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In this paper, we introduce a generalized Data Envelopment Analysis (DEA) model which
unifies and extends most of the well-known DEA models developed over the past fifteen
years and points the way to new models. By setting three binary parameters of this model
to different values, we obtain subclasses of the DEA models with general K cone and W
cone descriptions to represent the evaluator’s preferences for the Decision Making Units
(DMU) and the input/output categories. We also show relationships among the various
different subclasses of the generalized DEA model and give special attention to efficiency
definitions and solutions. Furthermore, we state and rigorously prove the equivalence
between DEA efficiency and the nondominated solutions of a corresponding multi-
objective program. This latter result is especially important for understanding and inter-
preting the concept of efficiency. Detailed examples are also presented to demonstrate
the functions of K cone and W cone, as well as their characteristics.

Keywords: Data envelopment analysis, efficient production frontier, multiple input/output
decision making, production possibility set.

1 Introduction

Since its original development in 1978, Data Envelopment Analysis (DEA) has
become one of the core tools available to management scientists for the analysis of
organizational performance. Indeed, a recent survey of the DEA literature by Seiford
(1990) indicates that approximately 400 articles have been written on the subject.
Although different distinct forms of DEA have been used to address different
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managerial/production problems, all the DEA models are oriented toward frontier
concepts associated with locating efficiencies and inefficiencies of the decision
making units (DMU) responsible for converting multiple inputs into multiple outputs.
Unlike statistical regressions, productivity indices, etc., which (via least squares
methodologies) are oriented toward average production or mean output for given
input, the DEA method is oriented toward individual productivity and the identifica-
tion of extremal relations between input and output for different decision making
units. According to Seiford (1990), some of the hundreds of applications of DEA
methods include identification of efficient production frontiers to aid in allocation of
U.S. Army recruiting efforts (Charnes and Thomas (1990)), evaluation of the effi-
ciency of savings institutions (Charnes et al. (1990)), evaluation of the efficiency of
schools (Charnes et al. (1978)), and evaluation of managerial efficiency in not-for-
profit organizations (Chames and Cooper (1985)).

In many instances, a particular problem under consideration necessitated the
development of a new or modified DEA model different from the original Charnes
et al. (1978) model. We call particular attention to the DEA models of Charnes,
Cooper, Wei and Huang (CCWH) (1989); Banker, Charnes and Cooper (BCC) (1984);
Charnes, Cooper, Wei and Yue (CCWY) (1988); Fare and Grosskopf (FG) (1985);
and Seiford and Thrall (ST) (1990). One purpose of this paper is to demonstrate that
most of the preceding models are special cases of a new model (which we call the
generalized DEA model). In addition to subsuming all the previous models, our
generalized DEA model points to several new hitherto undeveloped DEA models and
their solutions. This extension and unification of some well-known models is fairly
simply achieved by using only a three binary parameters vector (6;, 4, 6;) and
incorporating it into the DEA generalized formulation. Moreover, we show the equiva-
lence between DEA efficiency and the nondominated solutions of a corresponding
multi-objective program, thereby giving rise to an important interpretation and under-
standing of DEA efficiency.

In section 2, we introduce our generalized unifying and extending DEA model,
define efficiency for the model, and show explicitly that most known DEA models
fall out as simple special cases of the generalized DEA model with various binary
parameters 0;, 0, and 8 set at fixed values. A guide to the exact properties of the
generalized DEA model examined in this paper is also provided. In section 3, we
examine in detail the relationships among different subclasses of the generalized DEA
model (i.e., those obtained by setting (6;, 0,, 63) equal to different values) with
particular attention paid to relations between the corresponding efficiency definitions.
In section 4, we prove the previously mentioned relationship between DEA efficiency
and nondominated solutions of a corresponding multi-objective program. The gener-
alized DEA model with polyhedra cones W and K (as defined in section 2) is
investigated in section 5. We present two detailed examples for illustrative purposes
in section 6, and the final section includes the summary, conclusions and remarks on
possible extensions.
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2 The generalized DEA model

The original DEA model (and its extensions) is conceptualized as a ratio of “virtual”
output to “virtual” input, subject to constraints. After applying the Charnes—Cooper
(1962) transformation, this information may be put into a linear programming
formulation and solved for each decision making unit to obtain efficiency scores and
other managerially useful information (such as the production frontier). We begin our
generalized DEA model formulation from the linear programming equivalent. Accord-
ingly, we shall study the following generalized data envelopment analysis model:

maximize (47 yo — & 41p)
subjectto @’ X — uTY + ugde’ €K,

(P) w0 xy =1,

( C’Z ) eW,868,(-1%pu 20,

and its dual:
minimize 6

subject to (f/}q—fxo) ew’,
51eTA +6,6,(-1)% 14, =6,

A€-K' 2,,,20,06€E",

where:

X =(xy, x9,...,%,) 1S an m X n matrix,

Y=1(y, ¥2,-..,¥,) 1S an s X n matrix,

x; is the input vector for the jth decision making unit, j =1,...,n,

y;j is the output vector for the jth decision making unit, j = 1,...,n,

01, 0,, 05 are binary parameters assuming only the values 0 and 1,

W C E7T* is a closed convex cone, Int W # &, and for (f‘f) € W\{0}, we have:

ol x;

>0, uly; >0, j=1..,n

K C Eis a closed convex cone, with Int K # &,
w* C E™** is the negative polar cone of the set W,
K" C E" is the negative polar cone of the set K,
e=(1,1,....,DT€E".
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For convenience, we denote x, = x;, yo = y;,, for 1 < j, < n. The cone W is used to
describe the relative importance of different input/output categories, as viewed by
the evaluator (one who evaluates the DMUs). We call cone K the predilection cone
and use it to represent the evaluator’s preferences for different DMUs. We shall show
that our generalized DEA model substantially generalizes the (CCR) model by
Charnes, Cooper and Rhodes (1978); the (BCC) model by Banker, Charnes and
Cooper (1984); the (FG) model by Fére and Grosskopf (1985); the (CCWH) model
by Charnes, Cooper, Wei and Huang (1989); the (CCWY) model by Charnes, Cooper,
Wei and Yue (1989) for finite number of DMUs, and the (ST) model by Seiford and
Thrall (1990).

