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Abstract. Explicit lower bounds are given for the size of the imaginary parts
of resonances for Schrodinger operators with non-trapping or trapping
potentials, and for the Dirichlet Laplacian in the exterior of a star-shaped
obstacle, both acting in three dimensions.

1. Introduction

Resonances for perturbations of the Laplace operator A on R" are of interest in the
theory of scattering for the Schrédinger equation

(1)

o (— A+ V(x)(x,1) xeR"teR (1.1)
and the wave equation outside an obstacle Q2
*u(x,
g(; ) Mulxt) xeR™Q1eR. (1.2)

They are associated with abnormally long, but temporary trapping of quantum
mechanical particles for (1.1), or waves for (1.2). Mathematically, a self adjoint
perturbation H of — A is said to have a resonance k =k — ineC if its resolvent
(H — z)™" has an analytic continuation in z with a pole at k. This gives a solution
Y of the eigenvalue equation Hy = k*}y which also satisfies an outgoing radiation
condition at co. (This condition is incompatible with square integrability, so k? is
not an eigenvalue.)

Such a solution y gives a solution ¥(x,t) = exp(— ik®Wy(x) of (1.1) and a
solution u(x, t) = exp(— iktly(x) of (1.2). The approximate lifetimes of these are
respectively (2x7)”' and #n~'. Suppose the perturbation is supported in
%#r={|x| = R}. The time spent by an unperturbed particle or wave in @y is
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roughly 2R/velocity, which is 2R/2k for (1.1) and 2R for (1.2). Thus for both
equations, the lifetime is “long” if 24R « 1. If the perturbation is of a non-trapping
type, we would expect to find no resonances obeying this inequality.

Star-shaped obstacles do not trap light rays, and potentials satisfying
E—V —rdV/dr >0 do not trap classical particles of energy E. In this paper we
show that in dimension 3 such perturbations, if supported in %y, do not produce
resonances with 7R very small and xR not too small. For x large the condition
becomes approximately 4.727R < 1.

If the non-trapping conditions fail, resonances with #R « 1 are expected. For
the potential case we give lower bounds which are exponentially small in a certain
quantity which roughly measures the size of the trapping barrier.

Resonance free regions of the complex plane are known to exist for the
Laplacian in the exterior of an obstacle. An explicit lower bound # > const. was
found in [M] for a class of obstacles including star-shaped ones, and lower bounds
were shown to exist for non-trapping obstacles in [M—R-S]. The sphere of radius
R has a resonance at k= —i/R. The strip nR=1 has been shown to be
resonance-free in [R], a reference we learned about after completing this work.
Our explicit lower bound for # is weaker than the result of [R], but the method is
different, and should apply in even dimensions. It is shown in [B-L—R] that for
convex obstacles the lower bound grows as x'/.

For the Schrddinger equation, less seems to be known. In [B-C-D, S, D-H]
lower bounds on # are given for non-trapping V in the semiclassical limit, i.e. a
given lower bound for 5 is found to hold as Planck’s constant h approaches zero.

Our bounds cannot recover such results, since they are O(h) at best. However
they yield explicit results for a given potential. Explicit bounds were found in [H]
for general (possibly trapping) potentials in one dimension. In [LO] an explicit
resonance-free strip below the real axis is given for a class of non-trapping potentials
in three dimensions. In this paper we give explicit energy dependent lower bounds
on 7, separately for the non-trapping and trapping cases, both for potentials of
compact support in R>. Our energy dependent non-trapping bounds apply to any
reasonable potential, since there will be no trapping at high energy.

Our proof is elementary, and similar in spirit to those of [H] and [LO]. The
main ideas are demonstrated by the following results in one dimension. The basic
estimate for the non-trapping case uses the method of [LA-1] first developed for
resolvent estimates (and thus estimates on lifetimes). The modification for trapping
potentials was used in [LA-2, LA-3]. If V has compact support a resonance in
one dimension for — d?/dx? + V on [0, o) is just a k such that there is a solution
of — ¢” + Vo = k%@ with ¢(r)=ce™ ™ for r outside the support of V.

Theorem 1.1. Suppose that Ve%€'([0,0)), suppV <[0,R], and the operator
H = —d?*/dx? + V on [0, c0) with Dirichlet boundary condition at 0 has a resonance
at k=« —in, with k, n>0. Then

inf{x2 —V—rV - (2R)2:xe[0, R]}

MR = (1.3)

2 .
sup {x + 2R) + V:xe[0, R]}
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Proof. Suppose that —¢” + Vo = k%@, with ¢(0)=0, and ¢(x) = e** for x = R.
Then, using integration by parts we find

R
0=Re [x¢'[— " +(V —k*)pldx
0

1R R 1 2 1R 2 ’ 2
iR R + L Re (2 - v = xv) g 2dx
20 2 20
2 R
PR R+ Im(x — in [ xIm 7 g (14)
0

