Martix Serastiay - An Extension of S4 Complete for
GPRSON the Neighbourhood Semantics but
Incomplete for the Relational
Semantics *

1. Imtroduction.

We display a particular neighbourhood frame & which models S4
and prove that the logic L determined by this frame is incomplete with
respect to the Relational Semanties. Since L is determined by a neigh-
bourhood frame which models S4, it is clearly an extension of S4 and is
complete with respect to the Neighbourhood Semantics. In a previous
paper [4] we showed that there is a logic L’ which is an extension of T
complete with respect to the Neighbourhood and incomplete with respect
to the Relational Semantics. Gabbay [2] has conjectured that no such
extension of S4 exists. Our present result, then, serves as a counterexample
to Gabbay’s conjecture.

We are considering the modal propositional language, the langunage
with the classical propositional connectives together with the single unary
connective [] (necessitation). The additional connective O (possibility) can
be defined by O A = ~[] ~4. We define the Relational and Neighbourhood
Semantics as in [3], [4] and [5]. A relational frame is a pair #~ = (W, <)
where W is 2 nonempty set and < is a binary relation on W. An assignment
V is a function from the set P of propositional variables to Z(W). V is
extended to a function, also called V, from the set of all formulae to
P(W)Yby V(~A) = W—V(A), V(AvB) = V(A)UV(B), V(OA) = {weW|
lw< v = veV(4)}. A neighbourhood frame is a pair & = (U, &) where
U iz a nonempty set and A4 is a function from U to #(#(U)). (We write
N for 4 (u).) An assignment V is, as with a relational frame, a function
from the set of propositional variables to 2(U) and ix extended to a function
from the set of formulae to 2(T) by V(~A4) = U—-V(4), V(AvE)
=V(A)UV(B),and V(O4) = {ue U|V(A)et,}. With both the Relational
and Neighbourhood Semantics we write V(4,w) =T or F according as
weV(A) or not. We write # k A (and say “% models A7) if V(4,u) =T
for each point « and each assignment V. The logic determined by a frame
is the set of all formulae modelled by the frame.

* This paper was written with partial support from the National Research
Council of Canada (Operating award A. 3024).
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Given a relational frame % = (W, < > we can define a neighbourhood
structure on W by A y{(w) = {N < Wlw < v=veN}. It is clear that in this
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Figure T

case if we 1V then V(4,w) =T in (W, < > iff 1 (4,w) =T in {W, 4.
It is also known that a relational frame % = (I, < , models 84 if and
only if <is reflexive and transitive and that a neighbourhood frame
F = (U, &> models S4 if and only if for each ueU, (1) .4, is a filter,
(2) NeA,=ueN, and (3) if Ned', there ix N < N such that N'eAt",
and VveN', N et,.
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II. The neighbourhood frame, #.

Let # be the neighbourhood frame diagrammed in Figure I to be
interpreted as follows. We say that “v is a successor of «” if, as in a rela-
tional frame, there is a sequence (possibly of length 0) of single arrows
from w to v. If w is anything but ¢, or ¢, then a neighbourhood of w is any
set containing all the successors of w. & is a non-principal ultrafilter on
the natural numbers. A nelghboulhood of ¢; (i = 0 or 1) is a set containing
all successors of e; (L.e. ey, €;, @y, by, by, ¢y, ¢;) in addition to {d;|jeK}
for some KeZ and all successors of these d,;. Thus any neighbourhood
of ¢; contains both e/’s, all a;’s, b;’s, ¢’y and all the complete columns of
d;’s corresponding to some KeZ. Precisely, # = (U, N) where

U = {e, e;}U{a;, by, 6,10 < ipu{dy| 1 << j}

for n =0 Nety, i N o {bli <njU{glj <n—2}
for n =0 N e,fif”t.n iff N o {e; i <njufblj<n—2}
for =0 NeAy M N o {a,]U{bii <n+1}u{ce]i<n+1]

for 1<i<j Ne/V,,l.j iff N o {dy; i <k <Jpu{ali <k <j}
Uth, k<141 u{elk < i +1)
for i = 0,1 Ned, iff for some KeZ, N o fdkll'eK L
« ) < k) U{Coaluul iy J’ ,U

It is easy to see that .# models S4. Let L be the logxc determined by &
Then L is an extension of S4.

II1. Some particular formulae.

