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1. Introduction

We consider an elliptic partial differential equation, the operator being sym-
metric definite positive. It exists an equivalent problem of variation (see [1])
which is specially suitable for numerical treatment (see [2]). For this purpose,
it is necessary to change the initial problem into a problem with a finite number
of unknowns. We adopt the Ritz’s discretisation procedure in which we restrict
the space of the functions to be a space of finite dimension. For this, we divide
the given domain into simple geometrical elements (segments for the one-dimen-
sional problems, triangles for the two-dimensional problems). To each lattice
point P, we associate one or more functions with value zero except on the elements
adjacent to this point (the interval formed of the two segments admitting P for
endpoint for the one-dimensional problems, the polygon formed of triangles ad-
mitting P for vertex for the two-dimensional problems). These functions (called
hereafter basic functions) form the basis of the mentioned finite dimensional
space. This method presents several avantages: the construction of the basic
functions is relatively easy; the linear system has a band structure. It has been
proposed by CouRrANT [3] for problems of variation where the maximum order
of derivatives is one. Recently, specialists in structural analysis, in particular
CLouGH (Berkeley, see [4]) and ZienkiEwicz (Wales, Swansea, see [5]) have
obtained, under the name of finite element method, basic functions for two-
dimensional problems of variation where the maximum order of derivatives is two.

In this paper, we give a mathematical form of Clough’s and Zienkiewicz’s
results and generalize them. We introduce a notion of completion and we prove
the sufficiency and very often the necessity of the conditions to obtain this
completion. The practical value of the results has been verified experimentally
by a general and entirely automatic program of calculus of plate in bending
(see 19, 10]).

Definitions. 1. A piecewise continuous function on a closed interval I is con-
tinuous everywhere on I except at a finite number of points. A piecewise con-
tinuous function is not necessarily bounded and may be undefined at the points
of discontinuity.

* This article is drawn from a thesis presented at the Ecole Polytechnique de
I’Université de Lausanne [9]. I want to express my gratitude to Prof. J. DEscLoux
for his suggestions and helpful assistance.
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2. A domasn S is a subspace of the two-dimensional closed plane, bounded and
limited by a finite number of segments of straightline (triangle, rectangle, ...);
the simple connexity is not required.

3. A function is piecewise continuous on a domain if it is continuous every-
where with the exception of a finite number of segments of straightline.

4. The support of a function is the closure of the set where it is different from
zZero.

5. The derivative 8f/dx=f, of a function is called continuous on a domain S
if 1} it is continuous in the interior of S, 2) it can be extended to a continuous
function defined on S. This definition can clearly be extended for f,, for the
partial derivatives of greater order and for the notion of “function of class C*
on S”.

Convention. All sets of definition of functions which we consider are closed.

Problem 1. Given: I the interval with endpoints 0 and 4, @ the set of func-
tions of class C* on I, of second derivative piecewise continuous and square
integrable, @ the set of functions of class C3 on I; construct a sequence E,, E,, ...,
not necessarily embedded, of linear subspaces of @, of finite dimension #,, n,, ...
such that for each fc @, there exists a sequence wyc E,, wac E,, ... with:

Jim [ T =002+, — w00+ (e~ w0015 =0, ()

Problem 2. Given: S a domain of boundary Z, @ the set of functions of class
C1 on S possessing partial derivatives of second order piecewise continuous and
square integrable. @ the set of functions of class C% on S; construct a sequence
E,, E,, ..., not necessarily embedded, of linear subspaces of @, of {inite dimension
%3, My, ... such that for each fc @, there exists a sequence w ¢ E;, w,c E,, ... with:

kll)ngo -gf[(f - wk)z + (fz - w.’m)Z + (fy - wky)z
+ (/xz - wkxx)z + (fyy - wlzyy)2 + (fxy - wkxy)z] dxdy =0.
Remarks. 1. No boundary conditions are introduced in Problems 1 and 2.
In fact, for direct application of the Ritz’s method, the elements of the set @
should satisfy the boundary conditions. However very often the methods of con-

struction for the spaces E, can be modified in order to verify the boundary
conditions arising frequently in the problems of mathematical physics.

