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An Extension of $4 Complete for 
the Neighbourhood Semantics but 
Incomplete for the Relational 
Semantics * 

I. Introduction. 

W e  displuy ~ p~rticula.r ne ighbourhood  f rame ~- which models  S4 
a.nd p rove  t ha t  the  logic L de te rmined  b y  this f rame  is incomplete  with 
respect  to  the  lCela.tional Sem,~ntics. Since L is de te rmined  b y  ~ neigh- 
bou rhood  f rume which models  $4, it is clearly an extension of $4 and is 
comple te  with respect  to the  l~eighbourhood Semantics .  In  ~ previous 
p~per  [4] we showed tha.t there  is a logic L' which is ,~n extension of T 
comple te  with respect  to the  Ne ighbourhood  ~nd incomplete  with respect  
to the  P~elational Semantics .  G a b b a y  [2] h~s con jec tured  thz~t no such 
extens ion of $4 exists.  Our  present  result ,  then,  serves as ~ counterex~maple 
to Gabba.y's conjecture .  

W e  a.re considering the  mod~l proposi t ional  l~mgu~ge, the  language 
with the  cla.ssie~l proposi t ional  connect ives  together  wi th  the  single um~ry 
connect ive  [] (necessitation).  The ,~ddition~fl connect ive  0 (poss ib i l i ty )c 'm 
be  defined b y  0 A  ---- ~[-q ~ A .  We  define the  lCelntiom~l ~nd lqeighbourhood 
Semant ics  as in [3], [4] ,~nd [5]. A reh~tional fr~mle is ~ p~ir ~/f~ = (W,  < ) 
where  W is ~ n o n e m p t y  set and < is a b innry  relat ion on W. An ,~ssignment 
V is a func t ion  f rom the  set P of proposi t ional  var iables  to ~ ( W ) .  V is 
ex tended  to ~ funct ion,  also ca, lled V, f rom the  set of z~ll formul~w to 
~ ( W ) b y  V(--~A) = W - V ( A ) ,  V ( A v B )  = V ( A ) w V ( B ) ,  V ( ~ A )  ----- {woW[ 
I w <  v ==> vEV(A)}.  A ne ighbourhood  f r~me is a p~ir ~ : (U ,  X )  where  
U is ~ n o n e m p t y  set zmd X is a func t ion  f rom U to  ~(:~(U)).  (We wri te  
X~, for  X(~,).)  An a.ssigaament V is, ,~s with ~ relat ional  fr~me, n funct ion  
f rom the  set of proposi t ional  var iables  to .~(U) ~nd is ex tended  to a. func t iou  
f rom the  set of formul~e to .:~(/Y) b y  V ( , - ~ A ) =  U - - V ( A ) ,  V ( A v B )  
= V ( A ) w V ( B ) ,  ~md V([~A) ----- {u~ U I V(A)  ~.Ar,,}. With  bo th  the Relatiom~l 
~md l~eighbourhood Semant ics  we wri te  V(A,  u) = T or F ~ccording ~s 
u~ V(A)  or not.  We  wri te  .~r ~ A (~nd say ".W models A") if V(A,  u) = "[ 
for  e~ch poin t  u ~nd each ass ignment  V. The logic de te rmined  b y  ~ frume 
is the  set of all formul,~e modelled b y  the  fr,~me. 

* This paper was ~u'itten with partial support from the National Research 
Council of Canada (Operating award A. 3024). 
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Given ,~ relationa,1 f r a m e  # "  = ;i W, < ) we ca, n def ine  a n e i g h b o u r h o o d  
s t r u c t u r e  on Yf~ b y  Y ~ ( w )  = {N c lV Iw < v =-v �9  I t  is clear that.  in th is  
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c~se if wE W t h e n  V(A,  w) = T in <IV, < ~, iff V(A, w) ---- T in (1.1", ~ .~.  
I t  is a.tso k n o w n  t h a t  :~ r e l a t iona l  f r a m e  ~//~ = (IV, < ~ model,s 54 if a, nd  
on ly  if < is re f lexive  a n d  t runs i t i ve  a, nd  tha, t ~ n e i g h b o u r h o o d  f r a m e  
J = <U, ~4C> models  54 if a n d  on ly  if for  e~ch ,~t,E U, (1) ...V,, is ~ f i l ter ,  
(2) NEY, ,~U,E~  ~, a, nd  (?,) if .srE~.l.'.,, the re  i,~ N ' c  X ,~u(:h tha, t N'E..44,, 
a n d  VvEN'~ Y'~JY'v. 



