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Abstract. The main goal of this paper is to characterize the weak limits of sequences
of smooth maps from a Riemannian manifold into S'. This is achieved in terms of
Cartesian currents. Applications to the existence of minimizers of area type functionals
in the class of maps with values in S! satisfying Dirchlet and homological conditions
are then discussed. The so called dipole problem is solved, too.
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The main goal of this paper is to identify the weak limits of sequences of smooth
maps from a Riemannian manifold into S! with equibounded total variations of the
gradients. In doing that we have in mind and we aim to study variational problems
for integrals of the type of the total variation

)] / | Du(z)| dx
o

among maps from some open set {2 of a Riemannian manifold X, with or without

boundary, into §!, satisfying suitable homological restrictions and boundary condi-

tions, if J¢2 is not empty. Typical problems we want to consider are such as mini-

mizing the integral (1)

(i) among maps satisfying periodicity conditions as u(x + 21r) = u(x), i.e. among
maps from a torus into S*.

(i) among maps from S! into S' with prescribed degree and prescribed values on a
fixed subset X of S'.

(iii) among maps u : X — S! with prescribed homology map

uy @ Hi(X,Z) — H{(S',Z)~Z

(iv) among maps with prescribed homological singularities, the so-cailed dipole prob-
lem.
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C.N.R. contract n. 91.01343.CTOQ1, and by the European Research Project GADGET. It was partially
carried out while the first and the third author were visiting the Mathematisches Institut der Universitiit
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When dealing with the integral (1) in the scalar case, i.e. for maps u : 2 — R,
it is well known that the natural space to work in is the space BV(£2,R) of L'-
functions with distributional derivatives which are Radon measures of bounded total
variation. In fact, modulo passing to subsequences, sequences with equibounded L!-
norms and total variations weakly converge to some function v € BV (2, R) and, on
the contrary, every u € BV ({2, R) is the weak limit of one such a sequence.

It is also well-known that the class BV (§2,R) can be described as the class
of n-dimensional rectifiable currents in {2 x R which arise as boundaries of (n +
1)-dimensional currents defined by integration of (n + 1)-forms over subgraphs of
functions u, more precisely as the class

(2) { Gy = (=1)"8[ SG. 1| G, is n-rectifiable, M(G,) < co}
where
3) 5G. = {@,yeNxXxR|y<ul)}

compare [17] [8] [9] [10].

There is still another equivalent way of defining the class BV ({2, R) in terms of
the so-called Cartesian currents, introduced and studied in [13] [14], compare also
[16]. One sees, compare Sect. 3, that BV (2, R) can be identified as the class

cart(f2 X R) := { T € Dp(£2 x R)|T is n-rectifiable, 0T L (2 x R) = 0,

4
@ mT =0[02],TLdz >0, |T|| < oo, M(T) < oo}

where 7 denotes the linear projection of {2 x R into 2, M(T') the mass of T, and
Tl = sup{ T(d(z, )yl dx) | ¢ € CX(R2 xR, |¢| <1}

is the equivalent of the L'-norm of w.
When dealing with variational problems for maps into S', one can think of lifting
the problem of functions v with real values by setting

) u = (cos v, sinv)

and by considering the lifted variational problem. Unfortunately one cannot always
write a function v € C'(X,8") in the form (5), v € C(X,R), an obstruction (and
in fact the only one, compare Sect. 4) being the non triviality of the homology map

uy : Hi(X,2) — HYS',Z)

as the identity map from S! into S' shows. We are then forced to work with maps
with values into S'; but, in this case, it turns out that the three ways of describing
functions with bounded variation are not equivalent.

Essentially because of the previous obstruction we cannot define BV -maps with
values into S! as boundaries of relative subgraphs as the identity map from S! into
S' again shows, compare Sect.4. Naively, we may think of defining BV (2, S!) as
the class of maps BV (2, R?) such that u(x) € S! for almost every = € £2. However
such a definition is not intrinsic. In fact in this case, while the absolutely continuous
part of the gradient of u, (Du)*(z) maps T, X t0 Ty S', for the jump part (Du)”’
we may find

Duy =vy, @t
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where v;, is the normal to the jump set J, of u, but t is not tangential to S'.
Alternatively we may consider the absolutely continuous part of u and try to close
its jumps in S'. But soon one realizes that there are several possible ways of closing
jumps and different sequences may have graphs converging to substantially different
objects which however have the same absolutely continuous part. Thus whatever is the
chosen way of closing the jumps in S! of a function u € BV (2, R?) with u(z) € '
for a.e. z, this will not allow to identify the limits of smooth sequences.

As pointed out and discussed in [14] [13] [16] in connection with the Dirichlet
integral in the vector valued case, as it is essentially the case if we map into a manifold,
even a one-dimensional manifold, weak convergence produces in general on one hand
concentrations which cannot be described in terms of their projections into {2 and on
the other hand loss in the limit of homological properties of the approximating maps.
As already showed in those papers a reasonable way of overcoming these difficulties
is to work in the setting of Cartesian currents.

Our aim is to illustrate this approach and show how it works in the case of maps
of bounded total variation with values into S!. Despite the simple geometric structure
of the target manifold S 1 in the present case, in contrast with the case of maps with
equibounded Dirichlet energies, we will have to confront further difficulties due to the
appearence of jumps and Cantor parts in the limit. However we shall see that there
are strong similarities, if not identity, with the case of maps into S? with bounded
Dirichlet energies.

Before briefly discussing our results, let us mention two simple examples which
may motivate further our approach and clarify the context in which we are going to
work.

Example 1 Consider the sequence of smooth maps ug)(t) = (cos kt, sinkt) for 0 <
t < 27 /k and by ug)(t) = (1, 0) otherwise. Clearly {ufc” is a sequence of maps with
equibounded total variation

Vi) = / |DuV| dz = 27

-7

which converges weakly in BV ((—, m), R?) to the constant map ug : [—m, 7] — 5!,
ug(t) = (1,0); of course V(up) = 0. Also regarding the " as maps from S into S',
each ug) has degree 1 while the BV -limit is constant, hence of degree zero.

If we instead look at the line integrals over the graphs of the ug)’s, Gu‘”’ it is
k

easily seen that
Gug) — G0+ % [s', 6o = Dirac mass at zero
in the sense of currents in [—, 7] x S!, or better in S! x S!, the degree of the limit

is again 1, and computing the total variation of T := G(1,0)+ & x S' in the Lebesgue
spirit as the relaxed functional

V(T) :=inf { liminf V(v;) | e € c'(-=,m, 8", Gy, — T},
then V(T") = 27, compare Sect. 5.

Consider now the sequence {uf)} defined as uf)(t) = (coskt,sinkt) for0 <t <
47 /k and as uf)(t) = (1,0) otherwise. Clearly V(ug)) = 47, deg uf) = 2, but again
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ug) converge weakly in BV to the constant map ug(t) = (1, 0). If we instead consider

the limit of the graphs of the uf) ’s we have

Gu(z) — Gu0+260 X [[Sl]].
k

Example 1 shows in a very simple case concentration, loss of degree and en-
ergy under BV -weak convergence and how those phenomena are handled by the
stronger convergence of the graphs G,, with respect to the BV -convergence of the
components of ug.

Uk

Example 2 Consider the map u(z) = I%[ from the unit disk B(0, 1) of R? into S

Clearly u € WHP(B(0,1),8") for all p < 2. Its graphs has a “hole” over 0 and in
fact we have in B(0, 1) x S*

0G 2 = = X 1S
Let {us} be a sequence of smooth maps from B(0, 1) into S! such that
u — u  strongly in LY(B, 1), 5h

sup/ | Dug(x)| dz < oo .
£ JBO

(6)

We shall see that there exists a [-dimensional current L in B(0, 1) such that
@) Gy, — Gﬁ+LxSI.