Consider the following formulae where p, po, P1s Goy €1y Yoy 1, aTE
distinet propositional variables, m > 0, and n >= 1,
B, =¢ Bi=q
C, =19, C;, =1
Bm-{-:! = OBm-}-lAOGmA ~<>Gm+1
C1n+2 = <>0m+1/\<>BmA NOB11L+1
Am = <>Bm+1/‘<>0m+l’\ NOBm‘T‘.'A N<>C7n+2

Jy = (B0 Boa ~O0y)
J, = 0(0; >0 0A ~OBy)
J, = I:](B -~ (Byv 0, ))
J, = ( Yo~ (Civ By) )

H, =pr0p—>0(~pA0D)
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D = JindAdznd,
I = H,ADAOA,
Fn = NOA1L-—IA<>A1LA<>A71+1

Gn = E—)OF‘H

H, = N(po/\ 0 (po——><>(~po/\p1/\<>(( ~PoA ~101)A<>Po))))
= HADANOF AOF,~>O(F,—~OF,)

~—

We shall show that H,, I, and all the G,(n > 1) are in L but that
~E is not. To do this, we shall show that # F H,, # F I, and ¥ k@G,
(# >1) but that there is an assignment V on % and ueU such that
V(E, u) = T. Weshall then show that if # is any relational frame modelling
S4 such that # FG,(n=1), # FH, and # F I, then we must have
# k ~E. It will follow that ~F is not in L but is modelled by any rela-
tional frame which models L. Therefore L is incomplete with respect
to the Relational Semantics but complete with respect to the Neighbour-
hood Semantics.

IV. Lesma. In a relational frame # = (W, <> modelling S4, if
there is an assignment V and a point we W such that V(H,,u) =T then
there is either an infinite successor-sequence (of distinet points) or @ two-cycle
accessible from w. If V(H,, w) = F then there is either an infinilte successor-
-sequence or a three-cycle accessible from w. (By an n-cycle we mean a se-
quence Ay, ..., u, of n distinct points such thet u, < ...<u,<<u,. Note
that if we have an n-cycle then we have an m-cycle for each m < n, by transi-
tavity.)

The proof is easy and omitted.

V. Leyaa.  If V ois an assignment on F and we U such that V(H,,
w) =T, then u = e or 4 = e,.

The neighbourhood system of any point v other than e, or ¢, is exactly
as it is in a relational frame. Thus, for H, to be satisfied at any such point
v there must be either an infinite sequence or a two-cycle accessible from v.
No point other than e, or e; has this property.

VI Leywa.  If V, is an assignment on F such that V,(g;) = {b;};
Volry) = {e;}, Volp) = {€o}, (4 =0,1) then

TIO(BIL) = {bn}7 "[70(0”) = {cn} (n = O)
]/rO(AO) = {("'0}7 ~V(}(A-n) = {a’ru dnn} (n 2 1)
Vo(EB) = {e,}.
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Thus V(E, e;) =T and so F non £ ~E. Hence ~E is not in L.
The proof is strightforward and omitted.

VII. Lemna. VG, u) = TVu>=1,VueU, V assignments V on 7.

If w is not e, or ¢, then (by V) V(E, ) = Fso V(G,, ) = T. Without
loss assume that « is ¢, and that V(E, ¢,) = T. (¢, and e, have the same set
of neighbourhoods and so have the same formulae valid in them.)

Since V(E, e) =T, V(D, ¢,) = T. Therefore there is KeZ such
that V((B,—~OBoa ~OCo)A(Cr—>OCon ~OBo)A By~ (Byv Cy)) A(oo—>
~~O (C1v By)y v) = T Ve = {d ke K, 1<j<k}Ufes, e} Viay, by, ¢lj
> 0}. Note that Se/, . Since V(E, ¢0) =T, V(G 4y, €) = T and so we
must have te8 such that V(4,,t) = T. Choose one such t.