Now
2

R R F'n— Frn’ RxZ o R
fxIm @ pdx = jxwdx=s 2kn|@|dx,
I} 0 1 4] 2

so the last term in (1.4) is non-negative. Since ¢(x)=ce™* for x = R we have
¢'(R) — ikg(R) = 0. Therefore

Ijslqo’lz +(Rek? -V —xV')|p|?dx
SRLQR)P + (k2 + 1) o(R)?)
= R|¢'(R) — ikp(R)|* + 2«R Im ¢'(R)g(R) + 2R Re ¢'(R)(R)

= 2xRIm ¢'(R)p(R) + 2nR Re ¢'(R)@(R)

2kIm @' + 2y Re @' p)dx

4’1o + 2919/ * + 2n(V — k% + 2| 9|*1dx

R 4
RI
R
§C
0

< ,
=20R[[(* + V +n?)|o|? + o' |*]dx. (1.5)
0

Suppose that (1.3) is violated. then 2nR < 1 (since V and ¥’ vanish at R) and
therefore 7% < 1/(2R)?, so (1.5) implies (1.3). W

Remark. fx* > V(x)for xe[0, R], then by solving an ordinary differential equation
we can find g(x) such that g'(x) 2 1 and ¢'(x)(x> — V) — g(x)V' = 2. Replacing x
by g(x) in the proof of Theorem 1.1 yields a more general lower bound for n:

< — 1/Q2g(R)
)2 e + V) + g R xe[0, KT}

(In general g(R) will be larger, and thus the bound smaller, the more Voscillates.)
Notice that (1.3) is trivial unless k* — V — r¥” 2 0. This condition is sufficient

to rule out classical trapped orbits at energy «2. If this condition is violated, there

may be trapped orbits, and resonances near the real axis. It is possible to bound
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the imaginary part of such a resonance from below by the following trick. Suppose
that for some R; > R,

uR)=1, w(R)=0, u(r)<0, (r<Ry.
If —¢"+ Vo =k*p, then @/u satisfies

— <u2<g)l)’ + u2<iV(x)—— v_ k2>9= 0.
u u u

So, writing q = u"/u, we have, as in Theorem 1.1

() v
1)

1
+ 5[[<P'(R)12 +(x* — 1) (R)|*]

( 4%>+(Rek2~V+q—x(V—q)’)

2
e }dx
u

u u
Rk y oo\l
=Imk? d 21 —
m giuz(y) y[u m(uu dx
Ri Ry y 2
=(mk*? | |2 _gyu?|Z| dx=0.
o x u*(y)
Now
R; 0] 72 Ri 1 ~ /2
) (——) dx = j-z[lq)lz pd Re(p’q0+ Iqo]z}dx
0 U ou
1 R
5 I(I¢12+ql!<pl )dx,
|lu||

so we obtain, as in Theorem 1.1

g{wrz + [(62 —n* — ((V — @)1 o] }dx

R;
S NulZ29R, § {191 + (&% + 10 + V)|o|* }dx,
o]

which is impossible if # is too small. A bound | u|,, is obtained in Lemma 2.7.
(With the simpler argument of [H] we must estimate ¢. Here we must estimate
u, a function which may be chosen to improve the estimate on 7. We do not pursue
this here.)

In the rest of the paper, we will extend these ideas to 3 dimensions. The
integration by parts argument which we give in Sect. 2 is quite similar, but to be
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effective a certain change of variables from ¥ to rf is necessary. Most of the
difficulties, however, arise from the more complicated behavior of outgoing
solutions of (A + k?)iy = 0. We cannot expect that ryy = exp ikr, but (/0r — ik)(rjs)
is small. The proof treats separately the cases of small and large angular
momentum. In Sect. 3, it is shown that for components with small angular
momentum ! this quantity is small relative to r~l|ryy|, while in Sect. 4 we show
that the components with large angular momentum are small in size. A better
argument for this part of the proof would be welcome. In Sect. 5 the resulting
lower bounds are derived.

2. Interior Estimates
In this section we consider a solution  of
Vy)Vx) + Ax(x) =0, xeB\Q <R,
Y(x)=0, xcdQ, 2.1

where € is a star-shaped obstacle, for real y and complex 4 in (g(l)(ggp\g)_ We
shall essentially estimate the 5 ;-norm of ¥ over %,\Q2 and the L* norm of its
normal derivative on 042, in terms of its Cauchy data on {|x|= p}. Here we allow
arbitrary dimension n, but for simplicity we eventually restrict to n=3.

