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Field Data Support of Three-seconds Power Law and 
gu,a-4-spectral Form for Growing Wind Waves* 

Sanshiro KAWAI**, Kozo OKADA*** and Yoshiaki TOBA** 

Abstract : Observational data on air-sea boundary processes at the Shirahama Oceanographic 
Tower Station, Kyoto University, obtained in November, 1969, was analyzed and presented as 
an example representing the structure of growing wind-wave field. The condition was an ideal 
onshore wind, and the data contained continuous records of the wind speed at four heights, 
the wind direction, the air and water temperatures, the tides, and the growing wind waves, 
for more than six hours. The main results are as follows. Firstly, in both of the wind 
speed and the sea surface wind stress, rather conspicuous variations of about six-minute 
period were appreciable. Secondly, the three-seconds power law and its lemma expressed 
by H * = B T  *a/2 and ~=2,~BT *-~/~, respectively, are very well supported by the data, where 
I - t* ( -gH/u ,  2) and T*(=-gT/u.)  are the dimensionless significant wave height and period, 
respectively, ~ the wave steepness, u.  the friction velocity of air, g the acceleration of gravity, 
and B=0.062 is a universal constant. Thirdly, the spectral form for the high-frequency side 
of the spectral maximum is well expressed by the form of r -4, where a is the 
angular frequency and r the spectral density. The value of as is determined as 0.062+ 
0.010 from the observational data. There is a conspicuous discrepancy between the spectral 
shape of wind waves obtained in wind-wave tunnels and those in the sea, the former con- 
taining well-defined higher harmonics of the spectral peak, and consequently there is an 
apparent difference in the values of as also. However, it is shown that the discrepancy of 
as may be eliminated by evaluating properly the energy level of the spectral form containing 
higher harmonics. 

1. Introduction 
Studies on the growth of wind waves have 

experienced remarkable developments up to the 
present, since SVERDRUP and MUNK (1947) first 
introduced the concept of significant waves as 
an idealization of the complex state of wind 
waves, and treated the problem based on an 
energetic consideration and empirical facts. 
They succeeded to a certain extent in predicting 
the growth of wind waves. PIERSON (1952) 
and other investigators introduced another 
t reatment  of irregular wind waves by means of 
energy spectrum, although the concept of energy 
spectrum is also an idealization as was pointed 
out by TOBA et al. (1975). Since then many 
observational data of wave spectra have been 
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accumulated, and some standard forms of the 
spectra, including two-dimensional spectra, have 
been proposed empirically, for example, by 
PIERSON and MOSKOWITZ (1964), HASSELMANN 
et al. (1973), MITSUYASU (1973), and MITSU- 
YASU et al. (1975). For the essential part of 
the one-dimensional spectra for high frequency 
side of the spectral peak, they assumed the 
form proportional to ff2a-s, since PHILLIPS (1958) 
proposed the g2a-5-form on the basis of a 
dimensional considerations, where g is the 
acceleration of gravity and cr the angular 
frequency. 

In  recent years, one of the authors treated 
macroscopic structure of the growing wind-wave 
field from dimensional considerations, and pro- 
posed some functional relations, such as the 
three-seconds power law between the dimension- 
less wave height and period of significant waves, 
and a relation between the wave steepness and 
dimensionless wave period (TOBA, 1972,' 1973, 
1974). Also, combining the three-sedonds21power 
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law with the concept of similarity of wind- 
wave spectra, he proposed a gu,a-d- form for 
wave spectra (TOBA, 1973a). These proposed 
relations, especially the spectral form, were sup- 
ported mainly by his data from wind-wave tunnel  
experiments. In  the present article, we will 
present a strong support to these relations and 
the spectral form, on the basis of field data 
obtained at the Shirahama Oceanographic Tower  
Station of Kyoto University in a former year. 

The outline of the observation and some 
preliminary results of the analysis were reported 
by TOBA et al. (1971). However, a short 
description of the conditions of observation is 
given below in the present section, especially 
concerning the fields of wind and wind waves, 
although the observational project was more 
extensive including those of breaking waves 
and sea-sah particles. 

The  oceanographic tower station is located 
at the mouth of Tanabe  Bay, Wakayama pre- 
fecture, as shown in Fig. 1. The tower is 
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Fig. 1. The location of the Shirahama Oceano- 
graphic Tower Station (cited from HAYAMI 
et al., 1964). 

made of steel angles, with a small instrumen- 
tation room at the height from 6.8 m to 9.0 m 
and a working floor at the level of 4.5 m above 
the mean sea level, the total height of the tower 
being 13 meters above the mean sea level. 
The observation for the present analysis was 
performed in the period from November 3 to 
10, 1969. This period was selected expecting 
the out-burst  of the winter  monsoon, whose 
direction was northwest  (onshore), affording a 
fairly long fetch of the sea to the tower station. 
The anemometers and the wave gauge were 

f 

/ 

Fig. 2. Weather map at about 6 hours before 
the start of the continuous observation. 