2. Let:
QN =l +aslfet sty +auf feat -+ + b Lot bofoly+ )

be a quadratic form in the variables f,f,,/,, /... f,,, /., whose coefficients
4, 4as, ..., by, by, ... are supposed to be integrable and bounded. Setting g,=f —w,,
one obtains by Schwarz’s inequality:

ng (f — @) dx dy < max Iallgfgidxdy

+max|a) ([f gt axdy) ([ et dxdy) + ...

(2)

(4)
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If the relation (2) is verified, then:
lim [JQ(f —wy) dxdy=o0. (5)

If the formulation of Problem 1 and 2 does not take into consideration the
boundary conditions, it is relatively independent of the differential form of the
energy Q.

3. The Problems 1 and 2 refer to expressions of energy with first and second
derivatives. The same questions can be considered for expressions of energy with
first derivatives only or with derivatives of higher order than two. The problem
with first derivatives is very easy to solve for functions of one or two variables.
If the expression of energy contains derivatives of higher order than two, the
one-dimensional case is relatively simple but the two-dimensional case becomes
extremely intricate. Further generalizations are possible, e.g. those concerning
the functions with more than two variables.

For the particular functions considered in this paper, our main result can be
roughly expressed in the following way: the sequence E,, E,, ... will satisfy the
condition of Problem 1 (Problem 2) if and only if the functions {1, x, ¥% (1, 1, ¥,
%2, 42, xy) belong to E, for all %.

A list of functions for two-dimensional second order variational problems is
given in [10].

2. Basic Functions for One-Dimensional Problems of Variation of Second Order

Let I be the interval 0= x5 1, x;=1h, =1, 2, ..., N be the coordinates of
the points P, of the mesh, #=1/N be the stepsize of the mesh; the interval [x,, x;.,]
is an element of the mesh (see Fig. 1).

P P Pia

i i H i i i

Fig. 1

To each point P, we associate the functions &; and B; defined on I, possessing
the following properties: 1) they admit the interval [x; ;, x;,,] for support,
2) they are of class C* with second derivative piecewise continuous and square
integrable, 3) they verify the relations illustrated in the Fig. 2:

Gix)=1, G (x)=0, Fix)=0, PBilx)=1. ©6)
L__A_Q—Hx
B
X
Py

Fig. 2
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One considers the function:
N
w () -““—-Zlo(wi & (%) +w, (%)), 7

where w;, w,; are parameters representing respectively the value of the function w
and of its derivative with respect to x at the point F;,. The set Ey of the func-
tions w is a subspace of @ (see Section 1) of dimension 2(N+1); the &, and 3,
form a basis.

The functions &; and §; are constructed from the two functions « and f§ which
have the following properties: defined for — co<C 2'< - o0, , f admit the interval
[—1, +1] for support; they are of class C! with second piecewise continuous
derivative square integrable; they verify the relations:

«(0)=1, oy 0)=0, B(0)=0, P (0)=1. (8)
Now, we set:
~ 4 ] ' ’ ¥—x
&(x)=al¥), BiN)=hB(x), *'=-—7". (©)
Let (see Fig. 3):
n_ Je(®)  pour &' =0, . [B)  pour ¥ =0,
u(*) =1, o B = =
pour x'<C0; 0 pour x'<<0; (10
, x (¥ —1) pour x' =1, A |B(x" —1) pour &' <1,
% () = 0 pour x >1; Palr) = 0 pour zx' >1.
o {x’} 4B
1
— X' x
-1 0 1 -1 0 1

A ix)

xl

1
,32()(')

Fig. 3

Property 1. For each function fe @, of class C3, defined on I, there exists a
sequence wy € Ey, w,cE,, ..., wy€Ey, ... such that:

tim [ 1 =t (e (e dr=0. (1)

N-—>oo

Theorem 1. The Property 1 is satisfied if and only if the functions oy, f;, a,, fi
satisfy the relations:

oy (%) + g (%) =1, (12)
a0y (%) + By (2) + o (5) = o', (13)
3%(7) +Ba(x') = F "% (14)
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Proof. The condition is necessary. Suppose that the Property 1 is satisfied,
in particular for f=1; there exists a sequence w,€¢E;, wo€E,, ..., wyc€Ey, ...
such that lim Iy=0 where:

N 00 1
Iy=[ (wy—1)%dx.
0
Let:

A= min f[Pl“l( XY+ paog (%) + ¢ B (%) + g2 Ba(x') —112dx".

