
The Meaning of the Quantifiers 
in the Logic of Legniewski 

Q~fine has  claimed t h a t  Legniewskian quant i f ica t ion  is subs t i tu t ional  1. 
B u t  this in te rpre ta t ion  is incorrect  (cf. Kting and  Can ty  [16]). Actua l ly  
Legniewskian quant i f ica t ion  cons t i tu tes  a th i rd  possibi l i ty  t h a t  lies be tween  
ob jec tua l  (referential) quant i f ica t ion  an4  subs t i tu t iona l  quant i f ica t ion 2, 
and  it  overcomes the  d rawbacks  of each of i ts  be t t e r  known a l te rna t ives :  
while ob jec tua l  quant i f ica t ion  is res t r ic ted  because  some names  do no t  
have  obje ts  and subs t i tu t iona l  quant i f ica t ion  is res t r ic ted  because  some 
objects  do not  have  names  3, Legniewskian quant i f ica t ion  works  b o t h  
for e m p t y  names  and  for nameless objects .  This is so because,  as we shall 
see, the  range of quant i f ica t ion is nei ther  the  set of objec ts  nor  the  set  
of names  b u t  the  set of extensions  (i.e. of extensional  meanings).  And 
even  e m p t y  names  have  an extension,  and even nameless  objec ts  belong 
to extensions.  

The formulas  of subs t i tu t iona l  and  of Le~niewskian quant i f icat ion 
belong to the  objec t  language, blot their  readings are in a certain sense 
metalingnlistic. Fo r  instance,  according to l~uth Barcan  Marcus ' (3x)Fx'  
is to be  read  "Some subs t i tu t ion  instance of ~Fx' is t rue"  and correspon- 
dingly ' (x)Fx' is to be  read " E v e r y  subs t i tu t ion  instance of 'Fx' is t rue"  
(el. [32] p. 252-253). t~ow is t ha t  to be  unders tood?  W e  shall see t ha t  in 
an adequa te  reading" of those  formlflas names  of expressions occur only 
in an "implici t"  and no t  in an "explici t"  way.  

In  nay opinion the  quest ion of how to read quant i f ied  s t a t ements  is 
of some consequence.  The hab i t  of giving merely model- theoret ic  inter- 
pre ta t ions  and no intui t ive  paraphrases  has t ended  to obselLre some 
subtle,  b u t  ve ry  impor tan t  aspects  of oblique speech. This can bes t  be  
made  clear b y  taking as a s tar t ing point  some recent  discussions concerning 
"saying tha t " .  

1. Prologue-funetors  

I t  has been cus tomary  to th ink  tha t  a sentence such as 

(1) Galileo said that the earth moves. 
is of the  form 8(x ,  p) w h e r e ' S '  is a sentence-forming fuuc to r  which takes  
names and sentences as argument-expressions.  B u t  actual ly  wha t  do(.s 
it mean  tha t  the  second a r~ lment -express ion  is a sentence? Should the  
a rgument  of a funct ion  no t  be  named?  Should the  second argument-  
-expression of the  fune tor  ~S' not  be  the  name  of a proposi t ion? 
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Donald  Dav idson  ([4], cf. also [11] and  [23] p. 143) has made  an 
interest ing r emark  tha t  sheds light on this ques t ion;  he has  found  t ha t  
(1) can be  t u rned  a round  in the  following w a y :  

(2) The earth moves. Galileo said that. 

At first  sio'ht one might  therefore be  misled to th ink  t ha t  (1) is real ly  
of the  form p. R(x ,  y). B u t  obvious ly  this ds not  cmTect because  in (1) 
the  expression 'the earth moves' is no t  a coordina ted  sentence:  f rom 
(1) one cannot  logically infer t ha t  the  ear th  moves.  

In  a pre~-ious article [17] I have  therefore  insisted on the  subordinat ing  
connection,  spell ing out  th.at (1) is short  for:  

(3) Galileo said that which follows: the earth moves. 

I have  po in ted  out  t ha t  this means  a retm'n to the  form S(x ,  p), bu t  t ha t  
we have  learnt  something impor tan t  on the  way.  Dav idson ' s  r emark  has 
made  us aware of the  demons t r a t i ve  natm'e of the  'that' and  we have  
not iced its subordinat ing  funct ion.  B o t h  these fea~,ltres axe made  explici t  
b y  th(, expanded  expressions 'that 'which follows:L 

A f imctor  such as 'S' which contains such a d~mons t ra t ive  and sub- 
ordinat ing expression m a y  be d u b b e d  a "pro lo~m-func tor" ,  and an expres-  
sion which is subord ina ted  to such an expression m a y  be called a "p lay" .  4 
As a m a t t e r  of fac t  the  speaker  who ut ters  (3) is behav ing  like an ac tor  
and the  expression 'the earth moves' actuMly "replays"  wh~t  Galileo is 
supposed to have  said. 5 

This analysis is impor t an t  because it shows w h y  prolog 'uc-hmctors  
are no t  predicate-exl0ressions or relat ion-expressions whose  a rgument s  
alw,~?'s name certain objects.  In  (3) the  a r~mwnt -exprcs s ion  'the earth 
mores' is clearly no t  the  name of some abs t rac t  object, (tim name  of a pro- 
posi t ion or of ~ s ta te  of af_fah's), b u t  it is s imply wha t  its gTammatic;d 
form says it is, namely  a sentence. Only this sentence is no t  used  in the  
way  in which an isolated sentence is used, b u t  it is used  in a special subordi-  
na te  way,  namely  "playful ly" ,  repl~ying wha t  GMilco had  said in c~rnest .  

