
D. VAKARELOV Lattices Related to Post Algebras 
and Their Applications 
to Some Logical Systems 

Post Mgebras were introduced for the s time by l~osenbloom [6] 
and investigated after tha t  by many autors (for the full bibliography and 
historical remarks see [4] and [5]). These Mgcbras play such a role for 
the m-vMued logics of E. Post as Boolean algebras for the classical logic. 
The first standaxd systems (in the sense of YCasiowa [4]) of m-valued pro- 
positionM calculi, complete with respect to the class of Post algebras, 
were constructed by Rousseau [7], [8]. The logic con'esponding to these 
calculi was called by Rousseau ch~ssical many-vMued logic. In [7] and 
[8] l~ousseau introduced also the notions of intuitionistic many-vMued 
logic and pseudo-Post algebras as a semantic basis of this logic. 

In this paper we define ~ class of generMizations of Post and pseudo- 
Post algebras (cMlcd here D-N-Mgebras) and a class of relational systems 
(called here D*-l~*-spaces). We give some characterizations of these notions 
by me,~ns of an algebraic version of the notion of forcing. As a consequence 
we obtain, among others, a prime filters chaxacterization of D-N-Mgebras, 
an open sets characterization of D*-N*-spaces, Stone representation theory 
for D-N-algebras and its dual anMogue for D*-N*-spaces. 

These results are applied to some logical systems, generalizing classical 
and intuitionistic m-valued logics of Rousseau. D-N-Mgebras are used 
for defining an Mgebraic semantics for these calculi, while D*-N*-spaces 
are used for defining a relational (Kripke-style) semantics for them. The 
standurd completeness theorems are proved, as well am some decidability 
results are obtained. 

Among Mgebras we will consider in this paper, except Post and pseudo- 
Post Mgebras, there are two very important,  called here quasi-Post 
and quasi-pseudo-Post algebras respectively. Like Luk~siewicz ~lgebras 
[2] they do not contain the constant operations eo, . . . ,  e,,_~. We prove 
that  any quasi-Post (quasi-pseudo-Post) Mgebra can be embedded in 
a Post (pseudo-Post) algebra. This gives certain separation theorems for 
the propositional calculi of Rousseau. 

Let us note that  another type Kripke-style semantics for the classical 
m-vMued propositionM calculi of l%ousseau has been given by Dahn [1]. 

1. Definitions of pseudo-Post and Post algebras. D-N-algebras 

DEFINITION A. Let 

(1) ~ = ( P , V , A , w , n ,  ~,-],D~,...,D,,,_~,eo,...,e,,_,) , m ~ 2  

be an abstract algebra, where V, A,  eo, . . . ,  e,~_l are zero-argument opera- 
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tions, n,  D1, �9 �9 �9 D,,~_I are one-argument  operat ions and  u ,  r~, ~ are two- 
-a rgument  operat ions in P .  Following Rousseau we shall say t h a t  (1) 
is a pseudo-Post  ,~lgebra of order  m if it satisfies the  following condit ions:  

(p) ( P ,  V, A ,  w, n ,  ~ , n >  is a pseudo-Boolean ,~lgebra, i.e. 
(i) ( P ,  V, A ,  u ,  •> is a dis t r ibut ive la t t ice  wi th  t he  zero 

e lement  A and the  uni t  e lement  V, 
(ii) for any  x , a ,  beP x n a ~ b  iff x ~ a = ~ b ,  
(iii) n a  = a ~ A .  

For  ~ny a, b~P and i = 1, . . . ,  m - - 1  

(D')  D i ( a u b  ) : Di (a)wDi(b  ) 
(D") Di(ar~b ) = Di (a )nDi (b  ) 
(R) D~(D1(a)) = D~(a), j = 1 , . . . , m - - 1  
(CJ D~(e~) = V for i < j ,  j = 0 , . . . , m - 1  
(CJ D~(ej) = A for i > j ,  j ---- 0, . . . ,  m - - 1  
(M_r) a = ( D l ( a ) n e l ) u  . . .  u(Dm_l(a)ne,,~_ j 

I f  we add  the  following axiom 

(B) nDi (a )wDi (a )  = V ,  i : 1, . . . ,  m - 1  

then  we obtain  the  definit ion of Post  algebra. 

LEM~A 1.1. I n  any pseudo-Post algebra (1) the following conditions 
are satisfied: 

(2) I f  a ~ b then Di(a) ~ D~(b), i = l , . . . , m - - 1 .  
(I) I f  D i ( a ) ~ D ~ ( b ) ,  i =l , . . . ,m- -1 ,  then a ~ b  
(IV[) Di; l(a)<~ Di(a), i : 1 , . . . , m - - 2 .  
(L~o) a <<. D~(a) 
(La) D,,,_l(a ) ~ a 
(L) a~Di(b  ) ~ bwDi+l(a ) i = 1 , . . . m - - 2 .  

PROOS. Conditions (2) and (I) folow easily f rom (D') and  (Mr) 
respectively. Operat ing on a = ( D ~ ( a ) n e j w  . . .  w(D,,~_,(a)r~e,,,_,) with  D, 
and applying (D'), (D ' ) ,  (R), (CJ, and  (CJ we o b t a i n  Di(a ) = Di(a)w 
uDi+ l (a )w ... wD, ,_ l (a  ). Thus (M) holds. 

I t  follows from (M) and (R) t h a t  for any i Di(a) ~ Dl(a) = Di(Dl(a)). 
So by  (I) a ~ D~(a) and (Lo)) is fulfilled. In  the  same way  can be proved  
(La). 

For  (L) we shall verify first  the  following: 

(3) D~(a)~Di(b )<~Dr ) for  i = 1 , . . . , m - - 2 ,  j = 1 , . . .  

m --I. 

Suppose j ~ i. Then  by  (M) Di(b ) ~ D~(b) and  (3) holds. 
Suppose j > i .  Then j ~ i + l  and  by  (M) D~(a)~Di+x(a)  and (3) 

holds. Operat ing on (3) wi th  D~ and using (2), (D'), (D"), and (1%) we 
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obtain  Di (a )c~D] (Di (b ) )<~Di (b )w Di (D~+l (a ) )  and by  (D") and (D') 
Di(ac~Dj(b))  < Dj(bwDi+~(a) ) .  F r o m  this we get  ac~Di(b) <~ buD~+~(a) 
which is (L). 

For  our later  purpose we need a definit ion of pseudo-Post  algebra 
in which axiom (Mr) is replaced by  several simple .~xioms. I t  was found  
t h a t  ins tead of (Mr) we can use (M), (L~), (La) and  (L). So we define: 

DEFINITION B. Le t  ~ be an abs t rac t  algebra similar to (1). ~ is said 
to be a pseudo-Pos t  algebra if it satisfies the  axioms (p), (D'), (D"), (~),  
(M), (L), (Lo~), (La), (C~) and  (C.). 

:LEMSIA 1.2. I n  any  pse~edo-Post algebra in  the sense of defi~it ion B 
the fo l lowing co~ditions are satisfied: 

(i) i f  Di (a)  <~ Di(b) i = 1,  . . . , j ,  j <~ m - - 1  then a <~ bwD~(b),  
(ii) i f  D i ( a  ) = Di(b  ) i = 1, . . . ,  m - - 1  then a -~ b, 
(Mr) a ----(D,(a)c~el)w . . .  ,(D,,,_,(a)c~e,,~_~) 

:PROOF. (i). By induction.  Suppose j--~ 1. Then  by  (Lop) a <~ Dt (a )  
D I ( b  ) = bwD~(b) .  Let  j = k + l  ~< m- -1  and by induct ive  hypothesis  

a <~ bWDk(b  ). Since Dk+l(a  ) <~ Dk+l(b ) by (L) we get a = ar ia  <~ ( a n b ) u  
w(ac~Dk(b)) = b w ( b w D k + , ( a ) )  < bwDa.+,(b). 

(ii). Pu t t i ng  j = m - - 1  in (i) and  using (La) we obtain (ii). 
(Mr). Observe tha t  f rom (M) we obtain D i ( a  ) = D i ( a ) w  . . .  wD,n_~(a ). 

