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Abstract. We study the optimal design problem of finding the minimal energy con-
figuration for a mixture of two conducting materials when a perimeter penalization
of the unknown domain is added. We show that in this situation an optimal domain
exists and that, under suitable assumptions on the data, it is an open set.
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1. Introduction

The problem of finding the minimal energy configurations of a mixture of two con-
ducting materials has been widely studied in the literature (see for instance Kohn and
Strang [13] and Murat and Tartar [15]). Denoting by « and  the conductivities of
the two materials, and by 2 the prescribed container, the problem consists in finding
a domain A C 2 of prescribed volume minimizing the quantity

(1.1) - / f(@ua(z)dz
¢’
where f(z) denotes the source density, and w4 is the solution of the problem
(1.2) —div ((C!lA+ﬁ1_Q\A)DU) =f in 2
u=0 on 9f2.

Since for every solution u of (1.2) we have
/ (alA + ﬁlg\A)[Dulz dr = / fuda:
73 7}
the problem can be reformulated by the minimization of E(u, A), where
(1.3) E(u,A):/ (ala+Blo\a)|Duf* - 2fudsz,
7]
u varies in H{} (£2), and A varies in the open subsets of 2.

* This work is part of the project "EURHomogenization”, contract SC1-CT91-0732 of the program
SCIENCE of the Commission of the European Communities.
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It is well known that in general the optimal configuration does not exist if we
only prescribe the volume of the regions occupied by the two materials. On the other
hand, it is easy to show (see the proof of Theorem 2.1} that an upper bound on
the perimeter of surmentioned regions gives an extra compactness property which is
enough to imply the existence of a weak solution for the optimal design problem (1.1)
which merely belongs to the class of sets with finite perimeter in {2.

This paper is concerned with the minimization of functionals of the form

E(u, A) = / a|Dul? + gi(z, u) dz + / ﬁ{Du]2 + go(z,uw)dz + o P(A, £2)
A : M\ A

where ¢ > 0 and P(A, §2) denotes the perimeter of A in {2. Under suitable growth
assumptions on g; and g, we are able to show that the minimization problem

(1.4) min { B(u, 4) : ue H}(%2), AC 2}

has a solution. Moreover, we prove that if (u, A) is a minimizing pair then v is Holder
continuous and A is (equivalent to) an open set.

Our techniques are based on energy estimates, and we follow the methods of De
Giorgi [4], De Giorgi et al. [5], Giaquinta and Giusti [8], and Ladyzhenskaya and
Uraltseva [14]. In particular, we do not make any differentiability assumption on the
functions g; and g; in (1.4).

2. Notation and statement of the results

In all the paper {2 will denote a bounded open subset of R”, and o, 3 two real
numbers with 0 < o < 3. For every subset A of {2 we denote by a 4(x) the function
defined for every = € §2 and z € R™ by

aa() = ala(@) + Bly a()
where for every set E we denoted by 1g the indicator function of

1 ifzeFE

IE(‘”)z{o if 7 ¢ E.

Finally, we denote by H™~! the Hausdorff (n — 1)-dimensional measure in R™.
Given two Borel functions gi, g2 : 2 x R — R we may consider, for every subset
A of {2, the minimization problem

@.n min {/ [aA(w)|Du|2 +ga(w,u)de : ue H(%(.Q)}
2

where we set
ga(z, 8) = 1a(@)g1(z, s) + 1o\ a(@)g2(z, 5).

We assume that g; and g, satisfy the following assumption;
2.2 gi(x, 8) 2 ¥(@) — k|s* i=1,2

where v € L'(£2) and k < a\q, being A, the first eigenvalue of —A on (2.
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It is well known (see for instance Ioffe [11] or Buttazzo [2]) that, if gi(x, s) and
g2z, ) are lower semicontinuous in s, then problem (2.1) admits at least a solution
ua. We denote by F(A) the minimum value of problem (2.1).

The optimal design problem we are interested in is then

(2.3) min {E(A) +oP(A ) : Ae A(Q)}

where o > 0, P(A, £2) denotes the perimeter of A in £2, and LA(S2) is the class of all
subsets of {2 with finite perimeter. For the sake of completeness we recall that the
perimeter P(A, §2) is defined for any Borel set 4 C R™ by

P(A, 2) = sup {/ divgpdr : ¢ € CL({2;R™), |¢| < 1} .
A
Theorem 2.1. The minimum problem (2.3) admits at least a solution.