Table 1. Main items of observation and instruments used. 

Item Sensor Remarks 

Wind speed Small 3-cup anemometer with a photo- Nominal heights: 13 m, 
electric device 6 m, 3 m and 1.5 m 

Wind vane Nominal height : 10 m 

Capacitance-wire type wave gauge manu- 
factured by Denshikogyo Co., Ltd., type 
VM-105. Diameter of sensor 1 mm 

Visual marker on wave records 

Thermister 

Thermister 

Pressure-type tide gauge 

Wind direction 

Surface elevation 

Breaking of waves 

Air temperature 

Sea surface temperature 

Sea level 

At the site of wave gauge 

Nominal height : 6 m 

Mounted on a small float 

Nominal depth : 3 m 
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Table 2. Main characteristic values for the continuous 26 runs of the observation. 
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Run Time 
nO.  

15-min Friction Wind Spectral Air Water  
average velocity direction Significant wave peak 

wind speed frequency temp. temp. 
Ul0 u,  H T f ~  

(m s -1) (cm s-') (cm) (s) (s -2) (~ (~ 

1 09:50-10:00 
2 10:00-10:15 
3 10:15-10:30 
4 i0:30-i0:45 
5 10:45-11:00 
6 11:00-11:15 
7 ii:15-11:30 
8 11:30-11:45 
9 11:45-12:00 

10 12:00-12:15 
11 12:15-12:30 
12 12:30-12:45 
13 12:45-13:00 
14 13:00-13:15 
15 13:15-13:30 
16 13:30-13:45 
17 13:45-14:00 
18 14:00-14:15 
19 14:15-14:30 
20 14:30-14:45 
21 14:45-15:00 
22 15:00-15:15 
23 15:15-15:30 
24 15:30-15:45 
25 15:45-16:00 
26 16:00-16:15 

7.0 48.0 W S W  17.0 2.4 - -  18.3 21.9 
6.9 34.2 W S W  15.3 1.5 - -  18.7 21.9 
6.5 28.9 W S W 12.7 1.3 - -  18.8 21.9 
6.3 30.6 W S W  13.8 1.3 - -  18.8 21.9 
6.5 28.2 W S W  16.7 1.5 - -  18.9 21.9 
6.8 26.3 W S W 16.8 1.7 0.45 19.0 21.9 
6.4 19.1 W S W  16.1 1.5 0.50 18.9 21.9 
7.0 24.0 W S W  21.4 1.9 0.375 18.8 21.9 
7.3 35.8 W N W  21.8 1.6 0.35 18.0 21.9 
6.5 30.6 W N W  25.4 1.8 0.40 18.0 21.9 
5.9 27.8 W N W  25.9 1.9 0.35 18.0 21.9 
4.8 23.4 W N W  23.8 1.9 0.35 18.1 21.9 
4.9 22.7 W N W  25.3 1.8 0.30 18.2 21.9 
5.8 25.5 WNW 26. 1 2.0 O. 30 18.2 21.9 
7.1 32.8 W N W  31.3 2.0 0.35 18.0 21.9 
6.8 31.0 W N W  29.6 2.0 0.30 17.8 21.9 
7.9 33.3 W N W  33.9 2.1 0.35 17.7 21.9 
8.8 37.2 NW 35.3 2. 1 0.35 17.3 21.9 
9.4 37.6 NW 34.5 2.1 0.30 16.8 21.9 

11.3 45.4 NW 42.9 2.2 0.35 16.2 21.8 
10.9 49.5 NW 54.4 2.4 0.40 15.9 21.8 
10.3 46.2 NW 48.1 2.2 0.30 15.8 21.8 
10.6 47.0 N N W  44.0 2.3 0.275 15.5 21.8 
10.9 50.3 N N W  47.5 2.2 0.30 15.2 21.9 
10.5 44.9 N N W  51.9 2.2 0.25 15.0 21.9 
12.0 52.5 N N W  54.9 2.4 0.30 14.9 21.9 

m o u n t e d  on steel  pipes, and pro jec ted  out  about  

1 m e t e r  to the  wes t  f r o m  the  angle  of the  

n o r t h w e s t  co rne r  of the  tower ,  in o rde r  to 

avo id  the influence of the  body of  the  t o w e r  
to the  na tura l  condit ions.  T h e  i tems of the  