This time the concentration occurs over a 1-dimensional rectifiable current L with the
property that 3L L B(0,1) = §. Actually we shall see that for every 1-dimensional
rectifiable current L in B(0, 1) with L L B(0, 1) = &, one can find a sequence of
smooth maps {u} such that (6) and (7) hold. Notice that instead we have

up — I_:B_l in BV(B(0, 1), R?).
e

This paper is organized as follows. After the two preliminary Sects. 2 and 3, where
we prove a few simple results to be used later and that

BV (2, R) ~ cart(£2 x R),

we shall discuss the class cart(f2 x S') in Sect.4. There we shall prove a structure
theorem for Cartesian currents 7 € cart(§2 x S') and an approximation theorem,
stating that each T € cart(f2 x S') can be approximated by a sequence of smooth
maps uy : 2 — S' in such a way that

— 1 ‘
@) Gy, T inD,(2x8

M(G,,) — M(T).

In Sect.5 we shall deal with the relaxed functional of general integrals and in par-
ticular of the area of graphs of maps with values in S'. We shall give an integral
representation of the relaxed functional in cart(f2 x S'); instead, we shall see that the
relaxed functional in {u € BV($2,R?)||u(z)| = 1 ae. z} or in L'(£2,5") are not
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integral functionals. Applications to the existence of minimizers under Dirichlet and
homological conditions will be presented in Sect. 6, while in Sect. 7 we shall discuss
the so-called dipole problem in the case of maps with values in S'.

We would like to thank Michael Struwe who read the manuscript and suggested a few corrections.,

1. Preliminaries

In the sequel we shall think of §' as isometrically embedded in R? as the unit circle
S'={@',y») € R? | @)+ y?? = 1}. We denote by ¢, the standard basis in
]Rz, by €g,

eg = —y’e1 +y'e,
the unit tangent vector which orients S! in the usual anticlockwise way, and by @
the volume 1-form on S chosen in such a way that

/6=27r.
Sl

Let §2 be a bounded domain with smooth boundary in R™. We denote by D¥(2 x §1),
1 < k < n+1, the space of all k-forms with smooth and compactly supported
coefficients in £2 x S'. If ey, ..., e,, denote the standard basis in R” and (z',...,z")
the coordinates in R™, any w € D*(£2 x S') can be written as

¢)) w= Z wolz,9) dz® + Z Nal,0) dz® A O = O + )
o=k la|=k—1
with
Wz, 0), Na(z,0) € C(2 x S',R).
We use the standard notation for multiindeces: & = (ay,...,ap), 1 L a1 ... £
ap <1, a; €N, |a| i=p and dz* :=dz™ A... AdzoP.

The expression (1) says in particular that the product structure in 2 x S! yields a
canonical splitting of w as w = w® +w® where W@ is a k-form with no differential
with respect to # and w" is a linear combination of k-differentials which contain ©
as a factor. For convenience we also introduce

DR x Sy = {w e DY x §Y) | w=w?)

D2 x §Y) = {w e DX x §Y) | w=wV}
so that

DH(2 x SN =DH(2 x Shy @ D*!(2 x S).
Similarly the exterior differential operator

d: DF(2x8") — D" 2xSH)y 0<k<n
splits as the sam
d=d, +dy.

For a function f € D%($2 x S1)
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o )
& fe0=Y oL art,  df@0)=56

Wenote that for 0 < k <n

dy @ DR x §Y — DO x 81
de : DPY 2 x §Y — DMLY x §h)
de : DFO(02 x 8\ — DFLIR x S

and
dow=0  VYweDPL(2 x SH.

The orthogonal projection 7 : {2 x S! — £2, w(x, ) = z yields a natural injection

# . D ) — DR x 8N

by just considering the coefficients f(x) of w € D*(£2) as functions of two variables
(x,0) constant in 6. Of course f(x) has compact support in 2 x S! since S! is
compact. For the sake of simplicity in the sequel the injection 7* will be understood
and we shall regard forms in {2 as forms in {2 x S!. Analogously, the projection
#t : 2 x 81 — 5! yields an injection from D*(S!), k =0, 1, but in B¥(£2 x SY), the
space of k-forms with bounded and smooth coefficients. In fact, regarding coefficients
as functions in (z, #) which are constant with respect to = they will not have compact
support since {2 is not compact. ‘

In dealing with k-forms in §2 x S!, besides considering them as restriction of
forms in £2 x R?, it is convenient to introduce the covering map

it xR -—02x8!
given by
iz, t) = (z,cost,sint).

Clearly 7 defines an isomorphism between smooth functions in {2 x S! and smooth
functions f(z,t) in {2 x R which are 27-periodic in the second variable ¢ € R. Also,
if f : £2x S' — R has compact support in §2 x S', then the lift f i in £2 x R has

support in 2 x R where 2CC2. Denoting by BE _(§2 x R) the set of all k-forms with
smooth coefficients za(a: t) which are bounded, 27-periodic in ¢t and are supported

in 2 x R for some £2CC{2, then the lift
i* L DR x S8 — BE (2 xR)

yields a bijection between the two spaces. Moreover i* commutes with the exterior

differential operator and with respect to the decomposition w = w© +w®, and
sup |w| = sup |i*w|

Consider now a 1-form o on S! and denote by j : R — S! the map
j(@®) == (cost, sint).

Then we have j#(a) = f(t) dt for some smooth, 27r-periodic function f(t). Set

_ 1 27 t _
7= o fdt, g1 = f [f(s) — flds.
T Jo 0
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Then clearly f(t) = f+g¢/(t) and we can write j*(a) = f dt+dg. Since g is 27-periodic
we can finally state

2) a=fO+dg.

Finally it is easily seen that if (2) holds then f is uniquely defined by « and g is
uniquely defined up to a constant. The previous relation (2), which is nothing else
the Hodge-Kodaira decomposition theorem in the very special case of 1-forms in S,
gives us a way to decompose forms in D*!(£2 x S') by just considering the z-variable
as a parameter (compare [16]).

Proposition 1 Let w € D¥1(2 x S'). Then there exist & € D*~'($2) and n €
DE-19(82 x S such that

3 w=w A6 +dyn.

Moreover @ is unique and 1 is unique in D¥=10(2 x S up to a (k ~ 1)-form in
£2. In particular (3) gives a unique decomposition if we add a condition on n such as
n(z,0) =0 for 8 =0 or n{z,y) =0 for y =(1,0).

Proof For w € D*(£2 x S') we can write i*(w) as

fwy= Y walz,t)dz® Adt

|lel=k—1

where wq(z, 1) are smooth, bounded, 27-periodic, and supported in 2 x R for a
suitable open set f2CC{2. Define now

2m ¢
Gala) = 5 / wal@, B dt,  Ta(@,t) = /0 wa(z, 5) — @@ ds
0

and

D@= Y Ga@dz® 9@t =DE YT ez de.

|a)=k~1 jal=k—1
Then clearly @w(z) € D*~1(£2), n(x,t) € DF~19(2 x R) and
“) fw)=o Adt+dyn.

Since the 9, (z, t) are 27-periodic in ¢ we may think of 7 as a form in D*~10(£2 x §1),
thus (4) is equivalent to (3). This concludes the proof as the unicity follows from the
above construction. .|

A simple consequence of the previous decomposition theorem is the following

Proposition 2 Let T € Dp(2 x S') be a k-current in 2 x S' without boundary in
N2 xS ie, 8T L 2 x S' =0. Then T =0 if and only if

Tw)=0 VYweDP(0RxS8Y and T(@xz)N0)=0 YaeD ().

Proof Split w € D¥(2x SY) as w = w® +w®, and decompose w? as in Proposition
1. We get
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w=w®+0W =00 L a@)n 0+ den =
=w® —dn+a@)AG+dy
for suitable a € D*~1(§2) and n € DF19(2 x SY). Thus

T(w) = T — dyn) + T(a(z) A O) + T () =
= TW? — d,n) + T(alz) A O).

The result then readily follows as d,n € DF0(2 x SY).
Denoting by T{o) the zero component of T € D (12 x §)
Tow) =Tw?), w=w?+uD

and introducing the (¥ — 1)-dimensional current in {2

1
LT = 7T#(T|_ @),
27
more explicitly

1
Lr(a) = o T(a(z) A ©),

M. Giaquinta et al.

we are then led to the following decomposition theorem for k-currents in £2 x S

Proposition 3 Let T € Dp(2 x 8" and 0T _ 2 x 8' = 0. Then for any w €

Dk(2 x SYY we have
T(w) =Toyw — dom) + L x [.S" Ww — don)
11 being the form in the decomposition

w=w® +@(x) A O +dgn.