Proof. Let (Ay) be a minimizing sequence for problem (2.3); then P(Ay, 2) are
bounded, so that, up to extracting subsequences, we may assume (Ay) is strongly
convergent in the L,‘oc sense to some A € A(£2), that is 14, — 14 in L}OC(Q). We
claim that A is a solution of problem (2.3). Let us denote by u;, a solution of problem
(2.1) associated to A,,; then by (2.2) (up,) is bounded in H(}(.Q) and we may assume

it converges weakly to some u € H(£2). Then

E(A) < / [a4(@)| Dul? + ga(z, uw)] da.
2

Recalling the expressions of a4 and g4, and applying the Toffe lower semicontinuity
result (see Ioffe [11]) to the integrand

Pz, 81,82,2) = asl|z|2 + 6(1 — sl)lz]2 +8191(z, 82) + (1 — 51)ga(z, $2)

where x € {2, 51 € [0,1], 52 € R, z € R", we obtain
E(4) < / laA@|Dul + A, w)] do =
I?)

=/ P(z,14,u, Duydz < Eminf/ P(x, 1, un, Dup) dz =
n 2

—+00

= liminf / (a4, @) Dun* + ga, (z,un)] dz = liminf E(A).
oo fo h~+00

h—+

1
loc

Therefore, by the lower semicontinuity of the perimeter with respect to L
gence,

conver-
E(A)+0P(A, ) < 1,3m inf [E(Ap) + 0 P(Ap, )],
—4+00

which proves that A is a solution of (2.3). [J
The main result of the paper is the following:

Theorem 2.2. Let us assume that g, and g, satisfy (2.2) and

2.4 lgi(z, ) < C(1+]s|%) i=1,2
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where g > 2 ifn=2and2 < q <2n/(n—2)ifn > 2. Then, for any set A C 52, any
minimizer ua in (2.1) is locally Holder continuous. Moreover, for every solution A of
problem (2.3) there exists an open set A such that

meas{AaA) =0 and P(A, )= P(A, Q) =H*"Y(BANN).

Remark 2.3. By a careful inspection of the proof it is possible to see that Theorem
2.2 still holds if instead of (2.4) we make the following weaker assumption:

(2.5) lgi(z, 9)| < C{a(z) +1s9) i=1,2

where q is as before and a € LP({2) with p > n. However, we have preferred the
stronger condition (2.4) in order to simplify the estimates we shall obtain in Sections
3 and 4.

Remark 2.4. Theorem 2.2 can be extended, with minor changes in the proof, to
mixtures of more than two materials. More generally, (2.3) can be generalized as
follows:

min { / [v(@)|Duf® + g(z,u,v)] dx + 0| Dv|(£2) :
2
: (u,v) € Hy(f2) x BV(£2), v(z) € K ae. }

where K CJ0,+o00[ is a fixed compact set, BV (§2) is the space of all functions in
£2 with finite total variation, and |Dv|(§2) is the total variation of v in §2. In this
case, the jump set of the optimal solution v turns out to be equivalent (with respect
to H™ 1) to a closed subset C of R”; moreover, v is equivalent (with respect to the
Lebesgue measure) to a continuous function w : £2\ C — K. Similar results for the
class of “free discontinuity problems” have been obtained by De Giorgi et al. [5].

Example 2.5. Consider the minimum problem

(2.6) Aglj?g) {P(A, D+ //; h(z) dx + /Q g(x)uy dm}

where u 4 is the unique solution of the elliptic problem

—div (aa(z)Du) + g(x)=0 in 2
ue€ Hg(ﬂ).

It is easy to see that problem (2.6) can be written in the form

min {P(A,Q)+/h(a:)dm+/ aA(m)]Du|2d:c+/ 29(:c)uAda:}
A 2 0

min
AcA) ueH&(Q)
hence it is of the form (2.3) with

q(x, 8) = Mx) +29(x)s 92(x, 5) = 2g(z)s.

By Theorem 2.1, when g € L?({2) and h € L'(£2) problem (2.6) admits a solution,
and by Theorem 2.2, when g € L*°(42) and h € L>°(2) every solution is (equivalent
to) an open set.
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The main tool for the proof of Theorem 2.2 is the following density estimate.

