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Fluid Dynamics in Higher Order Gravity

R. Maartens! and D. R. Taylor!

Recetved August 5, 1998

We examine the kinematic and dynamic properties of fluid spacetimes
in higher order gravity. In particular we extend the general equations of
Ehlers and Ellis governing relativistic fluid dynamics from general rela-
tivity to the higher order theory. We find exact results for the evolution
of shear in Bianchi spacetimes with isotropic surfaces, thus generalising
the general relativity results. Furthermore we show that the vanishing
of vorticity, shear and acceleration does not imply FRW geometry in
R + aR? gravity without the further assumption of a barotropic equa-
tion of state, p = p(p), p'(p) # 0. In particular, this result means that
the Ehlers—Geren—Sachs theorem on cosmic background radiation also
holds in the higher order theory.

1. INTRODUCTION

Higher order theories emerged from semi-classical quantum corrections to
the Einstein theory [1]. Inclusion of terms proportional to R? and Ry R
in the gravitational Lagrangian produces a stabilisation of the divergences
and permits renormalisation (at the expense of S-matrix unitarity). It
turns out that these corrections which arise from the expectation value
of the vacuum energy-momentum tensor take the geometrical form of ad-
ditional curvature terms in the field equations. Moreover, the additional
terms can produce inflationary expansion [1-3], without invoking an ex-
traneous inflaton scalar field. (In fact the addition of an R? term to the
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Einstein Lagrangian leads to a theory conformally equivalent to Einstein’s
theory with scalar field source; Ref. 4.) Higher order theories also produce
modifications to Newton’s law in the weak field limit which have important
implications for the problem of dark matter [5).

The fact that quantum vacuum correction terms take a purely geo-
metrical form allows one to treat the higher order field equations as one
would the Einstein vacuum equations—the difference being the far greater
complexity of the former (in particular the fact that they lead in general to
fourth-order differential equations). An extension to the non-vacuum case
is then possible. Although the higher order theory arises from a study of
the vacuum and is applicable to the very early universe, it is also possible
and interesting to consider, in addition to the vacuum terms, a classical
fluid energy-momentum tensor, which would represent the non-vacuum
contribution to the gravitational field (treated classically) [6]. As the uni-
verse expands, the influence of the vacuum terms rapidly dies away and
the (classical) non-vacuum energy-momentum terms emerge as dominant.
In the early universe, the vacuum terms may be dominant.

We aim in this paper to pursue such an approach and, more specifi-
cally, to investigate some of the exact kinematic and dynamic properties
of fluid spacetimes in higher order gravity. This represents an extension
of aspects of the work of Ehlers [7] and Ellis [8] from Einstein’s theory to
the higher order theory. In particular, we generalise results on the kine-
matic characterisation of FRW universes and on the dissipation of shear
anisotropy, showing how the higher order correction terms can significantly
modify the standard results of Einstein’s theory.

In Section 2, we extend the general equations governing relativistic
fluid dynamics from General Relativity to higher order gravity. In par-
ticular, we present the space-time decomposition of the propagation and
field equations (including the generalised Raychaudhuri equation), and the
generalised Bianchi identities. These equations are applied in Section 3 to
derive the main results of the paper.

Firstly, we generalise the integration of the shear (with and without
viscosity) in Bianchi spacetimes with isotropic hypersurfaces, from General
Relativity to higher order gravity. The results show that in general the
dissipation of shear may differ markedly from the Einstein case, depending
non-linearly on the evolution of the Ricci scalar. In the particular case of
Bianchi I spacetimes we are able to give exact expressions for the shear
in terms of the metric scale factor, and to reduce the problem to a single
second-order ordinary differential equation. We show that shear dissipates
more slowly (though negligibly so) due to the higher order corrections.
Our exact results extend the vacuum numerical and qualitative results of
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Berkin [9].

Secondly, we show that the kinematic characterisation (zero accelera-
tion, vorticity and shear) of FRW geometry in General Relativity no longer
applies in higher order gravity. In order to force spatial homogeneity and
isotropy onto the metric, it is necessary to impose in addition the assump-
tion that the fluid obeys a barotropic equation of state, p = p(p) (with p
non-constant). It is perhaps surprising that this is the only additional as-
sumption needed, since the equations are far more complex (in particular,
they do not automatically lead to conformal flatness). In the case of an
ultra-relativistic fluid, we show that the Ehlers-Geren—Sachs theorem on
cosmic background radiation generalises from Einstein gravity to higher
order gravity thus averting a potentially serious constraint on the higher
order theory, while also extending the depth and generality of the original
theorem.