obse rva t ion  and ins t rumen t s  used are  shown in 

T a b l e  1. 
On  N o v e m b e r  10, a few minu tes  past  n ine  

in the  morn ing ,  a cold f ront ,  which  is shown  

in Fig .  2, passed t h r o u g h  the  site, and the  

w i n t e r  monsoon  began  to blow the  sea surface,  

wh ich  had been ve ry  smoo th  but  s o m e w h a t  
undu la t ed  wi th  gen t le  swells. A s  the  wind  

con t inued  to blow, the  wind waves  g r e w  up on 

and  on. W e  w e r e  able to t ake  records  of this 

process  for m o r e  than  6 hours  cont inuous ly ,  

unt i l  it became  too dark  to w o r k  securely  at the  

sea. W h e n  we  gave  up con t inu ing  the  obser-  

va t ion ,  the  wind speed was  g r ea t e r  t han  1 2 m  

s - l ,  and the  w a v e  he igh t  was  so high,  a lmos t  

exceed ing  the  sens ing  l imit  of the  w a v e  gauge  

of  1 .5m.  T h e  cont inuous  record  was divided 

into 26 runs  of 15 minu tes  each. In  Tab le  2 

a re  shown for each run  the  m e a n  wind  speed 

at 10-m level U~o, the  fr ict ion veloci ty  of air 
u .  which  was  de te rmined  f r o m  the wind  pro-  

files, the  wind direct ion,  the  significant w a v e  

he igh t  H and the  significant  w a v e  per iod T 

which  w e r e  ob ta ined  by the  peak- to-peak  

me thod ,  the  f r equency  fm of the  spectra l  peak,  
the  air t empera tu re ,  and the sea surface t emper -  

a ture .  I t  should be no ted  tha t  the  peak- to-peak  

m e t h o d  was  adopted  in defining the  significant  

waves  because  the  exis tence  of swel l  makes  it 

difficult to use t he  zero-up-cross  me thod ,  es- 

pecially in the  ear l ier  runs.  

2. The variat ion of  wind and wind stress 
T h e  profiles of w ind  speed ave raged  for each  

15 minu tes  are  shown  in Fig.  3. F r o m  R u n  1 
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to Run 8, which are shown in the upper par t  
(a), the points of the top anemometer  deviate 
apparent ly  from the logari thmic profiles. Dur ing 
these runs the wind direction was W S W .  In 
that  direction, a small peninsula and a few 
tiny islands exist within about 1 km from the 
tower station, as shown in Fig.  1. I t  is con- 
sidered that  by these obstacles the thickness of 
the atmospheric  boundary layer on the sea 
surface became thin, and the top anemometer  
was out of the layer;  or otherwise,  some organ- 

ized eddies produced by the obstacles caused 
the  deviation of the wind profile from the  
logari thmic ones. These  phenomena were also 
observed in August ,  1968 at the same site, and 
repor ted by TOBA et al. (1971). Consequently,  
the data of the top anemometer  from Run 1 
to Run 8 is excluded in the following analysis. 

20 
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Fig. 3. Wind profiles of 26 runs. ~ 4 
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Fig. 4. Variation of one-minute average 
wind speed. 
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30 20 I0 5 2 T(min) 
Fig. 5. Power spectra of wind speed computed 

after filtering off the long period power by 
u s e  of two kinds of high-pass filters. 
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Fig. 6. Variat ion of fr ict ion velocity. 

Concerning the rest of the runs, the wind 
profiles did not necessarily fit well the loga- 
rithmic or near-logarithmic profiles. However, 
the points of all of the four heights have been 
used in the analysis, since the cause of the pe- 
culiar shapes of the profiles is not conceived and 
these data are considered equally significant. 

In Fig. 4 is shown the variation of 1-minute 
average wind speed of the four heights through- 
out the observation. The small cup anemom- 
eters used were well responsible for 1-minute 
variation of wind speed. It is noted from the 
figure that there was a periodic variation of 
the wind speeds, the period being about 6 
minutes. The period of about 6 minutes is 
also appreciable by the peak of the power 
spectra shown in Fig. 5. The power spectra 
have been computed after filtering off the long 
period power by two kinds of high-pass filters. 
The first one cuts off a half of power at a 
period of 80 minutes, and the results are shown 
by solid lines. In the second one the running- 
mean values of 61 minutes are subtracted, and 
the results are shown by dashed lines. It is 
remarkable that the periodic variations are 
seen at all heights, and that they are fairly 
well-correlated with each other. Consequently, 
it should be concluded that this variation is 

0 . 0 5  
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Fig. 7. Power spectrum of friction velocity. 
The filter used is one filiering off half 
of power at 80 minutes. 

real. The values of the wind stress have been 
computed by the method of least squares 
assuming the logarithmic profiles, by use of the 
data of three (Runs 1 through 8) or four heights 
(Runs 9 through 26). In Fig. 6 is shown the 
variation of the computed friction velocity u.. 
It is seen that the wind stress also shows a 
variation of about 6-minute period. In Fig. 7 
is shown its power spectrum. The spectrum 
has been computed after filtering off the long 
period power by the first type of the high-pass 
filter used in the wind speed. The peak at 
about 6 minutes is dominant. 