To begin our analysis, we note that since K C EZ, for any feasible solution of (P)
we have:

oTX —u’yY + 8upe” > 0.

In particular, for the jyth component, we have:

T

o xo = 4Ty + 61410 20,

and hence the objective function of (P) is
1Tyo =g < 0'xg = 1.

These equations lead to definition 1, which may be compared to information provided
by Charnes et al. (1978).

Definition 1 ,
If there exists an optimal solution «°, u°, ud of (P) with (Z)o) € Int W and ,uoryo
— 6,13 =1, then DMU; is called DEA efficient.

The production possibility set for the generalized DEA model (P) is defined as:

XA —-x . .
T= {(X,)’)l( ]E W', 61672+ 6:6,(~1)% Aps1 =81, € —K", 4,4, 2 0}
-YA+y

We now examine the various important special cases of the generalized models (P)
and (D) which are obtained by setting parameters J,, §,, 5 to different binary values.

Case 1: 6,=0, W=E!** and K = E}. In this case, the model described by (P) and
(D) reduces to the (CCR) model (Charnes et al. (1978)):
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[ maximize 1Ty
. T T .
®1) subjectto @' x; —u'y; 20 j=1,...,n,
CI)TXO :1,
w=0, u=0,
and
( minimize 6
subjectto 37_; x;A; < Ox,
D) \
21y 2 yo,
6e€E A 20 j=1..n

In case 1, the corresponding production possibility set is:

Teer = {(x,y)|2xj/lj < x, Zyjlj 2y,A;20, j= 1,...,n}.

j:l ]=1

Case 2: 6,=1, 6,=0, W=EI"** and K =E]. In this case, the model described by
(P) and (D) reduces to the (BCC) model (Banker et al. (1984)):

maximize (4" yo — o)

®) | subject to a)ij —uTyj +uy 20 j=1..,n,
wlxy =1,

w20, £20, yp € EL,
and
r minimize 60

subjectto ¥.7_;x;A; < Oxo,

(D2) A 271945 2 yo,
7=1/1j = 1,
6€EA;20 j=1l...n

The corresponding production possibility set for case 2 is:

n n n
Tsce = {(x,y)lzxj;tj Sx,Zyjlj >y, Z’IJ =14;20, j= 1,...,n}.
j=1

j:l j=1
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Case 3: §,=6,=1, 6;=0, W=E}* and K =E]. In this situation, the model
described by (P) and (D) reduces to the (FG) model (Fiare and Grosskopf (1985)):

(maximize (" yo — po)

®3) subjectto @' x; —p y; + o 20 j=1..,n,
CUTXO :1,

w20, uz20, ug 20,
and

minimize 6
SUbjeCt to Zf;:l lej < GXO,
(D3) 2i1viA; 2 o,

n
j=l A] S 1,

6eE 1,20 j=1,...,n.

In case 3, the corresponding production possibility set is:

n n n
Trg = {(x,y)lz:xjftj < x, Zyjlj 2y, 2’11' <LA;20, j= 1,...,11}.
j=1 j=1

j=1

Cased: 6,=0,=0;=1, W=E]" and K = E}. In this case, the model given by (P)
and (D) reduces to the ST model (Seiford and Thrall (1990)):

[ maximize ulyo — 1o

: T T .
P4) subjectto @ x; —p'y; + Uy 20 j=1,...,n,
(OTXO =1,
w20, 420, yy <0,
and

minimize 6
subjectto X7_; x;A; < Ox,
(D4) 20-1YiAj 2 o,

n
A2,

| 6eE 1,20 j=1,...n.
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The corresponding production possibility set for case 4 is:

n n n

TST = (x,y)l zlej < X, zyja’_l > y, 22,] 2> 1,/1] 2> 0, j = 1,...,)’[ .
j=1 j=1 j=1

Case 5: 0;,=0and W=V x U, where VC E{" and U C E] are both closed convex

cones. Thus, the model described by (P) and (D) reduces to the (CCWH) model

(Charnes et al. (1989)):

maximize 47 yg
P5) subjectto @TX — u'Y €K,
COT)CO =1,
weV, uel,
and
minimize 6
subjectto XA —6xy € V™,
(D5) .
-YA+ Yo € U,
Ae—-K", 6eE.

In case 5, the corresponding production possibility set is:

Tecwn = {0, )| XA-x €V ,-YA+yeU ,le-K"}.

Case 6: 6,=1,6,=0, K=E} and W=V x U, where VC E and U C Ej are both
closed convex cones. In this case, the model given by (P) and (D) reduces to the
(CCWY) model with a finite number of DMUs (Charnes et al. (1988)):

maximize (&7 yg — to)

subjectto @7 X — uTY + pge’ 20,
(P6) ) u Ho

COTXO = 1,

weV, uel, y, e E!,
and

( minimize 6

subjectto XA —0xg € V7,
(D6) —YA+y, €U,
efdl=1,

A2>0.
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The corresponding production possibility set for case 6 is:

TCCWY :{(x,y)lXZ.—xE V*,—Yﬂ,+y€U*,eT/l=1,/120}.

To summarize the preceding enumeration, the generalized DEA model presented
in (P) and (D) constitutes the most general model to date and includes all the previous
specialized DEA models as its special cases. Table 1 lists all the DEA models that are
subclasses of the generalized DEA model, with the symbol (*) indicating a hitherto

Table 1
5|=0 6]=1,52=0 61=5p_=1,53=0 5]=52=53=1
K w ijj free 2}/11 =1 }:,-A,- <1 Zjlj > 1
E? EM” (CCR) (BCC) (FG) (§T)
K VxU (CCWH) (*) (*) (*)
E? VxU (*) (CCWY) (*) (*)
K w Generalized Generalized Generalized Generalized

(CCR) model (P;)  (BCC) model (P,)  (FG) model (P;)  (ST) model (B,)

nonexistent model. Although all the previously known models are included in the
generalized DEA model described in this paper, we address the following relevant
relationships in particular:

(i) The relationships among DEA efficient solutions obtained by using the different
special subclasses of (P) and (D) resulting from setting (9,, §,, §;) to different
values.