Proposition 2.1. Let % be a bounded domain in R" with €' boundary, ye%*(#) and
Ge€*(R) both real and Ac6(R) and pe€*(R) complex. Then

Re {VG-V@(—V-yVo — Lp)dx

= g?{? Hess G(Vo, Vo) — 3V-()VG)|Vol® + JRe [V-(AVG) ) @|?} dx
— {y(VG-V(I))(V(p-v)—%VG-vIVQ)I"+§VG-vRellgo\2}dS
i

- g;lm AIm(VG-Vod)dx, 2.2)

where

n 2
Hess G(v,v)= Y, a—G—ﬁivj,
iLj=1 6xi8x j

Proof. Integration by parts yields

v=(vq,...,0,)eC"

{VGVo(— V-yV)dx
#

= f{y Hess G(Vo, Vo) + Y. yVG'(V%)% dx
& i=1 0x;/ 0x;

~ [ WVG-V§)(Vo-v)dS, (2.3)
oR
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and for arbitrary real f and 6

[VG-VAfodx = — [V-(fVG)|01°dx— [VG-VOfbdx

+ | VG-vf|0)%dS,
i
which implies
— 1 1
Re [VG-VOf0dx =~ [ V-(fVG)|0]*dx +5 ] VGvriords.
Applying this with f =7, 8 = d¢/0x; to the second term on the right side of (2.3)

and also to the remaining term on the left side of (2.2) with 6 =¢ and f =Rel
gives (2.2). M

In our applications, Im 4 will always be a constant multiple of y.

Proposition 2.2. If 0 < ge%'(R) is real and ¢ satisfies (2.1), and Im 4/y is constant,

then
) {V(g’(r) ~ —g(r)>
BA\Q r

+1Re[zg'(r) +"/leg(r)+@g(r)]w|2}dx
2 r or

2 g )
+ (92(3 =g yg’)cholz
27y or

oo

or

1
+= | ygN%-v|Ve)2dS
2é0

! o 2-( 2_
§2lx|§=p{yg|:!5r Vel

where v denotes the outword normal to 012 here.

2
o9 )}+gReMgo[2}dS, 2.4)
.

Proof. Take G(x)= — f g(s)ds so that

x|

VG() = g(r)%, AG=gr)+ —g(r)

and
Hess G(v, v) = (g’ - g)pe-uﬁ +90
r F
Then (2.4) follows from (2.2) and the observations that on 0£2, V| =|0¢/dv],and

[ ImAIm(VG-Vog@)dx

BN\Q2

Imi_ Vop—oVp
g G[GVC_m_i).yImVW-, N G,m_,v.y,w]dx
@0 y Y 2



Lower Bounds for Resonance Widths 269

2
= [ G(M)f—|(p(2dx§0,
B\ 0 7

because G(r<0forr<pand Gr)=0forr=p. M

If 2 1s star-shaped, then X-v = 0 on 042 so the boundary integral on the left-hand
side of (2.4) is non-negative. But to get a useful estimate we need the integral over
2 ,\L2 positive. The choice g = r requires

Q—n)y— rg% 20, 2.5)

Re(ni-k r?) =0. (2.6)

¥

For the important case y = 1, (2.5) fails if n> 2.
However, we can make use of the fact, well known in certain circles, that one
can trade off between y and A. In fact, for u > 0 and smooth,

1,1
V'(YV(P)=V‘<—142)’V<P>
u u
eI
u u u/ju

1
=—{V~<u2ng>+uV-qug}, Q.7
U u u

so that ¢/u satisfies an equation of the form (2.1). For example, if Y satisfies (2.1)
with y=1, and u=r""" 2 then
VoyVu  —(n—1)(n—23)

T 4r?

5

and @ =r'"~ Y2y satisfies
1 A (m—Dn-3)
0:{V-rn—1V+rn_l— 4r”+1 Q.
Now the quantities in (2.5) and (2.6) become r~®~1) and
Re (44 rdA/or + (n — 1)(n — 3)/4r?)r @~ 1),

Thus we obtain

Theorem 2.3. Let £2 be a domain in R" (possibly empty) with €*-boundary. Suppose
that s satisfies the Schradinger equation

— Ay + Vi =k, xeRB N\, (2.8)
Y(x)=0, xeof, 29
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where Ve€'(R"), supp V = B, and k =k — in. Then ¢ =r"" 2 y satisfies

I P BT . ot z}ji st
gapj\o{lw“r['c e W }Iw! r"“+3j xv|Vol

¥
! op|* 2 |00l , o, (=1n=73)
R T - _T],¢,z}dg_
(2.10)

In the next two sections it is shown that in dimension 3, if ¢ =y, where ¥ is
a resonance eigenfunction, then d¢/dr — ik cannot be too large at suitable values
of p. The following result shows that this quantity cannot be too small if i satisfies
(2.8). (A similar result holds for nz 3.)

