Numerische Mathematik 8, 150—160 (1966)

Bounds on the Error of Gauss-Type Quadratures
FRrRANK STENGER

Received July 23, 1965

1. Introduction
This paper gives some bounds for

1 [
(1) E,(f) =f1 w(x) f(x) dx—kzlwn,kf (%n,2)
in the case when w(x) is an even function of x, positive and Lebesque integrable
over (—1,1). The %, ;, (»=1,2,3,...; k=1,2,...,n) are the »n zeros of the
polynomial p,, (x) of degree » which is a member of the sequence {p,,(x)} orthogonal
over the interval (— 1, 1) with respect to w(x), and the w, , are the corresponding
weights. The function f(z) is assumed to be an analytic function of z, regular
in |[z| <142 where £>0; that is,

(2) f(2) =§Qa,, &, | <142e.

The above assumptions on f(z) make it possible to obtain bounds on E,(f)
which depend only on the modulus of f on some set in the region of regularity
of f, such as a contour enclosing the strip (—1,1); bounding E,(f) in this
manner is often easier than bounding a 2#’th order derivative of f in (—1, 1).

The convergence of the quadrature scheme (1) with f as in (2) is studied
by Krvrov [1]. Davis (see e.g. [2]; which gives references to Davis’s papers)
appears first to have effectively used the fact that the error E,(f) is a linear
functional in f, and thereby obtained some very sharp bounds of the form
E.()<o,|f|] in the case w(x) =1.

The work of Davis was extended by HAMMERLIN [3]; HAMMERLIN, in con-
sidering quadrature formulae requiring equi-spaced abscissae %, ;, concentrated
on obtaining general expressions for g, which are easy to evaluate.

WILF [4] also considered the case of w(x) =1. For the particular norm

o0
17l = (kZo| a,,|’)5 WILF chose his #, , and w, ; such that ¢, was a minimum for

each fixed ». He thus obtained a new class of integration formulae.

McNAMEE [§] gave a somewhat different procedure of bounding E,(f) for
the case w(x) =1. His method depends on expressing the error in the form of
a contour integral

E\(f) =5z [ 12) 4, dz;
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expanding ¢,(z) in powers of 1/z, approximating g, (2) by the dominating term
of this expansion on a contour C far from the origin, then minimizing the
modulus of the resulting integrand with respect to a particular family of contours C
(e.g. a family of concentric circles with center at the origin).

The bounds we shall obtain are as easy to evaluate as those of the above
authors. In addition, they all make use of the fact that E, (f) in (1) neither
depends on ay,,, (k=0,1,2,...) nor on a,, 4y, ..., 4g,5. It follows from this
that the bounds obtained by Davis!, HAMMERLIN? and MCNAMEE? can (at least
in theory) be made sharper.

We shall also determine the sign of E,(f) and show that E,(f) tends to zero
monotonically for the class {f} for which a,, is of the same sign for all & suf-
ficiently large.

2. General Developments

#,(x) is assumed to have the properties described in the introduction above;
we shall also require in this section that %,, the coefficient of x" in p,(x), be
positive.

For n=1 consider the contour integral

(3) J= 1 fw(x)f(z)i’n(x) dz

271 (2— %) Py (2)

where the contour C is the circle of radius 14 ¢ about z=0 and x is any point
in —1<x<1. Employing Cauchy’s theorem of residues we find that

_ _ S (%n,3)
(4) J=w(x) f(x) —w(x) pn(x)lglmm
since under our assumptions on w(x), the zeros x, , of p,(x) are distinct and
located in the open interval (—1, 1).

Integrating (4) with respect to x over (—1, 1) we have

6) Ey() = o) 1) dv— 50,0730,

1 Davis puts f(z)= OZQ o, U (2), where U, (x) belongs to the sequence of Chebyshev
k=0

polynomials orthonormal over (—1, 1) with respect to ¥1—42 Thus his estimate
[=,*] fe.]
|E, ()] <o, (kz )akla)i can be sharpened to |E, (f)] <o, (;.E e +ul”)"

=g =20
2 The author is grateful to the referee for pointing out that in his latest paper
[(Num. Math. 7, 232—237 (1965)] HAMMERLIN has in fact replaced ||/|| by inf{|f —al|
where a is a suitable polynomial.
3 McNaMmEeE's expression for E, (f) can be altered to

1

E,(f)= 27

[ 5 ¢@+H ==t an(e) .

c

The polynomial p,_,(z8) of degree #—1 in z* can for example be chosen so that
[30/z) +f(—2)]—p,_.(2%)| takes on a minimum value on a particular contour C.
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where w,, , are the positive weights given by

) Palr) dx
(6) ”k——f(x X, 1) On (¥n,2)

On interchanging the order of integration in the resulting repeated integral,
we find that E(f) is also given by

w(x) [(2) Pu(#)
7 = 2mff e

in what follows we shall examine this latter double integral more closely.