As a m a t t e r  of fac t  expanding' (1) into (3) shows t ha t  o~w example  
c;m also be s t ruc tured  according 1~o the form R(x ,  y)6. All one has to d~, 
is t[, t ake  'that which fl)llows: the earth ,moves' as one lmit,  inanely as the  
seccmd a rgument  of the  relat ion-expression 'R' .  Now this a rgument  is 
indeed a nam,,: the  name  of :~ saying. ~ l ( l  there  is also a wel l -known 
and less cumbersome w a y  of wri t ing the name of a saying:  s imply use 
qua ta t ion  marks.  B y  replacing 'that which .follows:' b y  quotat.ivn marks,  
the  second argammnt of 'said' becomes  "The earth moves" 

Tile difference be tween  intexpret ing (1) according to the  form S(x ,  p) 
and interpr(~ting it according to the form S(x, y) is therefore  s imply a 
difference concerning the  place where  we in t roduce  ol~r basic cuts.  
Taking our cue f rom :Nelson Goodman ' s  art icle "The way  the  world 
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is" [9] we can say t h a t  no t  only the  world, bu t  Mso the  formuh~tions 
of o rd ina ry  lang~aage "are m a ~ y  ways" ,  i.e. e~m be recons t ruc ted  
in different  ways  in our  logico-gxammaticM theories (el. Mso Lejewski 
[23]). There  is, however,  an a s y m m e t r y  be tween  the  two options: if 
we cut  according to the  fo rm 2~(x, y), t h e n  we can still subdivide the  
second arglmlent  into ~that which follows:'  plus ~the earth moves', t h a t  is, 
into s quota t ion- f imctor  (which is the  most  e lementa ry  kind of prologT~e- 
-funetor)  and  its ~rgnlment. We thus  obtMn the  fo rm R ( x ,  Q(p)).7 If, 
however ,  we cut  according the  form S(z ,  p), t h e n  we have  amalgama.ted 
'that ~r follows:'  into the  prologue-functor  ~S'. Pro lo~m-functors  ,~re 
l_)y definit ion f lmctors  which conta in  a h idden  quot~t ion-functor .  

F r o m  the  point  of view of the  long formula t ion  (3) the  in terpre ta t ion  
~l.ecording to the  fo rm R ( x , Q ( p ) )  seems preferable,  because the  par ts  
corresponding to ~R', ~x', ~Q', ~p', ~re all "bodily" present ;  bu t  in eollo- 
quiM speech one can ve ry  well say " the  sslne" in less words, wi th  less 
m,~chinery, by  saying simply 

(4 ) Galileo said the earth moves. 

For  this short  wor&ing S ( x , p )  seems quite ,~dequ,~te. s 

2. Prologue-quantifiers 

H~ving learnt  how to t r ea t  sentences ~s "plays",  we are now able 
lo zive aceum~te re,~dings of the  quantifiers.  :For instance the  following 
formul,~ of proposit ional  .logic 

(5) (p)(p v ~ p )  

can be read:  

(6) Whatever-the-i 'nscript i~176176176 
-taken-to-say- : p 
the:followi~g-is-herewith-asserted- : p v ~ p .  

In ;ul extensionM sys tem this is equivMent wi th  

(7} W]~atever-extension-the-i,~,scriptions-equiform-with- 
-the-following-item-are-taken-to-have- : p 
the:following-is-herewith-asserted- : p v ~ p .  

Le~ us call this the  Le,~niewskian re~ding because ,~s ~ m~tter of f,~ct it is 
the  one which is best in accordance with Le,@niewski's intentions. 9 

J~ut subst i tut ional  quant i f icat ion too ca, n be read  according to this 
prologue me thod  :~o 

(8) Whatever-propositional-expressioJ~s-are-taken-to-be-s~t, bst i tuted-fof  
-the-inscriptions-equ{form-with-~,he-following-iten~- : p 
the-followiq~,g-is-herewith-asserted- : p v ~ p .  

\ \ e  ca, n now see in wh~t  sense the  Le~niewskia, n ~md the  substi tut ionM 
red, dings are metMin~n~istic. They  are metMing~istic in the  sense tha t  the  
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quantification-prologues "implicitly" contain a quotation-fupctor. But  
notice tha t  the quotation-hmctors do not occur in an "explicit" way:  
as in the case of the prologue-functor 'S', the quotation-iunetors arc 
amalgamated into the quantification-prolog~ms. The formulas of ]~e~niew- 
ski~n and substitutional quantification, which belong to the object language 
are not to be confused with corresponding formnlas of the metMang~lagc 
where the quotation-expressions occur in an explicit way. 11 

Unlike Legniewskian and substitutional quantification objcctuM 
quantification does not  have to be read in an "implicitly" metMin~fistic 
way. This is so because objectuM quantification is the special case where 
the range of quantification and the domain of denotation are identicM. ~- 
As a mat te r  of fact the different kinds of quantification (objectuM, sub- 
stitutional, and Le,~nlewskian) differ not in theft- domMn of denotation 
but in what  is taken as values Of the variables: objects, expressions, or 
extensions (i.e. extensional meanings). Actually one could adopt lmiform 
re~dings for all three kinds of quantification. :For the lmiversM quantifier 
this reading would be: 

(9) For-any-value-the-in,  seript ions-eq~iform-with-the fo l lowing- i tem-  

-may-be-taken-to-have- : x. 

:But with respect to objectual quantification this reading is unn.ecessarily 
complicated, because there (and only there) (9) is equivalent with:  

(10) For  a~y object x. 

