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ON THE TORSION THEORIES OF
MORITA EQUIVALENT RINGS

A. HaGHANY (Isfahan)

Abstract

We generalize the well-known fact that for a pair of Morita equivalent rings
R and S their maximal rings of quotients are again Morita equivalent: If (M)
denotes the torsion theory cogenerated by the direct sum of the first n + 1 injective
modules forming part of the minimal injective resolution of M then am(R) = m(S)
where « is the category equivalence R-Mod — S-Mod. Consequently the localized
rings R, (g)y and S; (s) are Morita equivalent.

1. Rings are associative with unit elements, and modules will be unitary.
Consider a pair of rings R and S, which are Morita equivalent. It is well-known
that the maximal left rings of quotients of R and S are again Morita equivalent ([11],
Chapter X, Proposition 3.2). The maximal left ring of quotients is obtained from the
family of dense left ideals. This is the Gabriel topology corresponding to the Lambek
torsion theory, cogenerated by the injective envelope of the ring, considered as a left
module over itself. The Lambek torsion theory is one of a sequence of hereditary
torsion theories defined below. Let A be any ring and consider the minimal injective
resolution of 4 A:

0 — A— Ey 2% B £ By 2200

where Ey = E(A) and each E;y; is the injective envelope of Coker ;. The Gabriel
topology corresponding to the hereditary torsion theory 7,(A) cogenerated by the
injective module Eq @ --- @ E, is denoted by F%§. Thus in particular F§ is the
dense topology, and E(A) ~ Qmax(A4) = li_{n Hom(I, A), I € FY. Now assume that
R and S are two Morita equivalent rings, with bimodules gVs and sWg giving the
equivalence of categories:

a=W@®g: R-Mod - $-Mod and 8 = V®gs : S-Mod — R-Mod.

Given any hereditary torsion theory 7 = (T, F) for R-Mod, one may use the
functor e to obtain

ar = (a(I_), a(E)),
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a hereditary torsion theory for §-Mod. The fact that Qmax(R) is Morita equiv-
alent to Qmax(S) is really a consequence of the result that the functor a carries
the Lambek torsion theory of R onto the Lambek torsion theory of S, that is,
ato(R) = m(S). The purpose of this note is to investigate ar,(R) in relation to
7a(S). We shall establish that these theories do coincide for all n > 0. For a general
hereditary torsion theory 7 on R-Mod some properties such as stability or being
prime, preserved by the functor a will be established.

It is not out of place to remark that more generally, questions on the transfer
of properties from a ring A to a ring B where A and B are in a Morita context have
been extensively considered by several authors, e.g. 3], [4], [5], [6], [8] and [10], to
mention but a few. More recently [2] and [9] contain information on the torsion
theories of context equivalent rings. For unexplained terminology and standard
results on torsion theory see [1} and {11].

2. Throughout this note R and S are Morita equivalent rings. Thus there
exists a progenerator Wg such that S ~ End Wgr. We recall that ¢W is also a
progenerator with R ~ Ends W, and that W @g W* ~ S, W* ®s W ~ R where *
denotes the dual module. Put V = (Wg)*; then we have V ~ (sW)* and W ~ (Vs)*
both as bimodules. Finally the functor W ®g — will simply be denoted by o, and
if r = (T, F) is any torsion theory on R-mod then clearly ar := (L), a(F)) is a
torsion theory on S-mod.

We shall need the following, well-known result:

LEMMA 2.1. Let A be any ring and L any left A-module. Then L is T (A)-
torsion if and only if Ext' (L', A) = 0 for all i < n and all (cyclic) submodules L’
of L.

ProoF. [11], Chapter VI, Proposition 6.9. M
THEOREM 2.2. The funclor a carries To(R) onto 7,(S), that is am(R) =
T (S):

PRrROOF. Fix n and for simplicity write o for a7, (R). Let gN be 7, (R)-torsion.
Since « is an equivalence of categories, a (cyclic) submodule of M = W ®g N is of
the form W @ N’ where we can assume that N’ is a submodule of N. Because Wgr
is projective the first isomorphism below holds:

Exts(W ® N’, S) ~ Exti(N', Homgs(W, S)) = Extj(N', V).
Since pV is finitely generated projective, there is a natural number ¢ such

that R! ~ V ® V' for some suitable left R-module V’. But using the above Lemina,
we have for i < n:

0= @Exth(N', R) ~ Exta(N', R') = Extp(N', V) @ Extp(N', V')
It follows that Ext(W ® N’,S) = 0 for all i < n and all submodules of W ® N

and so W ® N is 7,(S)-torsion. This means that ¢ < 7,,(S). Conversely, let sM be
7a(S)-torsion. Writing M = W ®g N for suitable g N, we have

Extih(N', V) =~ Exts(W ® N, S) = 0
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for all i < n and all submodules N’ of N. Now using the fact that gV is a
progenerator, we write V = R* ® K for suitable integer s and module g K, to
deduce that Extly(N', R) = 0. Therefore N is 7,(R)-torsion, hence M is o-torsion.
It follows that o = 7,(S). M

COROLLARY 2.3. For any n = 0,1,2,... the rings R,.(r) and S; (s) are
Morita equivalent.

Next, we shall use the following criterion of reflexivity. Let A be a prime
Goldie ring with Q(A) its total ring of quotiens. If I is an essential left ideal then
I is reflexive if and only if A/I can be embedded in a direct product of copies of
Q(A)/A, that is, if and only if R/I is r(A)-torsion free.