Lemma 1. In the expansion

1 o —n—j
8 e == » b, 27T, =1
@ Pl = 2t el
and n>1 we have b, 5;11=0, b, 3;>0 (§=0,1,2,...). For n=1 we trivially
- 1
have Pl( ) =by g2t where by o= i >0.

Proof. We shall assume that »=2. Since w(x) is an even function of x in the
interval (—1, 1), each p,(x) is either even or odd with . It is thus clear that
b,,2;+1=0. To prove that b, 5,>0 we observe that the zeros of p,(x) are sym-
metric about z=0 and so we have

. N v 2]
BRI T P — [ #ni
©) @ {z ,.=1(1 (%2 )]}
Expanding the right of (9) we have
1 i R APRRTT!
(10) e = o 1 {,,Z_o(—zi) }

the right hand side of (10) is a product of [n/2] power series each of which only
has positive coefficients. The statement of Lemma 1 follows.

Lemma 2.
k
’go%,zfpzf(x)i n=2Fk
(11) x A
'Zoa"’ 2541 D241 (); n=2k+41
’ﬂ
where

%y 2i>0, &y 941>0, 220, j=0,1,...,k

Proof. The proof is by induction. Clearly we can choose p, (%) =Fk,, p;(x) =k %
where k, and %, are positive. In addition p,(x)=~Fkyx®—a where %; and a are
both posmve Now suppose that for #=2%=0 we have the first of (11) with
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all the coefficients a,, 5,>>0. Multiplying this equation through by x we get

(12) 2k+1 Z‘xn 27xP27( )
We now use the three term recurrence relation

(13) xpn(x)zAnpn+1(x)+Bnpn—l(x)' ng1

n (12) (A,=k,k,.y, B,=Fk,_4/k,, k, being the positive coefficient of " in Pu(x))
to obtain an expansion having the form of the second of (11) with all the coef-
ficients positive. The proof for n=2%+1 is similar and is omitted.

Lemma 3.

1
(14) f dx_Zc,,z, P [z] >1,
-1

i=

where Cy,2;>0, n=0,1,2,...; 7=0,1,2,...
Proof. Expanding the denominator of the integrand in (14) we obtain

1 1 o .
(15 W Pnl) g = [ 2 Pa2) N (2 gy
) ] = [=ER ()

If we now substitute equation (11) into the sum on the right of (15), use the
orthogonality property of the polynomials p,(x) together with the results of
Lemma 2, we obtain the expansion on the right of (14) with ¢, ,;>0, j=
0,1,2,....

Theorem 1. Let E, (f) be given by equation (7), let a,, be defined by equation (2),
and let e, , be defined by (18) below. Then, for n=1,

o0

(16) E,(f) =k§o“2n+zk En,k
where €, ;>0, k=0,1,2,....

Proof. Combining the results of Lemmas 1 and 3 we have

1
w (%) pu (%) — zm2n—2k—1
(17) ‘[( Ll = Ze .z >1
where
k
(18) en,k':'zzubn,zfcn,zk—zi-
f=

By Lemmas 1 and 2 it is clear that e, ,> 0. Substituting (17) into (7) we obtain

(19) E,() = 27”[2 S0 0, 4814,

=0 k=0

Both series, (2) and that on the right of (17), converge uniformly and absolutely
in the annulus 1+ } < |2| <1+ 3¢ and hence the resulting double sum in (19)
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also converges uniformly and absolutely in this annulus. With C the circle
|z| =1+¢, we may thus interchange integration and summation in (19). All
terms integrate to zero except those for which j=2#n4-2%; summing the residues
forj —2n — 2k —1=—1 we obtain (16). This completes the proof of the theorem.