In  objectuM quantification it is not necessary r name (either explicit, ly 
or implicitly) the letter which functions as a variable in order to be able 
to express something concerning its range. In  objectuM quantification 
the vMues in the range of the variable can be talked about by simply 
using' that  variable, i.e. by making use of its denoting function. 

But it is only in the case of quantification with respect to non-empty  
individuM names that  this simplified reading of objectuM quantification 
goes without problems. :Notice that  an objectuM reading of the above 
mentioned formula of propositional quantification (5) calmot sh~lply say: 

(11) For  an, y propos i t ion  p,  p or not p .  

If (1]) is reMly objectual, and not merely an elliptical version of (6) ~-hich 
is Legns tlien (1]) is not well-formed, because the letter 'p' is first 
used as a name-variM)lc (t~ variable for names of propositions) and after- 
wards as t~ sentencc-vari~ble. ~3 A colwect objectuM reading of (5) must  
therefore say : 

(12) For  an, y proposi t io~ p,  either p or the n, egatio.n, of p is tr~e. 

And this rcading is in a ccrtMn sense ~ mctMinguistic s tatement:  it 
contains a semanticM predicate such as 'is tr~e' and its domMn of ( lenof  
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�9 ~tion is m a d e  up of propositions, i.e. of cer tain linguistic entities. B u t  
it  is no t  metal inguis t ic  in the  sense tha t  it would contain  names  of express- 
ions. As a m a t t e r  of fact  it is rathe~ like a s~a~ement of set theory  (see 
below section 4) in t h a t  it fellies meanings into abs t rac t  objects. 

Le~niewskian and  subst i tut ional  quant i f icat ion have  the  fu r the r  advan-  
tage  t h a t  t h e y  make  qnanti~.'eation into quota t ion  contexts  po,~sible. 
For  ins tance  

(13) (p)( 'p '  is tmle ~ p) 

canno t  be given an objectual  reading;  because in objeetual  quant i f ica t ion 
all t he  bound  variables are variables for names,  and  in (13) " p "  mus t  be 
the  quo ta t ion  of a sentence and  not  of a name.  Bu t  (13) can be read  in 
Le.~niewskian fashion :u 

(14) Whatever-propositional-extensio~-the-inscriptions-equ,(form-with- 
-the-following-item-are-takeJ~-to-have- : p 
the-followi,~,g-is-herewith-asserted-: ~p' is true i f  and only i f  p. 

or subst i tu t ional ly  :~5 

(15) Whatever-propositional-expressions-are-taken-to-be-s'~bstituted-for- 
-the-inscriptions-eqtdform-with-the-following-item- : p 
the-following-is-herewith-asserted-: 'p' is trtte i f  and only i f  p. 

Of colu'se, precaut ions will have to be t a k e n  to p reven t  the  occm-rence 
of semantical  par~doxes,  bu t  this  is no th ing  unusua l  (cf. I t a r m a n  [12], 
Davis [5], Belnap and Grover  [1], Kr ipke  [15] pp. 367-368, 417). 

I t  might  be objected t h a t  in (14) and (15) it is said t h a t  the  le t te r  
'p'  is t rue,  and  tha t  this is nonsense. Bu t  this object ion overlooks the  fact  
t h a t  Le.~nie~vskian and  subst i tut ional  quant i f ica t ion  let  the  variables 
p lay  specific roles. Our readings show t h a t  in (14) the  le t ter  ~p' is a sentence 
( though the  quant i f ier  leaves it up to the  reader  to choose which meairing 
it should have) ;  and a sentence can meaningful ly  be said to be t rue.  I n  
(15) the  le t ter  'p'  is only a placeholder  and  the  quant i f ier  le,~ves it  to the  
reader  to subst i tute  a sentence for i t ;  thus  in this c~se the  quotes do not  
operate  on the  le t ter  ~p' (to form a n a m e  of this letter),  bu t  t h e y  operate, 
on wha teve r  sentence the  reader  considers subst i tu t ing for this let ter ,  
i.e. t h e y  form ~ name  of this sentence, so t h a t  there  is no problem.~s 

3. Syntactical, semantical and ontological categories 

What  variables somebody uses indicates wha t  categories he distin~'u- 
ishes : different  styles of variables correspond to different  categori<'s. Softer 
this correspondence be tween varial)les :,,nd categories lms especi~a.lly been 
not iced in its applic:~tion to the  differ~,nt styles of variables "wi thin"  
one given kind of quantif ication.  Thus somebody using objectual  quanti-  
fication with respect  to individual-v~briables, se t - theore t ica l  variables and  



314 Guido Kitng 

proposi t ional  va r iab les  is said to sort  all objects  into individuals,  sets~ 
and proposit ions.  

I t  is i l lmninating, however ,  to notice t ha t  this principle tdso applies 
wi th  respect  to the  differences t ha t  exist "be tween"  the three  kinds of 
quant i f icat ion.  Subs t i tu t iona l ,  Lcgnicwskian and objec tua l  quant i f ica t ion  
are the, n seen to be expressions of different  ldnds of catcgoriM systems,  
namely  of syntact ica l ,  semant ical  and ontological sys tems of categories 
re.q, ,ct ively.  ~7 There is thus  a new an~'lc h 'om which the classical quest ions 
cone(,rning the "modi  signilicandi" and the "modi  essendi" might  be 
studied.  

