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Abstract. The paper develops a construction for finding fully symmetric inte-
gration formulas of arbitrary degree 2% 4-1 in n-space such that the number of evalua-
tion points is O ((2%)¥/k1), n->00. Formulas of degrees 3, 5, 7, 9, are relatively simple
and are presented in detail. The method has been tested by obtaining some special
formulas of degrees 7, 9 and 11 but these are not presented here.

1. Introduction

The practical problem in approximation of #-dimensional integrals is to find
a method of evaluation which can be used on a computer, yields a desired ac-
curacy and is not unduly time-consuming. No attempt is made here to present
even a skeleton review of the methods which have been explored. The paper is
confined to methods which depend on the evaluation of the integrand at a pre-
determined set of points; some previous results of other workers which are
germane to the present investigation are outlined briefly.

Some outstanding difficulties in the field of #-dimensional quadrature formulas
are the following:

1. In general, the choice of points will depend on the domain of iniegration.
2. The choice of points tnwvolves the solution of non-linear simultaneous equations.

3. In general, the number of points needed will be an increasing function of n,
the dimension of the domain of integration.

4. For practical reasons, formulas with positive weights are to be preferred.
5. Practical error bounds are needed.

We consider these difficulties in order. The first four difficulties can be evaded
to some extent, following the lead of THACHER, HAMMER, WYMORE, and STROUD,
who directed attention to tractable problems in a series of papers, [1—3] and [4].
First, we may seek a transformation of a given domain into a domain of simpler
geometry as in Section 2 of the present paper. Second, we may seek formulas
applicable to symmetric regions and it then turns out that the number of non-
linear equations is independent of #. The kind of symmetry envisaged is explained
in Section 3. An explicit construction of special fully symmetric integration for-
mulas of degree 3, 5, 7 and 9 is carried out in Section 4 by solution of non-linear
algebraic equations. Difficulties encountered in Section 4 are removed in Sec-
tions 5, 6 and 7; the developments of these latter sections and of Section 3
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culminate in the constructive proof of Section 8. A general construction for fully
symmetric formulas of arbitrary degree 2% 41 requiring the least possible number
of evaluation points, viz.

(2’:)k [1 + O (%)] (n—>o0),

is given in Section 8.

The formulas obtained may be considered as a subset of a general class
envisaged by LyNEss [§—7], though our procedure is simple and direct in that
we have introduced relatively few definitions and we have reduced the problem
to a system of linear algebraic equations. All minimum-point fully symmetric
quadrature formulas have the unfortunate property that some of the weights
become very large and negative for large #. This reduces the accuracy of the
formulas and also leads to a gross over-estimate in some methods of bounding
the error of quadrature. TCHARALOFF [9] has given an interesting result in this
direction. He showed that a positive weight formula can always be found for an
n-dimensional domain and that the evaluation points are interior to the domain.

Unfortunately his result presupposes (”:k) evaluation points and this is im-

practical even for moderate #» and k. Precise results on the least number of
points in positive weight formulas are much needed.

Error bounds are omitted in the present paper. The few known results appli-
cable to fully symmetric integration formulas are not of practical value. Some
new results for repeated Gauss-type quadrature formulas have been obtained
recently [10] and it is hoped that analogous results can be obtained for the fully
symmetric formulas described in this paper.

2, Transformation from an Arbitrary Region to the n-Cube

Let R™ and 8" be regions in Euclidean n-space E”. HamMMeEr and WyMoRrE
proved a theorem in [2] which enables one to apply a known integration formula
over R* to 8" whenever there exists a transformation with continuous non-
vanishing jacobian which transforms R” onto 8" Although the value of this
theorem is indisputable, since the transformation from R" to §” is not in general
known, the theorem is not in most suitable form from the point of view of
applications.

We prefer to reverse the procedure of HaMMER and WYMORE, in that we
shall explicitly construct a transformation from a class of regions {8"} to a
particular region R". The procedure is given in the proof of the following theorem.

Theorem 2.1, The integral

(2.1) I=1J i@ v

e=x1 %% ..., 5" dVie)=dzrdx? ... dx"

can always be transformed into a integral over the n-cube by a sequence of n linear
transformations. The functions h; and g; are assumed to be continuous and bounded
almost everywhere and depend only on the variables s, x%, ..., 5%, g, and h, being
constant.
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Proof. The symmetric case g;=—#h; is easily tractable and we consider it
first. We set
(2.2) P=hdt, i=1,2,.., %
Then
dxt hy 0 ...0}] [d«

2.3) dx* | _{uPhyy hy ... 0 du?

axs" Whyy why, .. h,| | du”

where we have set ;= 9h;/0u’. From (2.3) the jacobian J of the transformation
(2.2) is just the product of the diagonal elements of the matrix:

(2.4) 7 fljl ;.
Hence we have
Iy hn
(2.5) mf;,' _Lf ) AV (x) f fF w) JdV{u

where [ is given by (2.4) and F={ under the transformation (2.2).
If the limits of integration are as in (2.1) then the set of transformations

hr*‘z?z hi— gs

(2.6) A== 2B Ly , t=A4,2,..., 0

will transform the integral (2.1) to an integral over the n-cube, and the proof is
similar to that for the symmetric case above. The jacobian of the transformation
(2.6) is

(27) J=TT("5%).

