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On Nonlinear Planetary Waves: A Class of Solutions Missed
by the Traditional Quasi-Geostrophic Approximation*

Toshio YAMAGATA**

Abstract: Weakly nonlinear quasi-geostrophic planetary waves on a beta-plane and topographic
waves over a linearly inclined bottom are examined by use of shallow water equations for a
small beta parameter. Long solitary wave solutions missed by the use of the traditional
quasi-geostrophic approximation are found in a channel ocean with neither a sheared current
nor a curved (non-linearly inclined) bottom topography. The solutions are missed in the tradi-
tional approach because the irrotational motion associated with the geostrophic divergence is
neglected by the quasi-geostrophic approximation. Another example which calls attention to
the limitation of the traditional quasi-geostrophic approximation is the nonlinear evolution of
divergent planetary eddies whose scale is much larger than the Rossby’s radius of deforma-

tion. Some aspects of a new evolution equation are briefly discussed.

1. Introduction

Solitary waves of planetary scale have been
discussed by CLARKE (1971), SmIitH (1972),
GRIMSHAW (1977), BoyDp (1977), ODULO and
PELINOVSKIY (1978), and MALANOTTE RizzZOLI
and HENDERSHOTT (1980). Solitary planetary
waves in zonal shear flows were studied by
LoNG (1964), LARSEN (1965), BENNEY (1966),
CLARKE (1971), MAXWORTHY and REDEKOPP
(1976), REDEKOPP (1977), HUKUDA (1979) and
FLIERL (1979). Among them, MAXWORTHY
and REDEKOPP (1976) applied the shear soliton
theory to the Great Red Spot observed in the
Jovian atmosphere. FLIERL (1979) presented
a two-dimensional baroclinic shear soliton which
is similar to observed atmospheric or oceanic
isolated eddies. Recently, MILES (1979) has
laid the variational foundations of the planetary
shear soliton with no critical layers.

In these studies, authors except CLARKE
(1971), SMITH (1972), GRIMSHAW (1977) and
BoyD (1977) adopted the potential vorticity
equation or the quasi-geostrophic potential vorti-
city equation (Q-G.P.V.E.) as a model equa-
tion; they were obliged to include sheared cur-
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rents or curved (non-linearly inclined) bottom
topography in their systems in order to obtain
the Korteweg-de Vries (K-dV) dynamics.

CLARKE (1971), SMITH (1972) and GRIMSHAW
(1977) discussed the K-dV dynamics of ageo-
strophic and/or semigeostrophic long waves over
a continental shelf. In particular CLARKE (1971)
noticed the significance of the lateral divergence
in the long wavelength limit. Solitary equatorial
waves were discussed by BoyD (1977, 1980).
These four authors adopted the shallow water
equations in their analyses; this is natural since
they examined those ageostrophic and/or semi-
geostrophic waves in which irrotational motion
is important.

The present article starts from shallow water
equations, which are less restrictive than the
Q-G.P.V.E., and discusses the limitations of the
Q-G.P.V.E. for long quasi-geostrophic waves.
The major difference from the traditional ap-
proach lies in the significance attached to the
irrotational motion due to lateral divergence
which is neglected by the traditional quasi-
geostrophic approximation.

The format of the present work is as follows:
Section 2 presents the K-dV equation which
governs the evolution of long divergent quasi-
geostrophic planetary waves of odd cross-channel
mode. The deficiencies in the Q-G.P.V.E. are
discussed in detail. In Section 3, long topo-
graphic waves over a linearly inclined bottom
are discussed, and it is shown that the K-dV
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dynamics holds when the free surface is not
included. In Section 4, the role of lateral shear
of mean currents and/or curved bottom topo-
graphy is discussed. This section clarifies the
special nature of a linear bottom slope and a
beta-plane without mean sheared currents. In
Section 5, a new two-dimensional nonlinear
evolution equation* is derived which governs
the motion on a lateral scale much larger than
the Rossby’s radius of deformation. This section
again shows that one should be cautious when
using the traditional quasi-geostrophic approxi-
mation. The final section is a summary.

2. Long planetary waves in a shallow layer
of homogeneous fluid

2.1. Formulation
The nonlinear shallow water equations** on
a mid-latitude beta-plane are

us+ uug +vuy—fv=—glz,
vt uvz+ovvy+fu=—g8y,
{((H+QOu}o+ (H+ v}y +L=0.