P1rPesd1592 0

On the interval {x;, ¥;.,], wy takes the form:

wN(x)=w,~al( )+w,,,k51(" ")

+wi+1°‘2( >+wm+1hﬁz<x x,)’

I, becomes:
Ny DR

5T bl
+wz+1°‘2< ) + @110 B, (‘f“ﬁ‘) "‘1]2 dx
%NZ:IIh = 2.

gt

By hypothesis, z}im Iy=0, thus A=0. The relation {12) follows immediately.
-0

In the same way, the relations (13) and (14) can be obtained by using the Prop-
erty 1 for the function f(x)==x and f(x)= §x%
To show the sufficiency of the condition, one chooses for parameters w;, w,;
n (7): w,=f{x,), w,;=}.(x;), =0,1,..., N; therefore, the functions wy are
constructed by interpolation. Using Taylor’s series, one shows that there exists
a constant C, dependant from f, but independant from the function wy such that:
1

N —w) = (f 1~ 0+ (h—wx* + el <Ch (15)
Letting N —> oo, one gets (11).

Remarks. 4. One verifies easily that the Theorem 1 can also take the form:
the Property 1 is satisfied if and only if the functions 1, x, #* belong to the sub-
spaces Ey for N=1,2, ....

2. If # is the solution of a variational problem, wy its Ritz’s approximation,
then (15) and (4) prove that the energy norm of f—uwy converges towards zero
like %. Assuming f of class C**™ it is possible to construct with analogous prin-
ciples, w-functions allowing convergence like 2™,

3. The theorem remains valid if we divide the interval [0, 1] into variable
stepsizes. On an element [x,, x,,,] of length A;, w takes the form:

w() = w,00 (255) + w0, 1B (5

+wz‘+1°‘2(x“ ) +w a1k ﬁz(%, xc).

By

(16)
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For a decomposition 2, one defines Hg=_ max —1(h")' Then, the Property 1 be-

comes: for all sequence of decomposition @, 2,, ... with klim Hg, =0 and for
i OO

each function fe®, of class (3, defined on I, there exists a sequence w¢ Eg ,
wy€Eg,, ... such that:

lim, f10 =0+ (= 00+ (o — whs)8) dr=o0. (17)

Theorem 1 is then still valid.

4. Tt is easy to take into consideration boundary conditions. Consider e.g.
the condition f==0 at a point R. Thus the decomposition of the interval I re-
quires R to be a point F, of the mesh. Therefore:

N N .
w(x) = ;;o w; o (%) + ;0 w,; fi(x). (18)
ik

Other conditions can be considered (f,=0 at a point, f={,=0 at a point) and
combined. Correspondant spaces & and Eg are defined for each problem.

Example of Functions oy, By, ¢s, B5. Any set of functions «,, &y, f, fs satis-
fying the conditions (8), (10), (12}, (13}, {(14) can be obtained in the following
way. One chooses arbitrarily one of the functions oy, f;, a,, §, subjected to the
conditions implied by (8). The other functions are then uniquelly determined.
For example:

n(x)= 24322 41,
X3—24"24 4,
(19)

3. Basic Functions for Two-Dimensional Problems of Variation of Second Order

Let us consider a domain S whose boundary Z is formed by segments of
straightline (see Definition in Section 1); one sets on this domain a mesh of
triangles (see Fig. 4). An element of the mesh is one of the triangles; IV is the
number of points of the mesh and NE is the number of elements of the mesh.
A typical element B F, F, is characterised by the geometrical datas: (x;, v},
(%3, Va)» (%3, vs): coordinates of B, F,, F} respectively; L;, Ly, L;: length of the
sides B, B, F, B, B, P, respectively; »x;, #,, #;: angle at the vertex B, B, F, re-
spectively; Cy=L,L; cos %y, Co==Ly L, cosa,, Cy=L; Lycosng; h=max(L;,L,,Ls};
A=1[(xy~ %) (¥3— 1) — (%3 — %) (¥3 —¥,)]: surface of the triangle.