If we use the conventional 10-minute average 
values for the wind speed, we could not find 
such a kind of periodicity. Although we do 
not conceive the cause of the periodicity at 
present, it should be kept in mind for future 
investigation that the growth of wind waves 
proceeds under the conditions of such a kind 
of complicated fine structure of the wind blowing 
over the sea. 

3. Significant waves  and the three-seconds 
power law 
Studiess on the growth of wind waves, by 

means of significant waves as the representation 
of wind-wave field, were undertaken by many 
investigators since SVERDRUP and MUNK (1947). 
The results have practically been used for the 
prediction of wind waves as, for example, the 
SMB method. One of the present authours 
(TOBA, 1972, 1973) proposed a universal relation 
between the dimensionless significan t wave 
height and period as the three-seconds power 
l aw:  

H*=BT*a/~, B=0.062 ( i ) 
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and also its lemmas 

and 

uo = ~3B2u, ( 2 ) 

~=2~BT *-'/2 ( 3 ) 

where H * = o H / u .  2, T * = g T / u . ,  3 = H / L ;  H, T 
and L are the wave height, the period and the 
wave length of significant waves, respectively, 
g the acceleration of gravity, and u0 the wave 
current, or the mass transport velocity by 
waves at the sea surface. The value of B as 
a universal constant was given empirically by 
use of his wind-wave tunnel data and empirical 
formulas by WILSON (1965) and MITSUYASU 
et al. (1971). He derived the relations also 
through a second procedure, and got the value 
of B=(2~r)-3/2=0.0635 (TOBA, 1974). In our 
observation we haven't  any direct information 
of uo, and we cannot verify the relation (2)by 
the measured data. However, it is shown below 
that the other two relations are very well 
supported by the present field data. 

In Fig. 8 is shown the first relation. In the 

~d 

. i . . . .  i , i . . . .  i 

_ _  H ~' = 0 . 0 6 2 T * }  , ~  / Laboratory (Toba, 1961) 
Present data 
do.. including swell 

I 

10' 

H,~ 

Jd 

o Converted from formulas by 
Wilson (1965) 

A , ,  Mitsuyosu el ol. (1971) 
a , ,  Hasselmann st 01.(1973) 

In'0~ . . . . . . . . .  I0' ' . . . . . .  I0' ' 
T* 

Fig. 8. Support of the three-seconds 
power law by various data. 

figure, the solid line shows (1) with the con- 
stant B=0.062. Solid circles show the present 
field data obtained from Table 1 excluding Run 
nos. 1 through 6, which included swells as 
will be shown in the succeeding section, and 
solid circles with a stem atop show the data 
including swells of Run nos. 1 through 6. 
Solid inverse triangles show the wind-wave 
tunnel data from TOBA (1972). Open circles 
show the values computed by eliminating gF/U~o 2 
from the following formulas proposed by 
WILSON (1965): 

and 

} ; gH =0 .30 [ -1 - [1  gF '/-"-2 
g102 L ( 

( 4 )  

g T  3 7 ~ 1 _ / 1 +  / ffF \b3/-5-1 
2 v,0 - 1  L . J 

( 5 )  

where F is the fetch, and U~0 the wind speed 
atIthe 10-m level. Open triangles show the 
values computed in the same way from the 
formulas proposed by MITSUYASU et al. (1971): 

gH =2.15x10_3{ oF ,~0.s04 
g,0~ \ u-o-V-o~ / ( 6 ) 

and 

gT -2/ v^F \0.330 
2 U,o 07• (u-gro ) <7) 

In the computation of the values of H* and T* 
from these formulas (4) and (5), and (6) and 
(7), an approximate value of (CD)I/~ of 0.040 
has been used where CD is the drag coefficient 
for the sea surface wind stress. Open squares 
show the relation 

H*=0.061 T'3"~ ( 8 ) 

which is the converted form, given by TOBA 
(1976), from the formulas proposed by HASSEL- 
MANN et al. (1973), 

g2E = l . 6 x l O _  7 gF 
U~04 U~02 

(for G<10- ' /U10 - / ( 9 )  

and 
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gF - 0 . 3 3  

g 

/ 
where E is the total energy of wind waves and 
fm the frequency of the spectral maximum. 
Fig. 8 includes almost full range of /-/* and 
T* for wind waves, and we may conclude that 
the three-seconds power law is very universal, 
although the data including swells deviates. 