Proof From the proof of Proposition 2 we get
T(w) = T ~ d.m) +T(@ A O).
On the other hand

Lr X [8' Tw—dn) =Ly x [5' T —dpm) =Ly x [S' J@w A ) =
=Lp@)[S' 1@ =2x Ly(@)=T@ A 6).

2. Graphs of functions in BV ({2, R)

Let {2 be a domain in R™. To each function u € L'(£2) we can associate its subgraph

defined by
(1 SGy ={(z,y) € 2 xR|y < ux)}

We then denote by GG, the n-dimensional current in D,(2 x R)
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(2 Gy =(-1)"9[SG, 1.

In the case that u is a smooth function, it is easily seen that G, is just the current
given by integration of n-forms in {2 x R over the graph of u, given by the formulas

Guld(z,y) dz) = / oz, u(z)) da

3) e

Gu(d(z,y) dz* A dg) = (~1)* / ¢z, u(z)) Dsu dz
7

In fact, if w = ¢(x, y) dz, then

dw = (—1)" ¢y(z, y)ydz A dy,

thus
u(x)
@) Guw) = (~1)"[ S, I(dw) = /Q de / 6,(@ v dy = fn oz, u(z)) de.

If w = ¢(z, y) do’ A dy,
dw = (=1)""" ¢,i(z, y)dx A dy,

thus

u(x)

Gulw) = (— 1P Gy [(dw) = (— 1y~ /Q de / 6o 1) dy.

The function
u(x)

z — f%i(m,y)dy

has compact support in {2 and

ul(x) ux)

D; / oz, y)dy = / iz, y) dy + oz, u(z)) Dyu(x).

Thus the second formula of (3) follows at once.

Let u € BV ({2,R). The relationships between u and G, defined in (2) are well
understood, compare [8] [17] [10, Theorem 4.5.9] [7]. For our purposes we recall the
following facts which we collect as Theorem 1.

Denote by J, the set of points in £2 for which the approxzmate limit of u does
not exist and, for x € J, set

u,(x) := ap lim sup u(y), u—(x) := ap lim inf u(y).
y—z

y—z
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Theorem 1 Let u € BV ($2, R). Then we have
(i) Jy is countably (n—1)-rectifiable. For H™ '-a.e. x € J, the approximate tangent
plane to J,, at x splits R™ into two half-spaces P* and P~ so that

ap limsupu(y) = us(x), ap liminfu(y) = u_(x).
y—x y—T

yepP* yeP~
(ii) Denote by v, the unit normal vector to J, oriented so that
x+vy, € P
Then the distributional gradient of u splits into the mutually singular measures

Du = (Dw)@ dz + (Du)Y + (Du)©,

where (Du)® is the density of Du with respect to Lebesgue’s measure, (Du)9
corresponds to the jump part

D)V = (uy —u_)vy, dH™ L,

and finally (Du)'©) is the Cantor part which is singular with respect to Lebesgue
measure and (Du)©(B) = 0 for any B with H* " (B) < co. In particular H™ -
a.e.

d|Du)

Ju = {1: | dH™1

(z) > 0}.

(iii}) SG,, is a set of finite perimeter.
(iv) The current G, is a rectifiable n-dimensional current with integer multiplicity
equal 1. Moreover
G, = T(a_SGuy 1, G.)

where 375G, is the so called reduced boundary of SG, in 2 xR and G, is the
unit tangent n-vector to 0~ SG,, oriented in such a way that

G AN, 075G =e1AN...Nep A&,

n(-, 0~ SG,) being the inward normal to O~ SG, and ¢ being the unit vector in
the target R.
(v) The inward normal to 8~ SG,, at (z,u(x)) is given by
d(Du, —L™)

n((z, u(x)),0” SG,) = a(Dw, L]

(x);
in particular for © € Jy,

n((z, 8),0” SGy) = (v4,(x),0)
for all s with u_(x) < s < u(x).

(vi) The total variation of G, or mass of G, can be computed by testing G, on forms
with coefficients which are constant in t

M(G) = sup{Guw) | w =Y wi@)dzi A dt +wo(@)de, > w? < 1}

i—1 i=0
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or, in other words,

| Gull = [[{Du, =L |-

In dealing with variational problems for vector valued maps we introduced in [14]
[13] [16] the so called class of Cartesian currents which may be regarded as a class
of generalized graphs with almost everywhere tangent plane and without “interior”
boundaries. In the special case of maps from f2 into R we have

Definition 1 The class of Cartesian currents in {2 X R is given by

cart(2 x R) :={T € D,(2 x R) | T is n-rectifiable, OT L (2 x R) =0
T =[], TLdr > 0,M(T) < o0, || T}, < oo}

where

| T |I, = sup{T(¢(x, P|y| dx) | ¢ € C(2 x R), |¢] < 1}.

In [14] {13] we proved that to any T' € cart(f2 x R) we can associate a function
ur € BV (£2,R) such that

(e, y) dz) = /ﬂ $(z, ur(@)) dz

1T, = /ﬂ jur| de.

Actually, in the scalar case as we are dealing in this section, we have that cart({2 x R)
agrees with the space of “graphs” of BV -functions in the sense made precise by the
next theorem.

3

Theorem 2 The map
G:u—G,

which associates to each function u the current GG, defined in (2) maps BV (§2,R)
into cart(§2 x R). Moreover G ;. BV ({2, R) — cart({2 x R) is onto and injective. More
precisely, for every T € cart({2 x R) we have T = G, ur being the function in
BV (52, R) defined in (5).

Proof Given u € BV({2), the rectifiability of G, follows from Theorem 1 (i) (iv).
The computation in (4) yields

Gu@e. ) dn) = [ @ u@)da,
I7)
thus Gy Ldz > 0, Gy = [ 2] and [Gu 1, = [, |u|dz, ie., Gy € cart(f2 x R).

Let u,v € BV(§2,R) and G,, = G,,. Then in particular G,, = G, on forms of the type
@(x,y) dz, hence

/ oz, u)dz =f Pz, v)dx Vo € C° (52 x R).
2 0
This obviously implies u = v.

Finally, let T € cart(£2 x R) and let ur € BV (§2,R) be the function in (5). For
any w € D2 x SN, w = ¢(z, y) dx, we have
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Gur@) = [ dtaur) do = T

Next proposition states then that G, = T. This shows that G maps BV ({2,R) onto
cart(§2 x R) and concludes the proof. O

Proposition 1 Let T be a boundaryless n -dimensional current in £ x R with finite
mass. If T(w) = 0 Vw € D02 x S§Y), then T = 0.

Proof Clearly, it suffices to show that T(w) = 0 for any w of the type

w(m,y):w(x,y)dl;i/\dy p eCFP2xR)yi=1,...,n.

Set ’
Pz, y) = / plx, 5)ds

£ = ¢z, y) dz’.
As ¢ is bounded and supported in £2 xR for some 2CC 2, € belongs to B2~ (2 xR).
We have
dyt =(-1)""lw
thus
dé =d &+ (—1)"w.

T being of finite mass, we therefore conclude
T(w) = (~1)* 7" [T(d€) — T(dE)] = (1) T(ds€) = 0,

i.e. the claim follows, since d & € D™(£2 x R). O

Remark 1 The previous two results show that G, is completely identified by the
function v € BV (§2,R) and that every T € cart({2 x R) is completely identified by
the function ug € BV (§2,R) associated to T by (5). In the next section we shall see
that this is not anymore true if we replace R by S!.

We conclude this section by stating a structure theorem for Cartesian currents in
cart(§2 x R), which is a simple consequence of Theorem 1.

Let T' € cart({2 x R). We know that T = G,, for some v € BV(£2,R) and that
T =7(M,1,T) for some n-rectifiable set M. Denote by M., the set of points z € M
at which the tangent plane Tan, M is not vertical or equivalently the projection map
7 restricted to Tan, M has maximal rank. Then by Theorem 1 (i1)

dral| T
Jy={z] %(m) > 0}.
T@ =T M,
T :=TL(J, xR)
TO =T L (M\ (M, UJ, xR)).