L2 ]
As an example, let us transform the integral

1 i
(2.8) I=[ | fxydyds
—1 —yi=%t
into the corresponding integral over the square. By Eq. (2.2) the linear trans-
formations which will enable us to do this are x=1, y=s}1—a2=s})1—#. By
Eq. (2.4) the jacobian of the transformation is 1 —#2. Hence

11 o
(2.9) I={ [fit,sy1 —&)J1—dsdt.

-1
We can now evaluate this integral by e.g. repeated Gaussian integration: Gauss-
Legendre in the variable x, Gauss-Chebyshev? in the variable ¢.

Theorem 2.1 is of course limited in scope to transformations of the type (2.6).
Within this limitation the theorem is of practical value since it enables one to
prescind from the task of finding integration formulas valid for arbitrary regions

sin? (w]»—j—z—-—) .
m-1 _ iz
fVi-—xﬁ faE7] dx==2b£f(x b= — xi—cos(m),

i=1
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(over which the integrals may be written as in (2.1)) in n-space and to concentrate
on the simpler problem of finding higher-degree integration formulas for the
n-cube, keeping the weight function arbitrary.

3. Fully Symmetric Generators
The following definitions are used.

(a) A set R* in Euclidean n-space E" is said to be fully symmetric if xcR"
implies YycR" where y is any point obtainable from 2 by permutations and by
changes of sign of the coordinales of x.

(b) A4 function g defined on a fully symmetric set is fully symmetric if g () =g (y).

It follows that any fully symmetric set S of a finite number of points can be
decomposed into a finite number of disjoint classes S; (j =1, 2, ..., m) with the
property that any member of a particular class can be used to generate the
whole class. A particular point

(3.1) (v, tg, ..., %,,0,...,0)
in B", where 0<<u;=<u; if i=<{, will be referred to as a generator, and displayed as
(3.2) [og, t05, ..., 01,].

For convenience the zero coordinates have been suppressed.

We shall consider numerical integration formulas of the type

(3-3) fw(ﬂIc ) £ () dV (x Zw @) = Jau(f)

where R" and w () are fully symmetric, and w(x)>0 in R". The formula (3.3)
will be referred to as a fully symmetric numerical integration formula if the set
8 of evaluation points is a fully symmetric set, and S is the union of fully sym-
metric sets 8; generated by distinct generators (i.e. S;~8; is empty if i=9)
such that to every generator there corresponds exactly one weight?2

Let the generator (3. 2) have p distinct positive coordinates: p, of the first,

., P, of the p-th so that Z p;=r. Then by rearranging these coordinate values

o=
in all possible ways and allowmg all possible changes of signs of the coordinates
we obtain

(3.4) N(prs bas - bp) =

2rp!
?
(n—7) !.U1 pi!
i=
different points in #n-space.
Let {(3.3) be a fully symmetric integration formula. Then it follows that

() If in (3.3) fis a monomial containing an odd power of a coordinate variable

then I(f) = J,,(f) =0
(d) If fis a monomial containing only even powers of variables then I(f) and
T () depend only on the exponents and not on the ovdering of the variables.

2 The weights in (3.3) are the numbers w;.
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It is clear from the last of the above statements that if a fully symmetric
integration formula is exact for all monomials up to some even degree 2k, then
it is exact for all monomials of degree 2% -}-1.

(€} The fully symmetric integration formula (3.3) ts said to be of degree 2k +1
whenever it 1s exact for all monomials of the form

(#)k (a2)f .. (2")m k; integer

B-5) Ok, =k if 1<7, 2 ki<2k+1 (odd integer).

f=1
In constructing fully symmetric integration formulas we may thus restrict
ourselves to all the distinct monomials of the form

()2h (222 ()PP (=1 if ¥ =0)
(3.6) e 4
1Sksk if 057, Zlkj§k
=
where the %; are positive integers.
It is also convenient to use the notation

(3.7) 3 g, tg, e, 1]
to imply that the sum extends over all the N(p,, p,, ..., p,) points generated by
the generator (3.2).

Let the p distinct integers 7y, 75, ..., 7, corresponding to p distinct coordinates
in the generator [G]=[u;, ..., u;] range from 1 to p. Let p; be the number
of times u; appears in G,j=1,2,...,p. With » (#=») any positive integer we
substitute the monomial (3.6) into 2, /[ G] to obtain the fully symmetric polynomial

4 4
(3.8) 2N D 0,6, ) U Uk
1

=l iy=
where g, (4, ...,1%,) is defined as follows. Corresponding to the integers p; we define
integers g;, where g; denotes the number of times the integer jappearsin (¢, ..., 8,).
(¢;=0 if 7 does not appear in this set.) Then®

(=) [ -t
6.9 oo i) =iy [ LT = 91]

where we put (p; —¢;)! = o0 if p; —¢;<0.