A~ exte~vsior~ of 84... 335 

II. The neighbourhood frame, ~ .  

Let  5~ be  the  ne ighbourhood  fra.me d i agnunmed  in F igure  I to be  
in te rp re ted  a.s follows. We sa.y tha t  "v is a, successor of u"  if, .%s in ,~ reh~- 
t ional  fra, me, there  is a sequence (possibly of length 0) of single arrows 
f rom .u, to v. If  U is any th ing  b u t  eo or el then  a. ne ighbourhood  of ,u is any  
set cont,~ining :ill the  successors of u. ~ is n non-principul  ultra.filter on 
the  na, turnl  numbers .  A ne ighbourh0od  of e~ (i = 0 or 1) is a set containing 
all successors of e i (i.e. eo, el, a0, bo, ba, co, cx) in addi t ion  to { d u l j e K  } 
for  some K e ~  ~md ,~11 successors of these da~. Thus  any  ne ighbourhood 
of ei cont~ins bo th  eiV , a, ll aj's, bj's, ej's and a, ll the  comple te  columns of 
do.'s corre,~ponding to some K ~ .  Precisely,  .~-----(U, N} where  

U = {eo, e,}u{a~,  b~, e,.10 ~ i} u{do.I l ~ i ~<j} 

for  'it, ~ 0 N ~JV'~,~ iff 

for  '~ ~ 0 N d " < .  iff 

for  .l~ ~ 0 2V~,A/'% iff 

for  1 ~ i ~ j N~,A/'d. s ill 

for i = 0,1 

5 r ~ {ei li <L n} u{bjl j ~ .~, - 2} 

N ~ {a,~}w{bili ~ ~ + l } u { c ; I i  ~ ,~ + l }  

N z  { d k s l i < ~ k < j } u { a k l i < k ~ < j }  

u{b klk < i + l } u { c k l k  ~ i + l }  

N~.k',,; iff for some KE~,  N = {dsk[kEK, t 

~; j < k}W{eo, c,} u{%, bs, c~lj ~ o}. 

I t  is easy  to see tha, t .~  models  
Then L is a,n extension of S4. 

$4. Let, L be the  logic de te rmined  b y  ~ .  

IH. Some particular formulae. 

Consider the  following fo rmulae  where  p, Po, P l ,  qo, q~, ro, rx, a,re 
dis t inct  propositiona, I vnriables,  m ~> 0, and n >~ 1, 

B o 

Co 

B m + 2 

Cm + 2 

A?~ 

J1 

J,, 

J3 
J4 

H1 

= qo B i  ~ qt 

-- % Ct =- r i 

= O B , , . ^ ~ r  ~-,<~C,,. 
= ~C,,~+~^ ~B,,~^ - - @ B , , ,  

= O B m + l A 0 C m + l  A t~aOBm.+qA ,"~'0Cm+2 

= [ ]  ( B ~ - - > O B o ^  "~OCo)  

= [] (r ~OBo)  
= [] ( B o - > - - O  ( B , v  C,)) 

= m(Co+-  (c l .B, ) )  
= p ^  m 
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1) = J 1 A J 2 A J a A J ~  

E -= H1ADA<>Ao 

F,, = , ~ A , ~ _ I A ~ A , ~ A < > A n +  ~ 

I -= H~A D A (}/V~ A (}/~2--->D (F,--->0F2) 

We shall show tha t  H~, I ,  and  all the  (/,~(n ~ i) are  in L b u t  t h a t  
~ .E is not.  To do this, we shall show tha t  ~- ~ H , ,  ~ ~ I ,  and  ~- ~ ( / .  
(n ~ 1) b u t  t ha t  there  is an  ass ignment  V on ~- and  u~ U such t ha t  
V(E,  u) = 1. We shall then  show tha t  if r f is any  relat ional  f rame  modell ing 
$4 such tha t  //r k G,, (n >~ l ) ,  3qZ~H2 and  # ' ~ I ,  t hen  we mus t  have  
$/r ~ ~ E .  I t  will follow tha t  -~E is no t  in L bu t  is model led b y  any  rela- 
t ional  f rame which models  L. Therefore  L is incomple te  wi th  respect  
to the  ICelational Semant ics  b u t  comple te  with respect  to the  Neighbour-  
hood Semantics .  