Applying to this equal i ty  (C~), (Co), (R), (D'), (D") we have:  D i ( a  ) 

= wD, v D ,  (Din_, 
= Di (Dl (a )c~e~w . . .  uD~(a)c~eiw . . .  uDm_~(a)c~em_~). By (ii) we obtain 
a = D~ (a) c~e 1 w . . .  wD,,~_) (a) ~e,n_ ~ . 

THEOREI~I 1.3. Definition, s A and B for  pseudo-Pos t  algebras are 
equivalent. 

:PROOF. By l emma 1.1. and l emma 1.2. 
Let  us ment ion  tha t  the  axioms (C~) and  (C2) in the  definit ion B m a y  

be replaced by  the  following two axioms:  

(C~) Di(ei)  ~- V i = 1, . . . ,  m - l ,  
(C~) Di+~(ei) = /~ i = O, . . . ,  m - - 2 .  

:Now we t u r n  to define some notions. Let  ~3 = (P, V, A ,  w, c~, ~ ,  
~ , D ~ ,  . . . ,D in_ l )  be an abs t rac t  algebra in which ~ll operations have 
the  same number  of a rguments  as in (1), perhaps  containing also the  
constants  eo, . . . ,  em_~. We shall call ~3 a D-algebra if the  axioms (p), (D'), 
(D") and  the  following two are  satisfied: 

(Do) D, (A)  = A i = l , . . . , m - - 1 ,  
(D~') D , (V)  = V i 1 , . . . , m - 1 .  

I t  is easy to see t h a t  in any  pseudo-Post  algebra (D~) and  (D~') ~re 
satisfied. Thus any  pseudo-Post  algebra is a D-algebra. 
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Let  Ax be the  set of axioms (:R.), (M), (Leo), (La), (L), (C~), (C~), (B) 
and (J),  where  (J) is the  following axiom 

(J) D i ( D i ( a  ) ~ a )  ---- V, i = 1 , . . . , m - 1 .  

Let  ~q be  a subse t  of Ax and ~ a D-Mgebra.  W e  shall say t ha t  ~ is 
a D-N-Mgebra  if all of the  axioms of ~ are satisfied. 

La te r  we shall show tha t  axiom (J) is satisfied in any  Pos t  algebra.  
So D-N-Mgebras  are general izat ions of Pos t  algebras.  

A D-N-a lgebra  is said to be  a quas i -Pos t  algebra if 57 = A x \ { C ~ ,  C2, d}, 
a quas i -pseudo-Pos t  algebra if N ---- A x \ { C 1 ,  C2, B}. In  bo th  cases ~ does 
not  contain  the  cons tan t  operat ions  eo, . . . ,  em ~. 

2. D*-N*-spaces 

W e  shall exanfiae D-N-Mgebras  b y  means of some relat ionM sys tems 
which we shall call here D*-N-*spaces.  Le t  

(4) S = ( S , c , d l , . . . , d m _ ~ , E o , . . . E , , _ ~ )  m > ~ 2  

be a relat ional  sys tem where  c is an ordering rela t ion in S ,  dl,  . . . ,  d,n_ ~ are 
one-argument  operat ions in 8 and Eo,  . . . ,  E,,~_~ are subsets  of S. W e  shall 
say  t ha t  S is a D*-space of  order m if the  following condit ions are satisfied 
for any  x ,  y E S :  

(D*) If  x c  y then d i x ~  diY i - - - - 1 , . . . , m - - I ,  

(E*) if x e E  i and x ~ y then  y e E  i i ----1, . . . ,  m - - 1 .  

W e  shall call D*-spaces (wi thout  subsets  Ei) sys tems S - ~  (S,  ~ ,  
d~, . . . ,  d,,,_~) m >~ 2, where  operat ions have  the  same number  of a rguments  
as in (4) and sat isfying axiom (D*). 

Le t  Ax* be the  set of the  following conditions,  emwesponding to the  
condit ions of the  set Ax:  

(t%*) d i d j x  = d i x  i, j = 1, . . . ,  m - - 1 .  

(M*) d i+lx  c d ix  i ---- 1,  . . . ,  m - - 2 .  

(I2,) . ~ a~x. 

(L*) d,,,_~x ~ x.  

(L*) d~x ~ x or x c di+lX i = 1 , . ,  . . . ,  m - - 2 .  

(B*) If x ~  y then  diy  ~ d ix  i = 1 ,  . . . ,  m - - 1 .  

(J*) If  d~x c y then  diy  ~ y i = 1, . . . ,  m- -1 .  

(C*) If  i ~<j then  d ~ x ~ E  i i = 1,  . . .  m - - l ,  j ~-- O, . . . ,  m - - 1 .  

(C*) If  i > j  then  d i x i e  ~ i = 1 ,  . . .  m - - l ,  j = O, . . . ,  m - - 1 .  

Let  N* be a subse t  of Ax*. We  shall say tha t  the  sys t em (4) is 
a D*-~q*-spaee if it is a D*-space and all of the  axioms from N* are satisfied 
in S. 
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A D*-~q*-space is said to be 

(i) a Post space if ~* = Ax*\{J*} ,  
(ii) a pseudo-Post space if N* = A x * \ { J * ,  B*}, 
(iii) a quasi-Post space if :N* -----Ax*\{J*, C~, C*}, 
(iv) a quasi-pseudo-Post space if N* = A x \ { B * ,  C~, C*}. 

Now we shall give an  example  of a D*-N*-space. 

THEOREm 2.1. Let ~ be a D-N-algebra and S(P) be the set of all prime 
filters ,i,~, ~ .  Define 

(5) d~V ={aEP/Di(a)~V} ,  V ~ P ,  i = l , . . . , m - l ,  
(~) E i ( P )  = { V ~ S ( P ) / e ~ V } ,  i = O, . . . ,  m - - 1 .  

Then the system 

(7) S ( ~ )  = <S(P),  ~_ ,d~ , . . . , dm_~,Eo(P) ,  . . . , E , , _ I ( P ) >  

where c_ is the set-theoretical inclusion is a D*-N*-space, where N* is the 
set of conditions corresponding to these of the set N. 

P~tooF. I t  is e~sy to see, using only the  axioms for D-~lgebra t h a t  
the  set S(P) is closed wi th  respect  to the  opera t ions  d~. Axioms (D*) 
und  {E*) ~re t rue  on ~ccount  of (5) and  (6). Fo r  the  r emain ing  paxt  of 
the  t h e o r e m  we shall use the  fol lowing well k n o w n  l e m m a  (see [3]): 

LE)[5IA 2.2. Let ~ be a pseudo-Boolean algebra and S(P) be the set of 
all prime filters in ?(3. Then for any V~ES(P) and a, bEP we have: 

(i) a=-b~V~ -~(VV2~S(P))((V~ ~_ Vo &aeV~)-~bEV2) 
(ii) -Ta~Vt =-(VV,,~S(P))(V~ ~_ V2~aCV2) 
(iii) (VVeS(P) ) (aEV = b E V ) ~ ( a  =b)  

Let  X*eN*.  As an example  we shall t ake  only the  case X* ----B*. 
We have  to p rove  t h a t  for ~ny V1, V.. e S (P)  : V~ _~ V2 implies d i V2 -~ d~ V~. 
Suppose  V1 - V~ and  for the  con t ra ry  d~V2 $ dive. Then  for some 
aEdiV~., ar i.e. Di(a)~V2 and D~(a)iV1. By ax iom (B)~D~(a)eV~. 
Since V~ ~ V~ by  l e m m a  2.2 (ii) we have  D~(a)r V2 contr,~ry to D~(a)e V~_. 

We shall call the  sys tem (7) D*-N*-space of sets over the D-N-algebra ~.  

TI3:EOI~E~I 2.3. I~ a~y pseudo-_Post space 

(i) x~Ei '(ff diX ~ x i = 1, . . . ,  m--1 .  E o = ~ .  
(ii) x tE~ i f f  x ~ di+~x i = O, . . . ,  m - -2 .  Era_ ~ = S. 
(C*) d i x n o n ~ d r  for i < j  i = l , . . . , m - - 1 ,  j = 1 , . . . , m - - 1 .  

PROOF. (i) Suppose  t h a t  x t E i  bu t  dix ~: x for some x. 

Case 1. i <  m- -1 .  Then  by (L*) x ~ d~+~x and  by (E*) d,:+~xr 
which cont radic ts  (C*). 