o0

<
or

Lemma 2.4. Suppose that n=3, and ¢ and  are as in Theorem 2.3. Then

G,
d3=1 f {_ﬁ’i
Plxl=p

or

1

Pixl=p

a—(e—lk

or

‘2 + Iklzlwlz}dS

dx
=2np | {{VolP+(E+V+nilel’}=. (211)
BAR r

Proof. We have

8q0 — ike

or or

H PP 2xlmi¢ mre s,

and

1 1
— % sas= [ Lvpads
2 r=p a r=pr2

|
= | V'(;V(p(p)dS

BAQ

= [ {(V=i)lol*+|Vo|? }“-

2p\2

Taking real and imaginary parts, we obtain

L 2x1mg @dS = 4i*np j lo|2dx,

plxl I3 \ 2

dg dx
- § mReL@ds=2np [ {(V -+l +Vol*} =,
Plxl=p or &\ 02 4

from which the conclusion follows. W

Combining this with Theorem 2.3 gives the following.
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Corollary 2.5. In dimension 3, with ¢ and { as in Theorem 2.3, we have

v d
f {(1 —2np)|Vo|* + [Kz(l —2np) — (1 + 2np)(V +n*) — r-aﬂi(pﬁ}%
+jx'v]quIZ§__<_l {
X r

B0
2 2
—(W(p!z— )}ds. (2.12)
Pr=p

This result gives the desired estimate for small 5 if k* — V —réV/or > 0. This
condition is sufficient to rule out classical bound orbits at energy x?. When it fails,
resonances near the real axis may exist. In [LA-2, 3] an upper bound was obtained
for sojourn times near the scatterer. Here we use the same technique to get an
inequality like (2.12), whose left-hand side is positive if # is (very) small. The idea
is that if H is a Schrodinger operator whose potential V supports a classical bound
orbit at energy E, it may be equivalent at energy E, via (2.7) to another differential
operator whose symbol represents a classical Hamiltonian that does not trap.

In (2.7), take y=r~""" and u = u(r). Then

1 1 2 "
V- 1V¢:4<V, w oo u (r)u(rm)
r

P u oy oy

so if Y satisfies (2.8), we have, writing g = u”/u,

Pl

V-( W Vf) + %(kz —V+qr?=o. (2.13)
r U

Thus the inequalities (2.5) and (2.6) required for an estimate become
2

2 ’
- 1(1 —2ri>go,
" u
u

v
_1(K2 ==V —r—+4q0) +rd() )20
r" or

In fact it is possible to choose u so that u'/u <0 and the new potential ¥V — g does
not trap at energy x>

Theorem 2.6. Suppose that Ve#'(R®) and suppV < By and that he®([0, 0))
satisfies

Vix)+ r%;—/(x) < h(|x1) (2.14)

with h decreasing and h(r) =0 for r > R. Set

7R
R, =max{R,~2jh(s)ds}
K” 0
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and let

1 1R
o) = ;gh(s)ds—R—lgh(s)ds r<R,

0 r=R,’
if k=K —in and y satisfies (2.8) then @ = rys satisfies, for p > R,

2 lc_z_ 2 2 d‘x
;P{JWI +<2 7 )l(pl }rz

dpl? i,
B | {i” —(lvw-—“’
x=p L] OF or

A

>+(K2—n2>|¢f2}%)§, 2.15)

2 do*\1dS
— 2—_ _— J—
<chpl '6r >}p’

and if 2npB =1

2
§<%-n2—2np3>l<plzi{§3 [ {a—w—ikco

%, r? ixi=p U] OF
(2.16)
where
R;
B =cosh? [ g(s)"/?ds.
0
First we require a result on ordinary differential equations.
Lemma 2.7. Suppose that, for 0 <r <r,,
q(r)z0, q()=0, and g(ro)=0.
Let u(r) satisfy
u"(r)=q(ru(r), O<r<r,,
wry)=1, u(ry)=0.
Then for 0 S r<rg, u(r) =0, and
1 < u(r) < cosh | g(s)"ds. 2.17)

Proof. The function v = v'/u satisfies
v(r)=q(r) —o(r)?, 0<r<rg ulro)=0,
while the functions

v_(r)=0 and v, (r) = g(r)"/? tanh ( j (q(s))‘/zds>

ro

satisfy the same initial condition at ry, and

U’_(r)=0§q—vz_,

v, () = 14'()/q(r)** tanh ( i (q(s»l/st) + g(r) sech? ( i(q@»lﬂds) > 4(r) — 02

ro
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So by comparison, v_(¥) = v(r) Z v, (r), i.e.

02 (( ))> 4(r)"2 tash | q(s)"" ds.

Then (2.17) follows by integration and exponentiation. M
Proof of Theorem 2.6. Define u(r) by
u'(r)y=qru(r), r<p,
upy=1, u(p)=0.

