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1. Introduction

In recent years there has been much work on difference methods for ap-
proximating seolutions to boundary value problems for elliptic partial differential
equations. Most of this work has centered on second order equations and strong
use has been made of an analogous maximum principle for the difference equations
in order to obtain asymptotic estimates for the error (c¢.f. [1—8]).

As early as 1928 CouraNT, FrIEDRICHS and LEwY [9] posed a difference analog
for the first boundary value problem for the biharmonic equation and proved
that the approximate solutions converge to the exact solution as the mesh is
refined. They gave, however, no estimates for the error. Recently, TaoMEE [12]
treated the Dirichlet problem for a class of elliptic equations of order 2m with
constant coefficients. Among the problems treated by THOMEE was that of [9].
THOMEE, however, proved that in a certain norm the error is O (4¥) where % is
the mesh size.

Still more recently ZrLAMAL [13] posed a different difference analog for a
fourth order elliptic operator with variable coefficients which includes the bi-
harmonic operator in two dimensions. He proved that for his problem the error
is O(HY).

This paper is concerned with the first boundary value problem for the bi-
harmonic operator in the plane:

Au=F in R
(1.1) u=ﬂz0 on R
on

where A4 is the Laplace operator, R is a bounded region with boundary R, Fis
a given function in R and 9#/d» is the outward normal derivative on R. The
boundary conditions are taken to be homogeneous for convenience, this restriction
being removed in the appendix.

Section 2 simply gives some notation and definitions needed for the later
sections.

In Section 3 some basic lemmas are proved which provide some a priori
estimates needed later. The third of these lemmas, Lemma 3.3, is proved by
using difference inequalities closely related to inequalities used by MIRANDA [11]
in proving his biharmonic maximum principle in the plane. This inequality did
not, however, lead to a discrete analog of MIRANDA’S maximum principle but
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was used in conjunction with a method related to one of FICHERA, [10], in order
to deduce inequalities for certain discrete L, norms.

Section 4 makes use of the lemmas of the previous section to show that in
the case of the biharmonic operator in the plane the results of TroMEE [12] and
ZLAMAL [13] can be improved.

In the final section a difference analog of problem (1.1) is constructed for
regions with boundaries of arbitrary shape (only piecewise smooth). It is shown
that the error is O (42) in certain norms and O (k%|log1/A|#) in maximum norm.
Strong use is made of the lemmas of Section 3. Furthermore, the matrix of the
resulting linear system is symmetric and positive definite and a general formula
is given for the construction of the modified matrix near the boundary. It should
be pointed out that, while in many second order problems difference methods
were often formulated and later estimates given, this represents the first time
an O (k%) method has even been formulated for the first boundary problem for
any higher order elliptic partial differential equation in a general domain.

Although the results of this paper are special in that only the biharmonic
operator in two dimensions is treated it is hoped that some of the ideas will lead
to similar results for more general elliptic operators in regions of general shape.

2. Notation and Definitions
Let R be a bounded, open, connected set in the (x, y) plane. We denote by
R the boundary of R and R=RuUR.

We shall be concerned with difference approximations of problem (1.1). In
order to study such problems we cover the (x, ¥) plane with a square mesh of
width %, whose lines are parallel to the x and y axes. The intersection of these
lines will be called mesh (or grid) points and the set of all such mesh points will

be denoted by S,.
For any function V(x, y) defined at the mesh points we define in the usual
way the following difference operators:

o Vi, 3) = - V(x4 ) — V(5 9)]
24
Ve, 3) =4 [V(%.9) = V(5 —h,3)]

and analogously for y. Further
(2.2) V(% y) =Voz (%, 5)+Vy5(%, )

where
Vez (%, )= (V)z(x, ¥).