For a decomposition 2 of the domain S into triangles, one defines:

Hg= max_(h{): parameter of fineness,
j=1,2,..,.NE
Ry =i=lr§1inNEmin (115, %2 7, %gj» T — 2%y, T — Ky, Tt — %) : parameter of regularity.
9 &y saey
A sequence of decomposition 2, D,,... is said regular if: 1) kl_iglo Hg,=0,

2) there exists a number >0, independant of &, and such that: Rg,>e¢,
k=1,2,....
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One associates to each point P, of the mesh three basic functions «,, Bi,;?i.
Let us consider a point F, and the polygon formed of triangles admitting B for
vertex (hachured polygon of the Fig. 4). The basic functions &,, Bl, #, associated
to the point B verify the following properties:

1) They admit the polygon for support; 2} they are of class C* and of piece-

wise continuous partial derivatives of second order square integrable; 3) they
verify the relations:

&

Bl (20)

Pal

Fig. 4
For a decomposition 9 of the mesh, one considers the functions:
N ~ 3 ~
w(x) = '21 [w;a;(x, v) + w2, Bi(x, ¥) + 2y 7.(x, V)], (21)

1=

where w;, w,;, w,; are parameters representing respectively the value of the
function w, of its derivative with respect to x and of its derivative with respect
to y at a point P,. The set E, of the functions w defined on S and relative to the
decomposition 2 is a subset of @ (see Section 1) of finite dimension 3N, a basis
being a;, f;, 7;- N

The basic functions associated to the point F: &;, f;, 7, are constructed from
the functions a, B3, ¥4, 0> £=1, 2, 3. Let us determine at first the properties
of the functions «;, By, 91, 0, : 1) they are defined on the rectangular triangle
(0, 0), (1, 0), (0, 1); 2) they are of class C* and of partial derivatives of second
order piecewise continuous square integrable; 3) they verify the relations:

%(0,0)=1, @,,(0,00=0, o,(0,0)=0,
Bi(0,00=0, fiu(0,00=1, Biy(0,0)=0, (22)
'}’1 (O, O) = 0; '}/1x'(0' 0) = O; y1y'(0, O) = 1 N
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4) the form of the functions along the three sides of the triangle satisfy the condi-
tions:
0(1(8,0) :—‘ul(s): OC1(073) zul(s): O!l(S,1—S) 7’01

o, (5,0) =0, o (0,8) =0, % (8,1 —8) =0;

fr(s,0) =us(s), pi(0,s) =0, Puls,1—s) =0,

b6 0=0, 0.9 =) Punst—3)=0; -
7(5,0) =0, 7n(0,s) =uy(s), nls,1—s) =0,

Y1y (5,0) =a,(s),  y1,(0,8)=0, Yinls,1—5)=0;

a(s,0) =0, 0:(0,s) =0, afs,1—s) =0,

01y (5,0) =0, 01,(0,5)=0, 014 (8,1 —5) = J2my(s).