(11) The equivalence between DEA efficient solutions from the generalized DEA
model and the nondominated solutions in the following multi-objective program:

V-min (x, - y)a

VP {(x,y) €T,

where V-min denotes vector minimization.

(iii) The equivalence (in the sense of DEA efficiencies) between the generalized DEA
model and its corresponding additive DEA model.

(iv) The characteristics and functions of input/output preference cone W and the
predilection cone K, especially in the polyhedra case.

(v) The use of concrete examples to illustrate the implications and uses of the gen-
eralized DEA model in many different situations.
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We note that Wei and Yu (1993) have studied the characteristics, properties,
economic interpretations, and possible applications of the predilection cone X in the
generalized DEA model. Additionally, Wei et al. (1993) provide detailed analysis and
rigorous proofs of the necessary and sufficient conditions for return to scale proper-
ties in the generalized DEA model.

3 The relationships among special subclasses of the generalized DEA model

In the generalized DEA model (P) and (D), there are four different subclasses of DEA
models which can be generated by setting (8,, 8,, 83) to different values. For clarity
of exposition, we restate these as:

Case 1: (8, 6;, 83) = (0, *, *), where the symbol * allows the corresponding param-
eter to take values of either O or 1. In this case, (P) and (D) reduce to the generalized
(CCR) model:

maximize U Tvo

subjectto o™X - u’Y € K,

(Pl) (OTXO =1,
w
ew,
(8
and
minimize 6

2 . XA-GXO *
(D) subject to (_ Yi + )’oj e W,

beE', Le-K".

Case 2: (6, 8,, 83) = (1,0, *). Thus, (P) and (D) reduce to the generalized (BCC)
model:

maximize (47 v — po)
subjectto @ X — puTY + uge’ € K,
(Pz) 4 wa{) - 1,

w i
E’,
(#)EW,;LOE

and
minimize 6

2 . XA-GXO *
(Dy) subject to (_ Y2,+y0je W,

0eE, Le-K".
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Case 3: (6, 6,, 63) =(1, 1,0). In this case, (P) and (D) reduce to the generalized
(FG) model:

maximize (47 yg — Ho)
subjectto @' X — u7Y + pge’ € K,
(P3) CUTXO = l,
w
€W, 20,
( u ) Ho
and
minimize 8
R subject to (fﬁ/{fxo) ew’,
(D3) Yo
eld <1,
becE', Ae-K".

Case 4: (0;, 6,, 03) =(1, 1, 1). Thus, (P) and (D) reduce to the generalized (ST)
model:

maximize p7yo — Ko
subjectto T X — uTY + poe” € K,
(Py) o xg =1,

[0)]
<
(u)EW, ﬂo_o,

and
minimize 8

. XX-QXO *
subject to (_ Yi+yoj e W,

O To1vidi 2 yo,
el 21,

QeE, e-K".

For convenience, throughout this paper we use the terminology “(CCR)-DEA
efficient” to indicate that the decision making unit DMU; is DEA efficient under the
generalized (CCR) model. In a similar manner, we will also use the terms “(BCC)-
DEA efficient”, “(FG)-DEA efficient”, etc.

In the remainder of this section, we will present five theorems which show rela-
tionships between the different generalized DEA models.
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Theorem 1

FG)-DEA efficient
(CCR)-DEA efficient — ) ™~ (BCC)-DEA efficient,
(ST)-DEA efficient

where arrows denote implications.

Proof

Consider the programs (151) (132) (133) and (154) The result of the theorem follows
immediately once we notice that (Pl) does not contain variable 1, (equivalent to set-
ting (L, = 0), (P5) requires Lo =0, (P4) requires Up <0, and (Pz) does not place any
restriction on fy. With these facts, the theorem can be easily derived. O

Theorem 2 .

Assume DMU;, is (BCC)-DEA efficient. If (P,) has an optimal solution w®, u°, us,
then:

(i) if pg 20, then DMU; is (FG)-DEA efficient,

(i) if ud <0, then DMU; is (ST)-DEA efficient,

(iii) if ud = 0, then DMU, is (CCR)-DEA efficient.

]()

Proof
In this paper, we only prove theorem 2(i), since theorem 2(ii) and (iii) may be proved
in a similar manner. Say @°, 1%, ug is an optimal solution of (P,) with

T
1% yo —ug =1,
0 X - pOY + ple” € K,
OT

0" xg =1,

0
(“’OJ e IntW.
U

Now uf > 0; thus, % u° ug is also an optimal solution to (P3), so that by defini-
tion 1, DMU; is (FG)-DEA efficient. 0

By a proof similar to that of theorem 2, we also have theorems 3 and 4.
Theorem 3

Assume DMU; is (FG)-DEA efficient. If (P3) has an optimal solution @, 1°, ud with
U8 =0, then DMU is (CCR)-DEA efficient.
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Theorem 4 A
Assume DMU;, is (ST)-DEA efficient. If (P4) has an optimal solution @°, %, u§ with
g =0, then DMU, is (CCR)-DEA efficient.

Based on the preceding information, we can now develop theorem 5.

Theorem 5
If DMUj0 is both (FG)-DEA efficient and (ST)-DEA efficient, then it is (CCR)-DEA

efficient.

Proof A
Let w”, u*, ug be an optimal solution of (P3). We then have:

wlyo —ug =1,
o0 TX - Ty + uje” € K,

CO*TXO =1,

*T
w *
[#*T} € Int W, Ho > 0.

Now assume that ®**, £, " is an optimal solution of (P, ). We then have:

.U**T)’O - I‘LS* = 11
a)**TX _ 'LL**TY + Iua*eT c K,

Cf)**TXq) =1,
Ty
w *K
(#**T) eIntW, pui* <0.