The analog of the biharmonic operator is the usual 13 point operator
(2.3) A V(P)=A4,(4,V(P))

with P=(x, y).
We also need to define certain norms. Let @, be an arbitrary bounded subset
of S, defined for each % and let V be any mesh function such that V(P)=0,
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P¢Q,. Then we define

(24) V= (32X v
PcSy

and for any integer p

(2:5) Wlhen= (2 Vz”(zb))mp-
PES,

Now if V(P) is defined on Q, (otherwise arbitrary) we define
(2.6) [Vlon= (#* X v2(P))!
PeEQs

where N is the smallest integer such that the number of points in Q, is O(F™N)
for #—>0. Again if V(P)=0, P¢Q, we define

2.7) lovi=(m 2 2 (P) + V2 (B}
PES

Finally the maximum norm is given by
(2.8) [Vlgy= max |V(P)]
for any V defined on ¢,.
We shall need some names for neighborhoods of a point P relative to the
operators A, and 4. Thus let ¢(P)=4(P, B) (Kronecker’s delta) and define

(2.9) N (B) ={P|4,p(P) +0}
and
(2-10) N, (B) ={P| 43¢ (P) 0} .

If we take Q, to be an arbitrary subset of S, then
(2.41) NQ)=,U Ni(P), i=1,2.

Throughout this paper, we shall use the symbol, C, to denote a generic con-
stant which does not depend on 4. In two different places C will not necessarily
refer to the same constant.

3. Some Discrete a Priori Inequalities

In this section we shall prove some lemmas which will be used in obtaining
our error estimates in the later sections.
The following lemma is the discrete analog of a well known inequality valid

in two dimensions.

Lemma 3.1, Let V(P) be any function defined at the mesh points, which
vanishes outside a bounded set of mesh points, R,. Then for any integer p=1,

(3.1) Vhen=C, 1671,

where C, is a constant which depends on $ and R, but not on 4.
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Proof. For any mesh point (%, ¥)€ R,
VPE M =3k 2 [V
x

VP@ =30 2107,
where the 2, is taken over the mesh points along the line y= ¥ and similarly for }.
Thus ’ ’
(3:3) Ve = & [ Z 1070 [ 1072

By factoring the differences (V?), and using Schwarz’s inequality we see that
there is a constant C depending only on p and R such that

(3-4) hZZI (V)] = CIV N W le-n)

(3.2)

with a similar inequality for the other factor in (3.3). Thus
(3-5) VIt = ClOVIRIVIEG 2y -
Iterating this inequality $ times we obtain (3.1).

We note that the constant C, in (3.1) tends to infinity as p->oo so that
we do not obtain a maximum norm estimate. The next lemma, however, enables
us to obtain an estimate for the maximum norm.

Lemma 3.2. Let V(p) be any function defined at the mesh points which
vanishes outside R,. Then

(3.6) |V]gy < C|log1/h|t|6V].
Proof. Let G{P, Q) be the Green’s function defined by
4, ,G(P,Q)=—F23(P,Q), P¢R,
G(P,Q)=0, P¢R,

for Q¢S,. Here again 6({P, Q) is the Kronecker delta. Now since V(Pj=0, P¢R,
we have the well known relation

V(P)=—nXG(P,Q) 4,V(Q)
Q€S

o7 =BZ[G(P.Q %@ +6,(P.Q V@)

Using Schwarz’s inequality we have

3-9) V(2) = (1 3 [63+ G5 o]

If we note that G(P,)=G (0, P) and set V(S)=G(S, P) in (3.7) we see that
(3.9) G(P, P)=h20§h[Gi(P» Q)+G3 (P, Q)].

But it was shown in [3] that there is a constant C independent of % such that
(3.10) G(P, P)<C|logt/h|.

Inequality (3.6) follows now from (3.8)—(3.10}.
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The next lemma is an inequality specifically involving the discrete biharmonic
operator A2. We shall need to define some sets of mesh points. Let R, be a subset
of those mesh points whose distance to the boundary is less than 4. The set R,
will denote those mesh points of R not in R, and R; is the set of points Pe R,
such that N,(P)C R,. Finally Rf= R, — R; with these sets defined we shall
prove

Lemma 3.3. Let V(P) be any mesh function vanishing for P¢R;. Suppose
that the function @, defined by 4, P(P)=—1, Pe R, ®(P)=0, P4¢R,, satisfies
O(P)<Kh for PeR}, (K = constant).