(a) First suppose that ¢ is not ¢, or ¢,. Then the neighbourhood system
of ¢ is as in a relational frame. Now V(OBAOC,,t) = T and since tesS,
we must have points ., v, in 8 — {é,, ¢,} such that t < u,, t < v,, V(By, )
= V(C,,v) = T. Now since u,, v,e8— {€g, ¢;} we must have u,, v,¢8 —
— {eq, €,} such that u, < u,, v, < vy, V(Bg, %) = V(C,, v,) = 1. And, fur-
ther, we must have u, € vy, v, € %y, Uy € Uy, Ug € Uy, Vg € Uy, Vp € V;.
Thus we have

%,y g

oO———0

t )/
Q
\\77 Vy

o o and

this can only oceur if u, = b,,, V4 = Cp, Uy = bypyyy ¥y = €y (01 the
preceding with »’s and ¢’s interchanged). It will then follow, whether
or not we chose t = a,,, that V(Ao, ,n) = T. In fact, it is easy to see
that we must have V(By) = {b,}, V {mel}, V(0 = {c.}, V(0,)

{cm 41} and it follows ea,sﬂ3 that 1f m =0 V(4 {ao} and if m > 0
V(4,) = {a,,d,,}; and further that for j>1, V = {bys}, }

{0;,,,+ jand V(4;) = {a,_;, d,.;,.; (or we may have had the precedmv
with all the s and ¢'s interchanged). Then for all n >1 and j > 1 we
have V(~OQA4A, (AQA,AOA, 1y Cynmensy) = 1. Therefore V(F,,
dnh‘-n nL+n+j) =T VJ 21 and so TI(OF)H eo) = T' So we have V'(GNJ 60)
=T Vn>1.

(b) Now suppose that t = ¢; (j = 0 or 1). Without loss we may assume
that ¢t = ¢,. Again we have V(OBAOC,,t) =T. First suppose that
V(B;, €) =T {fori = 0 or 1. Then since ¢; has the same set of neighbour-
hoods as ¢,, V(OC0,, e;) =T also. So V(B,A0C,, e) =T, contradicting
the fact that e;e8. Similarly, if V(C,, ¢;) = T. Therefore V(B,) and 1V (C,)
must both be disjoint from {e,, €,}.



338 Martin 8. Gerson

We now consider foul subcases: (i) V(B,) < {d;|i <j} and V(0,)
¢ ,(lu li<g}, (i) V(0 < {dU]z <j} and V(B,) ¢ {dy]i<j}, (iii)
1(By) < {d;|t < j} and T/ (C)) = {d;17<j}, and (iv) V(B,) &« {d;|7 <j}
and V (Cy) & {d;li <5}

(i) In this case there is d,,eS such that V(B,,d,,) =T. Now
if V(0,,b,) =T for any k then, since b;e8S, V(C,, b,) = T and so there
is a » with b, < v such that V(Cy,v) =T. But then d,,< b,<v and
so V(O 4,,,) =T. We then have V(B;A00,,d,,) =T contradicting
the fact that d,,eS. Similarly, if V(0;, ¢,) =T for any k. So since
V(Cy) ¢ {d;]i < j}, we must have V(Cy, a;) =T for some k. But then
a,e8 and so there is a u, with V(Cy, %) = T and a, < uy and %, < a,.
This means that #, = b, or ¢, for some h < k+1. But then V(B,A00,,

d,.) = T again, contradicting d,,, in S. So case (i) cannot occur.

(ii) This case is similar to case (1) and so ca-nnot occur either.

(iii) In thix case we let 8, = {n|d;,eV(B,) for some t<<n}, 8
= {n|d; eV (C,) for some i <m}, 8y = {u)Fi < j < n such that d,,¢V (B, )
d;, e V(C))}, S ={udi<ji<g fn, such that d;,eV(C,), d;,«¢V(B,)}. Then
S,e5 and S,e5. Also 8;nS, = §;US, and so, since 5 is an ultrafilter,
either S;eZ or §,eZ. \Vithdu’c loss assume that S,e5. Then S;NKeE
(where A is the set of column numbers of d’s in S —see second paragraph
of VII). Let neS;nIC. Let kand hAbesuch that k < h <{nand V(By, d;,) =T
and 1V (('y, d,,) = T. Then we have a vy with V(Cy, v,) = T and d,, < v,.
But then d,, < v, also and so V(B,A{(0C,, d,,) = T contradicting the
fact that d,, eS.

(iv) In this case there arve uy, v, in {a;, b;, ¢;|7 > 0} such that
V(By, u,) = V(C,, v;) = T. Then also there are u,, v, such that V(B,, u,)
= V(Cy, vo) =T and ;< %, Uy €y, 03V Vg £ Ugy Uo € Uy,
Ug < Ugy Py € ¥y, Vg ¢ %;. Thus we have

Ty Uq
O——>0
*y Vo
O——>O

with the only accessibility between the four points being that indicated
in this diagram. This can only oceur if g = b,,, vy = ¢,y Uy = by,
vy = €, (or the preceding with b’s and c¢’s interchanged). Buf now we
are back to the situation in case (@), and so V(G,, ) =T Va = 1.