Case 2. i = m- -1 .  Then  by a s sumpt ion  dm_~X t x which contradic ts  
(L*). Hence  x~E~ impl ies  dix ~ x. / 
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For  the  converse suppose  dix  c x. By (C~) d i x e E  i and  by (E*) x E E  i 
which completes  the  proof  of (i). 

I n  the  same way one can p rove  (if). 
For  (C*) suppose  the  con t ra ry  : dix  ~ djy for some x, y and  i ~  j .  

By  (C~) d~x~E~ and  by  (E*) d~y~E~ which  cont rad ic t s  (C*). 

Using this  t h e o r e m  we can e l iminate  subsets  E~ in the  def ini t ion of 
Po.%-sp~ce and  pseudo-Pos t  space. N a m e l y  we have :  

THEORE.~ 2.4. Let  S be a D*-space (without s absets Ei) and let us 

define 

(8) E o = ~  , E i = {x~S/d~x  ~ x} i = 1,  . . . ,  m - - 1 .  

Then: (i) S is a pseudo-Post  space "if and only i f  the axioms (1%*), (M*), 
(L*), (L,*), (L*) and (C*) are satisfied. 

(ii) S is a Post  space i f  a~d only i f  the axioms (R*), (5I*), (L*), (L*), 
(L*), (C*) a~d (B*) are satisfied. 

PnooF.  I n  one direct ion this follows f rom theo rem 2.3. For  the  
converse dh'ect ion we have  to verify (Cl), (C*) ~nd (E*). Fo r  (C~) let i ~ j .  
Then  by (M*) dix ~ d ix which by (~*) is equivMent  to d jd ix  ~ dix.  
By (8) dixEE~. In  the  s~mc way  one can verify (C~ ~') and  (E*). 

The  proof  of (if) follows fl 'om (i). 

THEORE~t 2.5. I n  any pseudo-Post  (Post, quasi-Post) space the a,ciom 
(J*) holds. 

PnOOF. (For pseudo-Pos t  and  quas i -Post  Sl);~ces). Let  d~x ~ y and  
suppose d~y r y. If  i = m - - 1  t h e n  this contr~dic ts  (L*). Le t  i ~  m - - 1 .  
Then  by (L*) y ~ d;+~y and  by the  a s sumpt ion  we get d,.x ~ d~+~y which 
contradic ts  (C*). 

In  case of quasi -Post  sp,~ces d~x ~ y implies d~y ~ d~x which get 
diy ~ y. 

I]NFER.EINCE. Every pseudo-Post  (quasi-Post, Post) space is a quasi- 
-pseudo-Post space. 

TIgEOR~,)~ 2.6. I n  any quasi-pse~tdo-Post space S the following holds: 

(i) for a~y x E S  there e.vists i (1 ~ i ~ m - - ] )  such that x = d~x; 
(if) dix ~ y--->(]zeS)(]i)(x ~ z C~ y =- djz & j  ~ i). 

PROOF.(i). Le t  3I.,~ = {j  /1 ~ j ~ m - - 1  and  d~x ~ x}. By (L*) 
m - - l e  M , ,  so M~ v ~ .  Le t  i be the  min imM element  of M~. 

Case 1: i = 1 .  By  a s s u m p t i o n  d~x ~ x, b y  (L:)  x ~ d~x, so d~x = x. 

Case 2: i > 1 .  Since d ~ x ~ x  und  since i is ~ min imM e lemen t  of 
M x i - - l i M ~  and  d~_~ x , n o n ~  x. Then  by (L*) we get x ~  d~x. Thus  
d i x  ~-- x .  

(if). Suppose  d~x ~ y. By (i) there  exist  k and  1 such t h a t  x = dkx 
and  y ----d,y. P u t  z----dky. Then  d ~ x ~  y implies x ----dax = d ~ d ~ x  
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c dky = z, so x c z. W e  have  also dlz = dtdky = dry = y. I f  1 ~< i then 
p u t  j = 1 and the  theorem holds. If  1 > i then b y  (hi*) y = d~y c d~y. 
B y  (J*) d~x c y implies d~y c y. Hence  y = d~y. In  this case pu t  j = i 
and the  theorem also holds. 

:Now we tm'n to cons t ruc t  some examples  of pseudo-t~ost and Pos t  
spaces. Le t  ( A ,  ~<} be an ordered set. Define 

S = { ( x , i }  / x ~ A , 1  = i  - - - - m - l }  ' m ~ 2  

d i ( x , j  } = / x ,  i )  i = 1 ,  . . . ,  m - - 1  

( x , i } c ( y , j }  iff x<~y  and j < ~ i .  

Tn-EORE~[ 2.7. The system S, thus defined, is a pse~edo-Post space 
of order m, and i f  the ordering ~ is identity relation then the system is a Post 
space of order m. 

PuooF.  Use theorem 2.4. 

3. D-N-algebras of sets 

TH:EORE~ 3.1. Let S = ( S ,  c ,  di, . . . ,  din_l, Eo, . . . ,  Em-l~/ •' ~ 2 bs 
a D*-hT*-space. A subset A of S is said to be open i f  it satisfies the condition 

(9) (Vx, y ~ S ) ( x  ~ y & x~A---,y~A) 

Let P ( S )  be the set of all open subsets of S. Define for any A ,  B c S 

(10) V = S , A  = ~ ,  
(11) AraB  = A U B  = { x e S / x e A  ~r xEB}, 
(12) A n B  = A.('-~B = { x e S / x E A  and xEB}, 
(13) A ~ B  = { x e S / ( V y E S ) ( ( x  ~ y & y e A ) - ~ y e B ) ,  
(14) ~A = { x e S / ( V y ~ S ) ( x  c y - . y  i A ) ,  
(15) Di(A  ) = { x ~ S / d i x e A  } i = 1 , . . . , m - - 1 ,  
(16) ei = Ei i = O, . . . ,  m- -1 .  

Then the system 

(17) ~ ( S )  = ( P ( S ) ,  V ,  A ,  w, m, ->, 7 ,  D , ,  . . . ,  Pm_~, eo, . . . ,  e,,,_,} 

with operations defined by (10), . . . ,  (16) is a D-N-algebra, where N is the 
set of axioms, correspondi~g to these of the set N*. 

PRoof .  I t  is well known tha t  the  set P ( S )  is closed with respect  
to the  operat ions defined b y  (10), . . . ,  (14) and tha t  the  sys tem (P(S) ,  
V, A ,  w, n ,  - ~ , 7 }  is a pseudo-Boolean  algebra (see [3]). B y  axiom 
(E*) we have  tha t  E~EP(S) i = 1, . . . , m - 1 .  Suppose  A e P ( S ) ,  x c y 
and x~Di (A) .  Then b y  (D*) dix  c diy, b y  (15) d i x e A  and b y  (9) d,.yeA. 
Thus b y  (15) yED~(A) which shows t ha t  the  set P ( S )  is closed under  
the  operat ions D~. The proof  tha t  (17) is a D-algebra  is left  to the  reader.  
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For  the  remaining pa r t  of the  theorem suppose X*EN*. As an  exumple 
we shall take  the  case X* = B*. We huve to prove (B): D~(A)uqD~(A)  
= V ---- S. Suppose x i q D ~ ( A ) .  Then by  (14) there exists y e s  such t h a t  
x ~ y and yEDi (A  ). By (B*) we h~ve diy ~ d~x, by (15) d~yeA and since 
A e P ( S )  d i x e A .  So by (15) xeDi (A) ,  which completes the proof. 

For  any  D*-N*-space S we shall call the algebra ~:~(S) ~ D-N-algebra 
of sets over S. 

THEOREh[ 3.2. I f  S is a quasi-pseudo-Post (pseudo-Post, quasi-Post, 
Post) space the~ ~ ( S )  is a quasi-pseudo-Post (pseudo-Post, quasi-Post, 
Post) algebra. Moreover in all four cases the following equations hold: 

(18) D~(A ~ B )  = (D~(A)=~D,(B))n .. .  r (D, (A)~D~(B))  i = 1, . . .  
. . . ,  m--l. 

(]9) D~(qA) ----qD~(A) i = l , . . . , m - - 1 .  