Without loss of generality, we may assume (5> 0 and pj* < 0 (since otherwise, by
theorems 3 and 4, we know that DMU;, is (CCR)-DEA efficient). Let

0 = an* + (1 - )w*",
wl =au* +1-ayu,

po = opy + (1 - oyug,
where
o= :#G *x
Ho — Ho
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Thus, 0 < < 1, ud =0 and
ol _ 0. .0 _
0% X - "y + ule” € K,

T
0)0 xo =1,

w°
( Ojelnt W.
u

Thus, by definition 1, we know that DMU; is (CCR)-DEA efficient. O

From the previous analysis, we can state corollary 1.

Corollary 1
Decision making unit DMU; is (CCR)-DEA efficient if and only if it is (FG)-DEA
efficient and (ST)-DEA efficient.

4 The equivalence between DEA efficiency and the nondominated solutions
of multi-objective programs

In this section, we present several theorems and assumptions regarding DEA effi-
ciency and nondominated solutions. To begin, we consider the following generalized
additive DEA model (see Charnes et al. (1985) and by setting K = E] and W = E***):

maximize (77s™ +%7s*)

subjectto ¥%_;x;A; +57 = xq,

(Po) To1YiAj = st = o,
§1e"A + 8,8, (-1)% 1, = &,

A€E-K", 1,01 20, (i+) e-w",

and its dual:
minimize (@7 xy — uTyy + 6,;u°)

subjectto @’ X — uTY + Sppe’ € K,

(Do) (a)

u

818,(-1)% ug 20,

-7
“Hew,

where (;) € Int W.
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Lemma 1 (Weak Duality Theorem)
Let A, A,,, 57, s* be a feasible solution of (Py) and let @, 4, pi, be a feasible solution

of (Dy). Then,
wTxg — uTyy + 619 277s™ +27s*.

Proof
By (Z’::) € W and ($+) € - W", we have

(w-1)Ts  +(u-H"st 20
Thus,

s +2st <wls™ +ulst

= “’T{xo - ZXJ;{J'J le( 2 VA —.VOJ
j=1 j=1
= (@"xo = 1Tyo) = Y (@Tx; —uTyj)A,. (1
j=1

From A €-K" and o’X — u"Y + 8, ppe” € K, we have
n n
Y (@Tx;—u"y)Aj + 8140 Y, A; 2 0. (2)
j=1

Jj=1
We also have

Jj=1 j=1

Sitto ), Aj — bty = 51#0{ S A- 1]

= =86~ podns

<0,
1e.,
Sito ), A; < Sifg. (3)
j=1
The theorem is now a direct result of (1), (2) and (3). O

Before we proceed, we will state assumption 1, which will naturally hold in the
case when cones K and W are polyhedral (i.e., the program (P,) is linear).

Assumption 1 B
Let A% 2%, ,, s7°, s*° be a feasible solution of (Py) and let D(A°, A%, ,, s, s*") be a

closed set, where
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0 0

l_)()'o’l(,)l.'.]as_ ’ S+ )

T Y2
XTCO—YT,LL+,110518+)’1, yl EK:()’B)EW,}%ZO,
_ W+ y,, T~0 _ T -0 T 40
- u+ys, nA =0, yzos +y3st =0¢.
818, (= 1)% 1y + y4, Yahknsy = 0.

In the discussions in the sequel, we shall always assume that assumption 1 holds.

Lemma 2 (Duality Theorem)
Let 2% A%, ., 57" s*° be an optimal solution of (P,). Accordingly, there must exist an
optimal solution @°, g, ud of (Dy) such that

s + 257 =0 x, — ,uOTyO +8,3.
Proof
Since the dual of (Py) is (Dy) and assumption 1 holds, by applying theorem A2 from
Charnes et al. (1989), we obtain the result of this lemma. O
Theorem 6

If the optimal objective value of (Py) is 0, then DMU; is DEA efficient.

Proof
By lemma 2, the optimal objective value of (Dy) is also 0. Let w", u*, yg be an
optimal solution of (Dg). Then we have

o' TX - Ty + 8 ule’ €K,

s er
TR

818, (-1)> pug =0

and
0 Txg — ulyy + 85 =0.
Now let
* *
0" = w” o_ H o _ Ho
- *T ’ ‘u - «T ’ ,IJ,O - *T ’
@ Xxg W X W Xxg

Since (;) € Int W, we have

(“’:)e(f)Jng Int W.
m 7
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Thus, @*"x,> 0, and

0 *
(“’sz 1 [“’*)elmw,
H W xy M

while
816,(-1)% uf = 88, (- 1% - > 0
K xo
and
T T 1 * * *
1 xg = p% yo + 814§ = —— (W Txo = 1 Tyo + 8u5) = 0.
(17 4
However, since .
COOT)CO = ,UT Xp = 1,
K™ xg
we conclude by definition 1 that DMU;, is DEA efficient. O

Lemma 3 .,
If @°, u® ud is an optimal solution of (P) and 1° y, — §, US =1, then for any (x, y) €T

we have

0

OT OT T OT
O x—U" y2m xg— [ Yo,

where T is the production possibility set of the generalized DEA model.

Proof
Assume (x, y) € T. In this case there must exist ({+) € ~W", L e-K", A,,, =0 such
that
()= (st )+ ()
-y - 2;=] yjz’j S+
Thus,

T T 1 T T T o_ T
0% x—p%y=Y (@ x; - u" y)A; + (@ 5™ +p® s*)
j=1

>Y (@0 x; - u%y)A,, @)
j=1

while by A €-K" and a)OTX—uOTY+ O, ude” € K, we have

n

3 (% x; - puy)A; +&ud YA 20 (5)
j=1 j=1

Also, we have
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0 xg - u% yo + & = 0. (6)

From (4), (5) and (6), for any (x, y) € T we have

r n n n
@° x——yOTy+51,u8 2}”] 2 Z(a)oij —/JOT)’j)/lj +61.U'8 zlj

j=1 j=1 j=1

2

o

_ 07 o7 0
= xo— M1 yo + Ok,

and thus
0 x - uOTy 2 COOTxo - #OT)’O + &40 {1 - i)“j]
j=1
= 0% xg — 1% yp + 8,6,(~1)% 1O An 11
2 CDOTXO - .UOTyo- O
Theorem 7

If DMU;, is DEA efficient, then the optimal objective value of (Fy) is 0.

