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O N  P O L Y N O M I A L  C O N G R U E N C E S  

S. V. Konyagin and T. Steger 

1. I n t r o d u c t i o n .  For na tura l  numbers  n and q we denote  by M ,  the  set of all polynomials  of  power 
not higher t han  n wi th  integer coefficients, by Mn(q) the set of all polynomiMs of the form 

f ( x )  = a n x  n + . . . + a l x  +ao e Z[x] 

with the condi t ion ( a n , . . . ,  a0, q) = 1. For f E Z[x] and a na tura l  number  P we denote  by p(f,  P, q) the 
number  of solutions of the congruence 

f ( x )  = 0 (modq) ,  0 _< x < P. (i) 

Let us pu t  
~"~__.lvn/_~, q) = max 

fEMn(q) 
p(f,P,q);N,~(q) = Nn(q,q). 

The  quant i ty  Nn(q) is invest igated in [1-3]. In [3] the best  possible es t imate  

N (q) << ql-1/n (2) 

is obtained.  (Here and  below constants  of the symbol  "<<" may  depend  only on n and  on ~ > 0; in this 
case unimprovabi l i ty  of (2) means  tha t  for a fixed n the order  of Nn(q) is regular  for infinitely m a n y  values 
of q.) 

The  quant i ty  Nn (P, q) is considered in [4-6]. In [6] it was shown tha t  

N,,(P, q) << p~(pl-1/n+o,  -4- pq-1/n) ,  (3) 

where On = (n - 1)/n(n a - n 2 + 1). 
In the present  paper  we show tha t  the  set E( f ,q )  of roots  of the congruence (1), which belong to the 

interval [0, q), is uni formly d is t r ibu ted  in some sense on this interval. The  nonuni formi ty  of the  dis t r ibut ion 
of the  set E C [0, q) N Z on [0, q) can be measured  by the quant i ty  

D(E,q)= sup [IEN[0, P ) I -PIEI /q[ .  
0 < P < q  

We denote  by v(q) the number  of different pr ime divisors of q. 

T h e o r e m  1. For any polynomial f E Mn the inequality 

D ( E ( f ,  q), q) < n € (4) 

is valid. 

For fixed n the  es t imate  (4) is regular  wi th  respect  to the order. 
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T h e o r e m  2. For any n and q > 1 there exists a polynomial f E M~(q) such that 

D(E( f ,  q), q) >> n v(q) . (5) 

It follows from (2) and Theorem i that  N~(P, q) << pq-1/n q_ qe. For P << ql/n this inequali ty can be 
s trengthened by using the arguments  of [6]. 

T h e o r e m  3. For P > 1 the inequality 

1 + l n P  
N,~(P,q) << ln(1 + p--lql/n) (6) 

is valid. 
In part icular ,  N~(P, q) << 1 for P < q~-~.  In [6] the corresponding result is established for P < ql/n(~+l). 
Theorems 1 and 3 imply the following 

C o r o l l a r y .  The inequality 
Nn(P,q) << pq-1/n + p c  (7) 

is valid. 
For P << qX/n Theorem 3 states tha t  Nn(P,q) << lnq. However, we cannot  rule out tha t  in this case 

N (P, q) << 1. 
The authors  axe grateful to A. Granville and K. Pomerance  for their  a t tent ion to this work. 

2. P r o o f  o f  T h e o r e m  1. An integer-valued ar i thmet ic  progression whose difference is the power of a 
prime number  p is called a p-progression. 

L e m m a  1. Let q be the power of a prime number p, f E Mn. Then the set of solutions of the congruence 

f (x)  - 0 (modq)  (8) 

is the union of at most n mutually disjoint p-progressions. 
P r o o f .  Let q = pt. We use induct ion over t. For t = 0 the s ta tement  is obvious. Let us verify its 

validity for t = to > 0, assuming tha t  it holds for all t < to. If all coefficients of the polynomial  f can be 
divided into p, then  (8) is equivalent to the congruence f ( z ) / p  - 0 (modq/p), to which we can apply the 
inductive hypothesis.  Now let us assume that  f E Mn(p). In this case we need the following s ta tement ,  
easily obta ined f rom the Hensele l emma [7], Theorem 2 in w 3 of Ch. 4. 

L e m m a  2. Suppose that f E Mn(p), -f C (Z/p)[x] is the reduction of f modulo p, and -f = ~ ,  where 
polynomials -j and -h are relatively prime in (Z/p)[x]. Then there exist polynomials g and h such that their 
reductions modulo p yield -j and -h, respectively; degg = deg~ and f -- gh (modq) .  