2.1.1)

Here the Coriolis parameter f is given by

f=fo+By,

and the mean fluid depth H is assumed to be
constant. The other notations follow conven-
tional usage. We adopt a channel ocean with
north-south extent L. Let L, (8L)"!, U and
g~ fUL denote a length scale, a time scale, a
velocity scale and a scale of surface elevation,
respectively. Then we obtain the nondimen-
sional equations:

2.1.2)

dus+ Roluuz+vuy)— (1 +6y)v=—{z,
dv, + Roluvz+vvy) +(1+0y)u=—Cy, (2.1.3)
iz +vy+ F{60:+ Ro({u)e+ Ro({v)y} =0,

* FLIERL (1980) recently discussed a similar problem.

** Strictly speaking, the approximations to obtain
(2.1.1) should be improved step by step as we
proceed to higher order nonlinear problems by a
small parameter expansion. Here (2.1.1) is taken
as the model equation. The shallow water
equations are less restrictive than the traditional
quasi-geostrophic potential vorticity equation and
they are sufficient for our purpose of revealing
the source of nonlinearity missed by the tra-
ditional approach.

where Jd(=BLfy"!) is the beta parameter, F
(=fu?L?g*H™') is the rotational Froude number
and Ro(=Ufo™'L™!) is the Rossby number. Al-
though CLARKE (1971) assumed d~O(l), we
assume < O(1) hereafter. The present assump-
tion is valid for meso-scale motions which have
a north-south extent L smaller than O(10° km)
in mid-latitude. We further assume Ry=7rd?
where 7 is of the order of unity. The latter
assumption is made in order to discuss weakly
nonlinear waves and is valid for flows of a few
cm s~! velocity in mid-latitude. The rotational
Froude number F' is assumed to be O(1) para-
meter except for Section 5.

2.2. K-dV Equation

‘We adopt, a coordinate system moving with
the long wave speed ¢y and introduce the long
length scale and time scales:

X=06(x—cot—dc1t) ,
T=¢8%,

(2.2.1)

where ¢; denotes the O(J) correction of the long
wave speed determined later. These scales are
introduced by considering the Morikawa-Gardner
transformation and the assumption that Ry=7d2.
Then we can write (2.1.3) in the form:

—02coux —0%crux + 0%ur + 702 (Ounx + vuy)
—(+dy)v=—lx,

—8%covx — 0%c1vx + 0% + 0% (Buvx +vvy)
+(14+)u=—-C,, (2.2.2)

dux+vy+F{—0%olx—0%c1{x+0%r
+78%(Cet) x +70%(Lv)y} =0.

We seek an asymptotic solution of (2.2.2) with
the form:

u P 2V u®
e =l v 4ol v |+82| v@ |+
( 4 ) ( g ) < g ) (Ccz) ) (2.2.3)
Substituting (2.2.3) into (2.2.2) yields, to O(d2),

waw)— <F+ ;}‘)CX(O) =0 N (2.2.4)
0

with boundary conditions:

{x@=0at y=0and 1. (2.25)
The solution is
{0 =A(T, X) sin mry, (2.2.6)
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with the phase speed of the long wave:

iy m=123...). @27

o=

Here 7 denotes the mode number in the cross-
channel direction. Proceeding to O(6%), we get

wam-—(F-F .i)Cx“’
A Co
=2Ax(mn cos mry+ Fy sin mry)

—Ax% sin mry (2.2.8)
X ,
with boundary conditions:
{0 = — Axcomn cos may -
at y=0 and 1. (2.2.9)

The forced solution is

(V= —comnA cos mry+ Ay sin mry

+ E A sinnry, (2.2.10)
o

where

0 for m+n even,

Pn= —16mnF ., .
(7722_—712)3_77.‘4- for m+n Odd .
The phase speed correction ¢; is determined in
the process of removing the linear resonance at
the present order; we obtain

(2.2.11)

C1=1‘7‘(Jo2 .