Proof
Let an optimal solution of (Py) be A", s~

(f) £0; ie., (f] € - W\{0}.
A S

Now, since DMU;_ is DEA efficient, there exists an optimal solution w®, 1®, pf of
(P) which satisfies

*

,st AT and 057 + 275" 2 0. Then,

T T
O xo — 1% yo + 81y =1

) [ xg-s"
y* Yo+ )
*
(x*) _ | Zi=miti | T
* - n * )
y 2j=1yj2'j

T * OT * OT OT
xT Uy 20 xg - [ Yo

w
and (%) € Int W. Let

Then,

and from lemma 3, we have

COO
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On the other hand, since
O %
(“’Oj € Int W, (ﬁ*] € - W*\(0},
u s

and Int W £ J, we know that W is an acute cone (see Charnes et al. (1989, 1990)),
and hence (a)OTs‘* + ,uOTs”) < 0. Thus, we have

0" o7 o of o7 —* 07 L+ o7 o’
0° x* = u yt =(@° xg = p° yo)—(@” sT +pu° sT) <0 xg - u” yy,

which contradicts our assumption. O

Corollary 2
The necessary and sufficient condition for DMU; to be DEA efficient is that there is

no feasible solution to the following set of inequalities:

n
j=1

—2io1YiAi 5T =y,
5127=1+5152(—1)‘53 Ans1 =61,
AE—K*,A«H.;.] ZO,

(f) e — W \{0).
)

x;A; +s7 = xo,

9

Proof
This corollary is a straightforward conclusion from theorems 6 and 7. O

We will now turn our attention to the notion of nondominated vector extremals,
as we consider the following multi-objective mathematical programming:

VP) {V-min (X D) ooy fmas (2, 9)
(x,y) €T,
where
Xk 1<k<m,
Je(xy) = {—yk_m m+1<k<m+s,
and x = (xy,...,%p), ¥y =(¥1,---,Ys), where V-min denotes vector extremization. Note
that

XA - « *
T = {(X,y)l(_ Y2 +xy) eW, 61€T2, + 6]62(—1)53 )‘n+l = 51,2. e-K ’A’n+1 2 0}.
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Denote

x
F(x,y) = (A0, fras (DT = (_ y).
With the preceding preparation, we can state definition 2.

Definition 2
(%9, yo) 1s called a nondominated solution of the multi-objective program (VP) asso-
ciated with W™ if there exists no (x, y) € T such that

F(x,y) € F(x0,y0) + W", F(x,y) # F(x0.0);

i.e., if there exists no (x, y) € T such that

()l ew(5)= (5
-y — Yo -y —JYo
Based on the preceding information, we have theorem 8.

Theorem 8
DMU; is DEA efficient if and only if (xo, yo) is a nondominated solution of (VP)
associated with W*.

Proof

By definition of nondominated solutions, the necessary and sufficient condition for
(x0, o) to be a nondominated solution is that there is no feasible solution to the
following inequalities:

2ia1 %A+ 57 = xo,

—Zja1vidi +57 =0,

81T A + 8,8, (-1)% A4y = 6,

A€-—K', A1 20,

( s;} € — W*\(0}.
L A

The theorem then holds by corollary 2. O

We now consider the impact of efficient frontiers in DEA analysis. Definition 3
begins our discussion of this topic.

Definition 3
Assume

0
O N emtW,88,(-D%ul 20, and 0 X - uO T+ 8 ule” €K,
u° 0 0
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andlet L= {(x,y)|@% x - u® y+ 8,11y = 0}. Then, L is called an efficient frontier
surface of 7, or simply an efficient frontier, if L N T# &.
From this definition, we can now provide theorem 9.

Theorem 9
The decision making unit DMU; is DEA efficient if and only if (xg, yo) is on one of

the efficient frontiers of T.

Proof
If DMU;, is DEA efficient, by definition 1 there exist @®, u°, ud such that

0 X - p°Y + & ple” € K,

CGOTXO =1,
0
( wo) € Int W,
U

T
1 yo —51ﬂ8 =1.

and

Now let L = {(x,y)| 0% x - u®y + 8,14 = 0}. Then clearly (xq, yo) €L N T.
On the other hand, if (x, o) lies on an efficiemt frontier L, where L = {(x, y)|
@ x - a7y + 8, = 0}, then we have

(

OTX -uTy + 6,Ige” € K,

) eIntW,8,8,(-D% 1, 20,

= e

@ xg —HTyy + 61 = 0.
Let
T T 1 T T
(@ 4% u)= ——@", 1", Hp).
W Xy

Since @7 xy > 0, we have

)] TXO

O —
("’Oj = ] (‘f’_) € mtw,
y2i @ Xxg H

1
C!_)):O

0 X - p%y + 5’ = —1(@TX - BTY + 8,Hpe”) € K,

8,6, (=1)% pd 816, (-1)% 1y 2 0,

il
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and furthermore, ., .
1=0% xo = u% yo — 81143,

Thus, o°, ;LO, /,18 is an optimal solution of (P). From definition 1, we conclude that
DMU; is DEA efficient, thereby proving theorem 9. O

We now define the projection of DMU in terms of the additive DEA model. Let
an optimal solution to the generalized additive DEA model (Py) be A%, j=1,...,n,
n+1;s7° and s*°. Define

%0 = xo s = ij/l(}
=1
and ’
A 40 C 0
Yo =Xxg + S =zy.l)’j
j=1
We call (Xg, Jo) the projection of DMU; . Theorem 10 follows.