Proposition 2.6. Ler A be a solution of (2.3). Then, for every compact set K C 2
there exists a constant £ €)0, dist(K, O92)[ such that for every y € K

n—0

lim p!—" / aa(x)|Dul?dz + o P(A, B,(y) p =0
Bn(y)
whenever, for some p < &, it is

/ (1,4(:1c)|Du|2 dz +0P(A, B,(y)) < Ep™ L.
Bp(y)

The proof of Proposition 2.6 is rather technical; we shall devote to it the last section
of the paper.

Proof of Theorem 2.2. The Holder continuity of solutions of (2.1) follows by Theorem
3.1 below. In order to show that any solution of (2.1) is equivalent to an open set, let
us define

= {y € : limp'™ [/ aa(z)|Dul* dz + o P(A, B,,(y))] = O} ;
‘ p—0 Bp(y)

we show that £ is open. Let zq € (2, let
K={z e : 2disz, 82) > dist(zo, 02},

and let £ > O be given by Proposition 2.6. We can find a sufficiently small py > 0
with pp < £ such that

n—1
/ aA(.I')[Du|2 da:+0‘P(A,BP0(x0)) < g(.&q) .
Bpo(mo) 2

Since for any y € B, 2(x0)

/ aa(@)|Dul*dz + o P(A, B, 2(y)) < (;‘(%) ’
Bpo/l(y) .

by Proposition 2.6 we get B, (o) C f%. It is known (see for instance Federer
[6], 4.5.6) that for any set of finite perimeter, the set function B — P(A, B) is
representable by a measure supported by 9* 4, where

P{AB
A= {x €N : limsup% > 0}
p—0*

and
P(A, ) = H" 18" A) < +o0.

In particular, if £ € (2 and B,(x) C 2 C £2\ 8* A, by the isoperimetric inequality

min { meas{B,(z) N A}, meas{B,(z) \ 4}} < c(n)P(4, Bp(x))n/(n—-]) -0
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we infer that either 14 =1 a.e. or 14 =0 a.e. in B,(z). Set now
A={z € : 1a=1ae. in a neighbourhood of x}.

We claim that H"~!((12 \ (29)a8*A) = 0. Indeed, 8*A C 2\ {2, and

(‘Q\\QO) \B*A - U Ss;

e>0

where

Se=<¢yen limsupp""/ aa@)DufPdz >ep.
p—0* Bp(y)

By general results on the differentiation of measures (see for instance Federer [6},
2.10.18(1)) we infer

.7 C | aa@)|Dul*dz >eH™ ' (S.)
Se

with C depending only on n. By (2.7) we infer that H"=!(S.;) < +oco hence
meas (S.) = 0 for any & > 0; by (2.7) again we get H"~'(S.) = 0, and this shows
the claim.

The set A is clearly open, and equivalent to A because {2\ {2 is negligible.
Moreover, since A N2 C 2\ {2, we have

H (2N A) < HMH (02N ) =H"'(8%A) = P(A,2) = P(4,02).
On the other hand, for any Borel set C C R”, it holds (Federer [6], 4.5.6)
P(C, ) < H" YN NSO),
so that H* {2 NJA) =PA,02). O

3. Higher integrability and Hilder continuity

In this section we show that minimizers in (2.1} are locally Holder continuous, and the
higher integrability property for the gradient holds. The Holder continuity is obtained
by using the results of Giaquinta and Giusti {8] and Ladyzhenskaya and Uraltseva
[14], which are based on De Giorgi’s truncation argument [4]. The higher integrability
of the gradient follows by a reverse Holder inequality as in [8], Theorem 4.1.

In the next section it will be useful for us to have uniform estimates on u. Hence,
we assume (up to a rescaling of the other constants) that o = 1, and we denote by K
the set of constants {n, o, 8, C, ¢}.

Theorem 3.1. Let u be a solution of (2.1), and let us assume that gy, g2 satisfy (2.4).

Then the following facts hold.

(i) For any open set (% CC 2 the quantity ||ul|Loo(q,) is bounded by a constant
depending only on K and |ul| ;2.

(ii) wu is locally Hélder continuous in §2.

(iii) Let 2y CC 12, ler T = dist(§2y, 012), and let
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K ={z e 2:dist(z, ) < 7/2}.