The formula (3.4) indicates the manner in which we ought to choose our
generators in order to obtain fully symmetric integration formulas which require
a minimum number of points. Once the total number of generators to be used
is fixed, the following procedure evidently minimizes the number of points
generated by each generator:

(f) Minimization of v, the total number of non-zero corodinates in a generator; and

(8) Minimization of p, the total number of distinct positive coordinates n a
Lenerator.

3 In the evaluation of 3 f[G] where f is the monomial (3.6) we observe tha."c the
{n—7) zeros in each evaluation point must occupy (n—7) of the (n—) last coordtlnate
positions. The remaining (#—v)—{n—7) positions are shared by (pi—q;) uy's §=1,
2,...,p. With 4,4, ..., i, fixed, the number of distinct possibilities therefore is
o, {iy, ..., 4,) given by {3.9).
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4. Construction of Fully Symmetric Formulas of Degree 3, 5, 7 and 9

In this section we shall write down the non-linear algebraic equations and
their corresponding solutions, which yield fully symmetric integration formulas
of degree 3, 5, 7 and 9. It is convenient to use the notations

W =nm—1)... (n—k+1)

(4.1) nin—1)... n—k+1)
n(k): A .

The following generators suffice for these formulas.

Generator Number of points
[o} 1

[] 2n

[u, u] 2n®

[u, v] 224/2)

[, 4, 4] 2ng)

[, u, u, 4] 285m0y

On the right side of the non-linear algebraic equations we designate
Jw(@) (F2(F)aViE), i
R»
for example by I, 4 (=1, ,).

4.1. Formulas of Degree 3
We attempt to obtain the following formula of degree 3
(4-2) I(f)=2d, f{0]+ Ay 2 f[u].

The non-linear equations to be satisfied are

(43) (ﬁ, §Z> (j) ”“G)

Clearly (4.3) is satisfied if we first choose? « and then solve for the linear un-
knowns, viz. =TI,

“9 A=), Ag=(1—n)],.

4.2. Formulas of Degree 5
We attempt a 2#2-+1-point formula of the form

(4.5) I(f) = Ao 0] + Ay X f[w] + Ayy 20 f[w, %]
¢ I1f instead of {4.2) we had chosen
(4.2)’ I{fy=AZ flu]

and demanded that the right hand side be exact for any polynomial of degree 3, we
would obtain the unique solution w=Vn1,/T,, 4=1I,/2n. However (4.2)’ does not {it
our theory to be developed in later sections; moreover the evaluation points « for
(4.2)" are eventually outside R” for n sufficiently large. It may be noted that (4.2)’
has positive weights. It will be seen later that adherence to positive weight formulas
can lead to other inconvenient properties, e.g. evaluation points outside the domain,
or complex evaluation points.
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Using (3.8) we attempt to satisfy the following system of non-linear algebraic
equations.

1 2n 2#® 4 T,
2 — 1) g2 o
(4.6) 0 2ut 4n—1)u 4, | = 1,
0 2u* 4(n—1)ut 4 I,
0 0  4ut L1 Iy,

The value of # is easily obtained by dividing the second equation into the
third. By ordinary elimination we can then obtain the value of the linear coef-
ficients. The general solution is

AL
Iy\2 n—1
4.7) Aozlo“‘”(“ﬁ) [I«x“‘ ) Iz,z

a=3 (P =0 =5 (7T

’

4.3. Formulas of Degree 7
We attempt to obtain a formula of degree 7 of the form

I{f)= Ao f{0]+ Ay 2 /1] + 4, 2 ]

(4.8) +4,, 21w, u]+ Az,zz flv, o]
+A1,1,1 b flu, u, u].
To obtain the value of u, v, 4,, ..., 4; 1, in (4.8) we need to solve the following
system of non-linear algebraic equations
[1 2n 20 2%ng, 229, 2 7 4 T I, |
0 2u? 20% 2%(n—1)u? 22(n—1)v? 2%(n—1)qu? AO I,
0 2ut 20% 22(n—1)ut 22(n—1)v* 28(n—1)qut Al I,
0 2ub 208 22(n—1)us 22(n—1)18 23(n——1)<2)u A2 = I
0 0 0 224t 22yt 28(n —2) ut A“ I s
0 0 0 2%yt 2298 23(n —2) ud &2 I,,
A1 ’
[0 0 0 O 0 2 ub 45 Lasa

Fig. 1. The System (4.9)
{4.9) See Fig. 1.

