
GISELE On Modal Logic 
with an Intuitionistic Base 

w 0. Abstract. A definition of the concept of "Intuitionist Modal Analogue" is 
presented and motivated through the existenct, of a theorem preservin~ translatiott 
from J)IlPC (see [2]) to a bimodal $4-,~ 5 calculus. 

w This paper  is devoted tc~ answerilw' tile following formal  quest ion:  
can we f ind a o'eneral criterion tha.t will oive us "t i le" intui t ionist ie  ,~m~- 
logue of some of the  nmst  usual modal  systenls? The problenl as s ta ted  
is of a technical  na tu re  and  therefore the philosophictfi issues relat ing 
to the  plausibi l i ty of an intni t ionist ic  logic of nlod~flity will be in this 
context  ignored. 

R.. A. Bt-LL in [1], following a suggestion of PRIOR, proposes an exten- 
sion of the  in tui t ionis t  proposit ional  calculus (I(1) wi th  the  following 
rules: 

R I L a -+ fl ; R ., a -+ M fl ; 

a--->fi R3 a- ->Lf l '  if a i,~ flflly modalized;  

a-+ fl 
R~ -Ma---~fl' i f  fl is ful ly modalized. 

This s y s t e m -  which I call $ 5 - I C -  tu rns  out to be analogous to 
LEWIS' S 5 ill the sense t h a t :  

(1) adding the  excluded middle to S ~ . I (  ' gives a logic equivalent  

to S 5 ; 
(2) collapsing the nlod~l ol)erator,~ yields Heyt ing ' s  c~lculus. 
Conditions (t) a, nd  (2) a.rc necess~ry but  not  sufficient to single out 

lmambiguously  the "correct S; ana lo~le" ,  for it is easy to f ind non equi- 
valent  systems which satisfy both  conditions. T~ke~ for inst~mee, a,n 
SS-thesis which is not  deriw~ble in S ~ - I C ,  e.g. 

L ( a v  Lfi)  - - -  L a v  L f l .  

I t  is e~sy to verify th,~t S: ' - I ( !  on one h~nd, nnd $ 5 - I C  plus this formu]~,~ 
on the oth('r, are examples of two non equivalent  c~lculi ~ for which both 
(1) :~nd (2) obt~fin. Then, wc m~y re,~sonably ,~sk which of these two 
systems (or ~}ny others so constructed) is to be the "re,~l S ~ ~malogue". 

t See also I3I:L1. [1]. 
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Actual ly,  there is a result  which i~ ~b cert~in sense settles the  quest ion 
of ~ma,logy for S ~. R. A. B~-LL (see [2]) was able to show in fact  t h a t  there  
is a t rans la t ion  map .ff f rom Sz- IC formlflas to intui t ionist ie  predicat ive 
fornmlas ( I -P r e )  with one free variable such theft 

( 3 ) h,~.~.1ca ~t'f !-14,,.,.-~-a 

Now it is well known t h a t  (3) holds if, in each systenl,  I ( !  is replaced 
by the  ordinary classical calculus. Al though condit ion (3) is d iscr iminatory  
enough, it ca,nnot 1)c assumed as a generM criterion for anMogy since, 
unlike (1) a, nd  (2)~ it depends upon a pecul iar i ty  of the  S ~ modal  operators.  

For  a more gen~-ral a,ppro~ch we could follow this other  s t ra tegy:  
t ake  I ( '  and simply add  a classical modM axiom system".  For  example,  
take  L a.s a pr imit ive symbol with the  usual defini t ion of M in terms of 
L and add to I(! ,  the  necessity rule and the  followino' axioms:  

(i) La--~-a 

(if) L ( a - ~ f i ) - - ( L r ~ - L f l )  

(iii) La-~.LLa 

(iv) L - I L a v  La 

(v) La ~ ~M-~a 

This kind of procedure can obviously be applied to modalit ies of differing 
s t rength bu t  it f~mes the  first  objection noted  in the  beginning of this  
paper. For,  the intui t ionist ic  modal  sys tem thus  obta, ined depends, f i rs t ly 
upon the connectives taken  a.s pr imit ive  and secondly upon the  modal  
axioms chosen a, mongst  the  many  a l te rna t ive  systems which are classi- 
e M l . v -  bu t  not  i n t u i t i o n i s t i c a l l y -  equivMent. For  instance, consider 
the above system to be named  i5, replace (i) by  its classical equiva, lent 