P~OOF. The first  par t  of the theorem follows f rom the  theorem 3.1. 
For  the  second pa r t  suppose x i D ~ ( A  ~ B ) ,  i.e. d ~ x i A  ~ B .  By (13) there  
exists y such t h a t  d~x ~ y, y e A  but  yCB. By theorem 2.6. (ii) there  
exists zES such t h a t  x ~ z and y ~-- dkz for some k ~ i. So dkzEA and 
d~:ziB, i.e. zeDk(A) ,  z iDk (B) .  Since x ~ z by (13) we have t h a t x i D ~ ( A )  
=~Dk(B). Thus x i(D~ (A):~D~(B))~ .. .  ~ (D~(A)~D~(B)).  This shows t h a t  

(D~(A) ~.D~(B))~ .. .  ~(D~(A)=-D;(B))  _~ Di(A n-B). The convers inclus- 
ion is e~r to prove. The condit ion (19) follows from (18) by pu t t ing  
B ~ .  

4. Forcing. Characterizations of D-N-algebras and D*-N*-spaces 

Let  ~:p be an algebra similar to D-algebra, S be a relat ional  sys tem 
similar to D*-sp~ce ,~nd Ik ~ _ S •  Ins t ead  of ( x , a ) e l k w h e r c  x e S  
and a eP we shall xw'itc x Ik a and  read "x forces a". We shall s~y t h a t  
the relat ion Ik is a forcing h'om S to P if the  following condit ions are 
satisfied for ;my x,  x l ,  xo.eS a~n(1 a ,  beP:  

(F1) x tk V, 
(F2) x non Ik/~, 
(F3) x Ik a~b 
(Fd) x lk aub  
(Fh) x Ik a ~b 
(F6) x Ik 7 a  
(F7) x Ik Di(a ) 
(F8) x Ik ei 
(F9) (x 1 

iff x l k a  and xlkb,  
iff x Ik a or x I~ b, 
iff (VyeS)((x c y & y  Ik a)--->y Ik b), 
iff (VyES)(x  ~ y--->y non Ik a), 
iff d~xlk a, i ~ - - l , . . . ~ m - - 1 ,  
iff xeEi ,  i = O, . . . ,  m - -1 ,  

c x2)-->(VaeP)(xl Ik a -+x2 Ik a). 

The forcing Ik is said to be r-strong if i t  saitsfies the  condit ion 

(Fr) (VzeS) (z  Ik a ~ z Ik b)-*(a ---- b). 
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The forcing IF is said to be  1-strong if it  s~tisfies the  condit ions 

(Fl l )  (VaEP)(x~ IF a-->x2 IF a)-->(x~ c x2), 
(F12) (Va~P)(x~ IF a ~ x~ IF a)-~(x~ = x2). 

W e  say t ha t  IF is a strong forcing if it  is s imul taneously  r-s t rong ~nd 
1-strong one. 

THEOREm[ 4.1. Let 93 be an algebra similar to D-algebra, S be a relational 
system similar to D*-space, and IF a forcing f rom S to i ). Ther~ the following 
holds : 

I f  IF is a 1-strong forcing then S is a D*-space. 
/ f  IF is a r-strong forcing then 93 is a D-algebra. 
I f  IF is a strong forcing the~, the following two co~ditio~,s are 

(i) 
(fi) 
(iii) 

equivalent: 

( f in)  
(ifi2) 

P~ooF.  

S is a D*-N*-space, 
93 is a D-N-algebra. 

(i). I t  follows front (Fl l )  and (FI2) tha t  the  relat ion c is 
an ordering in S. Suppose  x c y, a s p  and dix IF a. Then b y  (F7) x IF Di(a), 
b y  (F9) y IF Di(a) and ugain b y  (F7) d~y IF a. Since a is an a rb i t ra ry  
element  of P then  b y  (Fl l )  d~x c dsy and axiom (D*) holds. Suppose  
now xEE  i and x c y. Then b y  (F8) x IF ei and again by  (FS) yEE~. Thus 
(E*) is fulfilled and S is a D*-space. 

(ii). F i r s t  we shall p rove  tha t  9 3 is ,~ pseudo-Boolean  algebrt~. We 
shall use the  following axioms for pseudo-Boolean  algebra [4]: 

(dll)  a n ( a w b )  = a,  (d12) 
(pb l )  (a=-a)nb  = b, (pb2) 
(pb3) (a=>b)c~b = b, (pb4) 
(pbS) a=>-lb = b-~ Ta ,  (pb6) 

a n ( b w c )  = ( c n a ) u ( b n a ) ,  
an(a=.b)  = ac~b, 
(a :>b)c~(a~c) = a ~ ( b n c ) ,  
7 ( a = - a ) u b  = b. 

As an example  we shall ver i fy  (pb2). Let  xES  and x lF ac~(a~b).  Then 
b y  (F3) x IF a and x IF a ~b.  Since x c x then b y  (F5) x IF b ~md b y  (F3) 
x iF anb .  For  the  converse implicat ion suppose x IF a n b  and x c y. B y  
(F3) we have  x iF a, x iF b and b y  (F9) y iF b. Then b y  (F5) x IF a ~b  and 
b y  (F3) x IFan(a=>b). Thus x l F a n ( a ~ b )  iff x - , a n b  and b y  (Fr) 
ac~(a-~b) = anb .  

I n  the  snme w a y  one can verify the  axioms (D'), (D"), (D[,) and (D~'). 
Hence  93 is a D-algebra.  

(iii). (iiil)-+(iii2). Suppose  S is a D*-Iq*-space and let  X*EN*. We 
have  to prove  tha t  X elq. As an example  let X* ----J*, so we have to 
prove  tha t  (J):  Di (D~(a )~a )  = V holds. Suppose  D i ( D i ( a ) ~ a )  # V for 
some aEP. Then b y  (Fr) and (F1) x non IF Di(Di(a  ) -~a) for some xES. So b y  
(F7) d~x ,non IF/)i(a) ~ a  and b y  (F5) there  exists y e s  such tha t  dix ~ y, 

7 - -  S t u d i a  L o g i c a ,  1 - - 2 / 7 7  
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y IF Di(a ) but  y 'non IF a. By (F7) diy IF a and by  (J*) dr c y. Applying  (F9) 
we obtain y IF a con t ra ry  to y ,non IF a. Thus (J) holds and  by  (if) ~ is 

D-N-nlgebra.  

(i i i2)~(ii i l) .  Suppose ';~ is ,~ D-N-algebr,% We shrill t re~t  of only the  
ease (J)EN. We have  to prove tha t  (J*) holds in S. Since Di(Di(a ) ~a) = V 
by  (F1) and (F7) we have  dix IF D~(a) :~a for any  x e S .  Suppose now dix c y 
and d~y IF a. By  (Fg) and (FT) we have  y IF Di(a ) =>a and y IF Di(a ). Since 
y c y then  by  (FS) y IF a. Thus d~x ~ y implies: for any  aeP  if d~y IF a 
then  y IF a. By  (Fl l)  this gives: "if d~x ~ y then  d~y c y" which is (J*). 
This completes the  proof. The proof for o ther  ~xioms is ~n,~logous. 

THEORES[ 4.2. Let ~33 be an algebra similar to D-algebra. Then the following 
two conditions are equivalent: 

(i) ~ is a D-_Y-algebra 
(if) There exists a D*-N*-space S a,~d a strong forci,~g IF from S to P.  

P1~ooF. (i)-+(ii). Take  S to be the  D*-N*-space of sets S ( P )  over 
'33 defined in theorem 2.1, where  S(P)  was the  set of ~ll pr ime filters in ~3. 
Define for any  V e S ( P )  ~md aeP:  V IF a iff a e V. I t  is easy to see, using 
lemm~ 2.2 th,~t this re la t ion is a strong forcing f rom S(P)  to P.  

The proof of (ii)-+(i) follows f rom theo rem 4.1. 

TI-IEOI~ESI 4.3. Let S be a system similar to D*-space. Then tl~e following 
two conditions are equivalent: 

(i) S is D*-N*-spaee. 
(if) There exist a D-N-algebra ~33 and a strong forcing IF fi'om S to P. 

PI~OOF. (i)--(ii) Take  ~33 to be the  D-N-~lgebr~ of sets ~ ( S )  over 
S ,  defined in theorem 3.1, where P ( 2 )  was the  set of nll open subsets of 2. 
Define for a.ny ,c~S ~nd AEP(S) :  x IF A iff x~A .  Then it is e,~sily seen 
tha t  IF is a strong forcing f rom S to P(S) .  The proof of (ii)-+(i) follows 
f rom theorem 4.1. 