The additional non-linearity introduced by the higher order terms
requires one to be more careful with conventions than in General Relativity.
We follow the conventions of [9]: The metric signature is (—+++) and the
curvature tensors are defined by

R%ea=~T%ca+..., Rap = Rfaeh -
In addition, we use units in which ¢ = 1 = 8xG. Latin indices a,b,...

0,1,2,3 refer to a general basis. In a coordinate system {z°,z°} (a
1,2,3), the spatial coordinates are denoted by Greek indices.

2. FLUID KINEMATICS AND DYNAMICS IN HIGHER ORDER
GRAVITY

We first give a brief summary of the relevant equations of relativistic
fluid dynamics [7,8]. The fluid 4-velocity vector field u® defines a projection
tensor hgp = gap + ugup which projects into the instantaneous rest space
of a comoving observer. The Weyl tensor C,pcq can be split by u® into an
“electric” part Egp and a “magnetic” part Hg,;:

Eqp = Cacpavu®, Hap = 3acacti®C%sp v/ (1)

where noted = plabedl 0123 — |01=1/2 F ., and H, are trace-free, sym-
metric tensors in the rest space of u®. The stress-energy-momentum tensor

T,» can be decomposed as

Tap = pugtp + phap + qathy + Uaqs + 7ap (2)
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where p is the total energy density, p is the isotropic pressure, mq; is the
anisotropic pressure tensor (moub = 7%, = Map) = 0), and ¢° is the
energy flux vector (gou® = 0), all measured by a comoving observer. The
4-velocity gradient decomposes as

,Ug;b = Wab + Ogb + %ohab — UgUp (3)

where w,; is the skew vorticity tensor (wapu® = 0), o4 is the symmetric
shear tensor (ggu® = 0% = 0), 8 is the volume expansion (6 = u®,),
and 1, is the 4-acceleration (s = ua;bub). The tensors wgap and o4p define
scalars w? = 2w*w,, and 0% = 26%0,,. The vorticity tensor defines the
vorticity vector w® = %n“"“‘ubwcd, and the volume expansion defines a
representative length £ along the flowlines by 6 = 3@/2. The conservation
equations 7%, = 0 imply

p+(p+p)+7as0™ +¢%,+ ¢ =0 )

(P+P)ia + ha" (P + T%e + 6b) + (Wab + 0as + £0ha)e® =0 (5)

which are the equations of thermal energy conservation and momentum
conservation respectively.

Quadratic corrections to the gravitational Lagrangian (motivated in
part by quantum field theory) are of the form [1]

L =R+ aR?+ BRuR® (6)

where o and § are constants which are usually taken as positive for quan-
tum physical reasons [10]. (Inclusion of a term proportional to R®*¢ R4
is unnecessary due to the Gauss—Bonnet relation.) The field equations
derived from (6) are then [11]

Tap = Rap — %Rgab + 2a[R(Rab - %Rgab) - R;ab + gabDR]
+ ﬂ[z(Racbd - %gabRcd)RCd - R;ab + %gab DR + DRab] (7)
where [1 = g**V,V, and T, represents a (classical) fluid. Equation (7)
implies the conservation equations (4) and (5). It obviously reduces to
Einstein’s field equations when a = 0 = 8. However (7) also reduces to

Einstein’s field equations when gq4; is an Einstein metric, and therefore
also in the special case when g, is of constant curvature. We can rewrite

(7) as
Rap =(1+ 2°‘R)—1[Tab —BORa + (20’ + ﬁ)R;ab - fzﬂRaclzdRcd
+{-(Qa+18)0OR+ 1R(1 + aR) + 1BR.4R*}ga). (8)
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We define
Sap = 2aR.q1 + B(Roap — O Ras — 2RacsaR"?)

50 Sap = 0 when o = 0 = 8. Using egs. (2) and (8) we can split the field
equations as in the Einstein case [8], making clear the role of the higher
order terms:

R =p—3p+(6a+28)OR (9)
Rauu’® = (1+2aR)"![p— 1R(1 + aR)

+ (2a + 1) OR - LBRaR® + Sapu®u’] (10)

Rapu®h?. = (1 + 2aR) " [~q. + Sapu’h®,) (11)

Raph®:h%s = (14 2eR)[rea + {p+ 1R(1 + aR)
+ (20 + %ﬂ)DR + %ﬂRubRab}hcd + Sabhdchbd]- (12)

Note that by (9), R = 0 implies p = 3p. However, unlike the Einstein
theory, the converse is not true: for a radiation fluid (p = 3p), the Ricei
scalar satisfies a Klein-Gordon equation. In general (9) allows one to
express O R in terms of R, p and p.