Thus Z G, Vn >

VIII. LEMMA. F FE H,.

We see that if w is other than e, or ¢, then the neighbourhood system
of w is as in a relational frame, and so by IV we know that V(H,, ) = F
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implies that either an infinite successor-sequence or a three-cycle is acces-
sible from u. Since this is not the case, V(H,, %) = T for any « other
then e; or e,.

Suppose V(H,,e,) = F. Then e,eV(p,). Let N be the set V(po—>
O(Npo/\pﬂ\()(( ~PoA ~P1)A Opo)))' Then NeA’. Thus V(~peap,a
AO(~poA ~PiAOP))NN # O and V(~poA ~p1AO po) NN = @. Since
V(NPOAPIAO(NPOA ~PiA Ofpo)) and V(~poA ~p1A po) are obviously
disjoint, and both disjoint from 17 (p,), one of them must include a point
w in N other than e, or e,. If this point is in V(~pga ~p,A O py) then
there is a point v in N — {e,, ¢,} such that v < v, ve V(p,). But then Net",
and so V(~H,,v) =T and so an infinite sequence or three-cycle is
accessible from » —an impossibility. If the point « is in V(Np(,/\ PrA
A (~pon ~P3a O Do) then there is a point u in N —{e,, ,} such that
u<u and ueV(~poA ~piAd Do), reducing us to the case just dealt
with.

Similarly, if V(H,,e,) = F. Therefore # ¢ H,.

IX. LenMA. FET

If % is other than e, or ¢, then V(H,, %) = F and so V(I,u) =T.
So we may assume without loss that « is e, and that V(H,ADAO FA
AOF,, ) =T.

Now, since V(D,e,) =T, there is a set KeZ such that V((B,—
O Boa ~O O)A(C1—>O Ogn ~O Bo)/\(Bo**’"O (Byv 01))/\ (Co‘*"’o (Byv
v0y)), v) =T VoeS where 8 i the set {d |keK,1<j<k}Ue,, 6} U{a;,
b;, ¢;lj = 0}. Note that et Since V(OF,, e) = T we must have
wel such that V(F,,w) = T. If w is e, or ¢,, then since V(O F,, ¢y) = T
we must also have V(O Fy, w) = T.

Now suppose w is other than e or ¢,. Then the neighbourhood system
of w is as in relational frames. Since V(F,, w) = T there must be a point
t such that w< ¢ and V(4,,t) = F. Then, in turn, there must be u,, v,
such that ¢ < u,, t < vy, V(By, ;) = V(0y,2,) =T, and u,, v, such that
Uy < U,y V1< Vg, V(Bg, ) = V(Cy, v,) = T. Since weS, ty, 4y, %y, V1, ¥y
must all be in S and so %, <« vy, ¥, < #,; therefore, we have

Uy g
O——0O

A

to/
AN

W Vo
QO—> 0O

and, as previously, we must have u, = b;, vy = ¢;, %, = b4,y V1 = €34, (O
the preceding with b’s and ¢’s interchanged). In fact, as before, we can
see that V(B)) = {by;} and V(C;) = {cy} (or V(Bj) = {e;;} and
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V(B;) = {b;,;}) for j =0, and so V(4;) = {a;.;, &;;;,;}- We see that
in Thl\ mse, then, V(F;) = {d;.;,1h >i+4j} for j = 1. So for h>=i+3
we have V(F,AQF,, d,. l,l) T and fm wef{d; . .1k >i+1} we have
V(F,u) = F. So in this case we have V(F,—~O F,, u) = T for each « other
thand; ;. , or d;.,; .. So for every 1U€S other than d,_, ;., or d,, we
have V(F,;+OF,, w) =T. Since S —{d;., .1, disypa)et ¢, We have
V(D(F,—~O Fo)ye0) =T and so V(I, ¢) =T. Thus # F I.

i41i+2

X. We have seen now that the logic L determined by the neighbour-
hood frame & includes the formulae H,, I and G, for each n > 1, but does
not include the formula ~F. It remains only to show that each relational
frame modelling L models ~E. We shall show that each relational frame
modelling S4, H,, I and all G, for » > 1 models ~E. Our approach
will be to show that a relational frame failing to model ~¥ but modelling
S4, I, and G, for each # > 1 must fail to model H,.