IV. LE3L'~[A. In, a ~'elational f rame  ~ = ( W , <  } modell ing $4~ i f  

there is an ass ignment  V and  a po in t  uc  W such that V ( H ~ ,  u) = ' f  then 

the,re is either an in f in i te  successor-sequence (of dis t inct  po in t s )  or a two-cycle 

accessible f rom ,a. I f  V (H.,, ~l,) = F then there is either an  in f in i t e  successor- 

-sequence or a three-cycle accessible from, u. (By  an  n-cycle we mean  a se- 
queuce % ,  . . . ,  % of n dis t inct  poi~ts  such that u~ < . . .  < u,~< u~. Note  

that i f  we have an n-cycle then we have an  m-cycle for  each m ~ n,  by transi-  

t ivi ty.)  

Thc proof  is easy  and omit ted .  

V. LEM3[A. / f  V is an ass ignment  on ~ and  u~ U such that V ( H I ,  
u) = "f, then u = eo or u = e 1. 

The neighbom'hood sys t em of any  poin t  v o ther  t h a n  e0 or el is exac t ly  
as it is in a relat ional  f rame.  Thus,  for H~ to be satisfied at  any  such poin t  
v there  mus t  be ei ther an infinite sequence or a two-cycle  accessible f rom v. 
No point  o ther  tha.n e0 or e~ has this p roper ty .  

VI. LEsr~[A. I f  Vo is an  ass ignment  on ~ such that 

Vo('r~) --- {ci}, Vo(p)  ---- {e0}, (i = 0,1 ) then 

Vo(B. )  = {b.}, Vo(C,~) = {c,~} (n ~ O) 
Vo(Au) = {%}, Vo(A.)  = {a., d. .}  ( n ~  1) 
Vo(E)  = {eo}. 

Vo(gi) = {b~}; 
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Thus V~(E, eo) --- T and so .~" ~wn ~ ..~E. Hence .~E is not in L. 

The  p roo f  is s t r i g h t f o r w a r d  a, n d  omi t t e d .  

VII. :bE~I~i_~. V(G,~, ~) = T V,tt ~ 1, V~t~ U, V ass ignme~ts V on .~. 

I f  u is no t  eo or e~ t h e n  (by  V) V(E ,  u) = F so V(Gn, ~t) = T. W i t h o u t  
loss a, s sume  t h a t  ~l, is eo a n d  t h a t  V(E,  co) = T. (co ~nd  e~ h a v e  the  same set  
of n e i g h b o u r h o o d s  a n d  so h a v e  the  same  f o r m u l a e  va l id  in t h e m. )  

Since V(E,  % ) =  T, V(D,  C o ) =  T. The re fo re  t he re  is K e S  such 
t h a t  V ( ( B ~ ( ~ B o ^  ~ (~Co)n  (C~-+(~C0^ ~(~Bo)A (Bo-->-'~(} (B~v C~)) n (Co ~ 

0}. N o t e  t l m t  Se~eo .  Since V(E,  eo) ---- T, V ( O A o ,  eo) =- T ,~nd so we 
m u s t  h a v e  tES such  t h a t  V(Ao,  t) = T. Choose one such t. 