In Fig. 9 is shown the relation (3). The 
meaning of symbols is the same as in Fig. 8. 
As is seen from the figure, the functional 
relation (3) between the wave steepness 6 and 
T*, or the wave age fl, is very consistent 
between the wind-wave tunnel data and the 
present field data except for the data including 
swells. I t  should be noted here that when the 
zero-up-cross method is used for defining the 
significant waves, somewhat smaller value of B 
in (1) should be taken for the later runs of the 
observation. The change of the value of B 
depending on the definition of the significant 
waves contains some complicated problems, 
which are left as a problem to be solved in 
the future. 

Since the definition of the significant waves 
has some indefiniteness as mentioned above, 
TOBA (1976) converted the relation (1) to the 
relation between the total energy E and the 
frequency f ~  of the spectral maximum, 

E*=B/ f~  *-3, B / = 2 . 1 x 1 0  -4 (11) 

0 2 0  . . . . . . . . . . . . . . . . . . . . .  

- -  ~ = 0 . 3 9  T � 9  
�9 Laboratory {Tobo. 1961) 

�9 Present  data 
�9 do., including swell 

0.15 o Converted from formulas by 
Wilson (1965}  

= M l tsuyasu  et oL (1971) 
Hasselmann et  ol. (1973) 

8 0 . l O  

,:�9 

OD5 

oo 

o . . . .  do . . . .  6 0  . . . .  6 0  . . . .  26o  
T* 

Fig. 9. Support of the relation of the wave 
steepness 6 with T*, or the wave age. 

where E*=g~E/u, 4 and f~*=u,f ,~/g.  In the 
conversion, he used two relations among the 
quantities of spectrum and those of significant 
waves, namely, 

f ,~=(1.05T)  -~ (12) 

after MITSUYASU (1968) and TOBA (1973a), and 

E=H~/16 (13) 

after LONGUET-HIGGINS (1952). Approximately 
the same relations as (11) are derived from 
original empirical relations proposed by MITSU- 
YASU (1968, 1971): 

g ~/~ . . . .  ~[ gF ~o.~o4 
= 1 . 3 1 x , .  ( 1 4 )  

and 

I 0 ;  

E *  

~  "'/'~% " 
U , / . .  

/(:,;: 
/ 

�9 / 
/ 

/ 
(o) 

I O I l o  5 ' , , , . . . .  , 10 e 

i 0  "p 

E* 

/ 
10 .2 "I 

/ " (b) 

�9 ~...i , . i , ,iii 

I0 2 i0 3 

fm *'3 

Fig. 10. Minus-third power law, (a) the present 
field observation, (b) Toba-Pierson wind-wave 
tunnel data (ToBA, 1973). 
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from which 

/ gF \-o.~3o 
.u . f~  -- 1.00((-~,~ ) (15) 

g 

is derived. 
obtain 

E* = 1.72 x 10-4f,~ *-a'~ (16) 

From (9) and (10), we may also 

E* =2.0 • 10-~c~ *-8"~ (17) 

In this conversion, the value of CD=I .0x l0  -3, 
which was used by HASSELMANN et al. (1973), 
has been used. 

In Fig. 10(a) is shown the relation (11) for 
our field data and in Fig. 10(b) for Toba-Pierson 
wind-wave tunnel data (see TOBA, 1973). The 
method for the computation of the spectral 
values for the present field data will be explained 
in the next section. In both of the two figures, 
at least the statistical proportionality of E* to 
f , - 3  is evident, but the coet:ficient of pro- 
portion is 

B~=(1.17+_0.37) x 10 -4 (18) 

for (a) and 

BI=(1.41_+0.33) x 10 -4 (19) 

for (b), and these values are somewhat different 
from the value given by (11). The discrepancy 
is explained mainly by the fact that the relation 
(12) and (13) are not always satisfied by these 
observational data. For our field data, 

f,~T=0.683+_0.093 (20) 

and 

E/(I-P/16)=l.67+_0.39 (21) 

and these values are ordinary values as observed 
in the sea, as discussed by IWATA et al. (1970, 
1971). For the wind-wave tunnel data, the 
relation (12) is satisfied, but the relation (13)is 
not, and for those data 

E/(I-P/16)=0.785+_0.231 (22) 

At this point, it should be noted that the 
significant wave height H for those data was 
presented by use of the relation H = l . 6 / ~  
after LONGUET-HIGGINS (1952), where H was 

the average wave height, which was given as 
the original data by TOBA (1972). In Fig. 9, 
very high values of ~ for the wind-wave tunnel 
data, shown by inverse solid triangles for small 
T*, stem from this fact. It should also be 
noted that the inverse solid triangles plotted in 
Figs. 8 and 9 also represent those values of 
H. The delicate problem of the value of 
numerical factors included in the above equations 
is yet to be investigated. 