(i') ~ M ( L a - . a ) ,  

~md call I "~ the calculus obtained. Then, a l though we have tha~t t - t s7B(La 
=~a), a simple example shows t h a t  non ~-ysLa-).a and hence I ~ ~ I  "'~. 
Again, we f ind tha t ,  in correspondence to a single classical modal  system, 
we have a family  of non equivah.nt  intui t ionist ic  modal ca.lculi. 

The ~im of this paper,  then,  is to define the  concept of " intui t ionis t ic  
modal tmalogue" in such a manner  as to avoid some of the  difficulties 
i l lustrated so far. The definit ion t h a t  will be proposed in w turns  out  to 
be ana,  tura,1 byproduct  of a, result concerning S~-I( ' .  W h a t  will bc shown 
is the existence, for Ss- /(  ', of another  theorem preserving t rans la t ion  
which does not  depend upon the specific characterist ics of the  modM 
system involved. 

w [n order to sta, t(~ adequate ly  this new (rit,~ri(,,n for a nah;gy, 
we need to introduce a few concepts. First ,  note t ha t  due to the  well 

2 5l~dal intuitionistic system.~ based upon this idea can bc found in [3]. 
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k n o w n  r e l a t i o n s h i p  be, t w c e n  t h e  p r o p o s i t i o m f l  i n t u i t i o n i s t i c  ca lcu lus  a n d  

L e w i s '  S 4, i t  c a n  b e  e x p e c t e d  t h a t  S s - I C  b e a r s  a close s t ruc tu re4  s i m i l a r i t y  

t o  a m o d a l  s e n t e n t i a l  ca l cu lus  w i t h  t w o  n e c e s s i t y  o p e r a t o r s ,  one  of t h e m  
b e i n g  a so r t  of S ~ o p e r a t o r  ~md t h e  or, he r  a so r t  of S s o p e r a t o r .  T h u s ,  let  
(S  *, S s ) - c  be  t h e  "b imo&~l"  ca lcu lus  w i t h  ~ , - - > , L ~ ,  L., as  p r i m i t i v e  

~ L . . ~ a )  a n d  t h e  fo l lowing  a x i o m s  c o n n e c t i v e s  (J l~a  b e i n g  d e f i n e d  b y  

trod ru l e s :  

(bo) classical propositio~ml base, 
u s m d  definition.~ fo r  A a,nd v ; 

(bl)  S 4 a,rioms a,~d rMes on. g l :  

(b._,) S s axioms a,ml rules u .  L~.: 

(b3) co;tt~ecti.ng axiom.~: 

i nc lud ing  M o d u s  P o n e n s  a n d  t h e  

Jr~ 1 (/, ~ "  (A 

Ll a----> L1Ll  a , 

Fa 
-k L ~ a  

L2 a--> a , 

L.,_ ( a--~ [~)-- (L2a--> L.,fl), 
+l[.,a--L~_ M2a, 

Fa  

k L ~ a '  

M~Lla-->L I Moa, 

L1L,., a -~ L,, L ,  a a. 

:Now let  T be  t h e  t r a n s l a t i o n  m,~p f r o m  S" - IC  to (S  ~, Ss ) -C  which  e x t e n d s  
t h e  G6de l  t r a n s l a t i o n  f r o m  I C  to  S 4, in t h e  fo l lowing  m a n n e r  

fo r  a p r o p o s i t i o n a l  v a r i a b l e  p ,  

T ( p )  = L , p  

ant i  fo r  a r b i t r a r y  f o r m u l a s  a a, n d  fl, 

T(aA  fl) = TaA Tfl 

T ( a v  fl) = T a v  Tfl 

T ( T a )  = L~ T T ( a )  

T ( M a )  = M ~ T ( a )  

T ( L a )  = L1L. ,T(a) .  