Then there exists a constant C independent of %, for %4 sufficiently small,
such that

(3-11) VI +8V]= CU Vi + |47 Vei} -
Proof. By a direct calculation we have
AFVEHH V) —V4,V]
(3.12) =— VRV +3Va+2VE+VE + 35, + 205 + V5] —
— (A VAV VA VS + TV
Since
(3.43) — (A Vyrz -2+
it follows that
LR+ +VE) —VA,V]
(3.14) = — VAV + VA —2VA+ VA + 3 V4 — 2V + V)
== VAV + 12 (V3 ez + (V}5)53)

Now let

(3.15) r=3 V-V A4V
so that (3.14) is simply

(3.16) — M g SVRY — 12 (V) sz + Vh)ys) -

Now by hypothesis the mesh function @ defined by
A},¢(P)=—1, PER;,

A
347) ®(P)—=0,  PeR,,
satisfies
(3.18) O(P)<Kh,  PcRf.

(We note here that it is easily shown that if R has a piecewise smooth boundary
with no reentrant corners such a mesh function will exist. The next lemma is
applicable in the more general case, allowing reentrant corners. The behaviour
near the boundary of the discrete ‘“torsion function” in this case is discussed
in [8].)
Now we have
(3.19) —hxstAh¢=—h2§¢Ahx.
h L)
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Using (3.16)
— BTy 4, OS BT PV AY) — T I P(ss+ Vs
3 Rp »

(3.20) a
— hz; [OVAV]+ 2 SZ (D, (V2).+9,V2),].

In order to obtain our results from (3.20) we need to show that the difference
quotients @, and P, are uniformly bounded. This is clear since any first difference
quotient, say @,, satisfies

4,9, (p)=0, PcRy
(3.21) |4, D, ()| =ClR?,  Pe[N(RF) — Ry]
D,(p)=0, PeN(Ry)

and hence by the results of [2]

(3.22) |D,|sn=C, [2,|s,=C.
We note now that,
(3.23) L x=2[oV[}.

A

Returning to (3.20) and using (3.23) we have
2V =mY g 3 (14+4,9) (FHVEHVRHTP) +
Sa

Sa—Rp
h4
(3.24) + 52D, (V%) + @, (V)1 +
Sa
+r2Y [PVAV].
Ry
Using (3.22) we have, since D |(VZ),| < 72;2 VE etc.,
Sa Sa
}1’452 {dsx (V:Z?)x + Qy (%2?)3’}
]
< ChIE VA + V)
S
i < CHIE Va+2V3 + V3]
A
—ChIESV ALV
Ra

Also from (3.18) the first term on the right of (3.24) is bounded in terms of
B3|V &y Thus we have

VP SC bW Bucan + T VAV +IZ VAV
S C Wy +#E IV A2V}

From the well known inequality
(3.27) Vi=clévi

17 Numer. Math. Bd. 9

(3.26)
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we have, using the arithmetic-geometric mean inequality
(3-28) 16V = CO Vs my + 1RV Imi}
for some constant C independent of 4. The estimate of THOMEE
CHEWVIvan= [V = C([43 VIr + 572 V]ws)

together with (3.27) and (3.28) yields the desired result.

Lemma 3.3 is not quite general enough for domains with reentrant corners in
that the inequality @(P)<X K% in the hypothesis will not be satisfied. However,
if we weaken this hypothesis we can include such regions. It is clear, following

the proof of Lemma 3.3, that the following lemma, which includes lemma 3.3,
is true.

Lemma 3.4. Let V(P) be any mesh function vanishing for P¢R,. Suppose
that the function @ defined by 4, P(P)=—1, PcR;, @®(P)=0, P4 R, satisfies
D(P)<Kh*, for 0<a=1, PcRy. Then there exists a constant C independent
of k, for 4 sufficiently small, such that

(3.29) V46V < CHT i Vg + 42 Vg -

4, Application of Lemmas to the Results of Thomée and Zlamal

A particular case of those problems studied by THOMEE [12] was problem (1.1).
The difference problem in that case which he posed was that studied by COURANT,
FriEDRICHS and LEwy [9] who showed convergence only. THOMEE essentially
gave the following result. Let U(P) satisfy
A3U(P)=F(P), PcR,

U(P)=o0, P¢R,.
Then if ¢(P)=u(P)— U(P), PcR,, e(P)=0, P¢R, and if R and u are suf-
ficiently smooth, e satisfies
(4.2) | <CH,
where C is independent of 4. Now it follows at once from (4.2) and the fact that
e(P)==0, P¢R,, that
(4.3) leleg =< Ch2.
Thus in the case that Lemma 3.3 is applicable (R piecewise smooth with no
reentrant corners) we have

(4.1)

(4.4) le]+ el =Ch
and from Lemmas 3.1 and 3.2

(4.5) lele,=Ch

and

(4.6) le|ry< Ch |log1/h[t.