(a,) F i r s t  suppose  t h a t  t is no t  eo or e~. T h e n  the  n e i g h b o u r h o o d  s y s t e m  
of t is as in a r e l a t i ona l  f r a m e .  5Tow V ( O B ~ ^ ~ C ~ ,  t) ---- T a n d  since teS ,  
we m u s t  h a v e  po in t s  ~h, v~ in S -- {eo, e~} such t h a t  t < '~h, t < v~, V(B~, ~h) 
---- V(C~, v~) --~ T. know since ~h, v~S,'--{e~, e~} we m u s t  h~ve  ~,o, vo~S--  
-- {eo, e~} such t h a t  ~ < ~o, v~ < vo, V(B~, Uo) = V(Co, Vo) ---- T. And ,  fur-  
the r ,  we m u s t  h a v e  ~,~ 4: vo, v~ 4: ~o, ~,o 4: v~, ~,o 4: ~,~, vo 4: ~h, % 4: v~. 
Thus  we h a v e  

n~ '~1. o 
zo - - - -~ ,  o 

% 
o and 

this can only occur if '~o ---- b,~, vo ---- %~, ~h -~ b,.+~, % ---- c~.+~ (or the 

preced ing  w i t h  b',~ a, n d c ' s  intercha, nged) .  I t  will  t h e n  fol low, w h e t h e r  
or n o t  we chose t = a,,, t h a t  V(Ao,  a,,) = I .  I n  fa, ct, it  is easy  to  see 
t h a t  we m u s t  h a v e  V(Bo) -= (bin}, V(B1) ~-{bm+~}, V(Co) ---(c,,,}, V(C~) 
-~ (c,,,+~}, ~nd  it fol lows easi ly t h a t  if m ---- 0 V(Ao) =- {ao} a n d  if m > 0 
V(Ao) = {a,,,, d,,,,}; a n d  f u r t h e r  t h a t  for  j ~ 1, V(B~) ---- {b,,,+~}, V(C;) 
---- {%,+i} a.nd V(Aj) = {a~,+i, d,,,+~,,,+~} (or we m a y  h a v e  h a d  the  p reced ing  

w i t h  ~ll the  b's a n d  o's i n t e rchanged) .  Then  for  all n ~ 1 a n d  j ~ 1 we 
h't.ve V( -~(~A,,_~ A ~ A , ,  A ~ A , , + l  , din+,, ,n+,,.+/) ~-- 1. There fore  V(F, , ,  
d,,,+,, ,,,+,,+i) = I Vj ~ 1 a.nd no V ( Q F , , ,  co) -~ T. So we h a v e  V(G, ,  co) 
= T Vn  >~ I .  

(b) N o w  suppose tha t  t = e~ ( j  = 0 or 1). W i t h o u t  loss we may as,~ume 
tha t  t = eo. Ag~in we have V ( < > B ~ ^ < > C ~ , t ) =  T. F i rs t  suppose tha t  
V(B~, e~) = 1" for  i = 0 or 1. Then  since e; has  t h e  same  set  of ne ighbour-  
hoods  as co, V(~C1 ,  e;) = T also. So V(B~^OC~,  e,.) = T, con t r ad i c t i ng  
the  f~ct. t h a t  e~eS. Simila.rly, if V(C~, e~) = T. There fore  V(B~) ~md V(C~) 
m u s t  b o t h  be d i s jo in t  f r o m  {Co, e~}. 
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W e  n o w  cons ide r  f o u r  subcases :  (i) V(B1) c { d i i l i ~ j }  a n d  V(C1) 
r {du! i  < j } ,  (if) V(C~) c {d~ili <~j} a n d  V(B~) ~: {dr <~j}, (iii) 

V ( B ~ ) c  { d u l l < j }  a.nd V(C1) c { d u l / < j  }, a n d  (iv) V(B1) ~- {di~li<j} 
a n d  V(C~) 4: {di~li ~.)j.J "~ 

(i) I n  th i s  case t h e r e  is d,<,,eS such  t h a t  V(B1, d,,~) = T. N o w  

if V(C1, bk) -= T fo r  a n y  k t hen ,  s ince bk~S , V(OCo, bk) = T a n d  so t h e r e  
is a v w i th  b k < v  such  t h a t  V(Co, v) = T .  B u t  t h e n  d,n ~ < b  k < v  a n d  
so V ( ~ C o ,  d, , , )  = T. W e  f h e n  h a v e  V(B~A<>Co, d,,~) = T con t ra .d i c t ing  
t h e  f a c t  t h a t  d,,~,~eS. Simi la r ly ,  if V(C~, % ) =  T fo r  a n y  k. So s ince 

V(C1) r {di~l i<j},  we m u s t  h a v e  V(C~, ak) = T fo r  some  k. B u t  t h e n  

akeS a n d  so t h e r e  is a, uo w i th  V(Co, uo) ----T a n d  a k < u o  a n d  u o 4 : a k .  
This  m e a n s  t h a t  "o = b/~ or  c h fo r  some  h ~ k + l .  B u t  t h e n  V(B~A<>Co, 
d,,,,) = T :lgain, c o n t r a d i c t i n g  gin,, in S. So case  (i) c a n n o t  occur .  