Theorem 10
The projection of DMU; is on one of the efficient frontiers of T.

Proof
By theorems 8 and 9, we need only show that (%, J5) is a nondominated solution to
the multi-objective program (VP) associated with W".

If (X9, yo) is_not a nondominated solution of (VP), then there must exist
(x,y) €T and (Z’) € W such that

(—x?)=(—£)9’o)+(2)’ (z)*ﬁo

Since (%) € T, we have

where (2) € W, 8eT1 +8,8,(-D% X4y =81, 4001 20,1 €-K".

Thus, we have
XA _(fj+(w)
-YA) -y B
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Since W is an acute cone, W™ N (-=W") = {0} (see Charnes et al. (1989, 1990)). By
d\) * 5 *
. e W\{0}, | _ W,
( u ) {O) ( H J

then
(‘i’]:—(a_’]e-w*, (“’) W O (=W").
i I Ji

So () = 0, which contradicts our assumption.

We have
O+ «
(ﬂw]ewvm, )

((x2), [~ -o-@ =(xo)
-YZ2) \s* -p-m) \-v)
81e7A + 86, (-1)> 4,4, =6,
Ae€-K",2,.1 20,

0

(s_ ~—w—5j e-w".

and hence,

+ e

0 ~
sV - -

Since (}) € Int W and (7) holds, we have 7 (& + @) + 7 (fi + ) < 0.Then,

TG —o-2)+27 " —p-m=(Ts" +27s* )~ [cT(@+ @)+ 2T (4 + [D)]

0 - 0
>(tls™ +37s7).
The preceding information contradicts the assumption that A% j=1,..,n,n+1;

5% s*° is an optimal solution to the generalized additive DEA model (Py), thus,
theorem 10 holds. O

5 The generalized DEA model with polyhedral W and K

We consider now the generalized DEA model (P) and (D) where the cones Wand X
are polyhedra; i.e., are described as

w={B"OTIp=z0} C EI,
K={a'T|la 20} C E?,
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where
a
(%)
C =
Cm'+s'
isan (m’ + s’) X (m + 5) matrix and
n
,
r=|"°
ry

is an n’ X n matrix.

Figure 1.

In figure 1, W is a polyhedron formed by vectors clT,c;, c3T, cZ. Although the

polyhedron defined previously is generated by finitely many vectors, polyhedra may
also be represented by the intersection of finitely many half spaces. The two repre-
sentations have the following relations.

Lemma 4
If K={a'T|a>0}, then K = {k|kT"* 2 0}, where I"* is the generalized inverse of T’
(see Rao and Mitra (1971) for a definition of the Moore —Penrose generalized inverse).

Proof
Assume k € {a’T'| > 0}, which means there exists a®>0 with k= a®'T. Thus,
a® = kT >0; ie. k € (k|kT* >0},

Conversely, assume k € {k|kT'* 20} and let o” = kI'"*. We then have a>0 and
k=a'T* =aT, ie., ke {aT|a>0}. a

For some special cases, the generalized inverse has an explicit expression, as in
the following examples:
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(a) ¥ T =T,-y,, rank(I') = n’, then
r*=riarri-
(b) T =T, ,, rank(I") = n, then
r*=a@’m-'rr.
() T =T, «,, rank(I') = n, then
r*=r-
By lemma 4, we have
K ={klkI'* 20},
K" ={T*k'k’ 2 0},
W™ = {BCB’ < 0).

In this case, (P) and (D) can be rewritten as

maximize (17 yo — 61g)

subjectto @ XT* — uTYT* + 1y, T 2 0,
(P") < wlxy =1,

(@, 1"y =7, 1",

0 20, g 20, §;6,(-1)% p, 20,
and its dual:
minimize 8

subject to C(_‘XY) | /A c(f"‘) ) <0,
(D) Yo

81" THA" + 8,8,(= )% Apyy = 8,

A'20,A,,,20 6€E,
where

’

,)eE”‘“,uo €E'\, A €E", A,,, € E.

7

The production possibility set is
X X
T = {(x, 21 C( Y) A+ C( j <0,6 T2 + 68,6, (-1)% A,,, = 6,
- =Yy

A'zo,/ln+,zo}.
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Clearly, (P’) and (D’) are linear programs and 7T is a polyhedron. If we choose
W=VxU,VCE} UCE;, and

c= (5 3)
V={( 4o >0}
U={u"B" 20}
The corresponding (P’) and (D) are
[ maximize (4’7 (Byo) — 814t0)
subjectto @’T(AX)T* — w'T(BY)T™ + ugbe' 't >0,

(P")
o'T(Axy) =1,
0 20, 1’20, 6;6,(-1)%py >0,
and
minimize 6
subject to (AX)I'*A’ < 6(Axg),
(D”) 3 (BY)T'A" 2 (Byg),

5]€TF+A, + 6152(_ 1)53 /ln+l = 61’
A20, A,,, 20 6€E".

From the preceding analysis, we can see that if K = E{, then I' = I™ =T" Now the
corresponding (P”) and (D”) are

[ maximize (1’7 (Byp) — 8140)

subjectto @’T (AX) — p'T(BY) + uobie’ 20,
(Pg)
o'T(Axg) =1,

@ 20, g 20, 8;6,(-1D% g =0,

\

and )
minimize 6

subject to (AX)A’ < 6(Axyp),
D3) | (BY)A’ 2 (Byo),

81eTA" +68,6,(—-1)% 4,1 = 6,

| 220, 2,,, 20, 6 €E
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We see that when polyhedra V and U are used, it is a simple transformation of the
original input/output data:

1 2 J n
1 -
oty oxp e ox e x,
m -
- 1
YioYa ¥y o v
- s
to the following modified data:
1 2 - j - oon
I -
D |Axp Axp - Ax; oo Ax,
m -
- 1
By, By, - By; - By,| :
- 5’

and (P”) and (D”) correspond to (Pg) and (Dg’) with the addition of the predilection
cone — polyhedron K.