U s i n g  these  n o t a t i o n s  we  shal l  p r o v e  in w167 3, I t h e  fo l lowing  

s Actually, the two axioms in (b;,) can be l)rovcn to bc deductively equivalent. 
Since the proof of this fact makes use of the full power of the S s mod~flity and as wc 
are al.~o interested in capturing a gcnera.l conc,,pt of -bimodal calculus", wc includu 
them both. Calculi containing two modalitics have bccn studied by 5f. Fn'TL~G Is(,' 
[5]), who also considers an (S ~, ,~;5) system but with couueeting axioms different 
from (bs). 
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TI~EORE51 A. For every formula a of $5-IC, 

~sS.wa iff  ~(s~,ss~.cT(a). 
:Now, ff ( . ) - C  is a, classical  mode.1 c~lculus,  let (S ~, . ) .C  d e n o t e  t he  

s y s t e m  ob t~ ined  b y  genera l iz ing  (S j, $5)-C in ~n obv ious  m ~ m m r .  I n  

p~rt icuk~r we h a v e  tha.t the  well f o r m e d  formtfl,~s of (S  L, , ) - ( '  ~re the  same  

as those  of (S ' ,  S~)-( '. T h e n  T h e o r e m  A sugges ts  th:~t it is rcasom~blc to  

,~ssume a.s a. c r i te r ion  for  a. genera l  ( , ) - I C  the  fo l lowing  de f in i t i on :  4 

(i) the language of ( , ) - I ( '  is the same as that of S~.IC, 

~nd, as T can  r i g h t l y  be cons idered  ;~ m a p  fa'om the  f o r m u l a s  of ( , ) - I C  

to  t h o s e  of (S  j, *)-C, 

(if) the theorem.~ of ( , ) - IC are those formula.s' whose T-translates are 
theorems of (S  ~, ,)-(!. 

w The rt.mai~fin~" two  sc(.l hms of this p a p e r  ~,re d,,vot(,d to the  l)r(Jof 

of t h e o r e m  A. t he  l a t t e r  being' d iv ided  in to  two  h~flves, t h e o r e m  A~ a n d  

t h e o r e m  A~. As t h e o r e m  A~ c~m be p r o v e n  sema.ntic~lly 5 once  comple-  

teness  for  Ss . IC a n d  (S 4, Ss).C are seen to  hold,  we p r o c e e d  to  def ine  

the  s t ruc tu r e s  w i th  r e spec t  to  wh ich  each  of these  c~dculi a, re comple te .  

G iven  ,~ Heyti~g alg, bra A ~md two  o p e r a t o r s  K,  I on  A~ we s~y t h a t  

the  t r ip le  (A;  K,  I )  is ~ mo~adic Heyting algebra (H3I), if: 

(i) K, I ~re m o n o t o n e ,  

(if) K I x  ~ Ix ,  I K x  ) K x ,  for  ~ny  x ~ A ,  

(iii) K [ A ] ,  the  r~nge of K ,  is ~ subulgebrn  of A ,  

(iv) I x  -~ ,r =~ K.c , (.r e A) .  

Using  these  nota. t ions a.nd def in i t ions  one c~n p r o v e :  

T~LEOr~E3[ I .  Give~ a Heyti~g algebra A a~d K ,  I:  A->A, the.following 
are equivale~t '~" 

(i) (A;  K ,  I) is a mo~adic Heyting algebra; 

(if) there is a s~balgebra B of A such that, for every x e A ,  

K:r = ~tin~y e B: x-:: y} a~,d Lc = max{y  e B: y ~ x}. 

�9 ~ ~)bviously some r~,slrictions on the class of cacluli to which this criterion applies 
are m.edcd. For cxampk,, (*).C must be ~ modal system having the full propositional 
calculus as its has~,. Morr it should be required that (.)-IC b c a  suh-sysi:~qu of 
(.)-C such that adding th(~ exclwh,d middle i -  the l'orm~r system yields the latter 
om~. It c~n be chcek,,d thai lh('s~' conditions are satisfied by those ~n~d~f c~xlculi 
studied in [7] sad [SJ in which the rule of Substitution of Equiwdcnt,~ holds. 