I~ is wel l -known t h a t  Le~nicwski a lways  insisted on the  semant icM 
natur, ,  (d his categories.  This dist inguishes him f rom the  logical a tomis ts  
for whom the  categories  where  prim~rily ontological  in na tu re  and  f rom 
the neoposi t iv is ts  of the  30ies for whom the  ca tegor ies  where  merely  
syntact ical .  That Legniewski 's  categories are not  syntac t ica l  appears  
clearly in the  fac t  t ha t  a.ccording to Le,~nicwski's precise and exhaus t ive  
Term.i~ological Expla.J~.ations (cf. [29] and [39]) there  arc expressions 
which belong to no cate~o'ory. Such expressions are e.g. the  qua.ntificrs. ~s 
F r o m  a syntac t ica l  poin t  of v iew there  is no reason w h y  the  quant i f iers  
shouhl not  belong to a cateo'ory, for instance to the  ca tegory  of opera tors  
(cf. for instance [3] p. 41f), and subs t i tu t ional  quant i f ica t ion  wi th  respec t  
to quantif iers  would  be  qui te  meallingful,  t hough  up  to now n o b o d y  
seems to have  fonnd it useful  to in t roduce this. 

F r o m  the  semantical  poin t  of v iew of Le~niewski, however ,  it is pri- 
maril.v 1he constants  in their  semantical  relat ion to the  objects  t a lked  
abou t  tha t  arc sorted into categories. We thus  ob ta in  the  semant ical  
('atexr of na.mes, sentences, and of all kinds of fqmctors (even func tors  
such :.,s All... are...). P, ut  a Le,dniewskian qnfmtifier, especially because  
it is no1 an ol@ctua,1 quantif ier ,  is not  a cons tan t  which has a direct  
senmnti(,al relat ion to the  object  ta lked  f~bout. I t s  funct ion  is no t  to tMk 
a b o u t  o]@cts:  as we have  seem its rending is in ~ sense metal inguist ic .  
As a matt( ,r  of fact  it main ly  serves to signal t ha t  in w h a t  follows it, 
eert:~in synll);)ls do no t  have  to be  t aken  as f ixed constants  bu t  m a y  be 
tM;en it.s var iables .  T]ms the universal  qmmtif ier  (which is the  only quanti-  
fier L~,.<niewski rc 'd ly  deemed necessar3.,) signals tha t  the  symbols  which 
it bin(is can t~e ta,ken l o have wha teve r  extensional  meaning we like 
(an lonff it, s it is an extensional  meaning chosen within  the  appropr ia te  
semantica.1 category).  

4. X~hy Le~niewski's "ontology" is not set theory 

Not  only sentences can be  ~lsed "pla,yfully '~ (i.e. can be  used in the  
w a y  in which  the  expressions which occur be tween  quota t ion  marks  
are used),  bu t  this usage {'a.n apply  to any  ea.%gory of expressions what-  
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soever. Under s t and ing  tlfis helps us to lmders tand  the essential difference 
~hat exists  be tween  Legniewski 's  "on to logy"  and ~et themT. I t  provides  
us witlt a general  p rocedure  for reading all the  fametors of Legniewski 's 
"on to logy"  in a w a y  which is specifically" Legniewskian, bu t  which has 
a t  *lw same t ime the  mer i t  t ha t  it " implici t ly" contains the  set- theoretical  
inte~2)retation of those functors.  

Fo r  instance 

(1(ii aob 

can be read  

(17) The @~llowi,~g-two-ilems-have-ide.~lically-lhe-same- 
-exte~sio~- : a, b. 

I n  (17) the  le t ters  'a' and  'b' are sinlply general names,  t h e y  are not  
indiv idual  names  of a special k ind  of abs t rac t  objects ,  sfich as sets. They  
are  no t  t a k e n  to "name"  an extension,  t hey  merely  are t aken  t o h a v e  
an  oxtension.  Legniewski 's  "onto logy"  is a nominMistic theory  in the  
sense t h a t  it avoids reif ication of extensions into objects  (el. [18]). 

The quant i f ied  formulas  of "onto logy" ,  where quant i f ica t ion even wi th  
respec t  to e m p t y  names  is Mlowed, present  no prob lem either. Fo r  instance 

13an ]~e 1"(?,%(l 

(19) fFor-some-e.rte~sio~-which-the-i,nscripl,io,ns-equiform-with- 
-H~,e@)llowing-item-may-be-taken-to-have- : a 
fhe-followi~dq-is-l~erewith-asserted- : ~ex,(  a). 

(18) is a logical t ru th ,  because if 'a '  is t aken  to have the mill extension 
(something which is logically possible) then  'a does ,not exist' (resp. 'a do 
,not exist') can t ru th fu l ly  be asserted. 

5. Understanding "from without" and understanding "from within". 

In  this paper  I have  maiu ly  been concerned to give "readings" of 
logicM fornmlas,  t ha t  is, I have  t rans la ted  t hem into a curious kind of 
"logicians'  English ''~'. Some reflections on the  role of such readings or 
paraphrases  seem therefore  in order. 

W h a t  have  we ac tua l ly  gained with these readings? In  dealing with 
a logical la, ng~age is i t  no t  enough (a) to know the  syntact ical  rules which 
de te rmine  when  a formula  is well-formed, and (b) to knmv the  t ru th  
condit ions of' all well-formed formulas  in te rms  of a model- theoret ical  
sem~mtics ? 