The solution to the system (4.9) is not unique. Among an infinity® of possible
choices of # and v we choose 4« und --v as solutions of

(4.10) (I3 —ToI)ut — (I 1, — Il w* + (I3 — I, Ig) =0

8 % and v need merely be related by v2=(u2l,—I¢)/(w?l,~1I,) in order that the
second, third and fourth equations in (4.9) be simultaneously satisfied. Thus we could
for example set 4; ;=0 in (4.8), if we were to define » and v as the zeros of the poly-

r(l:))rmal u® (Is.z I—~1Iy 4 1,) Fut (m Iy 1y 5 4+1, Iy o1y 1y)
—2mut (I Iy o 9)+(m Ig1; 4 )

where m =n—2. For all integrals with “‘property P’ (See Section 6) I, 3 Iy—1I, ,I,=0,
and for large # the zeros of the polynomial (&} will thus be complex.
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In Section 8 it will be made clear that by this choice of # and v the second,
third and fourth equations in (4.9} are simultaneously satisfied. Moreover, if
w () >0, u ==v. The linear unknowns are given by

A1,1,1 =Iz,a,z/(2“2)3
Ay 4 1 (ut v\ (I, , ut

T = — 4 —23(n — A
(Az, 2) 4 (“6 "’6) [(12,4 (=2 ue) hL1

A, _ _ Ay 1 1 ut vA\1[/], _ _ u?
()--ae-aft 1 [

Ag=1Iy—2n(d;+ Ay) — 2P0y (dy, +Ag) — 2303y A45,1,1-
Fig. 2. The Eqgs. (4.11)
(4.11) See Fig. 2.

Observe that we obtain two integration formulas by interchanging the role of
# and v in the Eqgs. (4.9).

4.4. Formulas of Degree 9

We attempt to find a formula of the form

I(f) = Ao f[0] + A1 2 f[u] + 4, 2 f[7]
Ay 21, u] A Ay p 2w, v] Ay 5 2 f0, 0]
+ Ay 1,0 20 L0 0, w) + Ay g0 2 0, 0, V]
+ Ay 0,102 [ w,u, u).

(4.12)

The requirement that (4.12) be exact for all polynomials of degree 9 leads to the
following system of non-linear equations (see p.335).

{4.13) See Fig. 3.
The solution to (4.13) given below is valid provided

(4.14) Iy g — (P02 Iy g+ uPv?l, =0

or, what is the same thing, provided that

@15) o @ () -V @)=0 [+
The unknowns # and v are taken to be the zeros of the polynomial

(4.16) (L —IpIg)ut — (I g — Iy I -+ 1g — 1,15
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The linear unknowns in {4.13) are then given by

A1,1,1,1 =1 2,2, of 2u2)t

Ay11 g [ut o\, ,, »
= ,2.2)  oifn . 3V A
(Az,z,z 28 g8 o8 Ipss (n—3) 411,11 o

g3 = Ty,o— 11, D[220 (2 — 7))

Al»l) = —2(n—2) 411, + 4 ut o\ [Ty,
Ag2 Ag 52 2 \ys o8 Iy s
udv2+u3v4 us
—2 (ue 2 4 v“) Ay g —2%(n —2), (ug) A1,1,1,1}

Al) (‘AI 1 +A1 2) (Al 1 1>
=—2(n—1)|"" 2} 22(n—1 L
(Az ( ) As,2+A1,z ( )(2) Az,z,a

1 (ur N/, w2
ST R
Ag=1Iy—2n(d,+ 4,) “22”(2)(A1,1+2A1,2+A2,2)

- 23”(3) (A1,1,1 + Aa, 2, 2) — 24"7'(4)1‘11,1,1,1'

Fig. 4. The Eqgs. (4.17)
(4.17) See Fig. 4.

By interchanging the role of # and v in (4.13) we obtain two formulas of degree 9.

It will be shown in Section 8 that although the 4-th, 5-th, and 8-th equation
in (4.13) have not been used to compute the linear unknowns, these equations
are automatically satisfied by our choice of # and v in (4.16).

5. Orthogonal Polynomials

The integration formulas we have obtained in Section 4 and those we shall
construct in Section 8 have the property that the coordinates in the evaluation
points are zeros of polynomials orthogonal over R with respect to w(z). These
polynomials g, (%) (g, (%) of degree % in x) are defined, apart from an arbitrary
multiplicative constant by go=1,

(5.1) [w(@) g (x) (FdViE) =0, j=01,....k—1, k=123, ....
R

It is readily seen that the non-linear unknowns used to obtain formulas of
degree 3, 5, 7 and 9 are the zeros of the polynomials g,(x%), ¢5(%%), ¢,(x") and
g5 (") respectively.