Aetu'flly it is possible to prove theorem .l~ by inductiou on the length of the 
proofs in ,~5-1C. Although such ~ straightforward syntactical argument in available, 
the alg~,hraic t.ols involw'd in the ~bove semantic proof provide ~ deep(,r insight 
into some of lhe ideas conm'cted with .~u intuitionistic concept of modality. 

'; The full proof of theorem 1 is to be found in [4]. 
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THEOIIEM 2. T h e  S ~ . I C  theorems  arc p r e c i s e l y  those f o r m u l a s  w h i c h  
are t.r.~ee 7 i~ all mol tad ic  Hey t i ,ng  algebras.  

PROOF. Use  t h e o r e n l  1 ,~n,[ t h e  p r o o f  in [1], w167 3. 

N o w  we de f ine  ~b b imoda l  algebra ~s ~ t r i p l e  (B;  I , ,  I2) , w h e r e  B is 

B o o l e , ~ n  M g e b r a . ,  Ix ~ t o p o l o g i c : d  i n t e r i o r  o p e r , ~ t o r  a, n d  12 
~ u n i v e r s ~ l  q u ~ n t i f i e r  on  B "  such th,~t:  

(i) Iii,_,,;c <~ I o l l x  

(ii) l f . 2 I l x  ~ 11 l f . . r ,  (,c ~ B )  

w h e r e  K.,.,r = o l  - -  1.2 - - x .  

I t  is ea, sy to  Yerify theft t h e  fo l lowing  c o m p l e t e n e s s  r e su l t  ho ld s :  

THEOI~E.~{ 3. A Jbrm~da  a i.~ a theorem o f  (S 4, S s ) . C  if.]' a is  tr~,e in  
all b imoda l  algebras.  

U s i n g  t h e o r e m s  2 a, n4  3 we  r p r o c e e d  to  p r o v e  t h e o r e m  A~ in t h e  
fo l lowing  equiva . len t  f o r m :  

TltEOI~E.~ .41 . F o r  each, form,  Ma  a o f  S ~ - I C ,  i f  a is  Ir~lc in  every  m o n a d i c  

H e f t i n g  algebra, therl T ( a )  is tr~e in  every  b imoda l  algebra. 

B e f o r e  we  ge t  to  t he  p r o o f  of A I ,  we  g ive  s o m e  de f in i t i ons  nnd. p r o v e  

~ f ew  o t h e r  t h e o r e m s .  L e t  us  reca.ll t h e  well  k n o w n  f iwt  th:~t if ~) = (B;  

I a ,  I~) is :~ b i m o d a l  nlgebl'~ b t h e  set  of t h o s e  e l e m e n t s  of B which  ,~re o p e n  
w i t h  r e s p e c t  to  I~ is a, H e y t i n g  :~lgebra, (wi th  t h e  sa, m e  u n i t  e l e m e n t  as  B).  
T h u s ,  if we  def ine  

I 
_4 = [.r e 1~ : ,r ,::~ I~.,,~ ; 

( 1 )  K = K.,:A; 

l = I I I . , : ' A ,  

we ca, n show tlm,t 

T~H-;ORE~[ 4. (A ;  K ,  I )  is a m o ~ a d i c  H e y t i n g  algebra. 

P]~ool:. (~) _Note tha, t b y  de f in i t i on  I is :m opera , for  on  A.  F u r -  

t h e r m o r e ,  f o r  .c ~ A ,  K x  = l(2I~x ~ ItK.,x = I i / t ' . ~  , ~-l.nd so  K x  ~ A .  