I wan t  to  ma in ta in  t h a t  a formula t ion  of the  rules and t ru th  condit ions 
is cel%ainly something  a logician should aim at,  bu t  t ha t  beside this 
unders tand ing  of a logical formula  "f rom wi thou t"  there  is also something 
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which might  be  called the  Lmderstanding of a logieM form~da " f rom wi th in" ,  
and t h a t  it is wi th  respect  to this unde r s t and ing  "f rom witlfin': t ha t  t he  
readings p l ay  an impor t an t  role. As long as this in tu i t ive  tmders tand ing  
"f rom wi th in"  is no t  present ,  f l lerc seems to be  something  like a gap  
be tween  our  th inking  and the  formula.  Oltr thoughts  " revolve  a ronnd"  
the  formula ,  we analyze  it, opera te  wi th  it, b u t  our  though t s  are no t  
t o t a l l y  one wi th  it. Of course there  is nothing moral ly  ~ r o n g  wi th  such 
an lmders tand ing  "f rom wi thou t" ,  and thus  making  a formula  into an 
object of our  though t s  has even its own, i r replaceable advantages .  I t  ma.kes 
us aware  t h a t  eve ry  langatage is a calculus and it helps us keeping its 
mechan ism in order. B u t  a l a . n~agc  is no t  only a calculus, it is a calculus 
which expresses a gwammar of h u m a n  though t ;  and  t h a t  this is the  ease 
we can check only "f rom within" ,  b y  exper iencing t h a t  the  fornnfla 
expresses an unfolding thought .  

Knowing  the  rules of a calculus anti the  m e t h o d  of its appl icat ion 
enables us to  calculate meaning~mlly with it. B u t  a calculus, even  a meaning-  
ful one, is no t  ye t  ipso facto  a language.  ~'or ins tance we can all ver i fy  
t ha t  the  following addi t ion  is cmwect: 

14 
9 

23 

46 

B u t  wha t  is a~u'itten down ha this case is no t  a sentence.  In  dealing w i th  
this addi t ion  I m a y  have  m a n y  different  proposi t ional  t hough t s ,  or even  
no art ict t latcd proposi t ional  t hough t  at  all. Dealing wi th  this  add i t i on  
is therefore no t  the  same as reading ~he sentence "Count ing  1~ uni t s ,  
and then  9 more unit.s, and then  23 more  nnits,  gives as a reslflt 46 uni t s . "  
In  the  la t ter  case I am thinking through one specific propos i t iona l  t h o u g h t ;  
if I am reading carefully m y  th inking espouses exac t ly  the  deve l opmen t  
prescr ibed by  the  sentence. There is t hus  a difference be t ween  calcula t ing 
meaning~lflly with certain symbols  and th inking in the  sentences of 
a langalage. 

Of com'se, m~like tim jus t  mentioneA addi t ion,  logical formulas  are 
inde~,d sentences, t h e y  are in fact  expressions wi th  a full logical ar t iculat ion.  
B u t  the  quest ion is how we come to  internalize this  logical a.rticulation, 
how we learn to th ink "inl;uitively" in t e~ns  of this a.rt.ielflation. 

Thinking in a la,ngn~age is a feat  which we haw; mas te red  for the  fh'st 
t ime l~y learning otLr mo the r  t o u s l e .  Fu r t he rmore  man?- of us know 
front experience how by  pract ic ing a foreign langalage we arr ive at  the  
poin t  where  we can th ink  in ~hat langam, ge. B u t  can we learn a logical 
language s imply b y  "pract ic ing" i t?  This quest ion a.rises because  a logi- 
cian's "prac t ice"  wi th  respect  to a logical language is not  qui te  the  same 
as the  pract ice  in e v e r y d a y  Iife wi th  respect  to an ord inary  language.  
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A logicians practice consists f~rst of all in deriving theorems,  and  this 
is ra ther  like the  mathemat ic ian ' s  practice of calculating wi th  symbols. 

Bu t  a logician also studies and intui t ively unders tands  the  semantical  
rules of the  logical lang~lage in question (he possesses already an intui t ive 
unders tand ing  of a metalanguage),  and  this may  indeed bring about  
an intui t ive  unders tand ing  of the  formulas "from within".  I want  ~o 
insist, however,  t ha t  the  semantical  rules do no t  "express" this intui t ive 
unders tanding.  They merely express the  rules and t ru th  conditions of 
the  way of th ink ing  and speaking in question, i.e. they  give a description 
of this language "from wi thout" .  

The only possible way of "expressing" the  intui t ive th in ldng- through 
of a logical formlfla, o ther  t h a n  by  means of the  formula itself, is with  
the  help of a paraphrase  or translat ion,  with  the  help of a reading. And  
therefore such readings play a specific role in the  teaching and in the  
control  of the  accuracy of our  unders tanding  "from within" of a logical 
formula.  As long as we cannot  give an exact  reading of the  formuJa our 
lmders tanding  is not  complete. Under  normal  circumsta.nces paraphrasing 
and t rans la t ing  plays a.n impor tan t  role even in the  learning of ordinary 
languages, bu t  there  it is no t  absolutely necessa.ry, because there the  
accuracy of the  intui t ive unders tanding  is effectively produced by the  
practice of everyday  life. 

One might  object  t h a t  t ransla t ing is a very deficient way of checking 
accuracy, since no t ranslat ion into another  language can ever be exact.  
Bu t  this objection overlooks the  fact t ha t  our readings of logical formulas 
are not  t ranslat ions into ordinary lang~lage. As a ma t te r  of fact t hey  
belong to wha t  I have called "logicians' English", and "logicians' English" 
deviates f rom ordinary English precisely because it wants  to be a faithftfl 
wording of the  meaning of the  logical formulas in question. 