Following the Ehlers/Ellis formalism in General Relativity [7,8), we
contract and project the Ricci identity for u® to obtain a propagation
equation for vy = hachbduc;d

ha®hy%0ca — tatty — ha®hy%tic,d 4 vaav®s + Rocpau®u’ = 0. (13)

The trace of (13) yields the kigher order generalisation of the Raychaudhuri
equation [the field equation (10)]:

6+ 16% + 2(0® —w?) — 4% + 1(1+ 2aR) " (p + 3p)
= (1+2aR)"[1aR? + (e + 1B)OR + AR R — Suu®u?). (14)

In general (i.e. a # 0 # B) there is no obvious way of determining the
effect each term has on the expansion. Even the simplification @ = 0 does
not yield any obvious generalisation of Raychaudhuri’s theorem. Indeed
the role of the higher order curvature terms in (14) could be to prevent the
singularity predicted by the standard Raychaudhuri equation. Solutions
with this behaviour are known [12].

The skew part of (13) is the higher order vorticity propagation equa-
tion, which is identical to the equation in the Einstein theory (since
Rapequbud is symmetric):

ha®hy?(Wed — Heyd) — 20%awhja + Z0wap = 0. (15)
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A further consequence of the generalised equation (14) is that, unlike in
General Relativity, static dust solutions are not ruled out by the Raychaud-
huri equation in higher order gravily. The static symmetry means that
&z = €ugq is a hypersurface orthogonal Killing vector. Then from Killing’s
equation and the hypersurface orthogonality of u*, w = 6§ = ¢ = 0.
From the conservation equation (5), vanishing pressure implies that the
4-acceleration is zero. Then, unlike in General Relativity Raychaudhuri’s
equation does not lead to vanishing energy density. Rather, eq. (14) gives

p=aR?+(2a+ B)OR+ BR,R* — 2S,u’u®
The symmetric and trace-free part of (13) is the higher order shear
propagation equation which, using (1) and (14), is
Ba®hy[Gca — t(e;q)] — Taths + Waws + 0ac0®s + 2004
+ 3halil, — w? ~ 20%]+ Eg ~ (1 + 2aR) " 'ngy
+ 3(1 4 2aR) " (hash®® — 3h hy?)Sea = 0. (16)

Directly from the Ricci identity for u® we get three kigher order con-
straint equations:

h (20, — 0be,ah™) — n™* Y up(weia + weita)
= (1+2aR) "¢ — h**S;.u°] (17)
which is the field equation (11), and
h""wa;b = 1w,
Hap = 2ti(qwp) — h(a hayalwee;s + oce;s 0/ u, (18)

which have the same form as in the Einstein theory. The field equation (12)
has yet to be given in terms of the fluid variables. We will do so shortly, in
the case of irrotational flow (w = 0). First we give the equations governing
the evolution of the Weyl tensor components E,, and Hgy, i.e. the Bianchi
identities, which are consistency equations for the field equations. From
the definition of the Weyl tensor, following the Ehlers/Ellis formalism [7,8],
we obtain the higher order generalisation of the Bianchi identilies.
The divergence equation for E,;:

pab Ebc;dth — potedyo He g + 3Hw,
- (1 + 20!R)_1[%habp;b _ %hab,’rbc;c + %1!’“1"5 + %(d“b _ 3wab)qb — %aqa]
+ 31+ 2aR) ' h®[h*{BORca — (20 + B)Rica — 2BRecy R }
+{(2a + 1B)OR + $BR.4R*},
- Sou° — 20{(Reau’u? + 1Rycuc}). (19)
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The divergence equation for H,;:
habec;dhcd + 17«115:411“’0,‘:e ed _ 3Eabwb
= (1+ 2Ry (o + Po® + 3™ usgea + I usman(®a + o))
-1+ 2aR)—1[%17°b°dubS¢e;du° - an“bcdubR“ueR;d]. (20)
The propagation equation for Eg;:
hachde'vcd + hc(anb)dc,f Hcd;euf _ 2}»1‘:(anb)«:de,"‘d,‘-‘e
+ habEcda.cd + aEab _ 3Ec(ao,b)c _ Ec(awb)c
— (1 + 2aR)'1[—%(p + p)aab _ q(ai‘b) _ %hc(ahb)dqc;d _ %hc(a%ﬂ,c(awb)c
- %Wc(aab)c - %0”.(!6 + %(chUCd + qc;c + i‘ch)]
+3(1 4 2aR) " h* R {S 4 — 2aR  RaeJu® — Sea
+{$8(OR) — 3B(R.sR*') }g.a + 20R(Rea — §Rgca).  (21)
The propagation equation for Hp:
hachbdﬂ—cd _ hc(anb)def Ecd;euf + 2E‘(:a17b)¢:deud,.-‘¢
+ habHcda.cd + OH® — 3Hc(°0'b)¢ _ Hc(awb)c
=1+ 2aR)"1[—-;-h"(“17b)d°f Ted;ely
- %q(awb) + %ac(anb)‘:deqdue + %hdbwcqc]
+ 11+ 2aR) " heyPeS 4 [S, .. — 20RcaR,]. (22)
These equations show how the free gravitational field evolution is gov-
erned by the mass distribution. Note that all the Ricci tensor terms in
(19)—(22) disappear in the Einstein theory. In higher order gravity, the
Ricci tensor is directly linked to the Weyl tensor via the Bianchi identi-
ties.
We complete this system of equations in the case of zero rotation (w =

