
Q
(]
-
G._
-1 ! |

-0.2 0 0.2 0.4 0.6 0.8 1 1.2
time t
Figure 3. Optimal controls computed for Example 2.

8_

objective J

0 T T

-0.01 -0.005 0 0.005 0.01 0.015
a
Figure 4. Variation in objective functional due to « in Example 2.
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Table 3. Optimal solution for Example 2.

s aJ
Problem Objective J -
da
(55) with (56) 0.73043 15.029
(55) with (§7) 0.74234 0.00533
Table 4. Varying a for the solutions of Example 2.

a J(u*) J@)
-0.005 0.78511 0.82886
-0.002 0.72904 0.76099

0.003 0.94100 0.83393
0.005 2.0325 1.2118
0.006 3.4421 1.9135

5. Conclusions

In this paper, we consider a class of optimal control problems in which some of the coeffi-
cients are not known exactly. The aim is to find a control which minimizes the objective
functional, and at the same time makes it less sensitive to the changes in the values of
these coefficients. To solve this problem, a new problem is formulated so that the new
objective functional consists of the original objective functional and a term which measures
the sensitivity of the original objective functional with respect to the changes in the values
of these uncertain coefficients. The gradient formula for the new objective functional is
derived. On this basis, a computational method is proposed. For illustration, two examples
are solved using the proposed method.
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