In case Lemma 3.4 holds but not Lemma 3.3 the factor # on the right hand

+1
sides of (4.4)—(4.6) will simply be replaced by K
Recently ZrAmar [13] has posed a difference analog of (1.1) (and more general
fourth order equations) in the case that R is composed of a finite number of
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rectangles and R lies on mesh lines for a sequence of meshes with mesh width 4,,,
h,—>0, n->oco.

In that the more general formulation in the next section includes his for-
mulation as a special case, it will not be explicitly given here. We state, however
his result and show how it may be extended by means of the lemmas.

Again let ¢ be the error in ZLAMAL’S problem and take ¢(P)==0 P¢R,. ZLAMAL
showed that

4.7) |dye] = Cht

and

(4.8) |e|gy= CHb.

Now in the case of a rectangle Lemma 3.3 applies and we obtain

49 Jel + Jse}< 2

and from Lemmas 3.1 and 3.2

(4.10) lels,=<Ch?

and

(4.11) | e]Ry= C 2| log1/h|}.

Clearly {4.11) is a sharper result than (4.8). Now if R has reentrant corners then

the interior angles will be = —321, and it can be shown that we may take a= % g

for any ¢>0, in Lemma 3.4. We then obtain instead of (4.9)—(4.11)

(412) le]+ [def = A=,
(4-13) lelep=CrMe—,
(4.14) || < CHES=

for any fixed ¢> 0. Hence for any £< § (4.14) is a sharper estimate than (4.8).

5. Second Order Approximation

In order to simplify the presentation and proof we shall treat in detail only
the case of simply connected regions with smooth boundaries. The modifications
needed to deal with regions whose boundaries have piecewise continuous curvature
(possibly corners) are technical and will not be of concern here. It will be evident
from the development that the method may, in fact, be applied equally well to
this more general class of domains.

We start by defining a set of mesh points which will be analogous to the

boundary R. Let R, be the set of grid points not in R whose horizontal or vertical
distance to R is less than or equal to 24/3, and let R,; be those mesh points of
R whose horizontal or vertical distance to R is less that %/3. We set R,, =f€1 b URQ;‘.
The set of mesh points of R but not in R, will be called R,. Further let us denote
by R} the subset of points PcR, such that R,~N,(P) is not empty. Finally
let R,=R,— R¥ and R,= R, UR,,.

Now on R; we take the usual thirteen point operator
(5.1) AFV(P)=A4,4,V(P)
for any V defined in R,.

17%
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We want yet to define a difference operator A: on the set R¥. This operator
should have the property that

(5.2) F(P)=Av(P)+0(Y),  PeR}

for any veC®(R) which vanishes with its gradient on R. As will be seen, this is
a property which will be used in obtaining O (k%) estimates for the error in our
problem. For simplicity we are treating only the case of homogeneous boundary
conditions, however the necessary modification for inhomogeneous boundary
conditions will be stated in the appendix.

In order to define the difference operator at a point Pc R, it is convenient

to introduce the following sets:
Jo(P) =Ny (P)" R, — P
(5.3) J(P)=DN(P)"R,
Jo(P)=N(Ji(P)) "R, ~ P.
Now let V be any function, defined at the mesh points, which vanishes outside R,,.