Note that g is decreasing and non-negative, and vanishes at R,, so Lemma 2.7
applies to u. We have seen that ¢(x)/u(r) satisfies (2.13).
We may apply Proposition 2.2 to ¢/u, (with 2 = ¥) since

ImA  —2iqu?/r"™}

y uZ/rn—l

= —2km.

Taking g(r) = r/u(r)?, we get

of _quloon® Tea_ 2 2y ]ﬂz}dj
,;;,{ Vu 4 e +[K n ar(rV rg(r)) |
2 2
él § {% —(lvqalz—'ai’2 >+(K2~n2)l<p]2}d8. (2.18)
Przo ] Or or

By definition of g and R, we have, for r <R/,

0 ] R
~-(rq(r)) = h(r) — R, { h(s)ds
0

ar

oV k?

§V+r;~’i

or 2

Therefore the coefficient of | p/u|* on the left side of (2.18) exceeds k?/2 — n2. Also

o|?dx 1 u'x |2dx
VA [y L T P SN e
Jgp u| r? ;‘,uz (L

}dx
2
2 W x dx

T E A TP Ly B

' (ur3>|q’l]r2 IXIy‘p“‘| }

i Hzg[lV<p|2+q(r|<P| ]~
)

’

u
-
u

We have used #/(R;) =0 in the last step. Using this again, and the fact that, by
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Lemma 2.7, v'(r)/u(r) < 0 for r < R,, we obtain from (2.18) and (2.17),
K2 dx
IIV¢V+<f~w2+dﬂ)¢F}7
B, 2 r

2 ;| 2
B | { —<|V¢I2~\—(p >+(x2—n2)|<p|2}%§, 2.19)

vr
which implies (2.15). Also (2.16) follows from (2.15) and (2.11). M

A

oo
or

3. Estimates for Outgoing Solutions of the Helmholtz Equation

A resonance for the operator H = — A + V(x) on [*(R*\£2) with supp V < % is
a pole k in the lower half-plane for Green’s function, analytically continued in
from the upper half-plane, or equivalently, a value of k for which the integral
equation

ik|x—y| ikix =yl 5
s= - vy — L 1 s

(3.1)
4 3\ 0l x — ¥ 4 ialx — y| Ov

has a solution. The expression f(k, x) on the right-hand side of (3.1) makes sense
for any keC, and satisfies the Helmholtz equation Af + k*f =0 for {x|>R. It
follows that f(k, -) is smooth in this region, so its expansion in spherical harmonics

flex)y= Y X |xlomlk|x]) Yim() (3.2)
1=0|ml =t
is rapidly convergent. Here ¢,,, satisfies
Pk, 1) +l(l+ 13
or? r?
and is analytic in k and r.

For k in the upper half-plane e¢**~?!/|x — y| decays exponentially as |x|— o,
so each ¢@,,(k,r) must be a decaying solution of (3.3); in fact

@ik, 1) = Cwkr), (34

Pim(k, 1) = K> @y(k, 1) (3.3)

where

&+
WZ(Z)_j;o j!(—2iz)j e’

By analyticity, (3.4) and (3.5) hold for all k.

We seek to estimate (8/8r — ik)(ry). Because of its exponential growth, ¥ is
difficult to handle directly. Instead, we make a complex change of variables, which
is the basic idea of complex scaling [R—S7. Consider

hi(s) = wik(p + €"s)),
where k = |k|exp(— it). Then h; satisfies
{i+1
(o e 0+ 5)?

(3.5)

—hi(s) + hy(s)=|k|*h(s), (s>0) (3.6)
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and .
hi(s) —ilklh{s)—>0 as s—o0 (3.7)

by (3.5). Thus we have traded a real potential and complex eigenvalue for a complex
potential and positive eigenvalue. The following result on ordinary differential
equations provides the necessary estimate on ¢,

Proposition 3.1. Suppose that K>0 and ¢ is an integrable complex-valued
continuously differentiable function on [0, 00) satisfying

I
Req +L;’<—q(Req +K?)<0, (3.8)
Img=0, Reg=0. 3.9
If h satisfies
— W+ gh=K?h, (3.10)
H(s)— iKh(s)=0 as s— oo, (3.11)

then
Als):=|h'(s) — iKh(s)|* — Re g(s)| h(s)|?
= |H(s)|* + (K? — Re g(s))| A(s)|> — 2K Im K (s)h(s) < 0. (3.12)

Proof. The equality in (3.12) is an algebraic identity. To prove the inequality we
calculate

. _ hl/ hll

A =h'I + KW + (K> —Re q)(W'h + hi') — Req'|h|? — ZK—U—

=2Img-Imh'h— Req'|h|> — 2K Im g|h|?

I -
=%[2K Im b — |12 — (K? — Re g) | h|?]