4. Spectral form 
It is well known that the energy spectrum 

of growing wind waves has a conspicuous peak 
and the spectral form of the high-frequency 
side of the spectral maximum is expressed by 
a negative power law. PHILLIPS (1958) pro- 
posed, on the basis of a dimensional considera- 
tion, the existence of an equilibrium range 
expressed by 

r -5 (23) 

where ap is a constant. Since then much 
observational data has been accumulated, and 
at present it is recognized at least that ap is 
not a constant but depends on other factors, 
such as u,, which was neglected in the Phillips' 
analysis. 

On the other hand, TOBA (1973a; partly 
revised in TOBA, 1974a) combined the three- 
seconds power law shown in (1) with the con- 
cept of similarity of the wind-wave spectra, and 
proposed the gu,e-4-form. It is expressed by 

SK 2 
r -4, g , - g +  (24) 

pw 

where S is the surface tension, ~ the wave 
number, pw the density of water, and the con- 
stant a, was given empirically as 0.020 from 
his wind-wave tunnel data. For gravity wave 
range the second term in g,  is neglected, and 
g, may be replaced by g. 

Both of the formulas (23) and (24) are the 
negative power law, and are expressed by the 
general form 

r = ~ a  - ~  ( 2 5 )  

where m is 5 for (23) and 4 for (24), and a is 
a constant for (23) and depends linearly on u, 
for (24). In comparing our observational data 
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with  the  general form (25), two sets Of wave 

data series were  used. The  first set, or Series 
.A, is composed of data sampled in nearly 

central  1.5 minutes of each run. However ,  the 

data from Run 1 to Run 5 were  excluded, for 
in these runs wind waves were  not superior 

relative to swells, and wind-wave spectra were 

submerged in the spectra of swells. The  second 

set, or Series B, is composed of 28 runs of 
3-minute records sampled continuously from 

.Run 13 to Run 15 of Series A. The  total length 

of  the 28 runs is 30 minutes, and each run is 
overlapped by 2 minutes with the succeeding 

run. In both series, the data has been digitized 

every  0.1 second. The  degree of freedom in 

computing spectra was 18 for Series A and 36 
for Series B. At  the part of straight line in 

l o g r  plots for each spectral data, the 

method  of least squares was used for the de- 

"termination of rn and log a, or a in the formula 

log r = - m log a + log a (26) 

which is the logarithmic version of the formula 

(25). 
The  value of m computed for each run is 

Table 3, Characteristic values of spectra 
for Series A. 

1 2 3 4 5 6 

Run Time of Range ot a s  
no. beginning (Hz) m (103 cm.~s) (10-2) 

6 11:06 1.0 -3.0 4.27 1.41 5.47 
7 11:21 .5 -3.0 4.09 1.28 6.81 
8 11:36 .4 -3.0 3.98 1.32 5.61 
9 11:51 .7 -2.0 4.46 1.81 5. 15 

10 12:06 .4 -2.5 4.23 1.19 3.96 
11 12:21 .4 -2.5 4. 13 1.53 5.63 
12 1 2 : 3 6  .35-2.5 4.05 1.57 6.84 
13 1 2 : 5 2  .55-3.0 4.35 1.24 5.57 
14 13:07 .4 -2.5 3.59 1.62 6.48 
15 13:20 .4 -2.4 3.95 1.90 5.91 
16 1 3 : 3 6  .35-1.5 3.97 2. 16 7. 10 
17 1 3 : 5 1  .45-2.5 4.41 1.94 5.94 
18 1 4 : 0 6  .35-2.5 4. 16 2.28 6. 25 
19 14:21 .5 -2.4 4.36 3.02 8.18 
20 14:36 .4 -1.5 4.23 3.29 7.40 
21 14:51 .4 -3.0 4.06 2.54 5.23 
22 1 5 : 0 2  .45-2.0 4.67 2.94 6.50 
23 1 5 : 2 1  .35-2.0 3.85 2.96 6.43 
24 1 5 : 3 6  .35-1.3 3.98 3.04 6. 18 
25 1 5 : 5 1  .45-2.0 4.58 3.49 7. 93 
2 6  1 6 : 0 2  .35-2.0 4. 18 2.84 5.51 

shown in Column 4 of Table 3 for Series A,  

and in Column 3 of Table 4 for Series B. The  

range of frequency used in t h e  least-square 
processing was decided visually on the l o g r  

log.a plots, and is shown in Column 3 of Table 

3 for Series A. For  Series B the range was 

from 0.55 to 3Hz ,  equally for 28 runs. The  

mean value of m with its standard deviation is 

m = 4 . 1 5 •  

for Series A and 

(27) 

m = 4 . 1 1 •  (28) 

for Series B. These values show that the 

formula (24) is reasonable but the formula (23) 

does not correspond to our observational data. 
Based on these results, values of a have been 

Table 4. Characteristic values of spectra 
for Series B. 