In Fig. 5, we have drafted the value of the function along the three sides of the
triangle; the value of the normal derivative has been indicated by an arrow.
The functions #; and #, have the following properties: defined on the interval
[0, 1], they are of class C! with second piecewise continuous derivative square
integrable; they verify the relations (see Fig. 5):

4,(0)=1, ,(0)=0, wu(1)=0, u,(1)=0;

i (s) +u (1 —s)=1, O0=s=1; (24)
u2(0)=0, '1425(0):1, ’“2(1)"—"0: 7"23(1):0'
' ¢ N
3 ﬂ| 3 71
£,.10.5)= #{0.5)=
=Uggls} =u,ls)

7iyisOl=uy ls)

Uy Uz
1
0 (i 0 TS
Fig. 5
Set: Py 1o P 1o
ap (', y) =g (2", 97),  Ba(#', ¥)=pBu(x", ¥"),
vo(#, ¥) ="y, e, ¥)=a",y"),
With 77 ' 3 7 PN
x' =y, y'=1—2" —9; (25)
w(, Y)=m (5, ¥7), B, Y)=Bulx" Y,
Bl ) ="y, sl y)=aE"y"),
with

127 !

xtrl:1_xy_yf’ Y=«
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&%, B%, 7% are the restrictions of functions &, 8,7, on the k-th triangle of
the polygon formed of triangles admitting F, for vertex:

& (x ) =d(x9), Bux =P, HxnN=Hxy), (26)
on the k-th triangle of the polygon, £=1,2,...,NT,

where N T is the number of triangular elements surrounding the point B,. &, g}, 7%

are constructed from the functions «y,f;, 9, 05, 0s. We choose the typical
triangle B, P, B, for this construction.

Py
)
X 1 7"

Fig. 6
Let:
r=Ax'+z,

. , . _ _
&L == [x B = [x;} 3 = [ ! » A = [xz 1 s xl] (2?)
y y Y1 Yo—%1 Ys— N

be a linear application; the points 1, 2, 3 of the plane (', ¥') (see Fig. 6) is mapped
into the points B, B, B, of the plane (x, y). &, B%, 7% take the form:

with:

o~ ! ’ C ’ ’ C 7 !
&6 y) =u(r, )+ 7 e, )+ g e, ¥),

ﬁf (%, ) = (% —x1) By (%", ¥') + (% — 2 ;1 (¥, ¥')

— A
L yl) 0 (%", ¥') + by I‘gl‘")_“ os(x, ¥'),

7% }’):(3’2—3’1)481(7‘ V) (s =y mx, y)

+AB78 o (v, y) — L g, ),

(28)

w:Aw’—}—z.

The procedure for the other triangles admitting B for vertex is identical; a
special linear application exists for each other triangle. So, we obtain the de-
finitions of the basic functions associated to the point F. One verifies that the
continuity of the basic functions and their partial derivatives of first order is
realized. Moreover, the normal derivative of &, along the sides of the triangles
is zero. Leaving out the two last terms of the expressions g%, 7%, the continuity
of the functions f, 7, and their partial derivatives of first order is still verified;
then, the normal derivative along the sides of the triangles is proportional to
the tangential derivative; however with this limitation, one cannot get the con-
vergernce.
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The expression of w on the typical triangle F, B, F, is given by the expression:

w(x, y) = ET(x” y’) TTw’
with
gT: (&1, Brs V15 %25 B2y Vs %3y Pas Vas 015 025 03),

T
W = (W, W,q, Wy, Wy, Wya, Wyp, Wy, Wyg, Wy3), (29)
x=Ax' +z.

The matrix T is given in the Table. Thus, the expression of w includes three
distinct terms: 1) E(x’, y') depends only from the functions defined on the
rectangular triangle of the plane (%', ¥), 2) T characterizes geometrically the
element F, B F,, 3) w specifies the parameters associated to the three points
of the element. The form of w proves to be specially advantageous for the numeri-
cal calculations.

Let E5 be the set of functions w whose expression on a triangle has the
form (29).

Property 2. For any regular sequence of decomposition 2,, &,, ... and for
each function fe @, of class €3, defined on I, there exists a sequence w, <L,
wy€ Ey, ... such that:

kl—{)nolo .£f [(f - wk)2 + (fx - 'wkx)2 + (fy - wky)2 + (fxx - wkxx)z
+ (fyy - wkyy)2 + (fxy - wkxy)z] dx dy =0.
Theorem 2. The Property 2 is verified if and only if the functions «,, §;, ¥, 0x

satisfy the six relations:
3

(30)

k§1(mk + o) =1,
ap+fy—Be—vet+vst 01— 02t =%
tg+Pa—Ps+r—vst+ ot 02— =Y, (31)
30— P2 — 72 +io + os=3%%
3% —fs—7s +30+ e =3y'%
B2+ 7s +io—Fe—te=%"y.