Under the assumption that w (x) >0 for cR", the zeros of the polynomials
¢, (%) are easily shown to be real and distinct. Moreover, g, (%) is either an even
or an odd function of »* depending on %, and hence [%/2] of the zeros of g, (x")
will be positive and [k/2] negative.
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6. A Restriction on the Integrals

Although the formulas of degree 3, 5 and 7 obtained in Section 4 are valid
for arbitrary fully symmetric integrals, the Eq. (4.15) does not hold for all sach
integrals. It is therefore convenient to introduce the following definition.

Definition 6.1. Let B” and w be fully symmetric, and let the integrals
” n
6.1) Jw@) [T (sdVix), k;=0,1,2,...
o i=1

exist. The integral I(f) on the left of (3.3) will be said to possess properiy P if there
exists a transformation T, Ta=y with continuous non-vanishing facobian which
transforms (6.1} info

(6-2) Jwi(y' k) do;:“{an-x(yz: Yo Y Ry kyy ooy Ry AV (Y

where w,_, and R*™ need not be fully symmetric®,

With « and v zeros of ¢;(x), the Eq. (4.15) holds for all integrals with prop-
erty P. Moreover we have

Lemma 6.1. Let the integral (6.4) have property P. Then

(6.3) Iapy, 2ty ..., 2te=%Lop, Log, -+ Lo,

where a;=1 and a,>0 is independent of the integers ky, ky, ..., &, .
Proof. By (6.1) and (6.2) we have

(6.4) Iy, o0 =A2k) Loy, = A(2F5) 15y,

where A(:) is a unique function. Clearly (6.3) follows from (6.4) for r=2. The
general case follows similarly by induction.

7. Repeated Integration and Generators

Assume that we are given an interval (g, b) (0<a<b) and m distinct points
Uy, Uy, <., %,y in {a, b). Define

(7.1) I},}mfw N (Ydr, k=1,2,3,....

We can then clearly choose # formulas

(7.2) Zw"’ =1,  ki=1,2,...,m; i=12..,n
=1

Using (7.2) we can construct the repeated integration formula

b 4 # .
03 foo it ) [T = 2 Bl ol [y e )

f1=1 fa=1

8 “Property P in effect implies that the transformation T above transforms a
fully symmetric integral into a repeated integral.

23 Numer. Math. Bd. 10
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which is exact for all polynomials f of the form
(7.4) I, ki=1,2,...,m.

Observe that the determinant of the system (7.2) is a Vandermonde deter-
minant and the m parameters w{" are uniquely determined for each ¢,¢=1,2,..., n.
Hence the Egs. (7.2) uniquely determine the mn parameters w{.

We shall show that we can uniquely determine the integration formula {7.3)
without knowing all the m# monomial integrals of the form (7.1), but instead
knowing the monomial integrals of chosen (m —1)n--1 fully symmetric poly-
nomials. The type of fully symmetric polynomials we shall use are those obtained
from (7.4) by summing over all the ! terms of the form (7.4) with the order
of the %, fixed but with the order of the coordinates #’ interchanged in all possible
ways. Clearly, with %, an integer in the range 1< k;=m we can obtain all the
fully symmetric polynomials if we restrict the order of the %, to k;<k, if i<,
An easy calculation shows that there are

(7.5) (m+n—1)um

distinct fully symmetric polynomials subject to this restricted range of %;.

Integrating only a certain (m —4)# -1 of all the fully symmetric polynomials
described in the above paragraph we obtain the following system of equations

ngi)::wt,o t=1
(7.6) =

n " s Iéfl’)
Q [P —_ p—
llll ’ E ‘ ll T = @, $s=1,2,...,%, t=2,%,...,m.
g==1 IShH<f<<fsZn p=1 "}

The Egs. (7.6) lead to the polynomial equations

M=

(7.7) D=1V, & =TIV —I =0 t=w2..,m
=0 1=1

That is, the Egs. (7.6) are satisfied if and only if the zeros of the polynomial
on the left of {7.7) are the ratios I{)/I{. Thus, for each fixed ¢ the (m —1)n +1
equations (7.6) determine every I{”, apart from a multiplicative constant. The
lack of uniqueness is due to the fact that e.g.

b b
ffwl(") wy () /(%) g () dx dy
a a s \
(7.8) = [w1(3) /() dx [ wa(5) g (3) dy

5 b
=cfw1(x)f(x) dx-%fwz(y)g(y) dy

for an arbitrary non-zero constant c, i.e. we cannot factor the integral (7.8) in
a unique manner. We observe however, that the (m —1)n +1 equations (7.6) are
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L
an independent set, and they uniquely determine every product [[w(? in (7.3),
=1

since they uniquely determine every product on the left of the e:;uation

k3

n
(7.9) nm=x-. Zwm ceful s, Ri=1,2,...,m.