Obviously T decomposes as

We then set

T = T 4 7@ 4 7O
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and the three measures | T@ [, | T || and || T'© || are mutually singular.
On n-forms of the type ¢(x,t)dz we have

TPz, t) dv) = / Pz, u(z)) dz
2
T((z, ) dx) = Tz, 1) dz) = 0,
while we have

Proposition 2 For any n-form w = ¢(z, t)cigzr\i Adt,i=1,...,n, we have

TOw) = (-1)** /g &z, w(@) (Dyw)(z) dz
u(T)

T(w) = (—1)”“i/( / Pz, 8) ds) vy dH e g,

u_{x)

TOW) = (=*~* / Pz, us(z)) (Diu) .

3. The class cart(42 x S1)

The class of Cartesian currents in £2 x S! has been introduced in [14], compare also
[13] [16] as follows. We consider the class

cart(§2 x R?) := {T € D,(2 x R*) | T is n-rectifiable, 0T L (2 x R?) = 0,
T =021, Todr >0, T, < oo, M(T) < oc}.
Then we set
Definition 1 cart(£2 x S§') := {T € cart(f2 x R?) | sptTCf2 x S'}
From [14], compare also [13] we know

Theorem 1 Let T € cart(§2 x 8Y),T = (M, 0, T), and let M, denote the set of
points z in M at which the tangent plane Tan, M does not contain vertical vectors,
or, in other words, the Jacobian of the projection map « restricted to Tan, M has
maximal rank. Then we have

(i) There exists a map up € BV (£2,R?) with |ur| = 1 a.e. in 2 such that
M TEwnd= [ seure)d e CE@xSh
2

(ii) HMQ\TMD) =0,0(z) = 1 H* L M, a.e., and H* L M,-a.e.
M, ={{z,y) | ¢ € M(M4),y = ur(x)}.

(iii) T M, is the current with component Ty, given by (1} and first component given
by
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T3 L M (p(z, ) = (—1)" / oz, ur(z)) (D) dr,
2

(Diu,%'w)(a) denoting the absolutely continuous part of D,-u?f with respect to
Lebesgue measure.
(iv) TL M, =T ifand only if
(| T =0.

where 11° denotes the singular part of the measure 1.
u g p 4

The examples in the introduction show that in general T'L (M \ M.,) is non zero and
cannot be recovered from 7T L. M., i.e., from up; in other words, it is impossible to
describe concentrations of limits of sequences of smooth functions with values in S!
in terms of the BV -limits in R?.
In order to understand the structure of the elements of cart(§2 x S') we shall use
the covering map
i PxR—0NxS8

and the lift operator .

Proposition 1 We have
(i) The lift iy maps cart(2 x R) into cart(£2 x S).
(ii) If T € cart(§2 x SY) is such thar T = iy G, for some u € BV(§2,R) then

(2) ur = (cosu, sinu),
and
3) M(T) = M(G ).

(iii) If T, T’ € cart(£2 x R) and 4T = ixT"', then
TI = Tk#T
for some k € Z, where Ty, denotes the translation map (x,t) — (x,t + 2km).

Proof Let T € cart(§2 x R). Since T has finite mass, it acts on all forms w with
bounded and continuous coefficients in {2 X R, in particular on forms in Bj, (2 x R).
Thus T € D2 x SN, Since 7 04 = 7, we deduce wyiy] = mT = [ 2] and
t4T L dz > 0. Finally from || A,(3) ]| = 1 we deduce

M(isT) < M(T);
on the other hand, taking into account Theorem 1 (iii) of Sect.2, we have
n — n
M(T) = sup{T(w) | w = wo(z)dz + Z wi(z)dzt A dt, Z Ww2<1} <
i=l i=0

n T
< sup{T(w) | w = wo(z, t)dz + Zwi(a:, tHdzxt A dt, Z w? <1,
i=1 i=0

w € By (2 x R)} = M(@@T),
hence M(T") = M(i4T). This proves (i) and (ii), as (2) is trivial.
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Let us finally prove (iii). Denote by u7 and u4s the BV -functions associated to T'
and 7" in such a way that T' = G, and T’ = G,,_,. Since 34T = i4T", then T and T"
agrees on all forms with coefficients which are independent of ¢, thus Dur = Duyr,
i.e., ur —uqr = ¢ € R. On the other hand (cos ur, sin uz) = (cos ur+, sinupr) for a.e.
x, hence ¢ = 2kn for some & € Z. O

Remark I We notice that in fact the proof of Proposition 1 (iii) yields also
(i) If T, T’ € cart(§2 x R) and Uiy T = Ugy T, then

T, = Tk#T
for some k € Z.

We now ask whether the lift iy is onto, equivalently whether every 7 €
cart(£2 x ') can be written as 4G, for some u in BV ({2, R), and whether each
T € cart(f2 x S") is the “boundary” of an (n + 1)-dimensional current in §2 x S'. The
two questions are closely related and, as we shall see, actually equivalent.

Let us start from the second question which needs to be made more precise,
in fact even for smooth maps u from {2 into S', G, is never the boundary of an
(n+ 1)-dimensional current. In this context it is convenient to replace “subgraphs” by
“relative subgraphs”. Thus we fix for instance the constant map uo which maps every
point in £ to the point (1,0) € S'CR? or # = 0, # being the angular variable in S,
and we ask whether for every T' € cart(£2 x S!) there exists an (n + 1)-dimensional
current X in 2 X S! such that

) T — Gy = (~1)" 5.

Again the answer to this question is negative as the following simple example shows

Example 1 Consider the smooth map
w: 8 — 8 u(f) := 6

or equivalently
v : SICR? — S'cR?, u(x) == z

E
Similarly we could consider u(x) := I_%T from the anulus Br \ B,CR?, 0 < r < R,

into S'. Clearly the graphs of u and ug do not bound any region in S' x S'. Notice
that G, is a Cartesian current in (B; \ {0}) x ! but not in By x S!. In B, x 8, G,,
has non-zero boundary.

There is a homological obstruction to (4). Of course for any exact form a = dg3,
B € D*2(§2), we have

Tan@)=0T(BAG)=0 as
aANO=dAO=d(FAO).
However, if (4) holds, we must also have
T(a(x) A O) = (T — Gy Ndz) A ©) = (—1)" X (a(x) A ©) = 0,

ie.,
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6)) T(a(x)NE)=0

for all closed (n — 1)-forms « in £2, da = 0. Clearly (5) does not hold for the current
(,, in Example 1 above, but it is the only obstruction to (4). In fact we have

Theorem 2 Let T € cart(£2 x S"). Then

(6) T~ Gy =(-1)" 0%

for some X € Dy (2 x 8Y) if and only if

(7 T(a(@x)AO)=0  Va € D" () with da = 0.

Proof 1t suffices to show that, assuming (7), we can construct X' so that (6) holds.
Let w € D™*1(£2 x S'). Using Proposition 1 of Sect. 1 we decompose w uniquely
as

w=wAO+dgn
where @ € D"(§2), n € D2 x 8! and n(z,0) = 0. As @ = f(x)dz, f(z) €
C(§2), we can find, compare e.g. Theorem 2 of [6] a smooth vector field b =
(Bi1,...,53,) such that

®) { be CHNCOUD), b=0on oS
divb= f — fo in 2

where fr, denotes the mean value of f in §2. Setting

8= (-1 fuz) dat
i=1
we then find
w=fodr+dj3 in £2,

and we define X € D**1(£2 x S) by

©) Sw) =T+ (D"BA O + foz'dal AO).

We claim that X' is well defined, i.e., it does not depend on the solution b of (8).
Suppose in fact that @ = fodz +~df3, B € CY(2)N CO{2), B =0 on 812 be another
decomposition of @. Then d(8—-3)=0, 83— 3 =0 on 842 and we can find a sequence
{B,} of forms in D™~(£2) such that dB;, = 0 and S converge unifomly to 3 — 3 in
{2. From

0=TBNO) —TUB-P)NO)

we then deduce T(8 A O) = T(3 A O).