Then there are constants v > 0 and v > 2 depending only on K and ||u||;,ook)

such that
r/2
R"“"T/z)( / |Dul? dm) +R"
Qr)

whenever y € (2 and Qr(y) C K, Qr(y) being the standard n-cube centered at
y with sides of length R.

3.1) / \Duf" dz < v
QRr/2W)

Proof. Let us prove (i). Let y € (2, and let R €]0, dist(y, 3{2)[. In Theorem 2.1 of
[8], it is shown that there are constants v > 0 and 0 < § < R depending only on K
and |[u]| 2o such that

)

and

o,

where k£ > 1/6,8/2 < p <8, z=(1—q/2*),

[Dul?dx < v {(R - P)_Z]A [u — k|* dz + k* (meas Ak,R)l_2/"+€}
kR

k.p
|Duf*dz <y { (R—p) _2/ |u + kf* dz + k*( meas Bk,R)l_z/"J'E} ,
Bi,R

Arp={y € By :u(@) >k},  Bi,={y € Bp@) :ux) < —k}.

Then, the statement follows by Lemma 5.4 of [14].

Let us prove (i1). We briefly sketch the proof given in Theorem 3.1 of [8]. Let
2, T, K as in (ii); there is a constant v depending only on K and |ju||zoo(k) such
that

/ | Dul* dz gfy{(R~p)_2/ [u — kf? da:+meas(Ak,R)}
Ak,p Ak,R

Js

whenever k > —|jull Loy, ¥ € 2y and 0 < p < R < 7/2. By using the inequality

and

|Duf* dz < 'y{(R—p)—z/B lu + kf? dw+meas(Ak,R)},
%R

k.p

/ | — k|2 dr < max |u — kf? meas( Ay, g),
Ag,R Ak,R

we get

J

Similarly, we get

|Duf?dz < v [(R - p) - max [u — k* + 1| meas(Ag, g).
k,R

k.p
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J,

Hence, u belongs to a class B, which has been introduced in [4] and [14] to prove the
Holder continuity of solutions to quasi-linear elliptic equations. The Hélder continuity
follows by Theorem 6.1 of {14].

Let us prove (iil). As for (ii), we briefly sketch the proof of Theorem 4.1 of [8]. In
fact, arguing exactly as in [8], we get the Caccioppoli inequality -

/ [Dul*dz < v [R_z / [ — up,y|* dz + R"] ,
Qrsy) QrW)

where y € {2, Qr(y) C K, up,, is the average of u in Qp(y) and -y depends only
on K and ||ul| foo(k). By the Sobolev-Poincaré inequality

[Dul?dx <~ [(R —-p) 2 max [u+ k| + 1} meas(By, g).
kR

k,p

1+2/n
R—Z Iu _ UR,y]2 dy <C </ lDulzn/(’rHZ) d.’l))
QrW) Qaw)

we get

\ 142/n
/ IDuiZ dr < 5 C(/ lDUIZ"l/UHZ) dl’) + R"
Qr,2W) QrW) .

Hence, | Du|?"/™*2) satisfies a reverse Holder inequality. By applying Proposition 1.1,
page 122 of Giaquinta {7] (see also Giaquinta and Modica [9]) we get (3.1). [

4. Blow-up and energy decay

The proof of Proposition 2.6 is based upon two main ideas. Let A be a solution of
(2.3), and let v = uy be the corresponding solution of (2.1). Because of the growth
condition (2.4), we are led to believe that (u, A) is almost minimizing the energy

/ a4(@)|Dul* dx + P(A, B,(y))
Bo(y)

with respect to perturbations with compact support, provided B,(y) C {2 is sufficiently
small. The minimality condition can be formulated in terms of the rescaled functions
up, and the rescaled sets Ay,

u(y + px)

NG

in the unit ball B. This leads to Definition 4.1 below. The second heuristic idea is
concerned with the behaviour of v in balls B,(y) where P(A, B,(y))/p" ! is small.
By the isoperimetric inequality, either B,(y) N A or B,(y)\ A are close to the empty
set. Hence, the diffusion coefficient a 4 is close to a constant in B,(y). This suggests
that u should be very close to an harmonic function, and this gives informations about
the decay (as p — 07) of

Up o(T) = ) A,y={z€B : y+pz € A}



An optimal design problem with perimeter penalization 63

/ aa(@)|Duf* dz.
Bo(y)

Definition 4.1. Let up, € HY(B), An, C B, My > 0. We say that (uz, Ap,) are
Ap-asimptotically minimizing if the following condition is fulfilled for any compact
set K C B: for any bounded sequence (v;,) C H(B) with supp(vs, — uz) C K and
any sequence of sets Cy, C B with ApaC), C K, we have

/ aa, (@) Dunl* + A\ P(Ap, B) < / ac,, ()| Dvy[* + A P(Ch, B) + 1y,
B B

for a suitable infinitesimal sequence 7.