0), when there exist spacelike hypersurfaces {t = constant} orthogonal to

u®. These surfaces have a 3-metric tensor g*,, = ha which defines a

3-connection V,* and a 3-Riemann tensor R* 3.4, Where [8]
R abed = R‘achbd - R'adhbc + R‘bdhac
— R'%ch,g— %R" (hachsa — haahyc). (23)

The field equations*(12) are then given by splitting the 3-Ricci tensor into
its trace

_ 2
R* =202 - 26

+(1+2aR)"'[2p + aR? + BOR + 38R R™ + 20 S,;] (24)
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and trace-free parts

R‘ab - %R‘hab = hachbd['a(c;d) - &cd] - 0o'ab
+ gty — flg'habi‘fc + (1 + 2aR)'11rab
+ (1 + 2aR)"1(3ha"hs® — hash®®)Sea.  (25)

These are the higher order generalisations of the Gauss—Codazzi equations.

3. SHEAR DISSIPATION AND THE KINEMATIC CHARACTERISA-
TION OF FRW COSMOLOGIES IN HIGHER ORDER GRAVITY

The higher order field and evolution equations derived in Section 2 are
extremely complex. The reduction of the Lagrangian, and consequently
the field equations, in the case a # 0 = f§ leads to a somewhat more
tractable set of equations. We turn now to apply the equations of Section 2
(with 8 = 0) to some questions relevant in cosmology. The results derived
from these equations in the fluid model can differ markedly from those in
the Einstein case (a = 0 = §).

3.1. Shear Dissipation

Consider the Bianchi spacetimes whose homogeneous hypersurfaces
have isotropic curvature R*; = %R" has. These include the Bianchi models
that can reach an FRwW limit via dissipation of the shear anisotropy o,.
We also assume that the fluid has zero bulk viscosity and energy flux. In
Einstein’s theory, Ehlers [7] showed that the expansion itself dissipates
shear, and Ellis [8] showed that shear viscosity accelerates the dissipation.
We will generalise these results to the higher order theory o # 0 = 8.

Spatial homogeneity implies 4® = 0 = w and ha’ f = 0 for any
geometrically or physically defined scalar f. From eq. (25)

Gab + 000 = (14 20R)  [map + 2c(3ha°hy? — hash®®) Rica). (26)

The shear propagation equation (16) determines the electric part of the
Weyl tensor, Eqy. Using R.qp = Rugup — R(0as + %Ohab) eq. (26) becomes

l's(lsaab) =1+ 2aR)_l[1r,,1, - 2aRa’ab]. 27

In the case of a perfect fluid (zero anisotropic pressure), (27) integrates
along the flow lines to give

.

oas = (14 20R)"15,073, =0 (28)
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which reduces to Ehlers’ result [7] when o = 0 (or R = 0). It is surprising
that we are able to integrate for the shear in the higher order theory. Now
(28) implies

0% = (1+2eR)"2x%¢"® (29)

where T is constant. In Einstein’s theory, (29) implies that shear diverges
at the big bang and then dissipates via expansion:

02 500 as £—0, 02 =0 as £— oo.
This behaviour is modified in the higher order theory. The nature of the
modification depends non-linearly on the Ricci scalar R, which itself is
linked to the shear via the generalised Raychaudhuri equation (14). Thus
it is not in general possible to say how the higher order terms affect the
evolution of shear. However we can give exact answers in the case of
Bianchi I spacetime. Berkin [9] used numerical and phase plane techniques
to investigate the consequences of shear anisotropy for inflation in the
vacuum Bianchi I spacetimes. Berkin showed that the anisotropy enhances
inflation, and that the anisotropy is dissipated by expansion. We can use
(29) to obtain expressions for the shear which are exact and apply to the
non-vacuum case.