COROLLARY 2.4. Let R be a prime Goldie ring, I a two sided ideal in R such
that I is reflexive. Then the corresponding ideal WIV of S is left reflezive.

PrOOF. It is well-known that S is also prime Goldie ([7], 3.5.10). Now it
is easy to see that if M is an R-bimodule such that pM is r-torsion (respectively
T-torsionfree), then W ® M ® V' is ar-torsion (respectively art-torsionfree), where
7 is any hereditary torsion theory on R-Mod. Taking 7 = m(R), the fact that
rl is reflexive is equivalent to R/I being r-torsionfree. Hence W @ R/I® V is
ar-torsionfree, and by Theorem 2.2, ar = 71(S). It follows that WIV is reflexive
as a left S-module. W

3. In this final section we collect some properties of torsion theories which
are preserved under the equivalence a. For the definition and properties of prime
torsion theories see [1].

THEOREM 3.1. Let 7 be an arbitrary hereditary torsion theory on R-Mod.

(1) IfR is a prime Goldie ring and 7 is the Goldie torsion theory on R-Mod then
aT.is the Goldie torsion theory on S-Mod.

(2) If the Gabriel topology corresponding to T has a basis consisting of an ideal
then the same is true for ar.

(8) If T is stable then so is ar.

(4) Let G(R) stand for the Goldie torsion theory on R-Mod. If G(R) < T and T

is prime then at is also prime.

ProoF. (1) Observe that in the present situation, the Goldie and Lambek
torsion theories are the same, and am(R) = 75(S).

(2) Since Wg is finitely generated projective, the functor a = WQ®g- com-
mutes with direct products. Now the hypothesis stated on 7 is equivalent to the
7-torsion class being closed under direct products (see [11]). Thus if W @z M;,
where i € I, are in the torsion class of a7 then from [J(W @ M;) ~ W @ [T M;, we
deduce that [J(W ® M;) is in the torsion class of aT.

(3) According to [1], Chapter III, 11.2, for at to be stable it is necessary
and sufficient that the ar-torsion submodule of any injective left S-module M be a
direct summand. Let N be the ar-torsion submodule of M and write M = W@ M’,
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N = W ® N' for some suitable left R-modules N' C M’. Now
M/N>(WM)/(WRN')~W ® (M'/N’)

is ar-torsionfree. Therefore N’ is the r-torsion submodule of M’. But M’ is R-
injective, hence from the assumption that 7 is stable, we deduce that N’ is a direct
summand of M’. It follows that N is a direct summand of M

(4) From the assumption that 7 is prime, there exists a cocritical module
whose injective envelope E cogenerates 7. Since any category equivalence preserves
injective objects and minimal injective resolutions it is clear that a7 is cogenerated
by the injective module W @ E. If we show that W ® E is ar-cocritical then ar
will be prime. Let N be a nonzero submodule of W ® E, and choose X C E such
that N=W®X. Thus WQE/W®X ~ W Q(E/X). Since a cocritical module is
uniform, its injective envelope is indecomposable, hence E, being indecomposable,
is also the injective envelope of X. But then by [1], Chapter II, 74, E/X is 7-
torsion, from which we have that W ® (E/X) is ar-torsion. Therefore W ® E 1s
ar-cocritical, as desired. W

Acknowledgement

The author gratefully acknowledges the financial support of Institute for Stud-
ies in Theoretical Physics and Mathematics (IPM) and Isfahan University of Tech-
nology, Iran.

REFERENCES

(1] J. GoLAN, Localization of Noncommutative Rings, Marcel Dekker.

[2] A. HAGHANY, Morita contexts and torsion theories, Mathematica Japonica 42(1)
(1995), 137-142.

(3] Hst MuH LEU, The ring of quotiens of a module endomorphism ring, Tamkang J.
Math. 7(1) (1979), 77-86.

[4] Hs1 MuH LEU and J. HUTCHINSON, Kernel functors and quotient rings, Bull.
Inst. Math. Acad. Sinica 4(1) (1977), 145-155.

[5] J. HUTCHINSON and Hst MUH LEU, Rings of quotiens of R and eRe, Chinese J.
Math. 4 (1979), 25-35.

[6] T. KaTo, Morita contexts and equivalences 11, Proceedings of the 20th symposium
on ring theory, Okayama University (1987) 31-36.

[7]1 J.C. McCoNNELL and J.C. ROBSON, Noncommutative Noetherian Rings, Wiley
Series in Pure and Applied Mathematics, New York (1987).

[8] B.J. MULLER, The quotient category of a Morita context, J. Algebra 28 (1974)
389-407.

[9] S.K. NAUMAN, An alternate criterion of localized modules, J. Algebra 164 (1994),
256-263.

[10] W.K. NICHOLSON and J.F. WATTERS, Morita context functors, Math. Proc.

Cambridge Philos. Soc. 103(3), (1988) 399-408.



TORSION THEORIES OF MORITA EQUIVALENT RINGS

[11) B. STENSTROM, Rings of Quotiens, Springer-Verlag, 1975.

(Received: June 6, 1995)

DEPARTMENT OF MATHEMATICS
ISFAHAN UNIVERSITY OF TECHNOLOGY
ISFAHAN

IRAN . .
E-MAIL: agh agh@cc.iut.ac.ir

197