With g, defined by
1
(20) w=fw(x) sdx, k=0,1,2,...,
-1
we have the following corollary, which follows from the above theorem and
equation (5).
Corollary 1.
(21) Ca,k=M2nt2r— Z W, ; xﬁ,”;+2k'
Equation (21) provides a useful method for computing the coefficients ¢, ,. It
further enables us to establish

Corollary 2,
(22) €y v =Mant2x[1+0(1)], #» fixed, k->oo.
Proof. Let x,= ,pax |%, :| where p, (%, ,) =0. We define a constant K, by
1,2,.,n ’ ’

K, %3 —Z w, ;%a. Since each w, ; is positive, K, is also positive. We first

show that Z w, ;% < K, 23" 2%, k=0,1,2,.... For suppose this is true for
some mtegerk>0 Then, since %y<1 and w, ;>0, Z w, jantERtR Z, w, jxantet

i=
Y<K, %"t *+2 establishing the above mequahty for all k=0. Agam since

%g<<1, we have
1

Hanpsn>2 [ w(x) 22" R dxz Al (14 %))+t

$Q42)

where

1

A= [ w(x)dx>0.
$(1+x)

Hence

K, 2%, 12n+2k

an 7x§,”;+2 S”2n+2k( ”)[14';0] =HUan+t2k (0(1))

as k— oo,

In order to prove that E,(f) decreases monotonically to zero in the case
when all the coefficients a,, in the expansion (2) are non-negative we shall require
the following lemma.

Lemma 4. For all integers n=1, k=0, we have

(23) €y, 541 Cnt1,2=> 0.
Proof. By Theorem 1 and equation (7)
w(x) snt2kp, (1)
(24 nr =377 f R
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where the contour C is the circle of radius 1+ &> 1. It follows from (24) that

4284
(25) €n b1 Entr,n = rT ff ™ z)z;”+i( )’ Pu+1(2) Pn(xz)*fn(z) Pnt1(#) dxdz.

By the Christoffel-Darboux formula (see e.g. [6]) we may write this as

¥) gantakis QO
Cu ki1 Cut1, k= 2;;: ff PAE ZPk ) pu(2)dxdz

pn+1

(26) e
_ Rhwaapo [ Bntakes
27k, & D (2) Pniar (2)

using the orthogonality property of the polynomials. Using the expansion for
1/p,(2) as given by Lemma 1, it follows that if #=1 the coefficient of z in the
expansion of 22**2**%[p (2) p,..(2)] in powers of 1/z is positive. Hence
€, pi1— €ny1,x >0 for all =1, £20.

We now observe by (16) that

(27) E,()—E, ()= n,0a2n+k§o(5n,k+l —€ui1,k) Fanizhte:

On inspecting this equation in view of Theorem 1 and Lemma 4, we have
Theorem 2. If in the expansion (2) a5, =0 for all integers k=N =1, then

(28) E,(NzE,.()=0

Jor all n=N. If for some n=n,=N and some positive integer s we have E, (f)=
E, .. (f), then E,(f)=0 for all n=n,, and a;,=0 for all k=n,.

It is noteworthy that if 4,,=0 for all 2= N and two Gaussian approximate
integrations for two different #=N (carried out with infinite precision!) are
the same then by Theorem 2 the integrations are exact. We add also on passing
that both E,{f) and E,{f) — E,,,(f) are continuous functions of the coefficients
43,401, k=20, and that for n=N if E, (f) —E,,(f) is small then E,(f) is also
small and conversely.

It cannot be expected that the e, , would in general decrease monotonically
as # remains fixed and % increases. Indeed, if this were the case we could make
a statement similar to Theorem 2 for the case when for each non-negative %,
3,125 has a sign opposite to that of dy,, 4,12 That is, in this case we could
say that either E,(f)<0, E,;;1(f)>0, ..., or this same sequence with the in-
equalities reversed, together with |E, ()| < |E (f)|- A typical graph illustrating
the relationship between e, , and g, is given in Fig. 1.