Further let «(P)% be the distance from any point P to the boundary R. At an
arbitrary point P¢ R} we define a mesh function Up(Q) for each point Qe N, (P) as

L) =4VQ+i? 3 (22 V@),  0enP)uP
(5.4) ) SER(0)

Up (@ = mpyieV (P), Qe Lu(P).
In terms of Up(Q) we define the difference operator
(5:5) AV (P)=A4,Up(P),

for each Pc RY¥. By looking at the Taylor expansion it may be directly verified
that the difference operator defined by (5.4), (5.5) satisfies (5.2) in case the
curvature of R is piecewise continuous and R has only “convex’’ corners. The
extension of the results of this section to non-convex corners is technical and is

omitted here for simplicity.
Intuitively, however, the construction is based on the following considerations.
If W is a sufficiently smooth function defined in the whole plane, which vanishes

with its gradient on R, then it is easily verified that for V(P)=W(P), PcR,,
(5.6) Up(@Q)=4W(Q)+0 )

for Qe N, {P). Thus (5.2) will obviously be satisfied for V=W.
It will be useful to compare this operator with the operator 4} for functions
V(P)=0, P¢R,. The relationship is easily seen to be
(5.7) BV (P)=MAV(P)+ W2y (PYV(P) —h* 3 V(S)
SET(P)
where

(S)

5.8y (P =Q€.§P){sefzm(mgp) )z} +Q€§p){2[a2ZP) _Z(ZE?’)) )21'" 1}'
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Thus the modification of A}V (P) is simply a change in the coefficient of V{(P)
itself and possibly a change of some other coefficients from 2 to 1. The number
y (P} is easily calculated from the «’s.

The difference analog of (1.1) which we take is
AU (P)y=F(P), PcR,
(5.9) AU(P)=F(P), PcRf
U(P)=0, P¢R,.
We have then the following theorem.

Theorem 5.1. There exists a unique solution of (5.9). Furthermore if w< C®(R)
is the solution to (1.1) and if e(P)=U(P)—u(P), PcR,, e(P)==0, P¢R, then
for A sufficiently small
(5.10) lel+ loel=Cht

where C is a constant independent of 4,

Proof. In order to simplify the argument we shall assume that the set R, has
the property that each of its points has at least one horizontal and vertical
neighbor not in R,. We also suppose that 4 is chosen small enough that for
each pair of points P and Q such that P¢ J,(Q), the set J,(P)n J,(Q) is a single
point.

Let V be any mesh function which vanishes outside R,. Then

R4 VR=h VAV.
Ry

Sx

By (5.7) we have
BEWVI 82 S [y(P)V(P)~ 3 V(S)|7(P)
Sa PER}

(5.11) S€h(P)
=mIVARV+RIVAV.

R R
Clearly from (5.7) and the definition of [,(P) the matrix of the system (5.9) is
symmetric. By examining the left hand side of (5.11) we shall show that it is

also positive definite.
Now let R, be the subset of points Pe R} for which J,(P) is empty. Then

for P € Ro*h
S) \2
(5.12) »(P) = 251 >0

oe;.;P){seJ‘(o)(“(P)) }
and J,(P) is also empty. Further let R}, be that subset of R} where [, (P) is
not empty but J,(P) is empty and finally let RJ, be those points of Rf where
neither [,(P) nor J,(P) is empty. We have

BEALYP+ 3 (B VE) = % V(S)|V(P)
S F SEL(P)

€Ry

(5.13) =4, VP2 T p(P)VI(P)+
Sa PERY

+#2 2 (VP — 3 V(S)| V(D).
PERSx S€ h(P)
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Now since V(P)==0, P4¢R,
(5.14) R (V)2 =LV + 2V, + V]
Sa Sh

and hence because of the assumption on R,
(5.45)  mRIAVEZR X (V)RR X ((P)VEAP),
Sa Sp—[RTnRER] PERTAURE,
where §(P) is the number of points in J; (P). Thus combining (5.13) and (5.15)
we have

BESLVP+IE S [PV~ 3 V(S| V()

PER} SEL(P)
(5.16) =t N (V)RR Y (p(P)+1(P) VA(P) +
Sp—[RY pIREs] PERY

+irt 3 () +i(B)o(P) — 3 V(S)| V().
PERS,,

SEL(P}

Now for any P¢ R}, uR¥, it is easy to see from the definition of R, and ¥ (P) that
(517) y(P)+7(P)=51(P)=%.