Theorems 4.2 nnd 4.3 c~n bc formuh~ted wi thout  using the  not ion of 
forcing. Nnmely  we ht~ve: 

TlrEORE_~ 4.4. (Prime filters char,~cterization of D-N-a.lgebras). Let 
be an algebra similar to D-algebra. The~, the following two condition, s are 
equivalent: 

(i) '1~ is a D-N-algebra. 
(if) There exists a system <S(P), ~_, d~, . . . ,  dm_~, Eo(P),  . . . ,  Em-~(P)} 
similar to D*-space and satisfying the following conditions: 

(if1) S(P)  is a non empty set of subsets of P,  
(if2) eacl~ co~ditio~ of the set ~*  (corresponding to Iq) is satisfied, 
(if3) for any V, V~ Vor and a, be_P the following hold: 
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(fa ) 
(f2) 
(f3) 
(f~) 
(f5) 
(f6) 
(f7) 
(f8) 
(fg) 
(h.) 
(fl l)  
(f12) 

V e V  
ACF 
ac~b~l/ iff a ~ V  and  b~V 
a u b e V  iff a e V  or b~V 
a ~ b ~ r  ~ ~ (VV'~,~(P))((V ~ V' C~a~F')-~b~F') 

D~(a)e[ g f  aed~V, i = l ~ . . . , m - - 1  
e ~ V  iff V~:E~, i = O, . . . ,  m - - 1  

(F~ g 17._,)=-(VaEP)(a{ F~-+a~ P.) 
( V F ' ~ ( P ) ) ( a ~ F "  ~ b~ r') -~(a = ~) 
( V a e P ) ( a e  171-+ae F2)-+(F~ -~ 172) 

P g o o s .  (ii)-+(i). Suppose  (ii) holds. Then  for any V~5'(P) and  aEP 
define:  17 IF a if/ as  F. T h e n  by  (fl)~ . . . ,  (f12) we obta in  t h a t  L~ is a s t rong 
forcing f rom S(1?) to 17. By  (ii2) and  theorem 4.1. (i) S ( ~ )  is ~ D*-:S*-sp~ce, 
and  by  t h e o r e m  '4.1. (iii) ~1~ is a D-:N-Mgebra. I t  is easy to see fi 'om (fl)-(f4) 
t h g t  t he  set S (P )  is the  set of nil p r ime  filters in !13, fl 'om (fg) ~nd (fll) 
t h a t  the  re la t ion  ~_ is the  set- theoret ical  inclusion, and  t h a t  (fT) grid 
(fS) coincide wi th  the  defini t ions (5) and  (6) respectively.  

(i)->(ii). Suppose  now ~ is a D-• ~nd take  the  sys tem S ( ~ )  
to be the  D*-iN*-spaee of sets over  '1~ as in t heo rem 2.1, where  S (P)  was 
the  set of all priane filters in ~ .  Then  the  condi t ion  (ii2) is fulfilled. Since 
the  e lements  of S (P)  are p r ime  filters we have  (fl)-(f'4) and  by l e m m a  2.2 
(fS), (f6) and  (ft.) Condi t ions  (fT) and  (f8) are t rue  by (5) and  (6), and  
since ~ is the  set- theoret ical  inclusion we have  the  condi t ions  (f9), (fll) 
and  (fl2). 

TIYEOREM 4.5. (Open sets ehart~cterization of D*-~*-sDmes).  Let S 
be a system si.milar to D*-space. Then the following two condition, s are 
equivale~ t: 

(i) S is a D*-X*-spacc. 
(ii) There exists an algebra ~:P(S), V ,  A ,  u ,  (~, =.-,-],D~, . . .  

�9 . . ,  D i n _ l ,  eo, . . . ~  era_l> similar to D-algebra and sati.~fying the followi'~g 
eonditio,~s : 

(ill) 
(ii2) 

is satisfied, 

(~1) 
(r 
(~3) 

17(8) i.~ a set of subsets of 8, 
each co~ditio~ of the set N (correspondi~g to N*) 

(ii3) for any x,  x l , x 2 E S  a.~td A , B r 1 6 3  the followb~g hold: 

X~ ~/ ,  

x i A ,  
x E A n B  iff x ~ A  and x e B ,  
x ~ A  u B  fff x e A  or x e B ,  
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(~5) 

(~7) 
(~s) 
(~9) 

x~A =-.B i~  (VyeS)((x  ~ y & yeA)--->:tI~B), 
x 'e~ A iff  ( V y ~ S ) ( x  ~ y--->yCA), 
x eD~(A)  iff d i x e A  i = 1 , . . . , m - - 1 ,  
~vee i iff x e E  i i = O, . . . ,  re--_l, 
(x~ = X.,) ( V A e P ( S ) ) ( x ~ A ~ x 2 e A ) ,  
(VA ~P(S)) (x~ea--+x2~A)~(x~ ~ x.,), 
( V A  eP(~) ) (x ,  eA ~ .v2 eA)-c-(x I = x2). 

PROOF. (ii)-->(i). Suppose (if). Then  the  following is ~Iso t rue:  

(~r) ( V x e S ) ( x e A  ~_ xeB) - ) - (A  = B)  

Define for nny xES und A E P ( S ) :  x l ~ A  iff x e A .  Then by  (~1), . . .  
. . . ,  (~9), (~,11), (~12) ~nd (q;r) we obtuin tha t  It. is ~ ~trong forcing f rom 
~S' to P ( S ) .  By (ii2) ~nd theorem 4.1. (if) ']3(S) is ~ D-~N-ut~-ebr~ ~md by  
theorem 4.l.  (iii) S is ~ D*-N*-space. 

(i)~(ii) .  Suppose S is ~ D*-N*-sp,~ce. T~ke the  ulgebr~ '~(S) to be 
the D-N-~lgebr,% of sets over S, ~s in theorem 3.1 where P ( S )  w~s the  
set of ~ll open ~absets of S in the  sense of (9), ~md operations,  defined 
by  (10) , . . . ,  (16). Then (if2) is fulfilled. Conditions (~1), . . . ,  (cpS) ~re o ther  
not~tions of (10), . . . ,  (16). (~9) is t rue  because A is ~n open subset of S. 
To prove (cFlt) suppose x~ non ~ x2 a, nd let A = {yeS/x~ ~ y}. Obviously A 
is a.n open set ~md x~eA but  x.,.iA. Then by  contr~posit ion we get  (~011). 
Since ~ is a~ntisimmetrie relntion then  (r follows f rom (q~ll). This 
completes the  proof of the  theorem.  

TiIEOan.~ ~.6. I n  any pseudo-Post (quasi-Post, Post) algebra ~]3 the 
axiom (J) holds. 

PROOF. By theorem 4.2 there  exists a. pseudo-Post  (qugsi-Post, Post)  
spa.ce S and ,~ strong forcing f rom S to P.  By  theorem 2.5 the  condit ion 
(J*) is fulfilled in S and by  teorem 4.1. (iii) (J) holds in ~]~. 

TIIEORE)[ 4.7. Let ~)~, ~]3' be two algebras similar to D-algebra, S be 
a relational system similar to D*-space, h be a homomorhq;sm f rom 9~ into 
~ '  a~d It. 1 be a forcing f rom S to P'.  Define for any x ~ S  and a~P: x It. a 
i f f  x It.~ h(a). Then 

(i) It. is a forcing f rom S to P,  
(if) for any asP:  h(a) = ~/ i f f  xlt. a for any x e S .  

The e~sy proof is left to the  reader.  

5. Set-theoretical representations for D-N-algebras and D*-N*-spaces 

TnEOnE~ 5.1 Let .~ be an algebra similar to D-algebra, S be a D*-~ T*- 
-space and I~ a forcing f rom S to P. Define h and h* as follows: 

(20) h(a) = {xeS  /xlt. a} for any ar 
(21) h*(x) = { a E P / x  It- a} for any x~S .  
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The~ the .followi~tg hold: 
(i) h is a homomorphism from ~ into the D-N-algebra of set.~ ~ ( S )  

over S.  

I f  I~ is a stro~g forcing then 
(ii) 9~ is a D-N-algebra and h is an isomorphism from 9~ into the D-N-  

-algebra of sets ~ ( S )  over S .  
(ifi) h* is an isomorphism f rom S into the D*-N*space of sets S ( ~ )  

over ~ .  