3. Error Bounds

By equation (16) it is evident that when the coefficients 4,, (see equation (2)
alternate in sign the magnitude of the error of numerical integration will be
smaller than when these coefficients are of the same sign.
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For example, assume that f(z) has a singularity at z=5, ie., that

(29) H2)=¢(3)/(z—b)*
where |b| >1, a is real, g(z) is regular for |z] < || +¢& with >0 and g(b) ==0.
Then (see e.g. [7]) the coefficient a,, in the expansion (2) satisfies

(30 ays = £ 57 2R 1404

as k—»> oo, Hence if b is real and positive, E,(f) will have the sign of g(b)/I"(a)
and | E, (f)| will decrease monotonically as » increases for all » sufficiently large.

k=0 k—w (with n fixed)
Fig. 1

Assuming the sequence {e, 4}520 to be in I (1<p=<oc) we apply Holder’s
inequality to (16) to obtain

®© p [ g
61 B0 (S et)” (] auneasl]
k=0 E=0
where L 1 L =1,
2l -
The quantity g, ,= ( 4 ,,) is independent of f and can be computed once
E=0

and for all. In particular
(32) 7(”)’:0»,09: sSup €, (<.u2n)
£k=0,1,2,...

always exists and can be computed using equation (22). Whenever Wi=a, ,
exists?, then by proceeding similarly as in [4] the constant W, can be shown
to be given by

1

W, = [fw(x J’)(”J’ dxdy —

-1

___zf n,kw(y u,ky’ dy+z Z n,1 :,"ky:,ni .

& 1y a5 1—%.»%,

(33)

* Wi=g, , exists if and only if

ffwmwwahuzﬂk

-1 —1 k=0
converges.
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Some numerical values of »(#) and W} for three well-known types of numerical
integration formulae are given in the table below.

We record some of the above remarks in a theorem.

Theorem 3. Let }(2) be an analytic function of z having the expansion (2) in

|2] <1426
Table. Ervor Constants for Theorem 3
w(z)=1 w(z)=(1— w(x)=(1- "}
T, b, a, & Biven k= m(”H z.,a=oos[——————(”;:)"]
in [8), p. 916 1= 2 sint ([2E) wnpm X
n »(m) wh »(w) wh »(m) w}
2 21164 -55736 098174 .19888 67495 These do not
3 16222 .39235 .03988 3 .10790 44001 exist; see the
4 .06101 4 .30368 019654 .06805 8 .32799 footnote 4
5 .04051 1 24793 .011182 04693 4 26158
6  .028867 .20954 .00697 88 034347 21764
7 .02161 8 .18148 00464 43 102623 2 .18634
8 016797 16005 .00324 77 020692 16294
9 013430 14316 .00236 00 016741 14477
10 .01098 3 .12949 .00176 88 013824 .13026
12 .0077398 10874 .00106 82 .00988 63 .10850
16 .00443 63 .082356 .00047 615 0057743 081347
(a) With v(n) defined by equation (32), we have
=]
(34) |E, (N < 7(")k20| Aani2k]-
(b) If W, (equation (33)) exists, then
183 A i i T8 b
65) B =W D lamal’) <P 57 [ B\ Fe®) as
=0

0

The sharpness of the bounds (34) and (35) will depend on how well the
magnitudes of the Taylor series coefficients can be estimated. The estimate
| agy| < M(r)jr**, where M(r)= max [#(2)+7(—2)|, is applicable® for the general

class {f} we have considered. We shall illustrate with some examples.

Example 1. Let M(r)<A(1—br)™% where a>0, 0<bd<<1. Then |ay,|<
Ar=**(4—_py)~°, 0<r< b1, We minimize this last inequality with respect to »

8 This estimate is obtained from Cauchy’s integral formula. A better estimate
would be |a,,| <pi-, {S“P [H(2) = Par-1(2) 7 "} where p,,_, is any polynomial of
degree 2k—1.In partxcular with p,,_, the Taylor polynomial, the right side of this
inequality tends to |a,;| as r 0.

Numer. Math. Bd. 8 11
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to obtain | ay,| < A 8% e (ﬂy Next, using this estimate on |4,,| to make crude

a
estimates on

o0 o0
> la2n+2kl , and X |a2n+2k,2r
k=0 k=0

we obtain

|E.(h]|<» n)Ae“{ +(a+1)|2logd|™*" 1}(2@%)’*()2"—2

+
or

s{ 1 —ae1l4/27\8 pane

Example 2. Let M(r)< A¢*”°, where A, a and b are positive numbers. Using
| a5 < M(7)jr** and minimizing with respect to 7 we obtain |ay,,| <A(82“kb>2k/b

Thus with » sufficiently large so that (eab) <1, we have in this case

|E (] <»(n) A (_%%?_)2”/11[1 _ (g_;;hll)ﬁb]——l

or

,E (f)|<W§A (Ea:)Zn/b[ eab 4/b }

Example 3. Here we shall bound E,,(f), given f(2) =2°¢*, where s is a positive

integer. It follows from this, that, since ak:rl.sj"’ k=s,
e . 1l e 2n—s+3
0<E, () <v ) gy ~* () (2m) (M_s) .