Notice that the above phase speed correction
vanishes for the nondivergent case (F=0). This
is not surprising because the solution (2.2.6) is
an exact solution of the nondivergent shallow
water equations. Proceeding further to O(d%),
we obtain

Cyux™® — (F+ —Cl—>Cx""’ =F, (2.212)
(4]

with the boundary condition:

Cx(2) =coy§”x(0) — COC:/X(U — CICVX(O)

— 769 at y=0 and 1, (2.2.13)

where F is shown in the appendix. Applying
the solvability condition and integrating by parts
by use of (2.2.13), we find the evolution equation

for A:
Ar+aiAx+asAAz+asAxzx=0, (2.2.14)

where the values of the coefficients a; (=1-3)
are shown in the appendix. Equation (2.2.14)
reduces to the well-known K-dV equation by
use of the transformation:

()T( ) - (‘;(““‘T> . (2.2.15)

Then we find

AT+a2AAx+aanxz=0. (2216)

Since a2 is non-zero when m is odd, (2.2.16)
reduces to the canonical form:

7r+67me+7ee¢=0, (2.2.17)

where the transformation is adopted such that

A 643”3&2_17]
X | = as'3¢ . (2.2.18)
T T

The progressive wave solution which moves
with the speed 4 in the &-direction and satisfies
the condition p(§— =+ 00)—0 is obtained for posi-
tive 4 by integrating (2.2.18) twice with respect
to §&. The solution is

_A 1 e
y_zsech2{2¢z(5 zT)}. (2.2.19)

Since both a; and a3 are negative, (2.2.19)
represents a solitary wave of surface elevation.
This can be explained as follows. The magni-
tude of the long wave speed becomes large as
the fluid depth increases (see (2.2.7)). Hence an
anticyclonic eddy with surface elevation has a
tendency to steepen if the nonlinearity is con-
sidered. The weak dispersion cancels that effect,
thus enabling the solitary wave of surface ele-
vation to exist. If m is even, there is no net
surface elevation. Hence we cannot obtain the
K-dV equation in such a case. This is because
the eigensolution (2.2.6) is antisymmetric.
CLARKE (1971) asssumed d~O(l), and so the
eigensolution is not antisymmetric when m is
odd. This is the reason why the solitary solu-
tion was obtained for even m by CLARKE (1971).

For a non-divergent case (#=0) the coefficient
az also vanishes. This is .not surprising; the
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linear solution (2.2.6) is an exact solution of
the nonlinear shallow water equations on a
beta-plané. In this case the motion is purely
rotational. Hence we see that the lateral con-
vergence in front of the wave crest and the
lateral divergence behind it are prerequisites for
obtaining the K-dV dynamics of long planetary
waves.

2.8. Deficiencies of the Q-G.P.V.E. in the

long wavelength limit

Now let us start tentatively from the baro-
tropic quasi-geostrophic potential vorticity equa-
tion, which is written as

(72— B+ RoJ(E, V20)+00=0. (2.3.1

Here J denotes the Jacobian operator and /2
denotes the two-dimensional Laplacian operator.
Focusing our attention on the case*:

Ro=170%, (2.3.2)

as before and introducing the same time and
length scales (with c;=0) as in the preceding
section, we obtain

(0207 — coBy) (0202 xx+ 8%y — F)C
+70(8£0y — Ly0x) (820% 2 x +0%yy)C

+Lx=0, 2.3.3)

where 0r, dx and 9, denote partial derivatives.
Expanding { in terms of d, we have the lowest
order equations such as (2.2.4) and (2.2.5).
Therefore the solution is identical with (2.2.6)
and (2.2.7). To O(08), we have an equation:

0

with boundary conditions:

Lx*=0 at y=0 and 1. {2.3.5)

At this point we should choose the solution
forced by the lower order solution. Thus we
decide to adopt

=9,
To 0O(3?), we obtain

(2.3.6)

* Strictly speaking, (2.3.1) is valid for 6SRo. The
condition is derived from the beta-plane approxi-
mation (see, CHARNEY (1973)). Violation of the
above condition does not affect the point at issue.

Cypr®— (F-{— —1—>Cx(2)
Co
1 .
= C—Oz-AT—Axxx) sinmay, (2.3.7)

with boundary conditions:

{x®=0 at y=0 and 1. (2.3.8)

The solvability condition yields the evolution
equation for A:

Ar—cltAxxx=0.

2.3.9

Thus we have a linear dispersive equation regard-
less of the value of m. As we have seen in the
preceding section, the consequences are quite
misleading when m is odd. The root cause of
this problem lies in the fact that, in traditional
quasi-geostrophic dynamics, the irrotational
motion associated with the nonlinear terms in
the integrated form of the mass concervation
equation is neglected. Thus if we adopt the
traditional quasi-geostrophic equation on a beta-
plane, we might conclude erroneously that a
sheared current is essential for the existence of
solitary planetary waves even for a divergent
case (cf. REDEKOPP, 1977).