1 2 3 4 5 6 

Time of (Range 
Run begin- 0.55Hz- (10 a cm2s) (cm s -1) (10 -2) 
no. ning 3.0Hz) 

1 12:51 3.95 I. 45 23.3 6.37 
2 12:52 4.28 I. 31 24.6 5.43 
3 12:53 4.24 i. 28 23.8 5.49 
4 12:54 4. 15 1.26 22.8 5.64 
5 12:55 4.18 1.19 19.2 6.30 
6 12:56 4.04 1.38 17.2 8.17 
7 12:57 4.18 1.35 19.7 6.98 
8 12:58 4. 12 1.40 19.6 7.30 
9 12:59 4. 13 1.51 19.0 8.13 

10 13:00 4.21 1.43 17.5 8.35 
11 13:01 4.05 1.62 17.9 9.22 
12 13:02 4.19 1.43 20.2 7.22 
13 13:03 4. 11 1.37 21.9 6.39 
14 13:04 4.03 1.47 25.0 6.01 
15 13:05 4.03 1.52 28.7 5.39 
16 13:06 3.77 1.86 27.5 6.88 
17 13:07 3.91 1.72 28.5 6.15 
18 13:08 4.05 1.73 24.4 7. 24 
19 13:09 4.20 1.73 25.4 6.95 
20 13:10 4.43 1.57 26.1 6.13 
21 13:11 4.21 1.85 32.0 5.88 
22 13:12 4.08 1.90 34.9 5.55 
23 13:13 4.07 1.89 34.7 5.55 
24 13:14 4.23 1.73 33.2 5.33 
25 13:15 4.22 1.85 30.8 6. 11 
26 13:16 4.07 1.96 30.3 6.60 
27 13:17 4.08 1.82 30.8 6.03 
28 13:18 3.95 2.06 33.0 6. 38 
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computed with the method of least squares 
under the condition that the value of m was 
fixed to be 4. Computed values of a are shown 
in Column 5 of Table 3 and Column 4 of Table 
4 for Series A and B, respectively. In Fig. 11 
is shown the relation between a and u.,  where 
the values of u,  for Series B are 3-minute 
average values, which are listed in Column 5 
of Table 4. It is concluded from the figure 
that a is proportional to u,,  and the formula 
(24) is satisfied. The values of a~ have then 
been computed and shown in Column 6 of Table 
3 and Column 6 of Table 4 for Series A and 
B, respectively. The mean value of a3 with 
its standard deviation is 

a3=0.062__0.010 (29) 

for Series A, and 

a,=0.065_+0.010 (30) 

for Series B. In Fig. 11 the line is drawn with 
the a3 value of Series A, since it contains a 
range of u.  wider than Series B. 

In Fig. 12 is shown the power spectrum of 
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Relation between a of Eq. (25) and u,. 

Run 18 of Series A, as an example. In the 
figure, the solid line shows (24) with a,=0.062 
and the broken line shows (23) with ap=0.0074. 
In Fig. 13 are shown power spectra of the first 
several runs of Series B, which have been 
extracted as examples from the entire figures 
drawn by an automatic drafter. The left part 
of the figure shows the power spectra normalized 
by (23) with a~=0.0074, and the right part of 
the figure shows the power spectra normalized 
by (24) with a~--0.062. It is seen from Figs. 
12 and 13 that the gu.a-4-form of wind wave 
spectra is in agreement with our present field 
data, except the range of higher frequencies 
than 3 Hz, apparently better than the Phillips' 
g2a-S-form. The power spectra of the rest of 
the runs show almost the same tendency. 

The two values of a3 shown by (29)and (30) 
for Series A and B are nearly the same with 
each other, but not equal to 0.020, that was 
proposed by TOBA (1973a) by use of his wind- 
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Fig. 12. An example of power spectrum 
for Run no. 18 of Series A. 