The above examples illustrate that the convergence of Gaussian quadrature
is much more rapid in the case when f is entire than in the case when f has a
singularity in the finite plane.

Is it possible to improve the inequality (31)? The restriction that f(z) be
regular in |z| <1+ 2¢ with ¢>0 can be dropped; it suffices to assume that
f(2) is regular in |z| <1 and continuous on |z| =1 for equation (16) to hold We

also observe that E,, (f) is a linear functional in £, and hence with f*(z) = Z at

|z} <1 in the null-space of E, (i.e. E,(f*)=0), we have E,(f+/*) = (f) * Thus
for all such f* we have

el g
(36) |E,(| =0, p( lﬂzn+zk“‘42u+zk| )
For each ¢ in 1=<g< oo there exists an f* minimizing the right hand side of
(36); this minimum is in fact equal to |E,(f)]. However in practice finding the

f* which achieves this minimum is as difficult as finding the exact value of the
original integral.® We can nevertheless increase the rate of convergence by ‘“‘sub-

¢ The even coefficients of the minimizing f* are given by

—1

it Ealf)
Afniah= Ganigh— — > .
o
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tracting out” singularities of f close to the region of integration. In addition
it is noteworthy that any odd function, and any polynomial of degree 2% —1
is in the null-space of E, (f).

For sake of completeness we also obtain an estimate on the bound of E, (f)
when f has complex singularities close to the region of integration. The assump-
tions on f in the following theorem are similar to those of Davis [2].

Theorem 4. Let f(2) be real when z is veal, and let f(z) be reguiar in the ellipse
&, with foci at (1, 0) and semi-axis a, b where p=a+4-b>1. Let

(37) M(g) = sup [Re f(2)].
Then )
38) |E, ()] < 22E2 M(g) g7

Proof. Using equation (5) we have by the last remark of the previous para-
graph, that

(9) |E,(f)] = inf

Jw () (0] = Pan-2 ()05 = 2100 /(5 ) — Panoa )]
By a result of ACHIESER (see e.g. [9], p. 87)

(40) oot L sp |(0) = Pua (i)l < 2 Mig) o7
2n—1{(%) 1<zl T

where M (p) is given by (37) above. Thus combining (39) and (40) we obtain (38).

Although the estimate (38) is not the best possible it is simple and easily

obtained from other known results. For example if M(p)<<A(1—c o)™* where

d>0, 0< c< 1, then minimizing the right of (38) with respect to g we obtain

| B, (] < 1o () e,

It is noteworthy that in each of the above examples we can find the » required
to give us a desired accuracy.

4. Conclusion

It was hoped at the undertaking of the writing of this paper that it would
be possible in certain cases of Gaussian integration to obtain the results stated
in Theorems 1 and 2, and also a theorem analogous to Theorem 2 but applicable
to the case of /(2) as in (2) with the magnitude of the a,’s decreasing monotoni-
cally and the sign of a,;. , being different from that of a,, for all £ sufficiently
large. It was hoped that in this last case it would be possible to establish that
|E,(f)| tends monotonically to zero and the sign of E,,(f) is different from
that of E,, (f) for all # sufficiently large. This last objective has not been achieved.
The main difficulty is that the e, do not in general decrease monotonically
as # remains fixed and % increases.

A number of the results we have obtained are nevertheless useful and new.
This applies particularly to the error bounds in Section 3. We have attempted
to obtain bounds suited to the Gaussian quadrature formulae, the only formulae

11*
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so constructed that they exactly integrate the first 2# terms of the Taylor series
expansion of the function f(2) about z=0. With the exception of (38) the bounds
obtained are of the form |E,(f)| =0, |F,|, where o, (s,~>0 as n—>oo) is in-
dependent of f and | F, | (| F,[|—0 as #— oo) depends only on a,, (see equation (2)),
R=n,n4+1,n+2,....
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