The following theorem is concerned with the behaviour of asimptotically minimizing
sequences.

Theorem 4.1. Let Xy, >0, up, € HY(B), A, C B. Assume (up, Ap) is Ap-
asimptotically minimizing and

() / aa, (@) Dup|* dz + Ay P(An, B)  is bounded,
B

(i4) up — u weakly in HY(B);

(444) 14, — la in LN(B) and Ay, — +00;

(iv) | Dup,|? is locally equi-integrable in B.

Then we have:

(a) up — win HY (B);

(b) A\P(Ap, B,) — 0 for any p < 1, either A= 0 or A = B, and u is harmonic on
B.

Proof. Let us prove (a). By the local equi-integrability we infer
4.1) hETw/I{ laa, @)|Dusl* — aa(@)|Dunl’|dz =0
for any compact set K C B. Now, we choose a function 9 € C!(B) such that
0 < <1 and we compare (up, Ay) with (@n, Ap), where @iy, = (1 — V)up +Yu. We
get
@2) /B @y @)\ Dun? da < /B 0.4, @)| D dz + 7.
By convexity
(4.3) /B a4, @) D[ do < /B a4, @I ~ $)Dun + Y Duf* dz + op <
< /B(l — ¢)aAh(x)lDuh]2 dz + /1; wa,qh(a:)|Du]2 dz + oy,

with o, infinitesimal. Therefore, (4.1), (4.2) and (4.3) yield

limsup/ waA(m)|Duh|2dm§/ Yaa(z)|Du|*dz.
B B

h—s+00
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On the other hand, the lower semicontinuity with respect to weak topology of H(B)
implies

liminf/ ¢aA(z)|Duhl2dx2/ Yaq(x)|Du)? dz.
h—+co B B

Hence,
lim /d)aA(x)|Duh|2da:=/ Yaa(z)|Du)? dz,
h—+00 B B

and since ¢ € C!(B) is arbitrary, this implies the strong convergence of up, to © in
H. (B).
Let us prove (b). Since A; — +oo and the energies are bounded by some constant c,
the inequality
P(Ar,B) < 1
An

implies the convergence of the perimeters to 0. By semicontinuity, P(A, B) = 0.
Hence, either A =0 or A = B. We assume that A = () (the other case is analogous).
Then, the isoperimetric inequality in balls (see for instance Giusti [10]) implies

c n/(n—1)
meas(A4;) < c(n) (A_>
n/ o

for h large enough. Hence, denoting by x(p) the outer trace of Ay on 0B, we have

1 c n/(n—1)
/ ( / Xh(p)dH"“> dp < e(n) (—) :
o \Jas, An

Let us fix p €10, 1{. Possibly passing to subsequences we can find a sequence p, such
that p < pp, < (1+p)/2 and

)\h/ xnlpr)dH™ ' — 0.
8B,
Comparing Ay with Ay, \ B,, , using the inequality
P(Ap\ By, B) < P(A, B\ B,,) + / Xn(pn) dH!
8B,
and using the fact that (us, Ar) is asimptotically Ap-minimizing, we easily find

lim )\hP(Ah, BPh) = 0,

h—+00
hence Ap P(Ay, B,) — 0. Finally, given any function ¢ € CY(B), with supp(p) C B,,
comparing up with @iy = up + ¢ we find

/aAh(m)lDuh|2dm§/ aa, @\ Dp|? dz + 1y
Bp Bp

Passing to the limit as 2 — +oo and dividing both sides by 3 we get

/ |Duf? dz < / |D(u + @)|* dz.
B B
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Since ¢ € Cl(B) is arbitrary, this implies that u is harmonic in B. [

The following decay theorem is crucial in the proof of the density estimate. The
proof is achieved by contradiction, by making use of Theorem 4.1.