Footnotes 

1 Cf. [37] p. 99, [36] pp. 63, 104, 106. (Earlier, in [35], Quine had thought  tha t  
Legniewski's "ontology" was a k ind of set theory). In  [36] p. 106 Quine claims tha t  
Legniewski ment ioned to h im in conversat ion in  1933 tha t  subst i tu t ional  quaJ~tifi- 
cat ion made good sense no mat te r  what  subs t i tu t ion  class we take -- even tha t  whose 
sole member  is the left-haJ~d parenthesis.  I t  is, however, a fact tha t  in Legniewski's 
system parentheses do not belong to a semantical  ca tegory  and tha t  therefore quant i -  
fication ovcr lef t-hand parentheses is not  allowed. (See below footnote 17.) Thus 
the alledged remark proves, if anything,  tha t 'Legu iewsk ian  qutmtifieation is not 
subst i tut ional .  Legnicwski may  actual ly have made this remark iJ~ order to give 
a kind of reduetio ad absurdum of subs t i tu t ional  qualttification. Or he may have 
been talking about  his metalogica.1 Ter~r~inological Explanation,s, where lef t -hand 
parentheses belong to the domain  of individuals.  

"- Xielkopf [14], who has read [16], a~o-rees tha t  Legniewskian quant if icat ion is 
neither subs t i tu t ional  nor objeetual-refereatial ,  bu t  he still calls Legniewskian quant i -  
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f icat ion "referent ia l" ,  i.e. referen~itd not  wi th  respect  to the  doma in  of exis t ing objec ts ,  
bu t  referent ia l  wi th  respect  to a " reahn"  of "mind  dependen t  en t i t i es" ,  for ins ta~ce  
sets. I t h ink  t ha t  this  ter tu inology is confusing, because,  as we shall  see, Lcgniewskiau 
quant i f ica t ion  can only be unders tood  if one real is ts  thai; these "sets"  are not referred 
to by  the  names of the  sys tem,  bu t  t ha t  the) '  are merely  extensions which these names  
have. Kielkopf ' s  t e rmino logy  is p r o b a b l y  due to the  fact  t h a t  the  t e rms  'non-subs t i -  
tu t iona l  quant i f ier ' ,  'domain-a .nd-vahms-quant i f ier '  and  ' re ferent ia l  quant i f ie r '  have  
been used synonymous ly ,  scc footnote  12 below. 

3 Fo r  Quine's  object ions agains t  subs t i tu t iona l  quant i f ica t ion  see [38] p. 273, 
[37] p. 140, [36] pp.  64, 95. For  a precise discussion of the  case of nameless  objects  
cf. Dunn and  Belnap [6] and  Wes ton  [43]. D a t a  concerning the h i s to ry  of the  discussion 
of subs t i tu t iona l  quant i f ica t ion  can be found in ~Iareus [34] pp.  46-47, 50. 

Ru th  Barcan  M~rcus (cf. [33] pp.  244-245) objects  agains t  objec~ual q u a n t i f i c a t i , n  
t ha t  i t  mixes logic and ontology,  t ha t  the logical  use of quant i f ica t ion  should bc 
ontological ly  neu t ra l ;  because in the  o rd ina ry  and phi losophica l  discourse which 
wc want  to pa raph ra se  wi th  the  help of our formulas,  the  ontological  s t a tus  of the  
objects  is often not  set t led.  Lejewsld  [24] voices a s imilar  opinion when he ins is ts  
t ha t  l o ~ e  should be ontologieal lx  neu t ra l  so t h a t  the  opponents  in an onto logica l  
discussion can ca r ry  on the i r  d ispute  in a common logical  sys tem.  

a I t  would  be false to say  t ha t  every  a rgumen t  of a pro loguc-functor  is a "play"+ 
In  (3), for instance,  the  name 'Gal i leo '  is an a rgumen t  of the  pro logue-functor  %", 
b u t  i t  is not  a " p l a y "  because i t  do t s  not  depend  on the subordim~ting expression 
'that which follows :': 

5 To be flflly expl ic i t  we would have  had  to replace  the  expression 'that' not  
merely  by  the  phrase  'that which follows :' bu t  b y  the  even longer phrase  'something o f  
which that which follows is a sa~esayi~g:' .  Wilfr id  Sellars (cf. [40], [41]) has  s t rong ly  
insisted on the impor tance  of the  not ion  of " samesay ing"  or "p lay ing- the - same-  
- l inguist ic-role",  and hc has in t roduced  the  use of do t -quote-express ions  as genera l  
m~mes whose extension cousists of all u t t e rance - tokens  (from all possible languages)  
which p l ay  the  same role as t h a t  no rma l ly  p l ayed  b y  express ion- tokens  equiform to 
the  express ion- token occurr ing between the  dots.  Therefore his expl ica t ion  of our 
cxa.mple would p r e sumab ly  read :  

Galileo u t t e r ed  something  which is "a the  ea r th  moves ' .  (For a clear accotmt of 
Sellers '  views on this  and re la ted  topics cf. Loux  [28].) 

Compare also the  semant ica l  analysis  of oratio obliqua and oratio recta given b y  
W. Marciszewsld (cf. [30], [31] chap te r  10), especial ly  his r emark  in [31] p. 153 
according to which the Pol ish  word  for 'that' is an " indica tor  of an accompl ished 
r ep roduc t ion" ,  i.e. (in m y  terminology)  of a "p lay" .  The au thor  reminds  us, however ,  
t ha t  in orat io oblique the  personal  pronouns  and other  indexicals  no rma l ly  do not  
occm' in thei r  original  form;  e.g. wha t  another  person has said in the  first  person 
is being reproduced  in the  th i rd  person.  B a t  I will not  discuss here these special  
tr~u~sformations of orat io oblique.  