In order to prove (6) it suffices now, by Proposition 2 of Sect. 1, to show that
T — Gy, and (—1)"9X agree on D™%(£2 x S') and on forms of the type a A O,
o€ DY)

Let w € D002 x S'). We have w = ¢(z,0)dz, dow = 0 and dw = dgw = dygn
with n(z,8) = w — w(z,0). Since n(x,0)=0
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Fdw)=Tm) =T(Ww — w(@,0) =T(W) - / ¢(z,0)dx =
= (T ~ Gup)w). ’
Let o € D"~1(£2). We have d(a A ©) = da A ©. Therefore the definition of X yields
W dan@))=T((-)"aAO)=(-1)"T(a AO)=(-1)"(T - Gy )a N O)
as Gy,(a A @) =0 since ug is a constant map. Therefore

(~)" 08 =T — Gy,

Theorem 3 Let T € cart(§2 x S') be such that T(a A ©) = 0 for all o € D*~(2)
with do = 0. Then there exists u € BV ({2, R) such that

wGy =T,
and in particular
M(G,) = M(T).
Proof Consider the current X' defined in (4.7) for which
T—Gy=(-1)"0X.

From [19, 26.28] there exists a function g : §2 x S 4R, § € BViee(£2 x S') such
that for any smooth function f : £2 x S — R with compact support the following
holds

2(F(z,0)dz A ©) = f Fz,0)§(z, ) dH™ =

(10) Nxs! .
- / do [ f@,0)3, b)dt

2 0

where in the last term we have set
f(z,t) := f(z,(cost,sint)), 3z, t) i= §(z, (cost, sint)).
Moreover again from [19, 26.28]
|Dg| = 8%
Thus 8 being rectifiable, 0% = 7(8S, 4, 8), we infer that
|Dg|=0H"LS
where 0 is an integer valued function. From this we deduce that
§(x,t) =ro+g(x,1)

where 7 is a real number and g is an integer valued BV function. Clearly f and ¢
are 27r-periodic in ¢, and g € BV(£2 x (0, 27)).
Consider the function u(zx) € BVj,({2,R) defined by
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27
u(x) :=/0 g(zx,8)ds

and the (n + 1)-dimensional current S, given by

u(x)

plz,t) — Syu(p(x,t)dx A dt) :=/ dx / (x,t) dt.
n

We have, compare the computations in the beginning of Sect. 2
an Gy — Gy =(=1)" 35y,
and we claim that
(12) iwSu+ro[2x 8 ]=2.
From (11) and (12), as i4Go = G, we conclude
19Gy = 14Go +(—1)"i308, = Gy + (=1)"0Z =T}

in particular M(G,,) = M(T). Therefore the total variation of u in §2 is finite and,
consequently, by Poincaré type inequality (compare e.g. [19, 6.4]) u € BV (£, R).
To prove (12) we observe that for any smooth function f(z, 8) with compact support
by Theorem 1 we have

/ﬂ [, ur(@) — Fa, 0de = (T — Guy)(F(e, 6) da) =

13 . . ~ ‘
) (D" 0X(f(z,0)dx) = E(fgdx A dB) = / fo(z,0)5(z, @) dx db.

2x8!

We then denote by £(z) the point in [0,27) such that (cos #(z), sin #(z)) = ur(x) and
rewrite (13) as

2%

[ 1t ton - f@,01d5= [ do [ fia g0,y
N n 0
or
2 )
[ do [ 1966 = xoen®1 Stz e =0
o’ 0
From the last equality we deduce that
27
/ dz / [9(z, ) — Xp0,en ()] p(z, 1) dE =0
n 0
for all ¢ of class C*° with compact support in z, 27-periodic in ¢ and such that
2w
/ lx,t)dt =0 Yz,
0

and, consequently that for almost every z in {2
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g(z, 1) = () + X[0,22)1(t),

in particular c(z) is integer valued.
Integrating the last equality with respect to ¢ in [0, 27] we then get

2
ulx) = / gla, t)dt = 2w e(x) + 4(x)
0

and finally
2 27
/ dz flz, D) glz, t)dt = / dz / F(z,t) (e(z) + Xpo0,ezn (D) dt =
Q 0 n 0
2T £(x)
=/ {c(m) flz, t)dt + flz, t) dt} dz =
n 0 0

u(x) '
= / dz f(x, t)dt = Sy(ig(f dz: A ©))
2 0

taking into account the periodicity of f in ¢. O
Summarizing Theorems 2 and 3 we have

Theorem 4 Let T € cart(§2 x S?). Then the following three claims are equivalent
(i) T(aAO)=0Voec D" (2)withda=0

(ii) T — Gy, =(—1)"0X for some X € Dy, 1 (2 x ')

(iii) T = 134G, for some u € BV ({2, R).

Suppose now that {2 is simply connected. Then we know that the first De Rham
cohomology group is zero, HL z(£2; R) = 0. By duality then the (n — 1)-cohomology
group with compact support is zero, H?~'(§2; R) = 0; therefore any closed (n — 1)-
form « is a differential. Thus for o with do = 0, there is 8 € D*~2({2) such that
a = df, and as we have seen

TaANO)Y=TABEAE)=0T(BNO)=0.
Hence we conclude at once

Corollary 1 Let 12 be simply connected. Then for any T € cart(§2 x S') there exist
an (n + D-current £ € D, (82 x SY) and a function u € BV (2, R) such that

T—Gy=(-D"3Y and T =i4Gy.
We are now ready to discuss the structure of the currents T in cart(f2 x S'). As our
discussion is of local nature we may assume that
(14) , T=isG,
for some u € BV (£, R). We also know that
T =1(M,3,T),

the zero component of 7" agrees with the zero component of T'L M., i.e., T acts on
forms of the type ¢(z,y) dz, ¢(z,y) € C2(£2 x S, as
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T(¢(z,y)dx) = /n oz, ur(z))dz

where ur € BV(£2,R?), |ur| = 1, is the function associated to T and defining M.,
and finally that
ur = (cos u, sinu).

Thus we only need to find out how T acts on forms of the type ¢(z, y)d/a;i A dy?,
Mz, y) € CX (2 xR?),i=1,...,n, j = 1,2. In order to do that we introduce the set
of points of jumps and concentrations of T defined as

Je(T):={z e 2| %r%’gl—u(az) > 0}.

We also define
MY = (MA MONJT(T) x SYH

MD = M\ (M, UMY

and
T =T M,

TV =T MO
T =T L MO
Trivially M is the disjoint union of M., MY and M©
M =M, umMYIYy MO

and
T'=T@ 47U 4 7O,

From e.g. [13] [14], compare Theorem 1, we know how T*® acts on all forms, and
that 7U and T*©) are completely vertical, i.e.,

TYw) = Tw) =0
on horizontal forms, that is on forms of the type w = ¢(z, y) dx.
Theorem 5 (Structure theorem, part I) Let T' € cart(2 x SY). Then locally (12)
holds and we have
(15) J«Ty = J,.
In particular Jc(T') is countably (n — 1)-rectifiable in 2 and, still locally,
T@ =4 G

also the three measures | T ||, | TV || and | T || are mutually singular.

Moreover for any form of the type ¢(x,y)dx® A dy’, ¢(z,y) € C(2 x R?) we
have ’

T@ (¢, y)dat A dy?) = (—1)~ / &, ur(@)) D)@ dz
(17) N @ _
TO(Y(w, y)dzt Ady’) = (1)~ / oz, ur(z)) d(Du) @
2
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In particular the density 9 is equal to 1 on M, and M'® respectively H"-a.e. and
[(Dur)©|-a.e.

Proof First we observe that 7@ = i3 G®) as T = 44 G,. From (3) of Proposition 1

(i) we then deduce I Gl
dW# T dﬂ'# u
a1 = g @

from which (15) and therefore the first part of the claim follows at once.