Theorem 4.2. Let K C §2 be a compact set, and let 6 = dist(K, 012). Then, there are
constants 7y > 0, 8 > 0 satisfying the following condition: for any solution A of (2.3),
any ball B,(y) with y € K and p €10,6/2[, denoting for simplicity by u the solution
U A, the inequalities i

@ / a4@)|Duf dz + P(A, B,(y)) < vp""
Bp(y)
(%) p"t <8 [/ aa(@)|Dul* dz + P(A, Bp(y))]
Bp(y)
imply

/ aa@|Duf ds + P(A, Byja(y) <
Bp/z(y)

n—1/2
< (l) |:-/ aA(.’L‘)ID’U,'2 dz + P(A, Bp(y))] .
2 Bo(y)

Proof. We argue by contradiction. If the statement were not true, it would be possible
to find a sequence of solutions Dy, of (2.3), sequences ., 8, converging to 0, balls
By, (zx) with x5, € K and p, €]0, §/2[, such that, denoting by wy, the solutions of
(2.1) corresponding to Dy, the following inequalities hold

Pﬁ S eh / G,Dh(.Z')ID’LUhfz dz + P(Dha Bph(xh)) ’
BPh(Ih)
/ ap, (@) Dwn? dz + P(Dy, By, (en)) = 1™,
Bph(xh,)

/ ap, (@) Dwn|* dz + P(Dp, B,, 2(zh)) >
Bph/2(zh)

1 n—1/2
> ( 5) [ / ap, ()| Dwp|? dx + P(Dp, Bph(xh))J .
Bph<$h)

We claim that wy, is bounded in H] (£2). Indeed, by (2.2) and the Poincaré inequality
we infer

E(Dh)+P(Dh,.Q)2a/ |th|2dm+/ fydx—k/ |wp |? dx
7 9] 2
Z(a—k/)\l)/ Ithlzda:+/ vdx
£2 2

Since k£ < aA; and E(Dp) + P(Dy,, §2) < E(S2), the claim is proved. By Theorem
3.1 we infer that wy, is locally equibounded in £2.
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We now rescale (wp, D) in the unit ball B by setting

Vr(Y) = wr(Tn + prY), An={y € B : zn+pry € Du}, Ap = —.

Th
Moreover, we define ~
Uh — Un
Un = ’
vV Yh

were Tp, is the average of v, in B. Now, we claim that u;, Ay, Ay satisfy the
hypotheses of Theorem 4.2. Indeed, we have

on < Onvns
(4.4) /aAh(x)|Duh|2dx+,\hP(Ah,B) =1,
B

1\" 1/2
/ aAh(x)lDuh|2 diL’+/\hP(Ah,BI/2) > (—2-\) .
By 2 .

In particular, we can assume with no loss of generality that u, weakly converges
in HY(B) to u and 14, converges in LY(B) to 14. We have to check that (uy, Az)
are Ap-asimptotically minimizing, and |Duy|? is locally equi-integrable in B. Let
K C B, (uj,, A}) as in Definition 4.1. We define

— XTh ’ ’ T ~—Th P
, D, ={x: € A} L.
) h { Oh h,}

x
/ -
U = /YhUp, + Tp, wh(z) = v(

Then, the minimality of (wy,, D) and (2.4) yield

/aA;L(z)|Du;I|2d9:+)\hP(A§l,B)= l[/ aAgl(:r:)]Dv;L!de+P(A§l,B)] =
B Y lJ/B

1

Vb

1

> — [/ ap, ()| Dwp|* dz + P(Dy, By, (x1,))—
Yhoh B, (xh)

— [ / ap: (rz)|Dw;l|2dx+P(D;L,BPh($h))J >
Bpy, (zh)

e @+ a7 + |w;|Q)dx] -

Bph (zh,)

= / aAh(ac)lDuhl2 dx + A\ P(Ap, B)
B

Cw h C
p L (lwa? + |wh|9) dz,
Th YhPr I Bpy,(zn)

where w,, = meas(B). Since py /v, < 0, — 0 and wh is locally equibounded in (2,
we need only to verify that

1
I = n_l/ |w;1|qda:=p—h‘/ lv},|9 dx
TrO), By (Th) Yr JB

is infinitesimal as h — +co. Indeed, since v}, = \/V,u), + Uy, wWe have
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- 2-1 —1%nPh
I <20 ‘pwﬁ/ / lup|? dz +29 lilvhlq-
B Th

Since uy, is bounded in H'(B), by the Poincaré-Wirtinger inequality the first term is
infinitesimal. Since wy, is locally equibounded, @5, is a bounded sequence and also
the second term is infinitesimal.