(if) Th is  ca.se is s imi la r  t o  case  (i) a n d  so c a n n o t  o c c u r  e i the r .  

(iii) I n  th i s  case we le t  S~ = {~ld~eY(B~)  for some i<~n}, $2 
= [~]d;,~e V(C1) for some i <~ n}, S~ = {u I3i <~ j <~ n such  t h a t  d~,~E V(B1) , 
(lj, EV(C1)}, S 4 : { u . [ ~ i < j < ~  such that d~,,eV(Cl), d~,eV(B~)}. T h e n  
~_~e~ al ld  ~2 e~  Also S~nS~ ----S~w~.~ a n d  so, s ince ~ is a n  u l t r a f i l t e r ,  
either S:~e~ or ,_.~.~.. W i t h o u t  loss a s s u m e  t h a t  S a ~ .  T h e n  S a v ~ K e ~  

(where  K is t h e  set of c o l u m n  n u m b e r s  of d's in S - - s e e  s eco n d  p a r a g r a p h  
~,f VI I ) .  Le t  .~t,e N, .~K. L e t  l," a n d  h be  such  t h a t  k < h -~ ~ a n d  ]7(B1, dkn ) ---- W 

~nd l : (( '~,  dh,,) -- T. T h e n  we h a v e  a vo w i th  V(Co, vo) = T a n d  d a , , <  %.  
:But t h e n  d~,~< Vo also a n d  so V(B~A<>Co, dk,,) = T c o n t r a d i c t i n g  t h e  
f a c t  t h a t  d~r 6'. 

(ix') I n  l his case ~here  a re  u~,~,~ in {ai, bl, v i [ i ~ O  ) such  t h a t  

V(B1,  ,u~) = V(C1, v~) ----- T. T h e n  also t h e r e  a re  uo, vo su ch  t h a t  V(Bo ,  %)  

= V(Co, %) = T a.nd @1 < ~to~ tt~ 4: Vo~ v~ < Vo, vx -K ~to, ~to 4: ~tl~ 

0 - - > 0  

T1 V 0 
�9 > � 9  

w i t h  t he  on ly  access ib i l i ty  b e t w e e n  t h e  f o u r  p o in t s  b e in g  t h a t  i n d i c a t e d  
in th i s  diagr,qm. This  can  o n l y  occu r  if u o = b~n,v o ----cm, u 1 = bm+~, 
v~ = c,,~+~ (or t he  p r e c e d i n g  w i th  b's a n d  c's i n t e r c h a n g e d ) .  Bu~ n o w  we 
a re  b a c k  to  t h e  s i t u a t i o n  in case  (a), a n d  so V(Gn, Co) = T Vn >~ 1. 

Thus  ~ k G~Vn ~> 1. 

VIII. LE~L~A. ~ ~ H 2. 

W e  see t h a t  if .a is o t h e r  t h a n  eo o1" el t h e n  t h e  n e i g h b o u r h o o d  s y s t e m  
of u is as in a reh~t ional  f r a m e ,  a n d  so b y  I V  we k n o w  t h a t  V(H~, u) = F 
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impl ies  t h a t  e i the r  an  inf in i te  successor -sequence  or a th ree -cyc le  is acces- 
sible f r o m  u. Since th i s  is n o t  t h e  case, V(H~, v,) = T for  a n y  .~ o ther  
t h e n  eo or e~. 