3. Long topographic waves in a shallow layer
of homogeneous fluid
In this section the assumption of a constant
fluid depth is adopted, and in order to elucidate
the point at issue, we choose a linear depth
profile:

H=H,—ay, G.D

and assume the Coriolis parameter f is constant.
Introducing the nondimensional value 8(=aL/Ho)
{which corresponds to the beta parameter in
Section 2) and nondimensionalising the shallow
water equation by use of L, ()™}, U and ¢g*
fLU as a length scale, a time scale, a velocity
scale and a scale of surface elevation respectively,
we obtain the nondimensional equations:

Sus+ Ro(usts +vuy)—v=—"Cz,
dv+ Roluvs +vvy) +u=—Cy, 3.2)
(1— 89z + (1— By)vy — Bv

+ F(8L:+ Ro(Cu)z+ Ro(Ev)y} =0.

CLARKE (1971), SMITH (1972) and GRIMSHAW
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(1977) assumed d~O(1) and derived the K-dV
equation for ageostrophic long topographic
waves after expanding variables by powers of
Ro’2. Here we assume < O(1), and thus con-
sider quasi-geostrophic long topographic waves.
We also assume Ro~O(0?) as before. Hence,
introducing long length and time scales as in
Section 2 and expanding dependent variables by
powers of 8, we obtain, to O(6%), the same
equation and boundary conditions as (2.2.4) and
(2.2.5). Thus the solution is given by (2.2.6)
and (2.2.7). To O(8*), we have

(W= —comm A cos mny +%Ay sin mry

¥ 3 quAsinary, (3.3)
&om

where

0 for m+n even,
qn= 8mdn
(_MT)"%{ for m-+n Odd

The phase speed correction is now determined as

a=-— lcc.zmzﬂg. 3.4
Proceeding to O(6*) and applying the solvability
condition, we finally obtain the evolution equa-
tion for A:

Ar+b1Ax+b,AAx+-b3Axyx=0, (3.5)

where the values of the coefficients b; (i=1-3)
are shown in the appendix. Note here that the
coefficient b, has a positive sign. Thus we have
a solitary wave of surface depression or low
pressure in contrast to the case of long planetary
waves in which we have a positive surface dis-
placement. Also note that the coefficient b,
does not vanish at the limit F—0. Therefore
the presence of the free surface is not necessary
to obtain the solitary solution. This is because
the lateral convergence in front of the wave
trough and the lateral divergence behind it are
provided by the existence of the bottom slope.
This also explains why we have a solitary wave
of low pressure in contrast to the case of long
planetary waves. If m is even, there is no net
convergence in front of the wave trough and
no net divergence behind it. Hence we cannot

have the K-dV equation in such a case.

4. Long topographic waves in a laterally
sheared current
In this section we incorporate a laterally
sheared current of O(67') and consider the
general topography of O(3). Then the non-
dimensional shallow water equations are

Ot + Oumtes + 70wtz +viny) + Svtimy — v
= —C:c ’
0vs + Oumvg + 18 (uvs +vvy) +u= -8y, (4.1)
(1—o0h)yuz+(1— dh)yv, — 8hyv+F{dC,
+ 5Cmu1 + 5Czufm + JCmy’U + 5Cm'vy
+70*(Cu)z+70%(Lv)y} =0,

where the underlined parts are added in this
section. We assume that the mean current is
in geostrophic balance: um=—"{my. If the weak
dispersion is to be balanced by the nonlinearity,
we must introduce the slow space and time
scales

X=0"2(z—cot),
T=0%%,

4.2)

Note here that the above scales are different
from those for un=0 and 2;=1 in the preceding
section. The difference is due to the fact that
the ratio of the wave amplitude to the mean
current, in other words the effective amplitude
of the wave, is now O(d).