Now, we show that for any ¢ €]0, 1[ there is r > 2 such that

4.5) sup { / |[Dup|"dx : h € N} < 400
By

In particular, |Duy|? will be locally equi-integrable in B. By (3.1) of Theorem 3.1
we get a constant v > 0 such that

r/2
/ |Dwp|" dz <~ p"(]‘r/z)(/ | Dawp | d:c) +p0" o,
Qply) sz(y)

for any h € N, and any n-cube (Q,(x) with
dist(z, K) < 6/2, 0<p<é/2

By an elementary covering argument, we get

2

r/2
/ | Dwy|" dz < e(n, t)yy pZ(l_T/2)</ | Dy, |* dw) +pp 3,
Btph(zh) Bph(mh)

so that
/2
/ | Dun|" dz < e(n, t)y (/ [Duy, |2 dm) +0h 0
By B

/Bt |Dun|” dz < c(n, tyy {1 + (%) } :

Therefore (4.5) follows by the first inequality of (4.4). By Theorem 4.1 we infer that
u is harmonic and either A = §) or A = B. Let us assume that A = @ (the other case
is analogous). Since |Du|? is a subharmonic function (see for instance Giaquinta [7],
page 80) by the second inequality of (4.4) we get

Jéj |Dul*dz < 3 (l) / |Dul® dx = (1> / aa(z)|Dul)? dx <
By 2/ Js 2 B

1\" \"
<=1 limi 2dr< (=) .
= (2) lf}Tlgf/B @A @] Dun|” dz < (2)

On the other hand, by Théorem 4.1 we know that

and

/ | Dup, — Dul? dz + A, P(Ay, By ) — 0
By

as h — +oo, hence the third inequality of (4.4) yields
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8 |Duf? dz = / aa@)|Dul* dz
By By

1 n—1/2
= lim aAh(av)]Duh]2 dz > (5) ,

h—+o0 BI/Z

and this is a contradiction. [

By using Theorem 4.2 iteratively, we are able to show that if
pl_"l:/ aAiDulzda:+P(A,Bp(y))] <¢& and p<€
Bp(y)
for £ > 0 sufficiently small, then
pl‘"[/ as|Duf? dx+P(A,B,,(y))]
Boly)

converges to 0 as p — 0*.

Proposition 4.3. Let K, -y, 0 be given by Theorem 4.2, and let A be a solution of (2.3).
Let y € K, let us denote by u, the solution of (2.1) and

F(o) = / a4@)[Duf? dz + P(A, B,(w)).
Bp(y)
Let

£ =dist(y, 02) Ay A2/ mng.
Then, if F(p) < £p™ ! for some p €10, £[ we get

n—1/2
(4.6) F(p) < 27~ Pypn! (g) Vn €10, pl.

In particular,
lim n'""F(n) = 0.
’f]—)

Proof. Let us assume that F(p) < £p™ ! for some p €]0,£[. Since F is nondecreasing,
in order to prove (4.6) we neced only to show by induction on j € N the following
inequality

N\ n—1/2 )
F(ny) < vp™! (%J) , n=2"p.

The inequality is trivially true if j = 0. Let us assume that it is valid for j; in particular,

we have 12
F(n. .
(1) <~ (7_7:7_) <.

n~—1
A o

A little computation shows that

~1/2
e (M
L <yp p
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if p < 21/2~™@~. Hence, by our choice of &, if F(n;) < n7 then
J 3

n; i \"
F(njm) < F(ny) < 7’ <p! (%) .

On the other hand, if 0F(n;) > n}, by Theorem 4.2 we infer

1 n—1/2 ni n—1/2
Fo<(3)  Fap<w (221)

and this achieves the proof. [

Proof of Proposition 2.6. The choice of £ in the statement of Proposition 4.3 can be
uniformly made with respect to y € K for any compact set K C (2. Hence, the
conclusion is proved by taking

€ = dist(K, 02) Ay A 21/,

where 0 and v given by Theorem 4.2. O
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