(b) W e  p r o v e  tlm, t t he  opera , tors  de f ined  in (1) sa, t i s fy  ( i ) - ( iv)  of 
t h e  de f in i t i on  ,)f 113I. C o n d i t i o n  (i) fo l lows f r o m  (1), s ince K., ,  I., ~nd  

7 :ks usual (.~t,,~ [TJ), :, formula , ~ F (where ~" is thr al~'cbra of formttla.s of 
BS-l(') is ~aid ~(, I)~, true in a mo~,~dic He) ' i i~ '  ~~lgt, bra .i. if every honmmorpllism 
v: J'~-.~]. carries a into the Ulfit ch.mont of .[ A similar dofi~fiti.n holds for (.N't, ,~a)-C 
and bimodal alg~.bras inlroduced below. 

s A unirer~,'al q*m~liJ'ier I -n a l]oolea~, algcbr~ ]r is an operator oil ]~ ~l|ch that  
for ~.vcry .,', y c_ B, I,,~ ~: .,., 11 = 1 aml l (:,'~ly) - l . r w l y  (s~'c Jill). 



1 4 6  a isble .F isch e ,'-,~'e.rvi 

I~ are all monotone.  For  (it), if .r c A ,  then  K I x  = K . , I I I . , _ . , ' ~  I 1 K . , I . ) x  

= I~ I.,_x = I x  and, using par t  (a), K x  = K.,_.,: = I ,  K 2 x  = I l l f l f . , _ x  = I K x .  

As for (iii), if u , v ~ K [ A ] ,  i.e. u = K. ,x  a, nd  r = K e y  (for s o m e . , ' , y  
in A), then :  

u w r  = .K.,_xuK.,_y = K. ,_ (xu! / )  ~ K [ A ] ;  u n r  --  K.,.enK.~_!I =: 

--  K . , ( x n K . : . q )  e K [ A ] ;  

u ::-11 = 11 ( --  K , ,_xwK~!I )  = It(K.,_-- K.,,rwK.,_?I) = 

= 11K. ,  ( - - K . , a ' w  K.,_ }t) =~ K [,t ], 

since [1Ke = KIIK.e;  0 e K [A ]. since 0 e A a, nd K.,0 = 0. Hence,  K [A] 
is a snbalgel.)ra, of A .  

FinMlv, 11 being monotone ,  inequalit ies (ix-) folh,w fl'om definit ion 
(1) and simila.r inequalities for I~, I.~ and K... 

Front  now on, ~/.~, will denote  t, hc nton:~(tic Hey t i ng  a.lgebra which, 
according to theorem 4, is associated wi th  a l)imodM nlgebn~ :~. Usin~ 
these nora.lions we prove  

gnSlSkX 1. L e t  .~ be a b i , w d a l  algcbJ'o, let F,, be Ibe al!let, ra o f  f,~rm, u las  

S - I ( .  I f  I'~ i.s" lhe xel r of (S ~, Sa)-{ ' and F the a.lgebra o f  f o r m u l a s  o f  -'~ ' 

t )ropos-i t io~mt .ra.riables a , d  c : ]:~,--+ ~ ,  m : F .... "/or arc  t~c(, ]~omomm'pllism.s" 

s u c h  that  

(2) w i  1" o = I l v :  1"0; 

lh.en 

( 3 )  = e 1,'t. 

PI~()oF. l~,y induct ion on the ]tei~ht of ~: 
(i) If  I) is ~ 1)roposition:~l variahh~, given (1), the definition of T an4 

the f~ct t ha t  v is ~ homonml'phism, w(' ha.re r (Tp)  = v ( L ~ p )  - I ~ v ( p )  ~: 
= ~v(p). 

(it) B y  the  definit ion of T ~md the  hypothes is  o n  v,  v T ( ~ , v l 3 ) =  
= r T ( a ) w c T ( f i ) ;  then using the inductiv(, hypoth,.sis,  ~," being a homo- 
morphism,  v1'(~) uvE(/3) = u'(a) uw (13) = u ' (av t5'). 

(iii) ,~imilarly for the  case of a~/3. 
(iv) Fo r  reasons similar to 

= = = I 1  

those in (it), v T ( V l 3 ) = v ( L 1 - T ( f l ) ) =  
- - w ( f i b  bat ,  by  definition of .:J~, 

(v) Similarly for the  ease of a-+ft. 
(vi) v ( T ( M f i ) )  = v ( 3 L T ( f i ) )  = K . , v1 : ( f l )  = K .~w( f l )  b y  definition of T 

and the induct ive  hypothesis .  Bu t  w ( f l )  e z J , a ,  so K . , _ w ( f i ) = K w ( f l )  

= w ( M f l ) .  