In order to prove the necessity, one can choose the particular domain S: 0= «,
y=1 divided into isoceles triangles (see Fig. 7); relations (31) are obtained from

y
(0,1)4

(00) o

Fig. 7
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[ 93 _ ¥z £4 34 LYo vy
pEr—tx) | plr—7)
i1 7 Sy By By Ty
p &6 —14) |p (Ca—24)
jvd 7
) o
§7 i7 _ Bl __If 30 B
p o —Te) p Ex—%)
- i1 _ 191 LIV, By .ty
p (4—14) p (54 —*4)
57 i7
0 0
g z
141 — L ¥ 6 -84 05
p(r—tx) | p(x—%a)
§7 §7 . Ty €y Ty 3y
p (834} 1 (A—B4)
7 &7
ko) ke

alqey,

Numer. Math,, Bd. 12

3
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the condition (30) for f==1, %, v, 142, 1% xv. In order to prove the sufficiency
of the condition, one constructs by an interpolation method a particular sequence
w, satisfying (30).

Remarks. 1. The Theorem 2 can also take the form: the Property 2 is satisfied
if and only if the functions 1, x, y, #2, ¥%, vy belong to the subspace E, for each
decomposition of the domain S.

2. The relations (31) imply that the normal derivative of the three basic
functions along the sides of the triangles is a linear function.

3. It is easy to introduce boundary conditions. Consider for example the
particular condition f= 0 along a segment Z of slope tg o.. For any decomposition,
Z is composed of sides of the triangles and its endpoints are meshpoints. F, being
a meshpoint on Z, we set:

w;=0, w;=w,;cosa+w,;sina=0, (32)

where w; ; represents the derivative with respect to the direction Z at the point P,.
w can be written (we assume that |tg «|<C1):

w(x,y) = 2 [w;;(x, y) +w,;B;(% y) +w,,7:(x )
?{&Z
+ ; w, i (—tgafi;+7;).
Pi€EZ
Then w(P)=0 for PcZ. Other conditions (f=0 at a point, f=f,=f,=0 along
a segment of straightline) and combinations of conditions can be considered.
For all “reasonable’” conditions, Theorem 2 is valid.

(33)

Examples of Functions o, By, Vi, 0r, k=1,2,3. Solutions of Egs. (31) are
given in [4, 5]. However our presentation is more synthetical and better adaptated
to the numerical calculation. For these solutions:

o =1+2x"3 4293322392 — 42"y (1—2"—Y)

+%91—§92~%93,

) ' t 7 ' 7 7 34
fo=H (= =yt 3 (=7 =)+ ettty e O
n=y (=2 —yP+ixy(1—% ~¥)+ g 01— 150+ 75 0s-

For the solution of reference [5]:
. —6x 2y~ — )
a="G=N G-y 63)
3“y‘
G{1/3,1/3)
1 7

Fig. 8
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for the solution of reference [4], one divides the triangle 1 2 3 into three small
triangles 23 G, 316G, 1 2 G (see Fig. 8):

—(1 =2 —y)[6x Yy +5(1—x —¥)2—3(1—x —9v)]: triangle 23G,
o= —x*(—% +3y): triangle 326, (36)
— 9y 2(— ¥ +3%'): triangle 1 2G.

The formula (25) allows us to calculate the functions oy, By, v, 02, =2, 3.

Decomposition of the Domain S in Rectangles and Tviangles. Basic functions
for rectangular elements are much simpler than for triangles; their use is also
easier. However triangular elements allow much more general domains. By as-
sociating basic functions at each point of the mesh, one can mix triangular and
rectangular elements (see [9, 10]).
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