Suppose that # = (W, < > is a relational frame such that %" F $4,
# k@G, for eachn = 1, # F I but # non E ~E. Then there is a point we W
and a V on # such that V(E, w) = T. For a formula 4 let A" be as in
[5], namely, the result of replacing all occurrences of subformulae B;(C;)
with B, , (rvespectively C; ) (¢ = 0,1) in 4.

1 1. mo__ m o ___ mo__ n

('LAH\[ l Bn- - m }—)17 O Gmf—)n 1 - 4‘m+n<”"’ " ) -F F'nL+IL
{m = 0,n > 1). The proof by induction ot a similar clalm is given in [5]
and so will not be given here.

CLAIM 2: For m = 0, S4 F D" <D™ thus if m' > m, S4 + D™ —D"".
The proof of a similar claim to this also appears in [5] and so will not
he repeated here.

Since V(E, w) = T and since # F @, we have V(O F,, w) =T. Let
1y be such that w < «, and V(F,, u,) = T. We shall construet an infinite
sequence u,, it,, ... such that for ¢« < j

Wy < Uy
7 4 P
V(F;,,u) =T
W < ;.

We already have w, satisfying the conditions. Suppose we have wu,, ..., 1,
satisfyving the conditions. Now, since there are no occurrences in H, of
Yoy 11y Yoy 1 We have H}™' = H, and so V(H} ', w) = T. Since # k $4,
we have, by Claim 2, V(D""!,w) = T. Since V(F,, u,) =T and w < u,,
we have V(OF,,w) =T, and so V(O F! ', w) =T by Claim 1. Since
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V(EB,wy=Tand # kG,,,, we have V(O F, . ;,w) = Tand so V(O F,
w) = T. Thus V(DY 'ADY 'AO FY 'AO Fe~ty w) = T. But I" 7! is a substi-
tuted case of I and w kI, so V(I"™',w) = T. Therefore V{OJ(F" -+
OF Y, w) =T; ie., V(QW@F,>OF,.1),w) =T. So there is w,,, such
that u, < %,.,and V(F, ., 4,,,) = 1. Pick one such wu,.,. Then w < u,
< Uy, and 80 w < U,,,. It remains to show that for << m, u; #u,,,.
If i<n we have u;<u, and V(F,,u,) =T and so V(OF,,u;) =T.
Thus V(O (O 4,), ) = Tand so V(O A, u) =T. But V(F, .y, u,.,) =T
and so V(~QA,,,_,,%,.,) =T and hence V(O A4,,w,.,) =F. Thus
Uny, 7 ;. S0 we have our infinite sequence.

If we now let V(p,) = {w}U{uy, . .In=>0}, V(p,) = {ug, 0> 0},
then we see that V(~H,, w) = T and so # non F H,. Thus if a relational
frame models H,, I, and G, for every # > 1, then it must model ~E.
So L is incomplete with respect to the Relational Semantics and the proof
is complete.

XI. Conclusions.

We say that two semantics for a language are equivalent if they
determine the same logies, or in other words, if every logic complete
with respect to one is also complete with respect to the other. We have
just seen that even with respect to extensions of S4 the Neighbourhood
and Relational Semantics are not equivalent.

Of course, the two semantics are equivalent if we restrict ourselves
to extensions of S4.3. Bull [1] has shown that all normal extensions of
S4.3 have the finite model property. If L is the logic determined by
a neighbourhood frame for $4.3 then L is normal and so is complete with
respect to finite structures. Since it is known that every finite structure
can actually be viewed as a relational frame, L must be complete with
respect to the Relational Semantics.

However, we have yet to find a solution to the problem of finding
the real distinction between the two semantics we have been studying,
of finding a non-semantic characterization for the logics complete with
respect to each. Both in the present paper and in [4], in order to show
that our logic was incomplete with respect to the Relational Semantics
we had to use an infinite number of formulae of the logic. While we made
no attempt to axiomatize the logic, the need to refer to infinitely many
formulae from the logic leads us to make (tentatively) the conjecture
that if L is a modal propositional logic which is an extension of T and
which is complete with respect to the Neighbourhood Semantics but
incomplete with respect to the Relational Semantics then L is not finitely
axiomatizable.
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