6 Prof.  Rol l  Eber le  (Rochester)  has  d rawn m y  a t t en t ion  to this  fact .  
7 Notice  t ha t  there  can be m a n y  different  k inds  of quota t ion-functors ,  differing 

according to the  k ind  of equivalence re la t ion be tween sayings one prefers,  and /o r  
differing according to whether  the  quota t ion- fune tor  is forming a general  name of 
concrete objects  or an ind iv idua l  name of an abs t rac t  object .  Cf. [17]. 

s Notice tha t  I do not  ~n-itc 'Galileo said 'The earth moves" since ill spoken language  
one does not  "hear"  quota t ion-marks .  But  as a m a t t e r  of fact  the  sentence m a y  be 
said to conta in  " t ac i t "  quo ta t ion-marks ,  i.e. a " t ac i t "  quota t ion-funetor .  s 
this t ac i t  quotat ion-fmuetor  does not  have  to be thoug th  of as being " inco rpora t ed"  
in the  phrase  'the earth moves', but  i t  can very  well be though t  of as being incorpora ted  
in 'said'. If  the  t ac i t  quota t ion- fune tor  were incorpora ted  in the  phrase  'the eartl~ 
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moves', t hen  this phrase would no longer be a sentence, bu t  the name of a semence, 
and the form of (4) would 1)e R(x ,  y). -- 5[arciszcwski [31] argues tha t  quotat ion-  
marks are not  always ~mmc-forming funetors, tha t  the)- can also be mere p lmctua t ion  
signs which signal tha t  a certain expression-token is a reproduction,  bu t  which don ' t  
tm 'n  tha t  expression-token into a l[~'~llll~ of the expression which it is reproducing. 
5Iarciszewski then goes on to in terpret  the Polish word '~c' ( ' that ' )  in the same way 
as a mere punc tua t ion  siglt (the diffcrence being merely that  quota t ion-marks  signal 
oratio recta whereas thc word '2e' sigm~ls oratio ol)liqua). This is all lhe more convinci ug 
as the Polish word '2e', unlike the English word 'that', never occurs as demonsrr:Uivc 
pronoun.  Docs the Polish two-word expression 'to ~c' (for 't,h~t') prove that  thc same-  
-forming demonst ra t ive  funct ion aud thc, reproduet;ion-signM cnn actual ly be disso- 
ciated? This would a n w u n t  to dist inguishing in (3) between 'that .which follows' on 
the one hand  and th(; colon (as a sort of non-name-forming quotat i (m-mark)-on the 
other hand.  

In  a t ransformat ional  grammar,  should 'S '  be takclL to be more basic th(qt 'R '  ? 
As far as definabil i ty is concerued, 'S '  aJtd 'R '  seem to be on the same footing; 'S '  
can be defined in terms of 'R '  and 'Q': 

S ( x ,  p) = dx1~(x, Q(p)) ,  

and '_R' eau be defined in terms of 'S '  and 'Q':  

R ( x ,  y)  = a~ (~p) ( , s ' (x ,  p ) .  y = (2 (p) ) .  

9 Cf. Kihxg and  Canty [16] and Kting [17]; sec also section 4 below. -- In  the 
early paper [25], where the theorems are not  yet given in symbolic nota t ion,  Lc~niewski 
expressed the universal  quantif ier  by saying "prey ka~dem znaczeniu wyrazu 'a' " 
("for every meaning of the expression ' a ' " )  "rod the par t icular  quantif ier  by saying 
"przy pewnym znaezeaiu wyrazu 'a '  " ("for some meaning of the expression 'a '  ");  
i.e. he explicitly referred to the recalling of the expression. In  [26] he referred on 
p. 187 to this former usage. But  at the same time he claimcd the this usage was ill 
agreement with the symbolic forlmflations of Peirce and  ~Vhitehead-Russell, appa.re,~tly 
overlooking the fact tha t  the quant if icat ion in Peirce and Principia  Matheo~alica 
is ob.ieetual. And in [27] Lcgniewski quoted on p. 12 "~ passage from Tarski [42], 
including the footnote 3 from p. 196 where Tarski gives the following explanat ion 
of the ternl  ' quant i f ie rs ' :  

Au sons de Peircc ("On the algebra o[ logic" Ame.rica~ Jm~r.t~al of Mathe-  
,rbatics, vol. VII ,  1885, p. 197) qul appelle ainsi los symboles " / / "  (quanti-  
ficateur ggndral) ct "27" (quantifieatem" particulier) reprdscntant  los abrd- 
viat ions des expressions: "pour toute  signification des termes.. ." et "pour 
quclquc signification des termes.. ." 

Again the formulat ion refers te meanings,  bu t  again - curiously enough -- neither 
Tarski nor Legnicwski insisted on the difference between Legnicwskian quant i f ica t ion 
and objectual  quantif icat ion.  The passage in Peirce (Collected Papers 3.393) clearly 
refers to objectual  quant i f ica t inn over individua.ls: 

... ill order to render the nota t ion  as ieoitieal as possibh, we may use E for 
so,~e, suggesting a sum, and H for all, suggesting a product.  Thus Xixi 
means tha t  x is t rue of some one of the individuals  denoted by  i or Xixi  
= x i+  x j+  xk+ etc. In  the same way, Hix i  means tha t  x is t rue of all these 

individuals,  or l l i x i  = x t x j x k ,  etc. 

Lejewski has repeatedly tried to conw'~y to logicians which arc not  familiar with Leg- 
niewski's system the meaning of Le~dniewskian quant i f icat ion (el. [20], [21], [22], 
[24], see also Henry  [13] pp. 25-32), bu t  with l imited succcss. The reason for this  
seems to me due to the fact tha t  al though he gave an excellent presentation of the rat io-  
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nale for "unrestr ic ted" (i.e. Legniewskian) quantif icat ion,  he did no t  offer an in tu i t ive  
reading. Henry  [13] p. 28 explains the specificity of Legniewskian quant i f icat ion 
by saying:  

"Somehood" has boon conceutrated in the quantif ier  and o~fly "somehood";  
existence (as dist inct  from "somehood") can be separately and  overt ly  
expressed elsewhere in  quant i f ied sentcuees. 