6 An illustrative example

We now provide an example to illustrate the functions and implications of the
input/output preference cone W and the predilection cone K with various settings of
parameters (8, 8,, 63). By theorem 8, a necessary and sufficient condition for DMU;_
to be DEA efficient is that (xg, yo) i1s a nondominated solution of the multi-objective
program (VP) associated with W’ Accordingly, define W= {(x, Wlx,—y)e wl.
Then we have

XA .
r= {(x,y)l(;) - ( YA ) +(=W"),8e"A +8,8,(-1)% A,,, =6,

A€—K", Aps 20}.

Thus, the necessary and sufficient condition for (xy, yo) to be a nondominated
solution of the multi-objective program (VP) associated with W" is that (x, yo) is a
nondominated solution of (VP) associated with W* as defined below:

V — {(min x, max y)}

(VP) { (x,y)eT.
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Example 1
We now provide an example with 6 DMUs, one input and one output as follows:

12 3 4 5 6
m=1 —|5 6 10 13 17 25
I 510 13 16 18| — s=1

Figure 2 Figure 3.

As shown in figures 2 and 3, we have

Wi ={(3)8+(2)B:18 2 0.8 20},

. 5
W ={(L3) 8+ () galr 0.8 20},
— 5
we={(§)8+(23)pai 2 0.8 20},
N
- = 2 Bi20,B,20;.
Choose K, = {al's|a >0}, where
1 0000 0
01000 0
L _]00 100 0f
s=lo 0 01 0 0f
111 1 11
0000 0 1
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then,

6
—Ki ={Cki ko,....ke) lk; 20,7 =1,2,3,4,6,3 k; 2 0},
j=1

6 XA _ 6
=l ) = |5 T8 DA 68D A = 6,
Y j=1Yik =1

6
YA; 20, 4;20,1<,;<7, j#5).
j=1

Note that A5 does not have a nonnegativity restriction in the production
possibility set T}, which is shown in figure 4. Clearly, K| favors DMUs, since in the
production possibility set T}, the efficient frontiers L, and Ls remain the same with or
without K, (for rigorous proof, see Wei and Yu (1993)).

L6={(x,y) [ 3x-y-31
DMU5

:O}

Predilection

0 5 6 10 13 17 25

Figure 4.

Similarly, choose

K; = {alh|a 2 0},

Ky = {al4Ts|a 2 0},

where
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1 00 0 0 O
1 1 1 1 1 1
L0 01000
2710 0 01 0 o)
O 0 0 01 O
0 00 0 0 1
and
1 0 00 0 O
01 ¢ 0 0 O
0 01 0 0 O
Iy=11 1 1 1 1 1
2 2 2 2 2
0 00 01 0
0O 0 0 0 0 1

For this example, K; is the predilection cone for DMU, and Kj; is the predilection
cone for both DMU, and DMUs. Similar to K, we have

6
—K5 ={(ki,...ke) 1k; 20, %2, 3 k; 20}.
j=1

Since
1 0 0 0 0 O
01 0 0 0 O
0 01 0 0 O
Lls=1p 11 3 1 1|
1 1 1 1 1 1
0 0 0 0 0 1
we have

6
— K3 ={(ki,....ke) 1k; 2 0,j 24,5 > k; 20,k +ky + k3 +3 kg + L ks + ke 20}
j=1
By definition of production possibility set T3, notice that there are no nonnegativity
requirements on k3 and kg4, and the efficient frontier where DMU, and DMUj5 lie will
not change (see figure 9).
Overall, we therefore have the following situations:

(1) The generalized (BCC) model (6, =1, §, = 0).

(1a) Choose W = Ef, K= Ef . As figure 5 illustrates, the efficient frontiers are L,
Ly, Ly, Lyand Ls. W*=E2 ={(x,y)|x <0,y > 0} is a nondominated cone
and T is the production possibility set. Since in this case there is no predilec-
tion, all input and output categories are equally important. To examine the
efficiency of a DMU, we need to place W with its origin coincident with the
DMU. Only if W and T intersect at a single point where a DMU resides is
the DMU a nondominated solution and DEA efficient. Thus, in this example,
DMUs 1, 2, 3, 4, 5 and 6 are all DEA efficient.
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0 56 10 13 17 25

Figure 6. W=W,, K = ES.
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(1b) Choose W= W,, K = ES. See figure 6 for illustration. Due to the existence
of predilection, the production possibility set T in figure 5 is extended by
—W"™. Hence, W" is the nondominated cone. Since DMUs 2, 3, 4 and 5 are
the unique intersecting points of W~ and T at places where the correspond-
ing DMU s reside, they are nondominated Pareto solutions and thus are DEA
efficient. The efficient frontiers are Ly, Ly, Ly, Ly and Lg.

(1¢) Choose W = Ef, K = K;, where K, favors DMUs. As shown in figure 7,
DMUs 4, 5 and 6 are DEA efficient and the efficient frontiers are L, and
Ls. Since K is the predilection cone favoring DMUj5 with no restriction to
As in the definition of T}, the production frontier extends from DMUj along
the direction of DMUg (i.e., L) and along the direction of DMUj (i.e., Ly).
Figure 7 highlights the fact that 7, is the expansion of 7 of figure 5 by show-
ing the expanded domain in light shade.

Predilect

0 56 10 13 17 25
Figure 7. W=E2, K=K;.

(1d) Choose W = W,, K = K. As figure 8 demonstrates, the efficient frontiers are
L4 and Lg, and DMUs 4 and 5 are DEA efficient. The lightly shaded part of
the figure is due to the presence of K.

(le) Choose W = E2, K = K5, where K; favors both DMU, and DMUs. As shown
in figure 9, T is the enlarged production possibility set from T of figure 6,
DMUs 4 and 5 are DEA efficient and the only efficient frontier is L,. The
lightly shaded part in the figure is due to the presence of K5.
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Predilect

184

i6

10

10 13 17

Figure 8. W=W,, K=K,.

Predilect

10 13 17

Figure 9. W=EZ?, K = K;.