Im 1
qlh’lz r;‘fu@ +Reg)|h? — Req|h)?
> —Im qA
- K
by (3.8) and (3.9). Thus
A(s)exp jlm q(t)dt

increases with s, and by (3.11) and (3.9), it must approach a nonpositive value as
s— c0. Therefore A(s)<0fors<0. W .

Corollary 3.2. Let k=x—in. If

7 K+ 1 2
<1+ 1 p))np+3"—§1, (3.13)

K ;cz
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then

[0,.{P) — ik@(p)1* < I+ Dloi(p)) (3.14)

|k|2 2
Proof. First note that Proposition 3.1 applies to 4, with K = |k|. For (3.11) holds
by (3.7), and we have, writing x = pcos 8 = pk/|k| and y = psin 0 = pn/| k|,

i+ 1) [+ DI (x +s5)> —y? +21(x+s)y]

q(s)_(x—zy+s) ((x + 5)* + y?)?

so that (3.9) holds, since (3.13) implies x> > y?, and

RegIm
Req’+xlmq+-—‘—1~—q
K

_ lu+y {[2(36_{_5)_4(x+s)[(>c+s)2
((x + ) + y?)? (x+s)?+y

2(x + )y Il + D)((x + s)*> — yz)}
kI (49 +y??

2
- ]j|+2|k|(x+s)y

A0+ Dix+9) (. , X 2L (x +s)2—y2}
= {3yt — k Il MASLELCANENE S8
((x+s)2+y2)3{ V(4 5P Lkl y(Ce+ 9% + 17) + '( /e
200+ D)(x +5) ) 2, Y }
< 3+k —(1 -k =+ 1) ;.
_((x+s)2+y2)3{( +1kly)y* — (1 = 1kly)(x + s) +|k|(+ )
This does not exceed 0 if
(1= [kly)x* z (3 + [kly)y? +\k\ i+ 1),
since y = pn/|k| and x = px/| k|, this condition is
+1
(l—np)xz_z_(3+np)n2+np( )
which is equivalent to (3.13).
Therefore
| 0= |W —ixh|> —Req|h?
, . , W+ 1EPP—n?pd), o 5
=|kiw(kp) — ilkiwlkp)|” — K {wikp)|
+1
zC(l%(p)—ikqom(p)lz (”:riz );CI PP )I2> L

4. Estimates Based on the Integral Equation

The results of Sect. 3 do not hold for arbitrarily large ! and fixed k. In this case
we must turn to the integral equation (3.1). If ¢(x) = ry(x) and ¢ is expanded in
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spherical harmonics Y,

X0

P(X) =Y Y om(x) Y, (%), (4.1)

1=1 |m| =l

then (3.1) becomes

Qi) = Wz(kr){ j

uk|x) YDV (W (x| IMM}, @.2)

AR\ O i'k|x] in i'k] x|
where
® (— l)jZ’+2jH2l(l+j)! (22)'z1!
= — ... 4.3
ui(2) ,.;Zo Q2+ 0t @i+ “3)
and
W(Z)— i (l+j)"'(l‘j+l)eiz (44)
(2) = . :

j=o  ji(=2izy

Proposition 4.1. Suppose that Qc B is star-shaped, and Ry < R < p. If satisfies
(3.1), and @ = ry satisfies (4.1), then

4np 20-2 201+2 R 21+2
§L(1+5W—p> [<5> R | lVl//}zdx+<-°> f
2 21 p B\ Q p in

Proof. We need to estimate the kernel in (4.2). Since

v2)= uz)/z' "

oy
ov

24s
2v |

@.5)

satisfies
l
v”+—ﬂv’+v=0
z
we have
2
d*v _l_l-i-lﬂ_l_eziargzv=07
dlz|* 2| d|z|
SO
d ( dv |? [4+1] dv |? . dv
— 5= +|v]2>=—2—* +2Re((1—e2““gz)v>
d|z[\|d|z| Iz| |d|z] d|z|
. dv |?
-—E 1__e21argz — | + 2
| |(d!zf '”')
2
gzlm‘z<fi +|v|2>.
z [\l|d|z]
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Since
0(0) =211+ 1)! and v(z) = O(z%),
it follows that |v(z)|> < exp(2|Im z|)(2'1!/(2] + 1)!)? and
ludz)] < (1z]2z[11/(21 + 1)) exp |Im z|.