(vii)  v(T(Lfi ) )  = v ( L 1 L o . T ( f l ) )  = I l I 2 v T ( ; ) )  = I l I 2 w ( f l )  = l w ( f l )  ----.wiLl3) 
for reasons  similar to  t h o s e  in (vi).  
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L e t  .d,  i,'o, F a.nd 1"o be  a,s in  l e m n t a  1. W e  ha, r e  t h e n :  

LE3[31A 2.  I~'0) ' every homo.morpl~i.s.m v: F . - - + M ,  there exists a homo- 
�9 morphi.~'ni, w:  i"--~.~/~ s ,ch  Hm, t (3) holds. 

P~mOF. 8Ul)l)ose t l t a t  'v is a, h o m o m o r p h i s n t  f r o m  1,' 0 t o  d .  L e t  
= v '  1"o; t h e n  I1~:: Vo- , ,c / . ,  z .  &,nee /~ is f r e e  on  Vo 9. t h e r e  is a ( u n i q u e )  

] m m o m o r l d f i s m  v,: l"~-sY.,~ such  tha, t w '  V,, = I~F = I~v [" 17,,. Cla,!m n o w  
fo l l ows  f r o n t  l e m m a  1. 

LE3BIA 3. Igor every hom,,m,~rphism w: l.'--~./~ lhere exists a homo- 
.morphism v: i"a-->.$ such lhal (3) holds. 

PROOF. L e t  w:  / : '= - .~ / , .  D e f i n e  ~ = ' w l l  o; t h e n  ~ = I ~ g ,  ea.n b e  
c o n s i d e r e d  as a. ltltt, 1) f ro l l t  V .  ~o ,~ :~ltd, lVo 1)ein~' f r e e  (m t 'o ,  le t  v: /~o-- . 'd 
b e  t h e  ho ln ( )n to r t )h i sn l  e x t e n d i n g  it.  T h e n  I~,c: V,, = 11 ~ = ~: = w '  Vo 
a, n d  l emma ,  1 y M d s  t h e  d e s i r e d  r t , sul t .  

l g r o l l i  {h(, t l ] ) ove  lOlltllla.s We (':blt l l0W ] H ' o v e :  

Tn~i;om~_~.[ 5. Let .y] : :  (B ;  I~, I.,_) be a hi.modal algebra. For  every 

�9 S - H  , T ( a )  is t r , e  i ,  .~ .if.f a ix t r , e  i,t .~/.,~. formula  a of ,s , 

['ROOF. S;_'ltlq)(,se t h M  T(a )  is tl ' t le in  '~. L e t  u': F-- :~/ ,~;  we  wa, n t  
1;o ] l r o v e  l -h: l t  #/"(~l) =: 1. N o w ,  10- l emma.  2, t h e r e  is a r :  J'0-:--Y) s l t e h  t h a i ,  

' l ' ( T ( l )  = H ' ( ( / ) ;  h ( ' ] ] Q e .  I c ( f ~ )  = ~ ' ( I ' (X)  - -  1 11', T h e  c o n v e r s e  fo l lows  siinila.rly 
llSillO" It'll,Ill.q, " 

A n d  f i na l l y  f o r  tl-,, PROOF ()F TIIEI)RICM . t  I 

I~('1 .'J] lm a.ny l_)intodt~l a, lo'ebra, a, ll([ le t  a 1)e ~ f~ilmd;t ,  of  S : - l ( ' ,  t ,rue 
in  ea,(.h n ton ;u[ ic  I le .vt ing '  ;~lg'el)ra. I n  pa.rt icula,  r.  lltt.ll, ,z is 1;rite in .:/.,r u,nd 
h e n c e  l ' ( ,z)  is t r u e  in  M. ])y t heor ( ,n l  7,. 