Expanding variables by powers of 6!/2, we
obtain, to O(6%?),

(co— um)CwX(O)

+(tumyy—hy—Feo)lx =0, (4.3)
with boundary conditions:
(x'9=0 at y=0 and 1. (4.4)
The solution is obtained in the form:
LO=A(T, X)é(w) , 4.5

where ¢ is the solution of the regular eigen
value problem:

(co— um)Pyy + (umyy—hy—Feo)p=0, (4.6)
with the boundary conditions:
¢=0 at y=0 and 1. @n
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Here we assume for simplicity that ¢, is outside
the range of wum: i.e., critical layers do not
exist. Proceeding to O(0%/2), we find

(co— um)wa“)

+(Uumyy—hy—Fe)lx=G, (4.8)

with boundary conditions:
cx(1)=(um—Co)ny(0) at y=0 and l, (49)

where G is shown in the Appendix. Applying
the solvability condition, we obtain the evolution
equation for A:

Ar+dAx+diAAx+diAxxx=0, (4.10)

where d; (i=1—3) are shown in the Appendix.
Generally, the coefficient d» takes a non-zero
value, and so incorporation of O(d~!) mean shear
and/or general curved topography changes the
length and time scales of the solitary solution.
For the special case of no mean shear and no
curved bottom slope, as discussed in the pre-
ceding section, we need to introduce the longer
length and time scales in order to keep a balance
between the phase dispersion and the non-
linearity.

As is easily verified, the Q-G.P.V.E. approach

leads to the evolution equation for A such as

Ar+diAAy+dsAxxx=0. (4.11)

The above equation is identical to that obtained
by REDEKOPP (1977). Equation (4.11) is also
equivalent to (4.10) except for the phase speed
correction which can be removed by the Galilei
transformagion. Thus we can conclude that the
Q-G.P.V.E. is accurate enough to predict the
nonlinear evolution of long waves in a general
sheared current of O(d~!) and/or over curved
bottom topography of O(871); the results of Sec-
tion 2 and Section 3 reflect the special proper-
ties of the conditions of no mean shear and no
curved bottom topography.

5. Nonlinear planetary and topographic eddies
whose scale is much larger than the radius
of deformation
In this section we consider the evolution of

nonlinear planetary eddies whose scale is much

larger than the Rossby’s radius of deformation.

It is again shown that the simple use of Q-G.

P.V.E. is misleading. The significance of a new
evolution equation is discussed in MATSUURA
and YAMAGATA (1982) along with its appli-
cation to anticyclonic eddies off the Pacific coast
of Central America (STUMPF and LEGECKIS,
1977). lIts application to the Jovian atmosphere
will be reported elsewhere.

The basic equations are given by (2.1.1). The
variables are nondimensionalised in the same
way as in Section 2 except for a time scale
which is now (BL)"'F. In particular we focus
our attention on the case:

F=gé!, G.D

where € is of the order of unity. We assume
Roy=70% as before. The planetary wave dis-
persion appears at O(d), and so we introduce a
long time scale such as

T=0dt. (b.2a)

We adopt a coordinate system moving with the
long wave speed ¢ as in the preceding sections:

X=z—ct. (5.2b)

Then the nondimensional equations are written as

— e P cuy+ e Pur +y 02 (uux+ vuy)
—(1+dy)v=—Lx,

—e710%cvy +e710%vr + r ¥ (uvx + vvy)
+(1+0p)u=—Cy,

ux+vy—0cly+0%Cr+erd{((Cu)x
+(€v),}=0.

(5.3

We seek an asymptotic solution similar to (2.2.3).
To O(8%, we obtain

— O = [0

W=7,

ux® +1,9=0.

(5.4)

Therefore {‘® denotes the geostrophic stream-

function. To O(4'), we obtain
— oD @ = L0
2D 4 yu®=—L,W (5.5)

uX(l) + 'Uy(l) —_ CCX(O)
+er (E DU e+ (CP0),) =0.

Eliminating £ by cross-differentiation and
using the equation of continuity, we obtain
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(c+1ix=0, (5.6)

namely, we obtain ¢=—1 as the long wave
speed at this stage. Thus the solution can be
written in the form:

L0 =X, 4. T),

GB.7D
X=x+t,

which represents non-dispersive planetary eddies

(WHITE, 1977; MEYERS, 1979). To 0O(d?),
we obtain
8—1uX(0) + T(u(O)uX(D) + .UCO)uy(O))
— D gy D= =@,
5_1'113’(0) + 7’(“(0)'”1(0) + 'IJ(O)'Uy(O))
+u(2)+yum= _Cycz) s (5. 8)

- uX(z) + .vy(z) + CA’(D +CT(°)
+ET{(Cﬂ)u(O))X‘i‘(C(O)uﬂ))x
+ (C(°"v‘1))y+(C“)v(°’)y} =0.