Suppose V(H2, Co) -----F. T h e n  eoeV(po). L e t  iV be the  set  V(po-~ 

Then N xo ~ Thus 

AO(~p0A ~ p l A 0 p o ) ) V ~ N  # O a n d  V ( ~ p o h  ~"~:plA0po)(3N :/: O. Since 
V("~poAIalAO(~pOA ~:plA0:Po))  a n d  V( ~ p o A  ~p~A<>po) are obvious ly  
d is jo in t ,  a n d  b o t h  d i s jo in t  f r o m  V(po), one of t h e m  m u s t  inc lude  a po in t  
u in _V o the r  t h a n  eo or el.  I f  th i s  po in t  is in  V ( ~ p o A  ~ p l A < > p o )  t h e n  
t h e r e  is ~ p o i n t  v in 2Y--{eo, e~} such t h a t  u < v, v~ V(po). :But t h e n  ^redo  
a n d  so V ( ~ H ~ ,  v ) =  T a n d  so an  inf in i te  sequence  or th ree -cyc le  is 
accessible f r o m  v - - a n  imposs ib i l i ty .  I f  t he  po in t  ,~. is in V ( ~ p o h p ~ ^  
A 0 ( ~ p o A  ~p]A<>p0))  t h e n  t h e r e  is a po in t  u '  in N--{eo,  e~} such t h a t  
u <  ~t' a n d  u ' ~ V ( ~ p o h  ~ P l A 0 p o ) ,  r educ ing  us to the  case j u s t  dea l t  
wi th .  

S imi la r ly ,  if V(H.~, eD = F. There fo re  .~  ~ H~. 

IX. LEMMA. ~ ~ [ 

I f  u is o the r  t h a n  eo or el t h e n  V ( H I , ~ )  = F a n d  so V ( I , u )  = T .  
So we m a y  a s s u m e  w i t h o u t  loss t h a t  u is eo a n d  t h a t  V(H1ADA<>~IA 
A01T72, e0) = T. 

:Now, since V(D, c o ) =  T, the re  is ~ set  K ~  such t h a t  V((B~=~ 

--->'0 BoA r C0)A (C1->0 CoA r,~ 0 Bo)A (Bo---)'"~ 0 (Biv C1))A (Co-)" ~ 0 (B1v 
vC~)), v) = Y V v e S  where  S is t h e  set  {djkllzr , 1 -<.j <~ k}w{eo, el}w{aj,  
bi, cilj >~ 0}. :Note t h a t  SeX~o. Since V ( 0 F 1 ,  eo) = T we m u s t  h a v e  
w ~ S  such t h a t  V ( ~ I ,  w) = T. I f  w is eo ~)r c~, t h e n  since V(0F . . , ,  %) = T 
we m u s t  also h a v e  V(0 /~ . , ,  w) = T. 

:Now suppose  w is o the r  t h a n  e o or e~. T h e n  the  n e i g h b o u r h o o d  s y s t e m  
of w is as in  r e l a t i ona l  f r ames .  Since V ( ~ ,  w) = T the re  m u s t  be a po in t  
t such  t h a t  w < t a n d  V(A~, t) = F. Then ,  in t u r n ,  t h e r e  m u s t  be u~, vl 
such  t h a t  t <  ~h, t <  v~, V(B~, Ul) = V(C1, v~) = T, a n d  %, v o such t h a t  
ul < %, v~ < %, V(Bo,  no) = V(Co, re) = T. Since weS,  tl, ~tl, uo, v~, v o 
m u s t  all be  in S a n d  so u~ ~ %, vl ~ no; there fore ,  we h a v e  