The second part follows easily applying the chain rule for the derivatives of the
composite function uz = (cos u, sin u), compare [20] [21], see also [2], which states
that in the sense of measures

Dur = (—sinwu, cosu) Du on 2\ J,,.
In fact, for instance for w := ¢(z, y)d/x\i A dy?, we have

TO(W) = GG w) = (—1)n / é(x, cos u(x), sinu(z)) cos u(x) (D;u) @ =
i

= (- /Q Bz, ur(x)) (Dsud) .
O

The previous theorem says that both the absolutely continuous part and the Cantor
part of the Cartesian current 7" are still identified, as in the scalar case, by the function
ur. But in general this does not hold for the jump-concentration part 7/,

Let us compute T on the n-form w := ¢(zx, y!, yz)c?:;i/\dyz. Using Proposition 2
of Sect.2 we find

TV w) = iy Gy L (Ju X R)(w) =
u+(T)
=(-1)" ¢ / ( / ¢(x,cos s,sin 8) cos s ds) Vi (@)dH" 1L J,.
u—(x)

For every z denote by p.(z) and k(x) respectively the real number and the non
negative integer such that

u(x) = po(x) + 2k(z)T, 0 < pux) —u_(z) < 2m;

also denote by vy, _ (z),u.(z) the oriented arc of .S ! which connects the points i(u_(zx))
and i(p,(z)). Then we can write, taking into account the periodicity of ¢,

u4(z)

P(x,cos s,8ins) cossds =

u_{(z)
Pe(@) wy(z)
= / d(x,cos s,sin s) cos sds + / H(x,co8 s,sins) cossds =
u_(x) p+(x)

= / ¢z, y',y") dy* + k(z) / o@, y', ¥ )y
s1

Yu_ (), us(z)
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Therefore we can conclude

T<~’°)(w)=(—1)"*i/( / ¢z, y) dyZ) vy @) dH T T

Yu_(z),us(z)

sy f k(a:)( [o@w dyz) vy @ AR

sl

(18)

Consider now the (n — 1)-dimensional current in {2
[+ ] [+
LY = 5= m(TO L O).
For w := qb(x)cl/a;i we find
LY9w) = T(J”’( AO)= — z#G(J)(w A@) = Gﬁ{)(qs(x)cfii Adt) =
2T
(19) = / H@) (@) — u_ (@) dH L,

where J,, is the tangent (n — 1)-vector to J,, oriented in such a way that (19) holds.
As the component J;, ¢ being the multiindex which complements ¢, is given in terms
of the normal v, by

Ja=CD""vy,

we finally get

L9 (ptay davy = = ) / @)W (T) — u_ (B vy dH LT, =
(20) =(-1"" / dx) k(@) v, dHY VL T+
LT / @) Da () — u_(@)) vy AH L T,

Let us denote by £ the subset of the countably rectifiable set J, on which k(z) > 1
with orientation £ given by the orientation of J, chosen in such a way that (17)
holds, and let us define

LY = 7(L, k(z), L)

21 ;
@y LY = 7Ly po(@) — (@), o)

Taking into account that L(TJC) has finite mass, we can collected our information on
L(TJC) as

Proposition 2 The (n — 1)-dimensional current L(Z,{C) in §2 is locally the current
integration over the rectifiable set J,, with real density u,(z) —u_(x). It can be splited
as the sum of the integer rectifiable current L(qg ) and the current L(%) integration over

Jy but with real density p, — u(z).

From (18) and Proposition 2 we now readily deduce
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Theorem 6 (Structure theorem, part II) The jump-concentration part of a current
T € cart(f2 x S') splits into the sum

(22) TV = 7© 4 T
where TCY takes into account the concentration part and is given by

where LS is the rectifiable (n— 1)-dimensional current defined in (21), and T takes
into account the jump part and is defined by

O pde Ady) =0 [$ [ sy | @,

Tu__(x),u+(x)

Remark 2 In conclusion we see that every T € cart(f2 x S!) has the same struc-
ture of the elements in cart(£2 X R), i.e. of functions in BV (£2,R), apart from the
concentration term L(qg > x §'. However there is an important difference. The jump-
concentration term 7/ cannot be written in terms of the BV -function ur associated
to T and the decomposition (22) is well defined only in terms of u; moreover one
cannot separate the sets of integrations of 7 and 71,

Remark 3 We point out the similarity, and actually the formal equivalence, between
the structure theorem in cart(£2 x S!) and in cart?!(2 x §2) which is the space of the
limits of sequences of graphs of smooth maps with equibounded Dirichlet’s energies,
compare [15] [14] [16].

Remark 4 We observe that, in the case that the function up associated to T €
cart(£2 x S is in WH1(£2,R?), it is not difficult to deduce that 7" must have the
form T = G, + L x S', in fact in this case no jump can occur, but only boundaries
of Gy, to be compensated by 8L x [ S’ ]. Consequently, every T’ € cart({2 x S')
with ur = |—§| must have the form

T=G%+Lx[[sl]]

where L is a 1-dimensional rectifiable current in £2 with 8L B =6y x S'.

‘We conclude this section by proving that, not only limits of smooth functions from
2 into S' with bounded variations give rise to Cartesian currents in cart({2 x S'), but
also that every T € cart(£2 x S') is the limit of such a sequence. This way we fully
answer the initial question of identifying limits of smooth maps with equibounded
total variations.

Theorem 7 (Approximation theorem) Let T' € cart(£2 x S'). Then there exists a
sequence of smooth maps vy, € C*®(£2, S1) such that

G, — T

Y

weakly in the sense of currents in £2 x S' and
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M(G.,) — M(T)

Proof Using Whitney’s covering argument, we can write {2 as the union of dyadic
cubes QQ(z;,r;) in such a way that the doubles Q(x;,2r;) are still inside {2, do not
overlap more than ¢;(n) times, and for which the radii r; are approximately equal to
the distance of Q(z;,r;) from 042, ie.,

dist (Q(x;,7;), 042)

J

o(n) < < ez(n).

For each j we choose a simply connected domain f2; with smooth boundary in such
a way that Q(x;, %Tj)CC.QjCQ(x]‘,ZTj) (for instance we can take as §2; the cube
Q(z;,2r;) with rounded edges), and we note that there is v = (n) such that

diam (Q(x, %7’]‘) > ~dist(x, 052) vz € Qz;, %rj).

Applying Corollary 1 and Theorem 1 we then find for each j a function u; €
BV (£2;,R) such that

’ iy Gu; =TL (02 x S")
@) M(G.,) = M(T'L (£2; x S1)).

Fori=1,2,... and z € Q(z;, %rj) set
24) Uj,e(T) 1= Uj * Pe(a) g(x) == %dist (z,00)
where ¢ is a standard mollifier. From [3], [22], we then deduce for £ — co
) 3
(25) GUj,e _— Guj m Q(CL‘J, 57"]') X R,
and also we can find p; € (%rj, %rj) so that
(26) M(Guj,é L Qj X R) — M(Guj L Qj X R)
where we have set Q; = Q(z;, p;). Moreover, if Q; M Q¢ is non empty we have
(ip Gy — s Gy )L (@5 N Qx) X 1) =0.

Thus, by Proposition 1 (iii), we deduce that «; — uy, is an integer muitiple of 27, and
consequently also uj ¢ — ug¢ is an integer multiple of 2.
From the above we conclude that the maps from {2 into S! given by

vy = (o8 uj ¢(z), Sin U,j’g(fl?)') for x € Q;
are well defined and smooth for all £. Also from (24) and (25)
GupL Q; x 8" =iy(Guy L Q; X R) = iy (G LQ; x R)=TLQ; x S!
and from (26) and (23)
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M(G,, L Qj x SH = M(Gy; L Q5 X R) = M(Gy; L Qj x R) = M(T'L Q; x S").

The proof of the theorem is then easily completed by observing that the covering
{Q;}, Q; = Q(z;, p;), is locally finite. O

4, Relaxed energies

Let us begin by considering the area functional for maps u from a bounded domain

2 of R™ into S!
Alu, 2) = / v/ 1+ |Dul? dz.
2

In the same spirit of Lebesgue’s area for continuous functions, the relaxed area of
graphs in {2 x S' is given for T € D,(2 x S') by

) AT, ) := inf{l}grgicgf/ A/ 14 |Dugl? de | u, € CI(Q,S‘),Guk — T}
o)

An immediate consequence of the approximation theorem in Sect. 3 is that

M(T) if T € cart(£2 x S1)
+00 otherwise

2) AT, 2) = {

Taking into account the structure theorem for Cartesian currents in 2 x S', we can
also write for T € cart(f2 x S')

(3) AT, ) = /\/1 + |(Du) @2 dz + / |(Du) | + /dll TV .
i 0 0

In particular we see that A(T, {2) is a local functional.
Similarly we may consider the relaxed area of the *“graphs” of L!-functions
u : 2 — S, defined by

4) A(u, ) := inf{l;cminf/ 1+ |DuglPde | up € C'(02,5"),up — u in L‘}.
—_— X0 Q

However, it turns out that in this case A is not local, i.e. A(u,-) is not a measure in

12,

Proposition 1 The following facts are equivalent

(i) ue€ BV(2,RY), [u(z)| =1 ae in 2

(ii) A(u,2) < oo

(iii) There exists T € cart(£2 x S') such that ur = u in §2.