Eliminating {® by cross-differentiation and using
the equation of continuity and (5.7) we obtain

CT(O) —_ 5_1V2CX(0) + TJ(V2C(0)’ C(O))

—er{ 0Ly 4 2yCx =0, (5.9)

where P?=0xx+3,, and J(A,B)=0xA0,B
—0,A0xB. The above equation reduces to

Er+rJV?, £)—erééx+yéx=0, (5.10)

where £={®—(ye)'y. If we start from the
traditional quasi-geostrophic potential vorticity
equation, we obtain

Er+rJP2E, £)=0 (5.11)
instead of (5.10). Thus the use of the Q-G.P.
V.E. again leads to an erroneous result. For
divergent topographic waves, however, the evo-
lution equation resulting from the shallow water
equations is identical to that resulting from the
Q-G.P.V.E. This is because O(d) motion is in
geostrophic balance and is laterally nondivergent;
the convergence (divergence) due to the topo-
graphy is exactly cancelled by the divergence
(convergence) due to the free surface for the
divergent topographic waves.

It is interesting that (5.9) is a kind of two-
dimensional K-dV equation. From the result
in Section 2 we expect that an eddy with sur-
face elevation (anticyclonic eddy) will keep its

identity longer than an eddy with surface de-
pression (cyclonic eddy). This point will be
discussed in detail in MATSUURA and YAMA-
GATA (1982). It is also interesting that (5.11)
has an arbitrary solution with radial symmetry.
The evolution of this type of solution, which is
now governed by (5.10), is shown in MATSU-
URA and YAMAGATA (1982). The initial pattern
is found to show little changes for a simulation
time interval; this might suggest the existence
of a two-dimensional soliton in (5.9) or (5.10).
The reader is referred to MATUURA and YAMA-
GATA (1982) as to the detailed numerical results.

6. Summary

First, using shallow water equations, we have
derived the K-dV equation governing the zonally
elongated quasi-geostrophic divergent planetary
waves of odd cross-channel mode on a beta-plane
without a mean current. The solitary solution
is found to be of an elevation type. The non-
linear term of the evolution equation is missed
by the use. of the Q-G.P.V.E. This is because
the source of nonlinearity is due to the irrota-
tional motion which is neglected in the tradi-
tional quasi-geostrophic approximation. A
similar result is obtained for long quasi-geo-
strophic topographic waves over a linearly in-
clined bottom. The solitary solution (in the
latter case), however, is of a low pressure type
because the irrotational motion is mainly due
to the inclined bottom topography. The effects
of O(0°!) mean shear and/or curved bottom
topography mask the above stated dynamics;
the traditional quasi-geostrophic approximation
gives a correct result for the nonlinear evolution
of long waves, except for the correction term
of the phase velocity.

Second, another example which calls attention
to the deficiencies of the Q-G.P.V.E. has been
presented concerning the nonlinear evolution of
divergent planetary eddies whose scale is much
larger than the Rossby’s radius of deformation.
A new evolution equation, which is a kind of
two-dimensional K-dV equation, is derived. The
nonlinearity in the equation is derived from the
irrotational motion associated with the move-
ment of the free surface. It is therefore sug-
gested that an eddy with surface elevation will
keep its identity longer than an eddy with sur-
face depression; the traditional quasi-geostrophic
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approximation misses this point.
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Appendix

This appendix presents explicit forms of F, G,

a; (i=1-3), &;(:=1-3) and d; (i=1-3):

F
F= _]‘_CWT(O) — O { _ 4yC“,(0)
Co Co

1
— 2Ly 2@ +";‘y2Cx(°> +28, x4 yCyyx®
[}

2(,‘1

Co

I Cyﬂl(l)}+F{_CX(1)+ Cl(l)

l (4]
CvX(O) __yCX(l) + —'I/CWIX(O)
Co Co

+-4 yC.r“”} +L {2y, @7,
Co Co .

— 2?/C.1’(°)Cw(°) — CTI(O)CI/X(D — QV(I)CVXCO)

+ CX(O)ny(l) + ny(O)CX(l) — CX(O)CV(O)

+colyy @z @}, _l_cL (6,0, x©
0
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where
{0 for m+n even ,
= —8mn
m for m+n odd,

and <> denotes the integral in the interval
0<y<1.
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