~i ~to 
0 >o 

S 
/ 

t o 

and ,  as p rev ious ly ,  we m u s t  haYe u o ---- bi, Vo = ci, ,~t~ = bi+~, v~ = ci+ 1 (or 
t h e  p reced ing  w i t h  b's a n d  c's i n t e rchanged) .  I n  fac t ,  as before,  we can  
see t h a t  V(Bj) = {b~+r a n d  r(C ) = (or  V(Bj)  = a n d  
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V(Bs) = {b~})  for  j~> 0, a n d  so V(As)  = {a,:+~, d~+s;+5}. We see t h a t  
in th is  case, t hen ,  V(2'~) = {d~+]hlh > i + j }  for  j ~> 1. So for  h >~ i + 3  
we h a v e  V ( F ~ ^ 0 F 2 ,  d i / i  h) ~-- T ~md for  ae{di+ it,ilr ~ i + l }  we h a v e  
V(F~,,u) ---- F. So in th is  case we lmve  V ( ~ - > 0 / ~ ,  u) = I for  e~ch u o the r  
t h ~ n  di+ l i,~i o r  di+ 1 i~2. S o  for  e v e r y  w ~ S  o the r  tha.n d~ ~_~ i+~ or d;+~ ,.+,, we 
h~ve V ( ~ - + O l , ' ~ , ' w )  = I .  Since S--{d;+~,:+~, di+~;+._,}~V,. ~ we h a v e  
V ( D ( i v x - o ~ F o ) ,  Co) = I a n d  so V ( I ,  e0) = T. Thus  .~- ~ i .  

X.  W e  have  seen n o w  t h a t  t he  logic L d e t e r m i n e d  b y  the  ne ighbour -  
hood  f r a m e  ~ - i n c l u d e s  the  f o r m u l a e  He_, I a n d  Gs, for  each n ~> 1, b u t  does 
no t  inc lude  the  f o r m u l a  ~ E .  I t  r emMns  only  to show tha.t  e~l.ch r e l a t i ona l  
f r a m e  mode l l ing  L models  ~ E .  W e  shall  show t h a t  each  re l a t iona l  f r a m e  
nlodel l ing  S4, H.,, I a n d  ~ll G,~ for  n >~ 1 models  ~ E .  Our  a p p r o a c h  
will be to  show t h a t  a r e l a t i ona l  f r a m e  f s i l ing  to mode l  ~ E  b u t  mode l l ing  
S4~ I ,  a n d  G,, for  each  n ~ 1 m u s t  fai l  to mode l  H2. 

Suppose  t h a t  # "  ---- ( W ,  < } is a r e l a t iona l  f r a m e  such t h a t  / / '  ~ S4, 
#~ ~ G,, for  ea.ch n >~ 1, ~/z ~ I b u t  # "  ~on ~ ~ E .  T h e n  the re  is a po in t  wE W 
a n d  a V on # "  such th',~t V ( E ,  w) = I .  F o r  a. formub~ A let  A" be as in 
[5], n a m e l y ,  t h e  resu l t  of r ep lac ing  all occur rences  of s u b f o r m u l a e  Bi(C~) 
with  B;+,, ( respec t ive ly  Ci+,,) (i = 0,1) in A.  

CLXI3[ l :  Bs~ ! = Bin+,; CS, i ' = C,,,+,,; AS,; ' = Am+,,(m , '~, ~ 0); iv~ = ~' +,~ 
(m >~ 0, 'J~ ~> 1). The  p roof  b y  i n d u c t i o n  of a s imi ls r  c la im is o'iven in [5] 
~3nd so will no t  be  g iven  here.  

CL• 2: Eor m >~ O, $4 t- Ds"--->D'~+~ ; thus i f  m' ~ m, $4 t- D'~ ~ D  s'''. 
The proof  of a s imi lar  c la im to th is  a.lso ~ppears  in [5] a n d  so will no t  
be r e pe a t e d  here.  

Since V(E,  w) = I a n d  since ~r 
u 1 be such t h a t  w < u~ a n d  V(/~I,  u~) 
.~equent-e u~, ,uz, . . .  such theft for  i < 

t- G~ we h a v e  V(Oiv~,  w) = T. :Let 
= T. W e  shall cons t ruc t  an inf in i te  

J 

"l~ i ~ 't t,j 

V ( F i ,  ui) = T 

w < u,:. 