Therefore, if 0 <a < 1,

20imz| |, =iz ey <1>L[2ﬂ |22]
el e (W) — ioy(2))ufaz)| < > 22 TrieT

A+ 15\
Now
1 1 1 1z
——.log(«--- : >§—‘_ | logxdx
12
§—?Ilogxdx=l—210g2—logl,
1
SO

2, ()
2 I4j+17\ 2 '
2"l " H(wi2) — iwf2))ufoz)]
oc’“(zl(e[zl)’ d ( 21 >’
— AL DGt A
20+ 1\ 21 / d|z| e|z|
1+1 -1 1+1 1-1
= x ! <1 + fl_{l) < x 1+ e_’il> .
20+ 1 21 2 21
Using the fact that, by Bessel’s inequality,

)

Im| =1

Thus we have

IA

| Yinl®)S(£)dS(%)

SZ

< JIr@rase),

we have, taking « = R/p and Ry/p

Y 1o'(p) —ike(p)?

Im| <1
(b 2 u(k|x|) Y)YV e (x)
= |wj(kp) — i (kp)| lmlzél , Rj\n ] dx
+ uk|x])Y (%) O (x)/Ov s 2
a2 x|




Lower Bounds for Resonance Widths 279

2
§ YDV (x)dx

<e4l(1+e|k]p>21—2 Z {<5>21+2
T2 21 mi=t (\ P Br\
2+2 |2
Nty
0 52 ov Xv
" 21-2 20+2
o p(l+elkip) {(5) R | |VOow(oPdx
1Y Br\ Q2
+<B_>21+2 j‘ al//
Y a0

ov xv}

Proposition 4.2. Suppose that @, is as in Proposition 4.1, let 6 >0 and

=1+ 2[5(1 + @ﬂm

kR

and suppose BR/p<1. Denote by 1, the smallest positive integer such that
lolo + 1) Z |k|?p?. Set

I=R [ |VyPdx, Io= | 2
é

FR\0Q ol 0v

R\2+V2iblxlp R, 2+/276|klp
T e
<& P P

i Y 1 P0) — ik )1 £ S+ 5
G

o |m| 1
Proof. By (4.5) the quantity on the left-hand side of (4.6) does not exceed
w 1 k 21-2 21+2 21+2
y —e4’7‘°<1 L4 “’) [1(5> +1,(Re
1=16 2 21 p p
1 4n0 o R 21+2 21+2
sl )]
2 ﬁ =1 P p
2lp+2 20+ 2
() )
e\ p P
= + - .
=3 3 ) (BR)Z . (ﬂ&)z
P p

We have used |k|p/l < \/8(1 + (1/]) < /26 for I 2 I, which implies

25 +222+(2/8)?|k|p
22 +(2/6)"*xp

A

Then

(4.6)
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elklp e 1y 12
1 <1452 !
+ 30 §1+2[5<1+1)]
<1 +f{5(1 +(25)U2>}1/2
2 lklp
§1+f{5(1+(25)”2>}”2=ﬂ. »
2 KR

5. Lower Bounds for Resonance Widths

and

Now the results of Sects. 2, 3,4 can be combined to bound 1 = —Imk below. The
first theorem deals with a Schrédinger operator at energies where classical trapping
does not happen. The second obtains (exponentially small) lower bounds in
trapping situations where we do expect resonances near the real axis. The third
treats the Laplacian in the exterior of a star-shaped obstacle.

Theorem 5.1. Suppose that Ve (R?) with V(x)=0 for |x| = R. The Schridinger
operator H= — A+ V on L{R®) has no resonance at k=x —in, k, >0 if

p= inf{xz -
or

a |1 —OC——ONT’}"Rb:I - 3( x )2
K2 1—a? 2pxR

:{xl§R}>0, (5.1)

and for some a€(0, 1)

5.2
nR < 24P , (5.2)
where
e 2 2
ﬁ=1+~2~|:1+;}'jl s
2R2 Vi 2
bzez?sup ,——(f)—av—:lxléR ,
KZ—-V(X)—<7'-—>
or
_ Ve (e Y, } 53
A—sup{l—k 2 +<2ﬁKR) JAxI£R;. (5.3)

Remark. As k— w0, v/k*—1, f—>1+¢/2, b0, and 4—1, so for any a < 1 the
limiting width of the resonance-free region given by (5.2} is

R < 3‘25(1 +e/2) "t~ (4718) o

A resonance for —h?A + V at k is equivalent to one for — A+ VIih? at k/h. As
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h—0, we get asymptotically for the resonance-free region
- who/ic? .
201+ V/K2) (1 +¢/2)
Proof of Theorem 5.1. Suppose that ¥ is a resonance eigenfunction and the

resonance k satisfies (5.1) and (5.2). Then ¢ = r satisfies (2.12) with Q = @&, In
(2.12) set p = fR/a. Then by (5.2), 2np = 2npR/x < 1, and we have

nR

2
| [r&u C2np)—(V + )1 + 2np)—r-f]’%dx

_1‘ a‘(p_ . 2_ Z—I%l2>}ds

éprip{ or o (lwl or
© I(+1

=p 3y Y {l¢;m~ik<plmlz~ ( +2 )|<p,m\2}, (5.4)
1=0 |m| <1 1Y

where ¢, are defined by (3.2). By Corollary 3.2, the terms with I(l + 1) < |k|*p? =
(k2 + n?)p? in this series are all less than or equal to zero if