1)~OOF. (i) Let  xeh(a)  and x ~ y .  Then  x F~a ~nd by  (Fg) y l~a .  
Thus yEh(a) and  h(a) is ,~n open subset  of S. We sh~ll prove thnt  h pre- 
serves the  operntions of P .  As an example we shall t ake  only the case 
of =~. We have:  h(a=.b) = { x E S / x l ~ - a ~ b }  = { x . . S / ( V y E 6 ' ) ( ( x ~ y  & 

b) = = h ( b ) .  

We have used (20), (F5), (20) ,~nd (13). 

(ii). Suppose now tha t  I~ is a r-s t rong forcing. Then by  theorem -1.1 
~]~ is ~ D-N-algebra.  I f  h(a) = h(b) t hen  for any  zeS :  zeh(a) if and only 
if zEh(b), ~nd by  (20) for any  zcS :  z Iea if a, nd  only if z IF b. Consequently,  
by  (Fr) a = b ~,nd h is a.n isomorphism from ~ into 93(S). 

(iii). Fh'st  we shall prove tha t  for any  x eSh*(x) is a pr ime filtor in ~ .  
By  (F1) a.nd (F2) h*(x) is a non-eml)tY proper subset of P.  Fm' ther  by  
(21), (F3) and  (21) we have:  

ac~beh*(x) == xl~ a~b  =- xl~ a a~td xlb b -~ aeh*(x) (~,~(l beh*(m). 

Thus h*(x) is a filter. I n  the  same way  it can be proved,  using (F4), t h a t  
h*(x) is a pr ime filter. So h*(x)eS(P) .  I t  rem,~ins to prove the  following: 

(iiil) x c y i f f  h*(x) ~_ h*(y), 
(iii2) h*(dix ) = dih*(x ) i = 1, . . . ,  m- - l~  
(iii3) x~E~ i f f  h*(x)eEi(P)  i = 0 , . . . , m - - i ,  
(iii4) if h* (x) = h* (y) then x = y. 

Condition (iiil) follows f rom (F9) and  (FI1). For  (iii2) ~md (iii3) it 
have  to be used (FT) and (5), and (Fd) and (6) respect ively.  Condition 
(iii4) follows f rom (F12). 

THEORE3~. 5.2. For any D-N-algebra 9~ there exists a D*-N*-space S a ttd 
an isomorphism h f rom 9~ into the D-N-algebra of sets ?~ (S) over S.  

PROOf. By  theorem 4.2 there  exist ~ D*-N*-sp~ce S and  a strong 
forcing I~ f rom S to P.  Define h by (20). Then by  theorem 5.1 (ii) h is 
the  required  isomorphism. 

T]~EORE_~. 5.3. For any D*-N*-space S there exists a D-N-algebra '~ 
and an isomorphism h* f rom S into the D*-N*-space of  sets S(9~) over ~_~. 



102 D .  V a k a r e l o v  

P~oo~.  By  theorem 4.3 there  exist .~ D-N-tflgebrn '~ ~nd ~ s t rong 
forcing IF f rom S to P .  Define h* by  (21). Then  by  theorem 5.1. (iii) h* 
is the  required isomorphism. 

Tm~O~E~ 5.4. I n  any  quasi-pseudo-Post  (pseudo-Post ,  quasi-Post ,  Post) 
algebra the fo l lowing equations hold: 

(22) D~(a=-b) = ( D ~ ( a ) ~ D ~ ( b ) ) ~  . . .  (~(D~(a)=-D~(b)) i = 1 , . . . , m - I ,  
(23) D~(~a)  = -~D~(a) i = 1 , . . . , m - - 1 .  

PROOF. By  theorem 3.2 and theoreln 5.2. 

6. MeKinsey-type embedding theorem for D-N-algebras 

TH_EORES~ 6.1. Let  ~ = ( P ,  V ,  A ,  w, n ,  =~, 7 , D 1 ,  . . . , D , , _ I ,  Co,... 
. . .~ era_l} m >~ 2 be a D-N-algebra  for  which ax iom R E~q but J i N ,  and let 

{al, . . . ,  a,~} be a fi'ttite subset of  P .  Then  there exists a f in i t e  D -~ -a lg eb ra  
�9 ." ' ' \ with the fol-  ~ '  ---- (P ' ,  V', A', u ' ,  c~', =-, -7, D~, . . . ,  1);~_1, eo, . . . ,  e,n_~/ 

lowing properties : 

'(i) P" contains at most 2 ~176 eleme~~ts, 
(if) {a~, . . . ,  a,} _c p '  _~ p ,  

(iii) V" = V,  A" = A, e~: = e ;  i = O , . . . , m - 1 ,  
(iv) ~f ~ n a ;  
(v) i f  a iwa  j 

(vi) f f  a ; ~ a  i 
(vii) ,~]f ~ a,. 
(viii) ~f D; (aj) 

PROOF. Let  Po = 
D~(a,),  . . . ,  D~(a,,), . . . ,  
This set h~s a.t most  
genera ted by Po 'rod containing ~/ ~md /~. Then  P '  contai_us no more  

o~ +.).m th :m =- elements a.nd condit ions (i), . . . ,  (v) are s~tisfied. I t  is e~sy 
to see 1)3" induct ion a.nd using a.xionl (R) t ha t  P '  is closed trader the  
operations D;.  Thus (viii) is fulfilled ~md the  axioms (D'),. (D"), (Ds 
(Do') and ~ll those of the  set N are satisfied. Since ~ is a. dis t r ibut ive 
lat t ice so is ~ ' .  I t  is well known th,~t every  finite dis t r ibut ive la,ttiee is 

pseudo-Boole~n algebra with re la t ive ly-pseudo-complement  ~ '  defined 
a,s follows : 

(24) a---'b = ln~X{C: c n a  <~ b & cEP'}.  

I t  follows fronl (24) ttlut a =-'b ~< a =~b for ~ny a, b~P.  Suppose now tha t  
a, b, a=~.b~P'. Since (a=>b)na<~ b then by  (24) a ~ b < ~  a=.-'b. Thus for 
a,  b, a ~ b e P "  a ~ ' b  = a=~b ,~nd (vi)is fulfilled. Pu t t i ng  -~a = a ~  / \  we 
infer tha t  (vii) follows f rom (vi). This completes the  proof of the  theorem. 

= a k then a i ( ~ ' a j  --~ a k 

--~ a k then a~u 'a j  = a z 

= a k then a i ~ Cbj = a L. 
= a~,, then ~.'a~ = a k 

= a k the~ D~(av.) = ak i = 1 ,  . . . ,  m - - 1 .  

{Co, . . . ,  e~_~,  a , ,  . . . ,  a,,, O~(eo), . . . ,  D~ (e~_~), 
2),,_,(Co), . . . ,  D,,,_,(e,~_,), D,,~_~(a, ) ,  . . . ,  D,~_, (a,,)}. 
(m + n ) . m  elements.  Let  ~ '  be the  subla.ttico of 
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W e  sh~ll use l~ter this theorem to p rove  t ha t  some logical culculi 
have  the  finite nmdel p r o p e r t y  ~nd are decidable.  Since axiom ( J ) i N  
this t heo rem does no t  cover  the  c~se of pseudo-Pos t  and quas i -pseudo-Post  
algebras.  In the  nex t  section we prove  some theorems for these ~lgebr,~s, 
which theorems also give some decidubi l i ty  results  for the  corresponding 
logicul systems.  

7. Four special algebras 

I n  this section we shall give nnother  tipicnl example  of qu~si-pseudo- 
-Pos t  (quasi-Post ,  pseudo-Pos t ,  Post )  nlgebrn. In  cuse of Pos t  ~flgebr,%s 
the  const ruct ion  is know-a (see [4], [5]). 

T~EOlCE~[ 7.1. Zet ~ be a pseudo-Boolean (Boolean) algebra and 

P [ A ]  = {(a,, . . . ,  am_~)/a~, . . . ,  a,~_~eA, a, ~ a ~  .. .  ~ a,n_~}. Define for 
any (a~, . . . ,  am_~) , (b~, . . . ,  b m_~)eA m-~. 