The polynomial  f can be represented in the form 

7 = Yo... Yp-1 

where -ffj(x) = (x - j)=J and h has no roots in Z/p. Note that  

n = d e g f  >_ d e g f  > deg~0 + . . .  q- deg~p_ 1 = no + . . .  + np-1. (9) 

Applying p t imes L e m m a  2, we see tha t  there exist polynomials go , . . . gp - l , h  such tha t  gj =_ 
( z - j ) n J ( m o d p )  (j  = 0 , . . . , p -  1), h(x) ~ 0 ( m o d p )  for x e Z , d e g g j  = nj  (j  = 0 , . . . , p -  1), and 
f =- go . . .gp_ lh(modq) .  It follows from these properties tha t  if E is the set of solutions of the congru- 
ence (8) and Ej is the set of solutions of the congruence 

gj(z) -- 0 (rood q) (i0) 
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for j = 0 , . . . , p -  1, then  
Ej = {z E E :  x = j (modp)} .  (11) 

For nj = 0 we have gj = 1 (modp)  and Ej = ~.  Let nj >__ 1. By (11) each number  z C Ej  is representable 
in the form j + py, where y E Z. Moreover, 

gJ _ (py)nj (mod p) - 0 (mod p), 

tha t  is, gi(z)  = phi(y) ,  where hj E Z[y]. The  congruence (10) is equivalent to the  congruence 
hi(y) - 0 (modq/p) .  By the induct ive  hypothesis  the set of solutions of the last congruence,  and  therefore 
the set Ej ,  are representable  as the  union  of at most  nj mutual ly  disjoint p-progressions. B y  (11) the  set 
E of solutions of the  congruence (8) is the union  of mutua l ly  disjoint p-progressions,  whose amoun t  does 
not  exceed no + - . .  + np-1.  Taking (9) into account,  f rom this we obta in  the  s t a t emen t  of the lemma.  

Now we pass directly to the proof  of Theo rem 1. Let us represent  q in the form 1-I~(__ql )p{~, where 
p l , . . .  ,p~(q) are pr ime divisors of q. We denote  

X = {z :  f ( z )  -- 0 (modq)} ,  

X i =  { z :  f ( x ) - - O ( m o d p { ' ) }  ( i = l , . . . , v ( q ) ) .  

Then  X = N~(ql ) Xi. By L e m m a  1 each of the sets Xi is representable in the form U;_-"I Xi, j ,Ni  < rt, where 
Xi,j  (j = 1 , . . . ,  Ni ) are mutua l ly  disjoint pi-progressions. Therefore,  

N 

X =  U Yj, (12) 
j=l  

where 
~(q) -(q) 

i = 1  i = l  

(13) 

Yi are all possible intersections of the  form NT(_q 1) Xi,j, (1 _< ji <_ Ni). Note tha t  the sets Yj are mutual ly  
disjoint, and  each of t h e m  is an a r i thmet ic  progression; therefore, for any P ,  0 _< P <_ q, we have 

n [O,P) l -  PTYJI[ < 1, 

and by (12) 
N 

IIX n [0, P ) l -  Plxll _< n [0, P ) ] -  PIEI[ < N, 
j=l 

whence and f rom (13) we obta in  the conclusion of the  theorem.  

3. P r o o f  o f  T h e o r e m  2. For f ( z )  = x'* we have E ( f , q )  = {0} and D ( E ( f , q ) )  = 1 -  1/q >_ 1/2, 
which implies the  validity of T h e o r e m  2 in the case where v(q) is b o u n d e d  by a value dependen t  only on 77. 
Therefore,  we can assume tha t  

v(q) > N = 4 .7 .  (14) 

L e t q  yi~(ql) t, = pi , where  p l , . . - ,  p~(q) are increase-ordered pr ime divisors of q, qi = q/p{' (i = 1 , . . . ,  v(q)). By 
the  Chinese t heo rem there  exists a n u m b e r  xl which satisfies the congruences Xl - O(modp~ ~) 

1l 
(1 _< i _< N)  and zl  = qi (modp{ ' )  (N  < i <_ v(q)). We put  g(x) = IIj=I(;T, - - i x 1 ) .  A n u m b e r  x sat- 

isfies the  congruence  g(x) = 0 ( m o d q )  if and  only if for 1 < i < N the  congruences  x _= 0 ( m o d p {  i) are 
fulfilled and there  exist number s  i N + l , . . .  ,j,(q) (1 _< ji <_ n) such tha t  z - jiqi (modp{ i) for N < i <_ v(q). 

598 



The system of congruences for x tha t  we have wri t ten  is equivalent to the congruence x -- rn (mod q), where 
~'-,v(q) m = 2_,i=N+1 3iqi. Note tha t  values of m incongruent  modulo  q correspond to different sets ( j N + I , - . . ,  Jr(q)). 