It is straightforward to show that the Ricci scalar for the Bianchi I
metric 18

R=20+46%+20° (30)
Then (29) implies
0% + Aot + 1A%0? — ©2/(16a°%) = 0 (31)

where A = 26 + £6% + 1a. The cubic (31) can be solved to give o2 =
f(¢,£,£). This solution can then be substituted into the Raychaudhuri
equation (14). For the linear equation of state p = (y — 1)p , we get
p = pof=3" from (4). Then, (30) and Raychaudhuri’s equation (14) reduce
after lengthy calculations to a single autonomous third-order equation in
£(t). Via the transformation y = (£/£)%, z = log£ , this can be reduced to
the second-order equation
3yy" — 3y? + 129y’ + 6y + (3y — poe™>"7) /6

+2f'y~ - f(2y' + 6y +1/6a) =0 (32)

where the anisotropy function f is given by the roots of the cubic (31):

f=-3A+By+B_
= —%A— %(B.'. +B_)Z*: %(B+ - B—)V -3
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with

A =3 +12y+1/2a
By = [4%/216 4+ £%2e7%/(32a?)
+ (Z%e127/(10240*) + B2 A% /(3456a%) )1/?)/3.

Thus we have derived a non-vacuum and anisotropic generalisation of the
higher order dynamical equation for vacuum FRW universes [3]. In princi-
ple, we can solve for £(t) from (32) and then find the exact evolution of o
from (31). In practice of course, the complexity of the equations prevents
closed form solutions for £. This is true both in the FRw case f = 0 of (32)
and even if we further assume a vacuum, po = 0. However, it is possible
to solve (31) at late times in an expanding universe. When 4,6 — 0 we
obtain

o2 =S % 4722 D12 4 O(718) (33)

which implies that the ezpansion dissipates shear more slowly than in the
FEinstein theory. However, the rate of retardation of the shear dissipation
is effectively negligible. The effect of the higher order terms on the shear
at early times (£ — 0) cannot readily be deduced from (31), since the
relative behaviour of 8 and 6, which is needed to determine the behaviour
of A, can only be found from (32), and this appears not to be feasible.

At late times we can use (32) to find the approximate behaviour of
£(t), and then (33) gives o(t). The matter and shear terms in (32) can
both be neglected as £ — oco. Then (32) reduces to an Abel equation of
the second kind via the transformation Y = y//6y, X = Llog9y:

YY’' +3Y2 4 2Y +ae"2X =0, a = constant.

Unfortunately we are unable to find exact solutions even of this late-time
equation.

In the case of a viscous fluid, x4y is governed by thermodynamic laws.
According to the second-order (and causal) theory of Israel and Stewart
[13],

Tap + THap = —N0ap (34)

where 5 > 0 is the shear viscosity and 7 > 0 is a relaxation time. In the
first-order (and non-causal) Eckart theory [13], + = 0. In this case, (34)
and (27) give

0% = (1 + 22R)~252¢~ exp|—2 / n(l+2eR)"d]  (35)
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where we have used n = n(t), which follows from spatial homogeneity. In a
realistic model, 7 is a complicated function deduced from thermodynamics
or kinetic theory [13]. In Einstein gravity, (35) immediately shows that
shear viscosity accelerates the dissipation of shear, regardless of the form of
n —provided that 5 is positive. However in higher order gravity the Ricci
scalar terms mean that this is no longer true. In fact since R in general
depends on o2, (35) is not a solution for o2, but an implicit condition on
o?. In order to get an idea of some of the possibilities, we make an ansatz
that allows us to perform the integral in (35):

n= k(1 +2aR) (36)

where k is a positive constant. Since 5 > 0, this requires 1 4 2aR > 0.
Then (35) gives