i=1 di=1  jp=1
Two additional observations are of interest. Although m# eguations of the
form {7.2) completely determine the formula (7.3}, (7.3) is exact for »" monomial
integrals of the form (7.4). Similarly, though the {(m —1)n -+1 equations {7.6)
completely determine the formula (7.3), (7.3) holds for (m+#n —1),, fully sym-
metric monomial integrals.
The above remarks lead us to consider determination of the products w{ w{®
w{" directly by use of generators. Let us denote the monomial (7. 4) sub)ect
to the constraint k;<k;if i <7 by m=mn (s, 42, ..., 2"), and let f=f(a?, 4%, ..., ")
be the fully symmetn'c polynomial generated from 7 in the manner described
above. Then we have

b b #
f---ff(xl,...,x”)gw %) dat = Z Lw(l) cof fu, ., )

e

— * 1),,(2 (
(7‘10) —I i EZ <j g"‘/ilh:h:' .1nw§1) 71) ot w?:) Z*n[uﬁ’ uf:’ e uhl]
2h=hE " 2inz

_gixéi.éz'"%?’névﬁii“j”” i Gy - )
where 2 * indicates a sum taken over all the points (u;, u;, ..., ;) obtainable
from (u;, u;, u;,) by interchanging coordinates. Ix (7.10) f is arbitrary and
every constant A,l harover i 18 Umiquely determined.

We next index all the generators [u;, %, ..., #;,] (hS1< =7, from 1
to (m-+n—1),, and we also index all the fully symmetric polynomials obtained
as described above, from 1 to (m-n —1),). The Eqgs. (7.10) can then be written
in matrix form

(7.11) VW=dy 4, ..., 10
Here V is an (m-n—1)¢,y X (m-+#n — 1),y matrix with (s, j)-t4 element equal to
the ¢-th fuly symmetric polynomial evaluated at the j-#% generator. W is an
(m~+n—1),yx1 vector whose f-th element is the coefficient 4; ;  ; of the
generator point with coordinates (u; , u;,, ..., %;,),anddy, ¢, . p,isan (M +n—1),y X1
vector whose i-#4 element is the mtegral of the i-th fully symmetric polynomial.
It has already been observed that the coefficients 4, ;, . in (7.10) are
uniquely determined. We have thus proved

Theorem 7.1. The mairix V described above is non-singular.

8. Minimum-Point Fully Symmetric Formulas of Arbitrary Degree 2k 11
The developments of the previous sections enable us to give a constructive
proof of the following theorem.
Theorem 8.1. Let w (x) satisfy the conditions
a) w(x) >0 for ®cR";
b) w(x) is fully symmetric.

23+
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Let the integral I(f) in (8.1) have property P. Then there exist fully symmetric
numerical integration formulas in n space of the form

1) = R{ w(x) f(x) 4V (x)

8.1) 3
Z—Aoffol“i"z Z Afl,js,..‘,i.Zf[ujuui,x ""%}’sj

s=1 IS 5% 5
which are exact for all monomials of degree 2k +1, k>0 an integer. The coordinates
of the evaluation points for the formulas on the right of (8.1) are restricied to be the
zeros of the polynomials q, ., (x) defined in Section 5. Subject to this restriction the
total number of points m vequived by the formulas (8.1) is minimal

(m =510 ()] n>e0).

Each of the weights Aq, 4; . ;, 15 real.

A few remarks concerning the manner in which we shall carry out the proof
are in order. At the outset of the proof we shall characterize the minimum number
of monomials necessary to solve for all the linear unknowns in (8.1), and at the
same time establish an order among these monomials. A suitable ordering is
also established for the generators, which are selected according to the rules (f)
and (g) of Section 3. This brings about a “triangular structure” of the system
of non-linear equations. This ““triangular structure” enables us to use the analysis
of Sections 6 and 7 to carry out a proof by induction that this system of non-
linear equations possesses a unique solution.

Proof of Theorem 8.1. Let us first conveniently subdivide all the monomial
integrals. We denote I(1) in (8.1) by I,, and the remaining integrals by

(82) wa(m) g(xi)zk‘dv(m) =Iay, 21, ..., 20 =°‘rglzkc
where
(8'3) Z 2k¢§2k: k@';i,

i=1

k; being an integer. The integer » will range from 1 to Z.

Due to the full symmetry we need only consider those integrals (8.2) for
which &, < k; if 1<4, 1=<4, {<r. The inequalities (8.3) tell us that for y an integer
inisv=y»,

1 7
(8.4) 2<2k, <2k —min ) 2k, —min 2, 2%,
i=1 i=rt1

The maximum of the right hand side subject to the constraint k,<%; if 1<7j is
obtained by setting k;=1 for i<y and k;==Fk, for i>y. We thus find that
1<k, < kY, where

(8.5) B = () = [w:_—m], y=1,2,...,7.
Corresponding to the numbers k¥ we define numbers /, by

(8.6) 1, =1, (#) = min ([i’;ﬂ} B 0)-
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We then list all the monomial integrals (8.2) subject to the constraints (8.3)
together with the constraints

8.7) k=1, v=1,2,...,7
where 1, is defined by (8.6).