w  T h o  v~' l~m:>il)~ 1);:1'1 (~f l ] lv~noll~ . t  ,':~lt l~t' ]~r,Fc('l~ !t l l H ' o u R h  l h , '  

use  of  a. emnhin: - t t i (m of  t;ra.nsh~.tions. ( ' ( r e s ide r  :l.t, e m ' d i n g t y  the f o l l o w i n g  
d iagra .n t  :t.ll~[ d . e f in i t ions  : 

(S  ~, S~) . (  ' 

2 ' S  \...7 a 

S ~. I ( '  l ' r e d .  S 

/7 '  .7'1 4 / 2 

I -  #q 'e  

9 lit  liD' ('lit.'* ,,f a lgel , ras  which at,:. s ire,hit  io the  ilmmltlie l [ ( .yt iug a lgebras .  
No te  also tha t  1.'. is [rue t,1, l o ill 1;]1o cla.-.-_' of alo't.bras Mmihu' to the  b imoda l  alg(.1,ra~. 

lU Recal l  11111| ./) arid a*/:/] l l ; IVt '  l h e  s a i n t  lllti~; e lement .  
~l To coral)let(, the  pr(,,)l! of t h t , . rmn  . t  t h rough  moans  s indlar  to those  usml 

t 

for  t h e o r e m  _11. t h .  [olh.}wing "Rel~rest ,nta t ion t h e o r e m "  would  do:  l"or each .mo,nmlic 
H c y l i u y  alycb.ra : / ,  there i~ a b imodal  olgebra .'.8 s~ch thai .v" :~ .c/.~,. t ] m \ e  nl)t as 3et  
c, h t a iued  any resul t  in thi.~ d i reef ion.  
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DE~I~-rno_~" of T~: Replace  (in a, 1 - -1  fashion) proposi t ionM v~riables 
b y  predic~tes of some one f ixed v~ri;~ble x, le~ve non-modM connect ives  
unal tered,  repl~ce L ,  M b y  V.,' ~md ]x  respect ively  ~'~ 

DEFINITION of T.,: Ta.ke the  G6del translationa3. 

DnFi~xrrmN of T3 ( induct ively):  

(i) Like Ta for proposi t ionM va.ri~bles; 

(iii) T a ( ~ a )  = ~T3a; 

(iv) T.~(LIa) = LTaa; 

(v) T:,(L.,~) = (Vx)Taa. 

Wit]l these nota t ions  a, nd synlbols we h~we the following theorems.  

TIII.:ORE.~I (;. For erery formula a of S LIC,  F.V,.Nca (f.f bv,,,.~T~a 

PJ~ooF. To be found  in [2]. 

TnEOi~E.~[ 7. Fat" erer 9 formula "/ of l -Pre ,  ~t-v,.~7 ijf  F-v,.~d..s~T27 

PROOF. See [9]. 

THEOI~E)[ R. T,,n' ever!/ formula 13 of (S ~, S:')-IC, if t-(sLs~>.<, fi then, 

PI~OOF. It. is SU/:fieient to show tha, t for every  ~xiozn /3 of (S ~, S~)=C, 

~,,,.,.d..v,T:,f~, ,.ml for ca.oh rnle of i~fference, say ~/~,, of (S ~, S;)-C, if 

~-v,.~,v.~tl':~fi then ~-p,.ed..u4-Ta/3'. The e~.~y proof  rests on some well known 
fea,tures of P r e d - S ' .  

Tm-;O~E~ 9. T3Ta = T.,.Txa , for a~y.fo,'mu/a a in S:'-IC. 

P~OOF. Straight.forwa.rd, by  induct ion on the height  of the  formulas  
of S;- l ( ' .  

And finally : 

TtlEORE~I 2 2 . For each .formula a of Ss-IC, if  k(sL,s.',)-cTa, then ~ ss.lca. 

I)I~OOF. Let ~(s4.ss).(.Ta. Then, ])y theorem 8, T3Ta is a thesis of 
P r e d - S  t, hence +v,+d.s,,T2T~a, b y  theorem 9. Using' theorem 7, +H,~+Taa, 
whence ~-s;.wa b y  theorem 6. 

12 See ]JULL [2], Note that. 1' 1 is the transla(ion map .]- to which we referred 
in w 

1~ See for in,lane, [9], pp. 484-485. 
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