(25) 
(26) 
(~7) 
(2s) 

(29) 
(30) 
(3~) 

V = (V, V , . . . ,  V) A = (A, A , . . . ,  A) 
(al, . . . ,  am_l)u(bl ,  . . . ,  bin_l) = (a lwbl ,  . . . ,  a,,~_lWbm_l) 
(al, . . . ,  am_l) r~(bl, . . . ,  bin_l) = ( a l n b l ,  . . . ,  a,~_l mb,n_l) 
(a.1, . . . ,  am_~) ~ ( b ~ ,  . . . ,  bm_~) = (a~ ~ b ~ ,  (a i ~ b , ) ~ ( a  2=~b,~), . . .  

. . . ,  (a~ =~b~) (~(ao ~b~.) (~ . . .  re(a,,,_, ~b,,~_,)) 
q(a~, . . . ,  am_~) = (qa~, q a , ,  . . . ,  -~a~) 

. D i (a i ,  . . . ,  am_ l )  ~- (a i ,  a i ,  . . . ,  ai) i = 1, . . . ,  I n ~ l  
e~ ---- ( V ,  . - . ,  V, A, . . . ,  A) i = o, . . . ,  m - 1  

i - times 

Then the system 

(32) ~ [ A ]  = ( P [ A ] ,  V, A ,  u,  n ,  ~ ,  ~,  D1, .. .  1),,,_,) 
with operations defined by (25), . . . ,  (30) is a quasi-speudo-Post (quasi-Post) 
algebra and i f  we add the co~stants e i defi,~ed by (31) then it turns to a 
pseudo-Post (Post) algebra. 

PRooF. B y  nn eusy verific~tion. 

Tm~ORE;[ 7.2. .For any quasi-pseudo-Post (quasi-Post) algebra ~ there 
exists a pseudo-Boolean (Boolean) algebra ~ and an isomorphism h .from 
9~ i.~to the quasi-pseudo-Post (quasi-Post)algebra ~ [ A ]  of the type (32). 
A n y  quasi-pseudo-Post (quasi-Post) algebra can be embedded into a pseudo- 
-Post (Post)algebra. 

PROOF. P u t  A = {Di (a ) /aeP  , i = 1, . . . ,  m - - l } ,  ,~nd h(a) ----- (Di (a) , . . .  
. . . ,  Din_ , (a)). Fh's t  it hss  to be  p roved  tha t  9~ is ~ pseudo-Boolean  (Boolean) 
subMgebrs  of ~:~. The non-tr ivial  c~se is the  c~se of ~ .  B y  theorem 5.4 
in bo th  cases the  following equat ion  holds 

(33) D ; ( a ~ b )  = ( D , ( a ) ~ D ~ ( b ) ) r ~ . . .  n(D~(a)- -D,(b)) ,  i = l , . . . , m - - 1  
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B y  ( 3 3 ) a n d  (R) we have  Di (Dj (a  ) ~D~+.(b)) = (D,(Dj(a))=~D~(Dk(b)) ) c~ 

. . .  c~ (Di(D/<a) =-D,:(Dk<b)))) = (D/<a):> Dk(b)) c~ . . .  c~ (D~<a)=~Dk<b>) = 

----D/(a)=~D++(b). So D / ( a ) ~ D ~ ( b ) ~ A .  
The proof  tha t  h is a homomorph i sm is easy. Le t  us p rove  tha t  h is 

an isomorphism. F i r s t  we shall p rove  the  following: 

(34) I f D i ( a )  = D~(b) for  i = 1, . . . ,  m - - I  then  a = b. 

Suppose  Di(a  ) = Di(b ) for i = l ,  . . . ,  m- -1 .  Then Di(a  ) ~D~(b) = V 
for i = l , . . . , m - 1  and b y  (33) D , ~ _ ~ ( a ~ b ) =  V. B y  (L,,) D,~_~(a~b)  

a ~ b .  So a=~b = V and a ~ b. F r o m  this it is easy to conclude (34). 
Suppose  now h(a) = h(b). Then (D~(a), . . . ,  Dm_~(a)) = (D~(b), . . .  

�9 . . ,  Dm_~(b)) and  b y  (34) a = b. Hence  h is ~n i somorphism f rom ~ into 
the  quas ipseudo-Pos t  algebra ~:~ [A]. I f  '~ is a quas i -Pos t  a lgebra  then  b y  
axiom (B) we obta in  tha t  ~I is a Boolean algebra and ~ [A] a quas i -Pos t  
algebra. The rema.ining pa r t  of the  theorem follows f rom the  fac t  t ha t  
~ [ A ]  is itself a p seudo-Pos t  (Post) algebra. 

w 8. Some propositional calculi based on D-N-algebras and D*-N*-spaces 

In  this section we in t roduce a class of proposi t ional  calculi named  
here DNPC.  As a special case we ob ta in  the  proposi t ional  calculi of 
the  classical and intui t ionist ic  many-v~Iued  logics, in t roduced  b y  
Rousseau  [7, 8]. The main  purpose  is to give the  not ions of algebraic and 
relat ional  va l id i ty  and to prove  its equivalence.  

Any  of the  D N P C  is based  on a language containing the  following 
synfl)ols : 

(i) an ixffinite set V = {p, q, r ,  ...} of proposi t ional  variables,  
(ii) {A,  V, eo, . . . ,  e,~_~} the  set of proposi t ional  constants .  ~/ and A 
are called t ru th  and false respect ively,  
( i i i )  7 ~ D 1~ . . .  ~ ~ ) m - 1  - -  the  set of one-argument  connect ives;  7 is 
the  sign of the  negat ion,  
(iv) n ,  u ,  ~ -- the  set of two-~rgument  comlect ives - -conjunct ion,  dis- 
junction,  and implication,  
(v) ( ) -- parentheses .  

~ o t e  thu t  we shall ~ssume also languages wi thou t  the  symbols  

C 0 ,  " �9 �9 ~ e r a - -  1"  

The not ion of a formlfla is the  usual  one. The set of all formulas  is 
denoted  b y  F and the  algebra of formlfl~s <F, v ,  A ,  W, n ,  :=,, ~ ,  D~, . . .  
. - . , D ~ _ x ,  eo, . . . ,  em_~> will be  denoted  b y  ~. I t  is clear t ha t  ~ is si- 
nfilar to D-a lgebra  of order m. 

A pair  ~I----<~, h> is said to be an algebraic D- .u  structure 
(briefly D-:N-a.m.s.) if ~ is ~ D-N-algebra  and h is a homomorph i sm from 
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t he  Mgebra  of f o rmu la s  ~ in to  ~ .  9/ is sMd to  be an  algebraic D-N-model 
for a formula a, or a is MgebrMcMly vMid in 9 / i f  h(a) : V- ~ is ~ model 
for a set of formulas A if i t  is ~ mode l  for  ~my f o r m u l a  a of A.  A f o r m u l a  
a is said to be  an  algebraic D-N-tautology if it  is va l id  in a n y  D-N-mm.s .  

A pMr (b : <S,  Ib> is sMd to be ~ relational D-N-model structare 
(br ief ly  D-N-r .m.s . )  if S is ~ D*-N*-space ~nd ik ~ forc ing  f rom S to the  
Mgebrn of fo rmulas  F .  ffi is s,Md to be ,~ relational D-N-model for a formula 
a,  or a is relationally valid in, (~ if for  ~ny  x e S  x ib a. if) is a model for a set 
o f formvlas  A if i t  is a mode l  for  an)- formul,% a of A.  A fo rmul~  a is sMd 
to be  ,~ relational D-N-tautology if i t  is vMid in a n y  D-N-r .m.s .  

THEORE)~ 8.1. For any formula a and set of formulas A the following 
two conditions are equivalent: 

(i) a~y algebraic D-N-model for A is a model for a; 
(ii) any relational D-N-model .for A is a model for a. 

PROOF. ( i )~( i i ) .  Suppose  n o t  (ii). T h e n  there  exis t  n D-N-r .m.s .  
: <S,  I1-'~. such th,~t ff] is a mode l  for  A b u t  no t  for  a. L e t  ']~ (S) be t he  

D-N-Mgebr~ of sets over  S a n d  let  h ( f l ) :  {xES/xlb fl} for  ~my flEE. 
B y  t h e o r e m  5.1. (i) h is a h o m o m o r p h i s m  f r o m  ~ in to  ~ ( S ) ,  so the  p~h" 

: <~ (S) ,  h> is ~ D-N-,~.m.s. I t  is ele,~r th,~t ~ is ~n a, lgebrMc D-N-mode l  
for  A b u t  n o t  for  a. Thus ,  b y  con t r~pos i t ion  (i)-+(ii). 