This helps only if this not ion  of "somchoo4" is further  clarified in tcrms of extcnsion 
and  meaning.  

10 In  my  previous pubhcat ions ,  [17] and [18], I had not  yet realized this, and 
I had thought  tha t  subs t i tu t ional  quant i f icat ion was "morc" metal inguist ic  t han  
J~egniewsk.ian quant if icat ion.  

11 The fo~;~ulas of Le~niewskian and  subs t i tu t ional  quant i f ica t ion arc therefore 
not  metahnguis t ic ;  I say only of their readi~gs tha t  they are in a certain scnse metal in-  
guistic, namely  in this peculiar " imphei t"  way. Using Wi t tgens te in iau  tcrminology 
one could say:  what  ore" readings "say" in hyphena ted  form, tha t  the formulas 
themselves do not  "say",  they merely "show"' it. D u n n  and  Belnap ([6] p. 184) are 
therefore right when they deny tha t  the subs t i tu t ion  interpretation1 makes quantif i-  
cat ion essentially a metahnguis t ie  device. Subs t i tu t ional  quant i f ica t ion is not  the 
same as objeetual  quant i f ica t ion over expressions. "The ut i l i ty  of the subs t i tu t iona l  
quantif ier  lies in the fact tha t  while the referential  quantif iers over terms take names  
of terms as subst i tutes ,  the subs t i tu t ional  quantifiers take the terms themselves,  
which can be denotatidnless or can denote other th ings"  (Kripke [15] p. 353). Of 
eoursc one can also have subs t i tu t ional  quantifiers iu the mctalanguagc (of, [6] p. 184, 
[1] p. 27, [15] p. 341), bu t  tha t  is another  mat ter .  All these affirmations ~bout subst i -  
tu t iona l  quant i f icat ion hold, muta t i s  mutandis ,  also for Legnicwskian quant if icat ion.  

~2 In  Kiing and Canty [16] it  has bcen pointed out tha t  Leguiewski's systems 
are characterized by  the fact tha t  the range of quant i f icat ion is not  identical  with 
the universe of discom'se, bu t  tha t  for ins tance the category of names has as its range 
of quant i f icat ion the power set of the universe of discom'sc. Ca n ty  [2] has formulated 
this dist inct ive feature very nea t ly  in  the an t i -Quinean  slogen "it is false tha t  to 
be is to be the value of a variable" .  -- D u n n  and Bclnap [6] p. 184 deny tha t  the 
variables in subs t i tu t ional  quant i f icat ion take expressions "as values"  because for 
them subst i tuends  are by  definit ion not  values. They dis~nguish therefore between 
"subs t i tu t ional  quantif iers" and "domain-and-values  quantif iers".  But  this is largely 
a terminological mat ter .  I prefer my way of speaking because for my purposes it is 
impor tan t  to stress not  only the differences, bu t  also the common features of the 
different kinds of quan~ificatiom -- According to Grover [10] p. 114 the "values"  
of a '~domain-and-valucs in te rpre ta t ion"  do not ha.re to be objects which are named :  
she speaks of a "domain-and-values  in te rpre ta t ion"  even in the ease of ~ 1)roposit, ional 
logic where the variables are explicitly not  variables for names, "prono,~ns", bu t  
"prosentences". Such a "domain-and-values  interpreta. t ion" is exactly a Legniewskian 
in terpre ta t ion .  

la Dorothy L. Grovcr [10], who gives the most careful analysis of this problem 
tha t  I have come across, is aware of the fact tha t  there is something wrong with the 
word 'proposit ion '  in sentences like (11). She suggests on p. 121 tha t  what  we need 
in thi~ place is not  a common noun  such a.s 'proposit ion '  bu t  a "common sentence".  
Unfor tuna te ly  there are no "common sentences" in English, and  it  is hard  l;o see 
to ~vha.t category such an expression should belong. 5[iss Grover has already inven ted  
"prose~,tences" in analogy to proneness, bu t  there the clue.~ could be taken from the 
context .  W i t h  "common sentences" the case is different, because if "common sen- 
tences" are sentences and not nouns,  then they will no longer fit into the context  
'For  any...'. 

14 Legniewski himsclf did not consider quant i f icat ion into quota t ion contexts.  
~'or an extension of Le~niewski's system, bu t  with a special k ind of quota t ion ~metor ,  
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s(',c Davis [5] and Kiing [17]. Of course quota t ion contexts  are vcry often par t  of 
opaque co~ttcxts, and it would seem tha t  in  order to handle such contexts in Le.i- 
nicwskian fashion one would nced a range of quant i f icat ion consisting not of extensional  
bu t  of in tensional  meanings.  

~5 Dram and Belnap [6] p. 185 and Belnap and Grovcr [1]. 
~s Goddard and Rout ley [7] p. 35 think that  quant i f icat ion lute quot-~tion con- 

tc.xts presupposes a special kind. of qnota t ion functor.  But  I believe that  this is 
a mistake which is due to the fact tha t  they neglect to clarify first the me~uting of 
their quantificrs.  

~; The word 'ontological' is here used iu its cus tomary non-Legniewskiaa sense. 
~s j .  T. Ca~uty has drawn my a t tcn t ion  to this fact. The parenthcscs and the 

subquant i f iers  arc other kinds of expressions which bclong tr) no semantical  category. 
~ Cf. the very per t inen t  explanat ions concerning "philosophers'  English" in 

Grover [10]. 
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