Three-seconds Power Law and gu,a-4-spectral Form for Growing Wind Waves 147 

wave tunnel  data. The  discrepancy is inter- 
preted as follows. The spectra of wind waves 
in wind-wave tunnels are generally characterized 
by some zigzag pattern,  which corresponds the 
phenomena of overshoot and undershoot. In  

RUN 
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the spectra of wind waves observed in the ocean, 
the zigzag pattern is less pronounced. This 
fact was noticed by TOBA (1973a) and also by 
RAMAMONJIARISOA (1973), and the situation is 
shown schematically in Fig. 14. TOBA (1973a) 
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Fig. 13. Some examples of power spectra for Series B. Left; normalized by (23) with 

a'p=0.0074. Right; normalized by (24) with as=0.062. The values of the spectra 
for frequencies greater than 3 Hz is not significant, since, for this range, the accuracy 
in digitizing the record and the frequency response of the wave gauge will not be 
enough, and also there will be the folding effects. So, this part is not used in 
deciding ~r and m in (25). 
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proposed originally the form 

r = a ~ g , u , a  -4 (31) 

as the gross form represent ing the zigzag pat tern 
on the log C-log o" plot as shown in Fig. 14, and 
gave the value of ~.o of 0.020. The  c~s in (24) 
is distinguished from a~ in (31), where the sub- 
script ff stands for the gross form of the zigzag 
pattern.  In order  to compare the two types 
of the spectral pattern,  or in order  to compare 
c~ in (24) and a~ in (31), it is reasonable to 
consider the total energy of wind waves, or the 
integral  of the spectrum. The  Toba-Pierson 
spectral  data (TOBA, 1973a) have been integrated 
over the frequency range greater  than the 
spectral peak o',,, and equivalent values of c~ 
have been obtained by use of the relation: 

I :  I ~ r do'= CtsgU,o'-4dff (32) 
am 

where  ~(a) has a zigzag pattern.  Fo r  twenty-  
one spectra,  tke  mean value of as with its 
s tandard deviation is, 
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Fig. 14. A schematic pattern of wind wave 
spectra. 

a ,  = 0.056___0.011 (33) 

in fairly well agreement  with the value obtained 
in (29), when the values of s tandard  deviation 
are taken into account. Thus  the spectral  form 
for very short  fetches as observed in a wind- 
wave tunnel  and that  for long fetches as ob- 
served in the sea are represented consistently 
with (24), when the energy-level evaluation 
given by (32) is made for the zigzag pat tern  of 
the former. In other  words,  the spectral form 
for very short  fetches t ransforms to that  for 
long fetches, with the energy level as given by 
(32) conserved. 

On the basis of these results,  it seems neces- 
sary to reanalize old data of wave spectra. 
Fo r  example,  a close inspection of Fig. 4.8 of 
PHILLIPS (1966) reveals that  the a-Mine  drawn 
in the figure represents  an overall tendency of 
the summation of such individual data that  have 
gradients  near  to a -4, as was already pointed 
out by TOBA (1973a). There  are many litera- 
tures showing a similar situation. Fo r  example,  
wind-wave spectra shown in the paper by 
KONDO et al .  (1973) are expressed very well 
by the formula (24) as shown in Fig. 15, except 
the higher frequency range of the case of 
U10=12.4 m s -1, al though we do not conceive 
the cause of the deviation. In  the figure circles 
and squares represent  the original data, and 
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Fig. 15. The gu.a-4~form.aad spectra observed 
by KONDO.et. a/. (1973). 
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lines show the formula (24) with a~=0.062 and 
"r of u ,  computed from the values of Ut0 
with  (CD)~/~= 0.040. 

MITSUYASU and HONDA (1974) reported that  
their  exper imental  data agrees with (24) in a 
genera l  sense. MITSUYASU (1977) considers 
that  there exists definitely the range represented 
by (24) with a~=0.012, but there also exists a 
range,  nearer  to the spectral maximum, rep- 
resented by the g2a-5-form. According to our 
opinion,  wind wave field in the purely growing 
s tage  should be expressed by (24), and as soon 
as the wind becomes weak by the fluctuation 
�9 of the wind, the effect of u ,  drops and the 
spectral  shape approaches to the g2a-S-form, 
since the waves near  the energy maxirnum 
decay slowly than the high frequency side. 
Consequently,  actual wind wave spectra observed 
in the sea tend to have a form between (23) 
.and (24), and since our present  data represents  
the condition of approximately  purely growing 
s tage  as described in the introduction,  it has 
become a very good support  to the wind wave 
spectral form of (24). 

I t  should also be noted that  TOBA (1976)has 
pointed out that  J O N S W A P  composite data 
presented by HASSELMANN et al. (1976) may 
be interpreted as also giving a support  to the 

~ju,a-4-form. 
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