We a l r e a d y  h a v e  Ul sa t i s fy ing  t h e  condi t ions .  Suppose  we h a v e  u l ,  . . . ,  %, 
.~a.tisfying the  condi t ions .  Now,  since t h e r e  are  no occurrences  in H1 of 
re, r l ,  go, gl we h a v e  ~/4'"-I __ H~ a n d  so V(H~ -1, w) = T. Since .//r ~ S4, 
we have ,  by  Claim 2, V ( D  "-~, w) = I .  Since V(iw,,., us, ) ---- I a n d  w < ,u,,, 

- -_  7 Ii - 1 we h a v e  V ( ~ F , I  , w) T, 'Hid so | (0_~1 ,iv) = I by  Cl~iln 1. Since 
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V(E, w) = T and "/f ~ G,,+,, we have  V(O/~n+, ,  w) = T and so V ( O ~  ~-', 
w) T. Thus  . . . .  ~- '  ~ " - '  = v l . ~  ^zJ_. A ~ - ~ A ~  ~'~-~ ,w)  = T. B u t  I ' ~ - ' i s a s u b s t i -  
t u t e d  case of I and w ~ I,  so V(I"- ' ,  w ) =  T. Therefore  V(D(/~"-~-> 
~ 2 ' = - ' ) , w )  = T  i i.e., V(Vq(.F,,-->(~E,~+I),W)=T. So there  is u,,_,~ such 
t h a t  u ~ <  u,+~ and V(F,~+,, u,~+,) = T. :Pick one such u,~+,. Then w < % 
< u,~+, and so w < u,,+~. I t  remains  to show tha t  for i ~< n, 'u, i ~ u,,+~. 
I f  i ~ < n  we have  u ~ < % ,  ,~nd V(2~,,,u,,) = T  and so V ( ~ F , , , u ~ )  = Y .  
Thus  V(O (OA,~), u~) = T and so V(~A,~, uz) = T. B u t  V(F,,+t,  '~bn+l) = ]" 

and so V(~.OA,~+a_I, u,~+a) = T and  hence V((~An, u,,+a) = F. Thus 
u,+~ ve u~. So we have  our infinite sequence.  

If  we now let V(po) = {w}kJ{%,,-llTt ~ 0}, V(pl)  --~ {q~3n+2l'n, ~ 0}, 
then  we see tha t  V( ,-~Hz, w) ---- T and so $/z non ~ H2. Thus if a re la t iomd 
f r ame  models  H2, I ,  and  G,~ for every  n ~> 1, then  it mus t  model  ~ E .  
So L is incomple te  wi th  respect  to  the  Rela t ional  Semant ics  and the  proof  
is complete .  

XI. Conclusions. 

W e  say t h a t  two  semantics  for  a langm~gc ~re equiva lent  if t hey  
de te rmine  the  same logics, or in other  words,  if eve ry  logic complete  
wi th  respect  to one is also comple te  wi th  respect  to the  other.  We  h~ve 
jus t  seen t ha t  even wi th  respect  to extensions of S4 the  Ne ighbourhood  
and lq~elational Semant ics  are not  equiva.lent. 

Of course,  the  two semant ics  are equivalent  if we restr ict  ourselve.~ 
to extensions  of S4.3. Bull  [1] has shown theft a.ll nornml extensions of 
S4.3 have  the  f ini te  model  p roper ty .  If  L is the  logic de te rmined  b y  
a ne ighbourhood  f r ame  for 84.3 then  L is normal  and so is complete  with 
respect  to finite s t ructures .  Since it is known tha.t every finite s t ruc ture  
can ac tua l ly  be  v iewed as a relat ional  f rame,  L mus t  be  comple te  with 
respec t  to the  Rela t ional  Semant ics .  

t t oweve r ,  we have  ye t  to f ind a solut ion to the  p rob lem of f inding 
the  real dis t inct ion be tween  the  two semantics  we have  been s tudying,  
of f inding a non-semant ic  chur~cteriza.tion for the logics complete  with 
respec t  to each. Bo th  in the  present  p~per  ~md in [4], in order  to show 
t h a t  our  logic was incomple te  wi th  respect  to the  ]~.elational Sem~mtics 
we had  to  use an infinite number  of formulae  of the  logic. While  we made  
no a t t e m p t  to  axiomut ize  the  logic, the  need to refer to infinitely m a n y  
fo rmulae  f rom the  logic leads us to m~ke ( tenta t ively)  the  conjec ture  
t ha t  if L is a modal  proposi t ional  logic which is a.n extension of T and 
which is comple te  with respect  to the  Ne ighbourhood  Sema.ntics b u t  
incomple te  with respect  to the  Rela t ional  Semant ics  then L is not  f ini te ly 
axiomat izable .  
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