Denoting by M the  set of all possible values of m,  we have 

[M[  = n v (q ) -N  >> •v (g )  (i~) 

One can consider M as the set of values for the  sum of a stochastic quant i ty  ~ = ~ N + I  -t- " ' "  -~- ~v(q), 
where ~ g + l , . . . ,  ~.(q) are independen t  s tochast ic  quanti t ies  and ~i takes each value jqi (j  = 1 , . . . ,  n) with  
probabili ty 1In. Let us es t imate  the dispersion of 

D~= 

< - -  

v(q) v(q) n 2 -- 1 

B [ ( i l  = 12 qi 
i=N-t-1 i=N+l 

q2n2  v(q) 1 q2r~ 2 oo 1 

imN--kl Pi 12 i=n+l 

q2n2 

12N" 

We denote  by E (  the  ma thema t i ca l  expecta t ion  of (. It follows f rom (14) and the Chebyshev inequali ty 
that  

E~ 3n 2 1 
Pr(I ~ - E~] > q/4) < (q/4)------- ~ < 4 N  - 3" 

Hence, 
2 

[M n [ E ( -  q/4,E~ + q/411 > 5IMI.  (16) 

We pu t  l = [E( - q/4], f ( x )  = g(x + l). Let us calculate the lowest b o u n d  for D ( E ( f ,  q), q). Taking into 
account (16), we get 

IE(f ,q)  n [0,[2 + q/2])[ > [E C~ [0, [E~ + q/4]]l 

= ]M N [E{ - q/4, E~ + q/4]] > 2IM I. 
,.3 

Consequently,  

D(E,(f,q),q) > IE(f,q) N [0, [2 + q/21) I - [2 + q/2llE(f,q)[/q 

>_(~ [2 +-q/2]) IMI > 0.ZIMI. 

From this and  f rom (15) we obta in  the  conclusion of Theo rem 2. 

4. P r o o f s  o f  T h e o r e m  3 a n d  o f  t h e  C o r o l l a r y .  

P r o o f  o f  T h e o r e m  3. Let 

1 1/n l n T  
1 < T < -~q " , N = 2 -[- [ l n ( T _ l q l / n ) ] ,  (17") 

M be an arb i t ra ry  number ,  f E Mn(q). Suppose  tha t  x l , . . .  ,XnN are different solut ions of the congru- 
ence (8); moreover ,  

xi E [ M , M  + T) ( i =  l , . . . , n N ) .  (18) 

When  proving L e m m a  i in [3], it was es tabl ished tha t  there  exists a po lynomia l  g E M,~(q) with  coefficient 1 
of the  t e rm x n such t ha t  any solut ion of (8) satisfies the congruence g(z) = 0 (rood q). Thus ,  

g(z i )=-O(modq)  ( i = l , . . . , n N ) .  (19) 
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Let us consider the Vandermonde determinant 

. . t j--1 ~nN A = ae~tx i ) i , j= l"  

If to columns of the matrix ]]x{ -1 .N [[~,j=~, beginning with the (n+ 1)th one, we add suitable linear combinations 
of previous columns, then we obtain the matrix Ilai,jl[~,~=l,Whose ith row is of the form 

(1 ,  Xi ,  . .  . , x n - - l , g ( Z i ) , z i g ( z i ) , . .  ", z n - l  g ( x i ) , . . .  , z i n - l ( g ( X i ) ) N - - 1 ) ;  

moreover, A = det(ai,j)~N=l . Taking into account that by (19) all elements of the j t h  column are divided 
by q~ for j > ns, we see that A is divided by q~N(N-1)/2. On the other hand, 

A ~-- I I  (X j  -- X i ) ,  
l~_i<j<_ng 

whence and from (18) it follows that 0 < [A[ < T nN(nN-1)/2. Hence qnN(N-1)/2 < TnN(nN-1)/2, which, 
taking into account (17), is equivalent to the inequality N - 1 < (In q/~n~T)-n, contradicting the choice of N. 

We have shown that under the conditions (17) the number of solutions of the congruence (8) on the 
half-interval [M, M + T) is less than nN. This implies immediately the conclusion of the theorem for 
P <_ Po = max([�89 1). But if P > P0, then the interval [0, P)  is covered by [P/Po] + 1 intervals of the 
form [jPo, (j + 1)P0); on each of these intervals the number of solutions of the congruence (8) << I + lnq 
by what has been proved. Consequently, in this case 

N~(P,q) << (1 + lnq)([P/Po] + 1) << (1 + lnq)Pq -1/n, 

and the estimate (6) also holds in this case. The theorem has been proved. 

P r o o f  of  t h e  coro l l a ry .  For P _< ql/(2n) the statement is valid, since in this case Nn(P, q) << 1 by 
Theorem 3. Let ql/(2n) < p < q; then for any polynomial f E Mn we have 

p(f, P, q) <_ Pp(f ,  q, q) + D(E(f,  q), q) < P Nn(q, q) + D(E(f,  q), q). 
q 

Substituting inequalities (2) and (4), we obtain p(f, P, q) << pq-1/n + n,(q) or Nn(P, q) <~ pq-1/,~ + nV(ql. 
Since v(q) = o(ln q), we have n'(q) << q2n~ < p ~  and for the case ql/(2n) < p _< q the corollary has been 
proved. Finally, if P > q, then Nn(P, q) <_ ([P/q] + 1)Nn(q) and to complete the proof it remains to use 
the inequality (2). 
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