Proof Suppose that (iii) holds. From the approximation theorem there is a sequence
{ur}CCY(£2, S such that

Gy — T, MGy,)—>MD).

Therefore v, — u strongly in L', and the semicontinuity of the mass yields
gly y y
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AT, 2) < lim inf M(Gu,) = M(D).

On the contrary, if {uyx}CC'(#2,8Y), ux — u in L!, is such that A(u,§2) =
l'km infM(G, ), then G, converge weakly to some T' € cart({2 x S1) and

M(T) < lim inf M(G,) = A(w).

This proves that (ii) is equivalent to (iii).
From Theorem 1 of Sect.3 it follows that (iii) implies (i). Therefore it remains to
show that (i) implies (iii).
Let u € BV(2,R?), Ju| = 1. For 8 € (0, §) we set
Ey = {z | v*(z) > sin §}
E; = {x | u!(z) < —cos 8}
E; :={z | v’(z) < —sin B}
E4 = {z | u'(z) > cos 3}.

For almost every 8 € (0, 7) we have

/ Dul=0 i=1,2,3,4
oF;

Therefore, defining forone sucha 8@ : 2 >R as
for z € F, cosi(z) == u'(z), 8 < z) <7 — 8
for z € Fhsinfuz) == uv2@),r— <) <n+0
for z € Fycosti(z) :=ul(x),m+ 8 < t(x) <2x - 8
for ¢ € Eysintz) == (), 27 — B < i(z) < 2m+ 3

we deduce that @ belongs to BV({2,R), 8 < 4(x) < § + 27. To conclude the proof
it suffices now to take as T the Cartesian current 3G,

From Proposition 1, (2) and (3) we deduce
Proposition 2 A(u) is finite if and only if u € BV (§2,R?), |u| = 1. Moreover, for
u € BV(£2,R?), Ju| = 1, we have

A(u, 2) = inf{M(T) | T € cart(2 x §),up = u} =

=/ \/ 1+ |(Du)@|? dz + / (D) )+
2 $2
. +inf{ / d|TY?| | T € cart(£2 x S")such that ur = u}

From Remark 1 Sect. 3 and the structure theorem we also deduce

Proposition 3 Let T, T’ € cart(2 x S!). We have ur = uy if and only if there exists
an integer rectifiable (n — 1)-dimensional current L in {2 such that
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T-T'=Lx[S"].

Combining Propositions 1 and 2 we finally find the following representation formula
for the relaxed area with respect to the L!-convergence.

Theorem 1 Let u € BV(£2,R?), |u| = 1. Then

A(U, .Q) =/ 1+ I(Du)(a)IZ d-’E+/|(Du)(0)|+
2 2

®) + 2 inf{M(LY9 + L) | L integer rectifiable with 8L L §2 = 0}

where T is any current in cart(§2 x SV) such that ur = .

Note that L(TJC) is the current integration on J,, but with in general a real density.
Of course, if it happens to exist a T € cart(f2 x S'), uz = u, such that L(TJC) is an
integer rectifiable current, then we have (compare [15] for the case of maps into S?)

Ay, 2) =M(T'@) + M(T )+
(6) + 27 inf{M(L) [ L x [ §'] = —8(T + TN},

In the special case of the function v : 2CR? — S', u(x) = r7, we deduce from
Remark 4 Sect. 3 that

A(L,BR)=/ 1+ID—£—|2 dz +27R
[z| V |z |
Br
A=, Br\ B,) = / J141D-Zpdz r>o0,
|z |z

Bg\Byr

in particular
A2~ By > A(—, B)) + A(—— Bi\B,) 0<r<]l.
|z |z lz|
This shows that .Zl(l—;—l, -) is not subadditive, i.e., .Zt(l—i—l,_ -) is not a measure in {2.

In the same way as previously we can deal with general smooth integrands of the
type f(z,u,p) such that

(i) f(x,u,p) is convex with respect to p

(i) |p| £ fz,u,p) < co(l +|p))
(iii) the so-called recession function

ez, u,p) = lim py f(z,u, ﬁ)
po—0* Po

is well defined.
Setting
Do f(xa Uu, lap/pO) ipr >0

F s POy = .
(@2, 20,2) {f""(m,u,p) if po =0
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we may define for each T € cart(£2 x S') the parametric integral
) A0 = [ Py DT,

As it is standard, see e.g. [7] [12], using a well-known theorem by Reshetnyak [18],
and the approximation theorem of Sect. 3, we infer

Theorem 2 F (T, §2) in (7) is the relaxed functional of [ f(z,u, Du)dz.
2

Of course

(Du)(c)

©)
[ (Du)© |) (D)™ t+

FT,2) = / (@, uz(@), (Dw@) da + / £, ur(@),
o ko4

(8) + / F(z,y, TY) d|| TV ||

We leave to the reader the formulation of analogous results to the ones of this section
in the general case of integrable F(T', £2). We only remark that the last term in (8)
can be written in terms of the functions v € BV ({2, R) for which locally T' =i G,
as

/ Fx,y, TYd| TV || = / k@)dH" 'L L / o, y, L Aeg) dy+
Sl

(9 +/dH"‘1|_Ju / Py, JuNeg)dy
Yu_ (x),us(x)

where £, L, k(x), J.. and ¥, (z),.,(z) have the same meaning as in Sect.3 and €41 is

the 1-vector orienting S'.

5. Variational problems

The results of Sect.4 allow us to readily solve variational problems in a weak sense,
i.e., in suitable subclasses of cart(2 x S"),for integrals of the type F(T', §2) considered
in the end of Sect.4. In fact those integrals, and in particular the area, are lower
semicontinuous with respect to the weak convergence of currents with equibounded
masses and coercive in cart(£2 x S1).

For instance let us consider the Dirichlet problem in {2, which in analogy with the

BV -case consists in the following. Given a bounded domain (2, 2522, for example
a normal e-neighbourhood of {2, and a smooth function wug : 2 — S!, equivalently
To = Gy, € cart(§2 X S, find a minimizer of F(T, {2) in the class

cartr, (2 x §") == {T € cart(2 x §) | (T — Ty)L (2 {2) x ' = 0}.
Then we get '
Theorem 1 There exists a minimizer of F(T, §2) in canTo(f) x S,

Note that, if we assume up|g; to be extended to Q=0 constantly along the normal
to 912, by retracting (2. to §2 and applying the approximation theorem of Sect. 3, we
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can always find a sequence of smooth maps u, : £2 — S!, with u;, = ug on 852 such
that

Guplo +G — T € cartg, (2 x §")

ugl 2\ 2

and

F(Gupya+G, Y—F(T, £2).

0l 2\§2
Maybe more interesting is the fact that we can minimize integrals of the type 7(T, 2),
as for instance the mass, in classes of mappings with prescribed homology or degree
maps.

Suppose that X’ is a compact oriented Riemannian manifold without boundary and
letu : X — S! be a smooth map. It is well known that the map ug which maps any
1-dimensional cycle [ C ] in X into the 1-dimensional cycle ux[[ C ] in S? defines a
map u, between the real (integer) homology groups of degree 1 of X and S!

ue : Hi(X,R) — Hi(S,R) =R,  u.([C)) = [usC]

called the homology or degree map. Assuming C regular, by means of Poincaré duality
which associates to C' a (n — 1)-form so that

/n:/wc/\n vn € DI(X)
c X

we see that

wl[ C ) = [ C Tty = / we Aty = Gulwe A1) ¥y € D).
X

Similarly, for every Cartesian current 7" € cart(X, S!) the matrix of periods
1
27

defines a homology map

TwAO) weD" (X)) dw=0

T. : H(X,R) — H(S',R)

as follows. Consider a 1-dimensional normal cycle § and its regularization S., 0 <
€ < 1. The normal current S, is homologous to S [10, 4.1.18] and can be written as

Se(w) = /wgs ANw

X
where wg, is a smooth closed (n — 1)-form in X' [10, 4.1.12]. Thus 7, is given by
1
2w

Actually T, defines a map between the singular homology groups

T.(ASD(m) := =— T(ws. Am)  Vp € DY(S").