Let there be n=1x(r) distinct monomial integrals of the type (8.2) subject to the
constraints (8.3) and (8.7). We shall write down the non-linear equations for a
“minimum point” fully symmetric integration formula which exactly integrates
these monomials, =0, 1, 2, ..., k. Later we will show that this integration formula
exactly integrates all the monomials (8.2) subject only to the constraint (8.3).

The {mjzﬁ——-} distinct positive zeros uy, #,, ..., U4, ( = sz—i}) of g4 (x) will
be used to construct a suitable set of »(r) generators subject to the rules (f)
and (g) of Section 3, such that we obtain a system of »(») linear equations of
a form similar to {7.41) in the x(r) unknown coefficients 4, ;  ;, for which

the determinant does not vanish. Consider the system of equations

w8 T
Z Z W; W, .. W, Uy, ’uz' ..M2 T=a ng Ly, .. Izk;
(8.8) =l =1 fp=1 B ' ' '

(Bi=1,2,....L(n); i=1,2,...,7).

By the analysis of Section 7 we know that we may write (8.8) in the form of a
system « of ([,(r)+7—1), linear equations which uniquely determines all of
the (L (r)+7—1)yy products wyw, ... w;, 1=06,<6,< 4,5 (r). The =(r)
monomial integrals (8.2) subject to (8.3) and (8.7) are clearly a subset of those
on the right of (8.8). Let the x(r) monomials (labelled 1, 2, ..., %(r)) specified
by (3.6) with y=r together with (8.7), be used to yield the first »(r) equations
of the system a. These x(r) equations are clearly of rank (), since the system «
has a non-zero determinant. Thus, there exist at least x(r) generators (labelled
1,2,...,%(r)) among the total (/(r)+7—1),, such that the square matrix,
Whose (i, j)-th element is the é-th monomial summed over the points generated
by the j-th generator, has a non-zero determinant. Lef V0, denote that particular
% (r) X % (r) matriz with non-zero determinant which is constructed from any particular
set of generators selected such that the total wumber of points generated by them is
minsmized. In this way we shall minimize the total number of points required
in our final integration formula. (We expect that if we list the generators in
increasing order of the number of points each generates, then the square matrix ¥
whose (i, j)-th element is the 7-th monomial described above summed over the
points generated by the j-t4 generator always has a non-zero determinant. How-
ever, we have so far been unable to prove this.) In general there will be many
different choices of generators leading to different integration formulas, all of
which require the same number of points. Observe that in choosing ¥, ?,) we have
applied the rule (f) of Section 3 to select generators with exactly  positive co-
ordinates, and that we have applied the rule (g) of Section 3 to minimize the

number of points generated by the set of generators making up V7).

Assume that all the square matrices ¥7}) have been determined as described
above, for 7=1,2, ..., k. We then also define the x(r)xx(s) matrices V) s=
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1,2,..., k as follows. The (i, 1)-th element of g) is the i-th monomml used to
obmm I';(’Z) summed over the points generated by the j-th generator in V) vty Here the
Eq. (3.8) can be used to explicitly express each (7, 7)-# element. Clearly V), is a
#(r) Xx(s) zevo matrix if v>>s.

Further we denote W (r=1,2,..., k) to be a %(r) X1 dimensional vector
of elements 4; ; e the j-th element in W% corresponding to the -tk generator
used to construct 1 %), and finally, we denote I” to be the x(r) X1 vector of
monomial integrals, the i-t4 element of I") being the integral of the ¢-#4 monomial
used to construct V7.

At this point we are ready to consider solving the following sequence of
k systems of linear algebraic equations

V), Wl =1»

k
VOWwh=10_ 3 VOWS (r=k—1,k—2,...,1).
s==p-+1

(8.9)

Clearly W® is uniquely determined in (8.9). By induction it follows that each
WY (r =1, 2, ..., k) in (8.9) is uniquely determined, since the square matrix V),
is non-singular.

This completes the proof that “minimum-point” generators can be found,
and the corresponding coefficients 4; ; ., (s=1,2,..., k) in (8.1) can be uni-
quely determined such that the formula (8.1) is exact for all monomials of the
form (3.6) (with v=1, 2, ..., k), subject also to the constraint (8.7). Clearly, if
we substitute f =1 into (8.1) we can now also determine A4,. Thus (8.1) is com-
pletely determined. Each coefficient 44, A; ; ., in (8.1) is obviously real.