2 2 R 2
(1+”—2>ﬂ+3"—2§1. (5.5)
K o K

The remaining terms in the series in (5.4) may be estimated by Proposition 4.2,
taking 6 = 1, since fR/p =« < 1, giving

| [Kz(l = 2np) ~(V +#*)(1 + 2np) — ra—V]@dx
or | r

B,

<Q(BR/;0)“¢7"""R2 i Vel
T2 1—(BR/p? 4. 1P

But this inequality is impossible, and (5.5) holds if for |x| < p,

a \2 V(x) ( a >2>2ﬂnR eY(RV(x)PavZR
Y
(2/3KR> +<1+ 2 - 2BkR o * 2B3x? 1—a?
K> —V(x)— ra—V(x)
or
. . (5.7)

dx. (5.6)

A

K
We have used exp (4p) < e? and
ne o
Kk~ 2BxR

which follows from 2#p < 1. But (5.7) follows from (5.2), giving a contradiction. M

Theorem 5.2. Suppose that Ve%'(R3) and supp V < By, and let Ry, q(r) and B be
defined as in Theorem 2.6. The Schrédinger operator H= — A+ V on LX(R®) has
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no resonance at k=« —in if kR > 1 and
8nR,B< 1, (5.9
where
Ry =max {||V|,R/2k* R ,efR}
and f is defined by (5.3).

Proof. Suppose that k is a resonance satisfying (5.9) and let  be the corresponding
resonance eigenfunction. Then ¢ =ry satisfies (2.16) with p=R,, and since
4nR,B < 1 we have

K? dx
| (5—17 — 2R,k ZB)WIZ

P
Br,

<BR,S Y {l%., — tk@i(R)I* —

1=0|m| <!

il
(1; (R, )ﬂ} (5.10)

The terms in this series with i + 1) < B|k|*R3 are negative by Corollary 3.2 since
(3.13) holds:

112 3n? 1 3
( )(1 + BR, + — (1 + (_’—8KRZB)2>(1 + ByR, + (_—'_8KRZB)2

S(1+&)0+ByR,+& <1,

by (5.9).
Because R, = efR > R, the remaining terms in the series can be estimated by
Proposition 4.2 with § = B~ ', giving

.2 d B 1/2 RR 1+JZB|k|Rz
J(%—n2~2nR23x2>| pdx c Be JURIRS)
Ar

o gy © Ve 6

Now since the maximum value of the function x2e ™ * is 4/e? so that e ~* < 4/(ex)?,
we have
2
lekr,|*log® (R,/BR)
8x?
S5 —5
~ | VLR

B(BR/R, )(ZB)‘”lkle <

by the definition of R,. Since SR/R, < 1/e, we have

BRIR, _ 1 _1

| —(BRIR,? —e(l—e 3~ 2

These estimates with (5.11) give

K2 2K2
S5 n* — 2nR,Bk*? 3/2ﬁ3 (5.12)
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But (5.9) implies

wRB+ L4 2 <l L2 1
T T g =1 Ry T P Y
which contradicts (5.12). ®

Theorem 5.3. Let Q <= By < R? be a domain with €' boundary, which is star-shaped.
Then the Laplacian with Dirichlet boundary condition on 09 has no resonance at
k=x—in, k,n>0if

1

1-3 IR
pR<*_ CPRRY (5.13)
Zﬁ 1+ <1—_
(2BxR)?
where o is defined by
1+v2ZxfR 33 Ly)2-
o _2p inf {(xv)*:xe00} (5.14)

1—a? (eR)?
and B is defined by (5.3). .

Remark. As k- o, it follows from (5.14) that « — 1, so the lower bound on nR
given by (5.13) approaches (2 + €)™ .

Proof. 1f  is a resonance eigenfunction with resonance k satisfying (5.13) then
¢ = ry satisfies (2.12), and if p > Rf and

2

n? "
<1+7)2np+3—2§1, (5.15)
K K

the integrals over #,\ in (2.12) are nonnegative and we obtain, using Corollary
3.2 and Proposition 4.2,

e (BRp)>** ! o Vol*dS

28° 1—~(BR/p)}? i rx-v

<Lz(ﬁR/p)./ixR+1 R? j

T 2B 1—(BR/p)* inf(xv)?5a
a0

§x-v|V<p|2d—f<
iR r

lV(p[zx-vd—f‘ (5.16)
7

The function on the left side of (5.14) increases from 0 to oo as o runs from 0 to

1, so (5.14) has a unique solution in (0,1), and taking p = fR/o makes (5.16)
impossible, and (5.15) follows from (5.13), which gives a contradiction. M
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