Y
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Since the explanations for the rest of the figures are similar to the above, we omit
the details.

(2) The generalized (FG) model (§,=1, 6, =1, 6; =0).

(2a) Choose W = E2, K = E®. As illustrated in figure 10, DMUs 3, 4, 5 and 6 are
DEA efficient, and the efficient frontiers are Ls, L, and L.

(2b) Choose W= W,, K = E®. As shown in figure 11, DMUs 3, 4 and 5 are DEA
efficient, and the efficient frontiers are L3, L, and Lg.

(2c) Choose W=E2, K =K. As figure 12 demonstrates, DMUs 4, 5 and 6 are
DEA efficient, and the efficient frontiers are L and Ls.

(2d) Choose W = W,, K=K,. As shown in figure 13, DMUs 4 and 5 are DEA
efficient, and the efficient frontiers are L, and Lg.

(3) The generalized (ST) model (§; =1, §,=1, 8;3=1).

(3a) Choose W=E? K= Ef. As figure 14 illustrates, DMUs 1, 2, 3 and 4 are
DEA efficient, and the efficient frontiers are L, L, and Ls.

(3b) Choose W = W,, K = ES. As shown in figure 15, DMUs 2, 3 and 4 are DEA
efficient, and the efficient frontiers are L, L, and L.

(3c) Choose W= EZ2, K = K,. As figure 16 demonstrates, DMUs 1, 2 and 3 are
DEA efficient, and the efficient frontiers are L, and L,.

(3d) Choose W=W,, K=K,. As shown in figure 17, DMUs 2 and 3 are DEA
efficient, and the efficient frontiers are Ly and L.

Example 2
To illustrate the generalized (BCC) model, consider the following case with two
inputs and one output:

23 45 6

=12 3 5 6 9 14

2 =>(14 9 6 53 2
1 1 11 1] - 1

Choose W =V, x U;, where

M:{(%)a1+(;)azla120,az 20}, U=EL
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0 5 6 10 13 17 25
Figure 10. W=E2, K= E?.

0 56 10 13 17 25

Figure 11. W=W,, K= E®.
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y
134
A<l
) .
6 Predilect
13
10
5
1
X
0 1
Figure 12. W=EX K =K,.

y

184
Predilect
16
13
10
5
I
o X
0 56 10 13 17 25

Figure 13. W=W,, K =K.
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10 13 17

Figure 14. W= E2 K=ES.

10 13 17

Figure 15. W= W,, K= ES.
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1848

Predilect

10 13 17

Figure 16. W=Ef, K=K,.

10 13 17

Figure 17. W=W,, K=K,.
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Figure 18. Figure 19.

Figures 18 and 19 illustrate this information. Then we have W™ = V| x U], where

A :{(_13)061 + (_12)112](11 20,a, 20}, U" = EL

Now select K| = {aI's| >0} and K3 = {aI',I's| « 2 0}, where I'y and I's are the same
as in example 1. For our current example, since all DMUs have the same output, DEA
efficiency is determined only by the input data. Accordingly, we need only consider

Tiy:lz{xle{(x’}’)i}’=l}}

={xlx=Y x4 -V, 8" A+88, (-1 Apyy = 8,4, 20,1 €-K"}.
j=1

When all the DMUs have the same output, the various ((CCR), (BCC), (FG) and
(ST)) notions of DEA efficiency are the same as the (CCR)-DEA efficiency. Hence,
we need only discuss the case with §, = 0. Now,

n
Tly=y={x|x= zxj/lj -V, Ae-K"}.
j=1

The following alternatives exhaust the possible situations:

(a) Choose V=E? K =ES. As figure 20 illustrates, DMUs 1, 2, 3, 4, 5 and 6 are all
DEA efficient, and the efficient frontiers are L, L,, L3, L, and Ls.

(b) Choose V=V, K= Ef. As shown in figure 21, DMUs 2, 3, 4 and 5 are DEA
efficient, and the efficient frontiers are L, L,, L, Ly and L.
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2

5 6 9 id4

Figure 20. V=E2 K=Ef.

Figure 21. V=¥, K= ES.
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Figure 23. V=V, K=K,.
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4

L, 5

Figure 24. V=E2 K =K;.

*

(c) Choose V =E2, K =K,. As demonstrated in figure 22, DMUs 4, 5 and 6 are DEA
efficient, and the efficient frontiers are L4 and Ls.

(d) Choose V =V, K = K,. As shown in figure 23, DMUs 4 and 5 are DEA efficient,
and the efficient frontiers are L4 and Lg.

(e) Choose V=E.,% K =K;. As illustrated in figure 24, DMUs 4 and 5 are DEA ef-
ficient, and the only efficient frontier is L;.

7 Summary

In this paper, we have introduced a new generalized DEA model which unifies and
extends the well-known DEA models which have been developed over the past
fifteen years. By setting three binary parameters (J;, 8, 03) to different values, this
model reduces to subclasses of DEA models which have general K cone and W cone
descriptions and may represent the evaluator’s preferences for the DMUs and the
input/output categories. We have shown relationships among several well-known sub-
classes of the generalized DEA model, focusing especially on efficiency definitions
and notions of solutions. We have also stated and rigorously proved the equivalence
between the notion of DEA efficiency and the notion of nondominated solutions of
multi-objective (vector extremal) programs, which will aid the understanding and
interpretation of the concept of DEA efficiency. We also provided detailed examples
to demonstrate the functions of K cone and W cone, as well as their characteristics.
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Finally, we remark that the model discussed in this paper can be called the
generalized input-oriented model. For the following generalized output-oriented
model,

minimize (! xq +8;1g)

subjectto @’ X —u’Y + pobie’ €K,

:uTyO = 1’
( Z’ ) EW, 8;6,(-1)% g 20,
([ maximize z
subject to (_);i;’:(; )e W,
(D) =70

812+ 86, (-1)% A,yy =6y,

AE_K”(, 2’"-{‘! 20’

the results are very similar and can be derived easily by using the methods described
here.
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