This estimate will suffice for R}, however we must examine Rj, more closely.
From the definition of ¢ (P) we have
(5.18) y(P)+i(P)z 2 y(P.Q)

QEL(P)
where

o0ty -3

By the definition of J,(P) we have that S¢J,(P) if and only if Pe¢J,(S) and
with each such pair P, S there is a unique @=J; (P)~];(5}. Thus we have

i 3 [y(P)+iB V)~ T V()| V(P)
(5.19) PERSM SEL(P)

2kt 3 [y(P,Q)VEHP) —2V(P)V(S) +y(S,Q) VE(S)]
(P, Q, SIET
where T is the set of triples satisfying P, SeR{,, Sc[o(P), 9=J;(P)n],(S).
Now if QcR,,, then it is easily verified that y (P, Q)= 2. In case QcR,;, we could

have at worst
{—202

1
y(P, Q) gz[m——(HaP} for a<—.
But in this case we have

1*-2:1”] <_1_
) &% 3

y(S,0) =2 ["{;a—g
(see Fig. 1). In any case a simple calculation shows that
w23 [p(P,Q) VA(P)—2V(P) V(S)+7(S,Q) V*(S)]

(P,Q,S)ET
(5-20) =&kt 3 VD).
PERM
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Combining (5.16), (5.17), (5.19) and (5.20) we have
RV Y y(PYV(P)— 2 V(S)|V(P)

(5.21) Sa PER}, SEL(P)
Z1s hzsz (AsV)?
13

The case in which the assumption on R, at the beginning of the proof is not
satisfied can be dealt with again by examining terms of A2 Z {4,V)2 and (5.21)
can be shown to hold more generally.

Thus combining (5.11) and (5.21) we have

(5.22) hzz(A,,V)2§1o{mz VARV Y VAR V}.
Sh Ry R}

In view of uniqueness in the discrete Dirichlet problem (5.22) tells us immediately
that the solution of (5.9) is unique. But for linear systems uniqueness implies
existence for any given F.

In order to obtain the estimate (5.10) note that the number of points in N, (R%)
is O (k) and by the definition of the norm |V|ly, (x: (||V||M (& = (h A ))”)
and the fact that V(P)=0, P¢R,, we have SNy (RR)

(5-23) KV =Cl4,7] ;
® Ay
X 'Q/l

where C is a constant which does not depend on 4. In
addition to this we need the well known inequality

(5.24) i=Cld.v]. wh
Now we have for e
2,
(5.25) [ diclm=Che Vi h
Ijﬁe R;§Ch‘1

e(P)=0, P4R,.

If we set V=e¢ in (5.22)—(5.24) and apply the Schwarz
inequality to (5.22) it follows, in view of (5.25), that

(5.26) gz < Chs.

But by Lemma 3.3 the estimate (5.10) follows. This completes the proof of the
theorem.

Fig. 1

Corollary 1. There exists a constant C independent of % such that
(5-27) lelen=Ch*
for any integer =1 and % sufficiently small.

Proof. Set V=e in Lemma 3.1 and apply Theorem 5.1.

Corollary 2. There exists a constant C independent of % such that
(5.28) |e|r, < Ch2|log1/h|*
for A sufficiently small.

Proof. Set V=e¢ in Lemma 3.2 and apply Theorem 5.1.
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Appendix
Formulation of Difference Problem for Inhomogeneous Boundary Data
We suppose for simplicity that the boundary is smooth and that « is smooth

in R.
At an arbitrary point Pc R¥ we define
_ a{S)\? = = a(S) =
WolQ; 4) = A2 2OV (P) — u(S) +a(S)h w, (B) —u, (S
4 2 L) ) {au’)' ®) =5
if Qey(P)nP

and

Wo(Q; ) = iy {#(B) + (B hty () — =02 [ (P) + (P) w, (P) |

if Qe L (P).
We have used the notation:
a) P is the point of R closest to P (same for S).
b) k(P) is the curvature of R at P.
¢) u,(P) is the outward normal derivative of % at P on R.
d) u,,(P) is the second derivative of # with respect to arc length on R at P.

If, instead of (1.1), we have u and #, as given functions of arc length on R
then the difference problem (5.9) is replaced by

A2U(P)=F(P), P¢R,
L[UP)=F(P)+ 4, (P;U),  PeRy
U(P)mo, P&Rh.

Now for e(P), as defined in Theorem 1, it then follows that we have

Ae(P)=0(h), PeR,
1e(P)=0("), PcRy
¢(P)=0, P¢R,.

All the previous results now follow for the inhomogeneous problem.
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