The right side of (8.1) gives us the number of points # required by this formula
if we substitute Ag=4; ; . ;=F=1. By (3.4) this number of points is a poly-
nomial in #, the number of dimensions. Since the total number of generators
at the s<C % stage is independent of %, and since there is only one generator {with
k positive coordinates, all of which are the same) when s==%, it follows from (3.4)
that the s=F% generator generates the dominant term in this polynomial. Hence

= o)

It remains to show that (8.1) is exact for all the monomials (3.6) for v =
0,1, ..., k without the additional restriction (8.7). Due to the full symmetry, we
need merely carry out a proof for all those monomials subject also to (8.7) but
with /,in (8.7) replaced by &} in (8.5). An easy calculation shows that £ (r) can

be greater than [k—;_t only for r=1,2,..., [%], and also, subject to (8.7) with
}, replaced by E}(n), R¥(r) = {i'zii—l if y<7.

Let us fix an arbitrary integer 7 in 1S7< I-’H, and let B¥==F%} (r)> {k-H}

Substituting any monomial f(x%, %2, ..., 2"} of the form (3.6) for y=7 into {8.1)
we obtain

& L4
(8.'10) Z Z 71;71; sesda Z f[uh’ Mh ° ui’] = oc,ilz IZk"

s=7 1SHERS " Sfe
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r—1
Dividing both sides of (8.10) by «, [ [ I5;, and on the left collecting coefficients
i=1

of coordinates whose exponent is 2%, we obtain the equation

(8.11) Z w, utr=1I,,

where the coefficients w, are functionsof k,, £ =1, 2, ..., 7 — 1. Let these integers ,
be fixed subject to (8.3) and (8.7) with /, replaced by ¥, so that the integer %, in

(8.11) is free to traverse over the range 1=<£k,=<w where [%1—} SwskXrsE.
For %,=1, 2, ... [—@—ZLJ the system (8.11) may be regarded as a system of

[kj1 } linear equations in the unknowns w,. Clearly the integer u in (8.11) must
range over all the integers in 1=<u=< [E—zl_l]’ for otherwise no solution to this

system would exist. Thus the determinant of this system of [}3'—;}-} equations is
not zero, and so there exists a unique set of k_;_i w,’s such that (8.11) is exact

for k,=1,2, ..., {%il However, by the definition of the #, in Section 5 and

by the connection between orthogonal polynomials and Gaussian quadrature, it
k-1 }
2

follows that once we have “determined” the w, by solving the system of [
linear equations, (8.11) is exact for 4,=1,2,..., &

This completes the proof of Theorem 8.1.
To facilitate the evaluation of the right of (8.1) we suggest using the formula

(812) X fluj, s, ..., )= Z,, Zp Z 8ty Ggy vy by) Fltbg, Wiy ooy 14y
fy=—p fg=— in=—p

In (8.12) u_;=—wu, for j>>0, u,=0, and 6(11, Ty, ---» 4,) is defined as follows.

It is presumed that the generator [u;, u,, ;] has p distinct positive co-

ordinates: p, of the first, ..., p, of the p-th so that Z pi=s.Put G*={j;, 15, ..., s,

fs+1s -++» Juy Where the integers 7, to j, are defined as for (8.12), and j,, =f =
++=71,==0. Then §(¢, %y, ..., %,) is respectively equal to one or zero according
to whether or not the set {|3,], |4, ..., |%,]} is a permutation of the elements
in G*. Accordingly, it is unnecessary to compute f(;, %, ..., %;) whenever
(2, 149, ..., %,)=0.
Although the above constructive proof is carried out only for nz= %, it applies
equally for n< % provided we define I = O for r>n.

9, Conclusion

At the outset of the paper we have given a simple transformation which
transforms integrals over a large class of regions into integrals over the #-cube.

In the remainder of the paper we have concentrated on the development of
a procedure for constructing fully symmetric numerical integration formulas. To
start with, we have obtained four fully symmetric formulas of degree 3, 5, 7 and 9
by directly solving a system of non-linear algebraic equations. Difficulties inherent
in these special cases are later overcome in the general degree 2%k 1 case by
restricting ourselves to infegrals with property P (Section 6), by introducing
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orthogonal polynomials {Section 5), generators (Section 3), by establishing a con-
nection between repeated integration and generators (Section 7) and by using
the connection between Gaussian integration and the solution of a certain cor-
responding system of non-linear algebraic equations. Thus the problem of solving
the system of non-linear algebraic equations in the general degree 2% -+1 case is
reduced to solving a sequence of & 41 systems of linear algebraic equations.

It is apparent from tabulation of the formulas for moderate or large » and %
that the weights of the minimum-point formulas of the preceeding section differ
in relative magnitudes by as much as 10% for e.g. =35, 2k +1=7.

It seems that it may be difficult to find formulas which satisfy all the criteria
mentioned in the introduction of this paper. In Section 3 the positive weight
formula was rejected because the coordinates of the evaluation points for it are
not zeros of certain orthogonal polynomials. Moreover, these evaluation points
are in many cases outside the region of integration when # is large. Abandonment
of the positive weight criterion may lead to formulas involving large weights or
too many evaluation points. A possibility which we have not examined is to use
linear combinations of the formulas of the present paper in such a way as to
minimize the weights.
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