T. « Hi(X,Z) — H\(S",Z) ~Z.

To see this, it suffices to consider an approximating sequence of smooth maps
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Gy — T

and observe that for any cycle S
1 I
E uR(SHO) = Z G”k (ws A ©).

We note in particular that if {7} }Ccart(X x S!) is a sequence which converges to
T € cart(X x S') and all the T}’s have the same homology map T., then also
T, = T. Therefore we get at once

Theorem 2 There is a minimizer of F(T', X) in the class

{T € cart(X x SHY | T =T.}

a

T being a prescribed homology map, and even in the class
{T € cart(X x ") | T\ = 0, (T — To) L(Z x Sy =0}

where Ty is a given current in cart(X x § Y with Ty, = T* and X is a smooth open
domain of X.

6. Minimizers with prescribed singularities

In this last section we deal with the problem of minimizing the total variation of maps
which are constants near infinity, with values in S', and have prescribed homological
singularities, i.e., we deal with the so-called dipole problem, compare [4] [5] [1] [15]
[14] [16] [11], for the case of Dirichlet integral.

Let I3,...,[% be a finite family of (n — 2)-dimensional curves in R™ which
are sir)nple, oriented, closed, smooth, and do not intersect each other. Let u : R™ \
le I';—S' be a smooth map which is constant near infinity. Forz € I3, i =1,...,k,
i=
we consider the 1-dimensional sphere S} _ of radius ¢ around z in the oriented 2-
dimensional orthogonal plane to I'; at z. Of course for ¢ sufficiently small, depending
on the family of the I7, Salr,a does not intersect any I'; for j # i, for x € I'; and for

k
all 7. As u is regular in R™ \ U I, the degree of the ma
g o1 p
sy, Spe S

is a well defined integer and a trivial homotopy argument shows that it does not
depend on the radius ¢, provided ¢ is small, nor on the point x € I'; for each fixed
I;. We call such an integer the degree of w at x &€ I'; with respect to the orientation

Given now k integers dy,...,dy, our problem is to minimize for instance the
integral total variation

(1) Flw) ::/lDu|d:c, 0= R”\_Ll_jll“i
2



Variational problems for maps of bounded variations 117

in the class E of smooth maps u : {2 — S' which are constant, say o, in a neigh-
bourhood of infinity and such that

deg(u,3) =d; fori=1,...,k.

In order to tackle this problem we first observe, compare [14] [16], that the singulari-
ties of a map u € F are in fact described by the integer rectifiable (n —2)-dimensional
current

k
P=) dilL)
i=1
In fact we have
k
Proposition 1 Ler u : R™\ 'L_Jl I; — S' be a smooth map with F(u) < oo. Then
deg(u,I3)=d;, t=1,...,k, if and only if

@ L oriG.LO) =P.
2T

Proof Set
P(u) := L Omu(Gu L O)
27

k
and denote by C, an e-neighbourhood of I' = _UI I;, 8C, smooth, £ small. Since u
=

is regular on 9C, we have
Gy (Ce x §1) = 8G, L (Ce x SN+ Gyjac, in R™ x S'.
Thus

~ 1 1
3) P(w) = —— Omy (G L (Ce x SNL O = 5— 74 (Gujac, L O).

Since m4(Gujoc, L ©) is an (n ~ 2)-dimensional normal current and the mass of

malGy L (Cs x SV))L O] tends to zero as € — 0, we infer from (3) that 13(u) is a
locally fiat chain, see [10] for the definition. The constancy theorem, see [10, 4.1.31],
then yields

k
Pwy=> rlL]
i=1
where r; are in principle real numbers. We shail now show that in fact r; = d;, and
this will complete the proof of our claim.

Consider an (n — 2)-form w on I'; and extend it constantly in the normal direction
to I'; in a small cylinder C’E0 := I'; x B, and with compact support in Cy¢, := I'; X By,
in such a way that I; x By, does not intersect I; for j # i. For each x € I we
obviously have

1
E— uyll Sz,e e = di
™

hence for ¢ < g,
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~ 1
1) = P)) =~ Gujac, (0 A ©) + 5- (G L G x §)dw A 6) =
1 /w(m) / u*(O) + S (G LC: x SYdw A ©) =
27 27
r Sz,

=munmw+%#cuxzxymwA@;

As the second term in the last expression tends to zero as € — 0, we deduce that
r; = d;, and also that (G, L C. x SY)(dw A ©) =0. O

On account of Proposition 1 our problem can be now formulated as the problem of
minimizing F(u) in the class

k
Ep:={uecC'R™\ .Ul I;S"y |Gy = Gy, in a neighbourhood of infinity,
i=

i 071'#(6'“ L 9) =P
2T

Theorem 1 We have
ing / |Du| dz = 2 min{M(L) | L integer rectifiable (n — 1)-current in R™
u€
0

with 8L = P} = 2 M(Ly),

where Ly is the integer rectifiable (n — 1)-current in R™ of least area spanning P.

Proof First we note that Ly exists, compare [10].
Let us prove that for all v € F, equivalently u € Ep,

/IDu| dx > 27 M(Ly).
2

As in [1] this follows by a simple use of the coarea formula. In fact we have
/]Du|da:=/Jl(u)da:=/M(u_1(y))=
22 Rn Sl
=/W<wﬂw»2/MMh%Mmm
st st

since for the slice of the current R™ by the map u, or equivalently for the current
T(w™!,1,£), £ being the natural induced orientation on u~'(y), we have

O <R u,y>=P.

To prove the opposite inequality we consider the current T € cartjo.(£2 x S') defined
as

“) T = Gy + Lo x S".
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Denoting still by 7 the relaxed of the integral (1) to Cartesian currents, compare
Sect. 4, we have

F(T) =27 M(Ly).
From the approximation theorem of Sect. 3, compare also the observation following
Theorem 1 of Sect.5, we now deduce the existence of a sequence of smooth maps
uy € C1(£2,81), up = ug near infinity such that
Gy, =T inDy(2x 8"
(5 M, 51(Gu ) =M 1 (T) YUCCR™
F(Gy,) — F(T)
To conclude the proof it suffices to show that
(6) Gy, =T  inDR" xS
In this case in fact we also have
0G,, — 0oT,
ie.,
o k
Om4(Guy L 5) = Lo =) _di 1 T3 1,
i=1
and, since
o k
Omy(Go, L E) = ;H [:0, meZ,

we conclude that for k large
1
g aﬂ'#(Guk L 9) =P.

Let us prove now that the first two claims in (5) imply (6). This is an immediate
consequence of the following result concerning general vector valued measures.
Suppose that

M — U
in some open set 2CR", for simplicity with smooth boundary 042, and that for the
total variation we have

|1k |(£2) — (8.

Thus regarding the measures yy, and i as measures in R™ we have
(7 pe — g mR™

For the reader’s convenience we give a brief stretch of the proof of (7). Consider the
set {2, of points x in {2 with dist (z, 02) < . We may assume that |p)(812,) =0 for
a.e. £. Then it easily follows that

le| (2\ £2:) — |p) (2 £20).
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Choose then functions x. which are identically 1 in (2., with compact support in {2,
and converging to the characteristic function xp; of §2. As spt(xn — x2.)C2\ f2,
we then see that

(e — ) x2 — x)f)

is uniformly small with respect to k for ¢ sufficiently small and |f| < 1. This yields
easily (7). O

Note that we have also proved

Corollary 1 The current T = G+ Lo x S' € cartioc(2 x S') is a minimizer of F(T)
in the class of Cartesian currents in cartip.(£2 x S') such that T = Gy, inU x sLU
being a neighbourhood of infinity in R™, and

L Omy(TLO)=P.
2

We also remark that Corollary 1 implies also the known fact that the set E is not
empty, i.e., given any finite family of (n—2)-dimensional curves I3 inR”, ¢ = 1,...,k,
as previously, and any set of integers d;,¢ = 1,...,k, then there exists a function

k

u € CYR™\ _Ul I, SY), u constant near infinity such that deg (u, I';) = d;, for any
i=

i=1,...,k
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