(ii)-+(i). Suppose  now n o t  (i). Then  there  exists ~ D-N-a .m.s .  9/ : <q3, h> 
such th,~t 93[ is a mode l  for  A b u t  n o t  for  a ,  i.e. h(a) v~ V .  Then  b y  t h e o r e m  
4.2. the re  exis t  a D-N-space  S a n d  a forc ing Ih f rom S to P .  Def ine  for 
x e S  ~ : d  f leE: x I}- D iff x I}-1 h(fi). B y  theo rem 4.7. (i) l~ is ~ forc ing  f r o m  
S to F .  So the  pa i r  ffi : <S,  i~> is a, D-N-r .m.s .  I t  follows f rom t h e o r e m 
4.7. (ii) t h a t  ffi is ~ re la t ionM D-lg-model  for  A b u t  n o t  for  a. Hence  b y  
con t r apos i t i on  (ii)->(i). 

TKEORE~{ 8.2. F o r  any formula a the following conditions are eqtdvalent: 
(i) a is an algebraic D-N-tautology; 
(ii) a is a relational D-N-tautology. 

P~tOOF. B y  t h e o r e m  8.1. wi th  e m p t y  A. 

Now we shM1 ~xiom~t ize  t he  set of M1 D-N- tau to log ies .  As ~xioms 
we shall  use some of t he  fo l lowing fo rmulas  ,~nd scheems:  

(t) 
(f) 
(D') 

(D") 
(D~) 

V 
~ A  
Di(awfl)<>Di(a)wDi(fl) 

Di(a nil) ~--D i (a) n D  i (fl) 

qD;(A), (D~') D~(V) 
D,(DI(a)).~Dj(a) 

i : l~...,m--1 

i = l , . . . , m - - i  

i , j  = l , . . . , m - - 1  
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(M) 

(L) 

(C1) 
(C~) 
(J) 
(B) 

Di+l(a) ~ D i ( a )  
a o D l ( a  ) 

Din_ 1 ( a) ~ a  

D~(ej) i<~j  i ---- 1 , . . . , m - - 1  
-1 D~(e;) i > j  i = 1, . . . , m - - 1  

D,(Di(a)  =~a) i ---- 1 , . . . ,  m - - 1  

7 D i ( a ) u D i ( a  ) i = l ,  . . . ,  m - - I  

i = l , . . . , m - - 1  

i = 1 , . . . ~ m - - 2  
j = O , . . . , m - - 1  
j = O , . . . , m - - 1  

(We use the  same no ta t ions  as in the  D-N-algebras)  

Axioms for D N C P :  
The  full set of ax iom-seheems for the  int tf i t ionist ie  p ropos i tona l  Io 

calculus (see for example  [4]) 

I I .  (t), (f), (D'), (D"), (D~) and  (Do') 

I I I .  any  of the  (~) ,  (M), (Lo), (L~), (L), (C1), (C.~), (J) and  (B) which 
algebraic analogous occur in the  set N.  

The  rules of inference are the  following: 

(rl) modus  ponens  and  0"2) 
fi (D~a) -~'-D i (fl) 

i = 1 , . . . , m - - 1  

The no t ion  of a theory  based on a DI~CP is analogous to t h a t  of Pos t  
logics (see [4]). I f  Y is a theory  With the  set of ~xioms A t h e n  we shall 
denote  this by  J~(A). 

Tm~onF.~ 8.3 (The s t rong comple teness  theorem) .  For any form~da 
a and D-_h~-theory J - ( A )  the following conditions are equivalent.t: 

(i) a is a theorem in the D-N-theory Y ( A )  
(ii) any algebraic D-lu for A is a model for a 
(iii) a~y relational D-5r-model for A is a 'model for a 

PRoof .  The  equivalence of (i) and  (ii) can be easily p roved  us ing 
the  m e t h o d  of L i n d e n b a u m  algebras;  (ii) is equiva len t  to (Hi) on accoun t  
of t heo rem 8.1. 

TIIEOREh[ 8.4. (The weak  comple teness  theorem).  For any formula  
a the following conditions are equiv(dent: 

(i) a is a D-_~-theorem 
(ii) a is an algebraic D-N-tautology 
(iii) a is a relational 1)-1Y-tautology 

PROOF. F r o m  theo rem 8.3 wi th  e m p t y  A. 

T~EORE~ 8.5 Let _L be a .DNPC for which (R)e~T and ( g ) i N .  Then 
I~ has the f inite model property and is decidable. 
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PROOF. By theorem 6.1 the set of all algebraic D-N-models can be 
restricted to the set of all finite models, which proves the theorem. 

The propositional calculi corresponding to the quasi-pseudo-Post 
(quasi-Post, pseudo-Post, Post) algebras will be called q~tasi-pseudo-Post 
(qaasi-Post, pseudo-Post, Post) propositional calc~di (PC). The l~mguage 
of qu~si-pseudo-Post and quasi-Post PC does not cont~in the constants 
ei, i = O, . . . ,  m - - 1  

TttEORE:~ 8.6. Pseudo-Post _PC (Post PC) is a conservative exte~lion 
of quasi-pseudo-Post (quasi-Post) PC. 

PROOF. :By theorem 7.2. 

THEOlCE51 8.7. Quasi-pseudo-Post (pseudo-Post, q~lasi-Post, Post) _PC is 
decidable. 

For the pseudo-Post PC ,~nd Post PC the proof is given by l~ousse~u 
[8]. For  the remaining c~lculi this is ,~ consequence of theorem 8.6. 

Tm~onE~[ 8.8. (A sepa.rntion theorem for pseudo-Post ,~nd Post PC). 
~or any formula a ~wt contai~ing constants e~ (i = 0 , . . . ,  m - - l )  the fol- 
loving conditions are equivalent: 

(i) a is a theorem in the pseudo-Post (Post) PC 
(ii) a is a theorem i~ the quasi-pseudo-Post (quasi-Post) PC 

I~nOOF. This is ~nother form of theorem 8.(i. 

Let us note that,  in view of theorem 2.4, the rel~tion~l semantics 
for pseudo-Post PC cnn be much simplified. 

References 

[1] B. I. DAI[N, Kripke-style semantics for some mat~y.valued propositional calctdi, 
B u l l e t i n  de l ' A c a d d ' m i e  P o l o ~ a i s e  d e s  S c i e n c e s .  Sdrie des sci. math., astr. 
et phys.  21 (1973), p. 1073. 

[2] G. C. MoISIL, Essais sur les logiques .~wn chrysyppiennes, Bucarest 1972. 
[3] ~ .  C. FITTING, Intui t ionist ic  logic model theory a'ad Jbrcing, North-Hol land,  

Ams te rdam-London  1969. 
[4] H. RASIOWA, A n  algebraic approach to non classical logics, STUDIES IN LOGIC AN]) 

TI~E :FouNDATIONS OF h'IATH]~3fATICS, Vol. 78, Amsterd~m 1974, x v + 4 0 3  pp. 
[5] H. RASIOWA, Post algebras as a semantic foundation of ma.~ty-valued logics, in:  S t  tt .  

d i e s  in  a l g e b r a i c  logic,  11IAA STUmES IN I~TmEMAWCS, Vol. 9 (1974), pp. 92-142. 
[6] P. C. ROSENBLOOM, POSt algebras I .  Postulates and ge~.eral tbeory, A t n e r i c a n  

J o u r t i a l  o[  ! l l a then~a t i c s  64 (1942), pp. 167-188. 
[7] G. ROUSSEAU, Logical systems with f ini tely  many truth-tables, Btt l le~it t  

de  l ' A c a d d t n i e  P o l o t t a i s e  d e s  S c i e n c e s ,  S6rie des sci. math., astr. et phys. ,  
17 (1969), pp. 189-194. 

[8] G. ROUSSEAU, Post algebras and pseudo-Post algebras, F u n d a n t e n t a  .~lathe.  
n t a t i c a e ,  67 (1970), pp. 133-145. 

Allatum est die 27 .Martii 1976 
Studia Logiea, X X X V I ,  1 - -2  