0% = (14+2aR)™28% %2, £ =0 (37)

which reduces to Ellis’ result [8] when @ = 0 (or R = 0). Note that
(37) approaches (29) as ¢ — 0. Thus the presence of anisotropic pressure
obeying Eckart thermodynamics and with shear viscosity given by (36)
becomes irrelevant at early times. Using (37) in the Bianchi I case, we
could proceed as before to get a cubic equation for ¢ [simply replace £°
by £8¢2** in (31)]. Of course the viscosity ansatz (36) cannot be regarded
as realistic. (In particular, it makes the viscosity directly dependent on
the shear via the Ricci scalar.) In Bianchi I spacetimes, (30) shows that
R — 0 with the expansion of the universe, so that 7 — k. Thus the ansatz
(36) is less unrealistic at late times, when it approaches Ellis’ model [8].
The Eckart theory is unsatisfactory because of its non-causal and un-
stable features [14]. It is not really applicable to a non-quasistationary
situation such as the expansion of a Bianchi universe. In order to get a
realistic model of viscous dissipation of shear, one needs the Israel-Stewart
theory. In general, (27) and the Israel-Stewart law (34) can be combined:
to yield a single second-order linear differential equation for 7,43 (or o4s):

Fap + [171 + {log Ty~ 12(1 4+ 2aR) } J7as
+ [t~ {logn~13(1 + 2aR)}" + r{n(1 + 2aR)} |xss = 0. (38)

The thermodynamic quantities  and 7 may be taken as functions of £. If
these are known, the solution of (38) depends in general on knowledge of
£(t). In principle this follows from Raychaudhuri’s equation (14). However,
in addition to all the complexities described in the perfect fluid case (n =
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0 = 7), there are the further complications that o, is determined as a
function of w4 by (34), and that the conservation equation (4) involves
7qa50%%. Thus one is forced in general to consider the coupled system of
Raychaudhuri’s equation (14) and (38) in the variables £ and #a. Even in
the Einstein theory, no exact solutions are known for 7 # 0.

In summary:

In R+ aR? gravity the shear in Bianchi perfect fluid spacetimes with
isolropic surfaces is given ezactly by (29). The shear depends non-linearly
on the Ricci scalar and it is therefore not known in general how the shear
dissipatlion compares with the General Relativity case. However, in Bianchi
I spacetimes the shear dissipation is shown to be slower than in FEinstein
gravily [eg. (33)).Furthermore, the field equations for Bianchi I are reduced
to a single second-order equation (32).

3.2. Kinematic Characterisation of FRw Cosmologies
The kinematic conditions

Uy = Wap = 0gp =0 (39)

are usually taken to imply an FRW geometry , i.e. to imply that there exist
coordinates z* = (t,z*) such that

ds® = —dt® + A(t)’A,, (z7)dz"dz” (40)

where A,,(z7) has constant curvature. However, (39) implies (40) only
if (a) the fluid is perfect, and (b) Einstein’s field equations hold [15]. An
important question, which appears not to have been answered until now,
is whether this carries through to the higher order theories. We will show
that (39) is almost, but not quite, enough to imply (40). In the higher
order theory (with @ # 0 = B), we require in addition to (39) that the
fluid obey a barotropic equation of state

P =p(p), P(p) #0 (41)

which means that the surfaces {p = constant} and {p = constant} coin-
cide. In a sense it is surprising that given the complexity of the field equa-
tions, (40) is the only additional assumption required, and that essentially
the kinematic characterisation (39) of the FRw geometry (40) holds also in
the fourth-order gravity.

In Einstein’s theory, the kinematic conditions (39) lead directly via
(16) and (18) to the vanishing of the Weyl tensor. However, in the higher
order case, only the magnetic part of C%,; is immediately zero: Hg, = 0.
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To show that Eg; = 0 requires us first to show that the Ricci scalar is
spatially homogeneous. The kinematic conditions (39) imply that there
exist coordinates such that [16]

ds? = —dt? + S(t,27)? A, (a7 )dzPdz”,  u® = 6% (42)

where § = So/S. In the Einstein theory Anderson shows [15] that the
field equations Rg, = 0 (which follow from zero heat flow) imply that
(log S),04 = 0, which reduces the metric (42) to the form (40). Then the
(uv) field equations show that A,,(z"™) has constant curvature.

In the higher order theory the (0py) field equations (11) imply that

(log S),0u = 10,4 = —a(1+ 2aR) "' Ry,. (43)

In general, this is not zero. If we further assume an equation of state (41),
the conservation equations (4) and (5) imply that

habP b= habP;b = habe;b =0 (44)

using (39). Note that for dust, or more generally p = constant, we do
not get p and # homogeneous. It would be interesting to find an explicit
non-FRW dust solution without acceleration, vorticity or shear. In the
coordinates of (42), (44) gives 8 = 8(t) and (43) implies S = A(t)B(z"),
which reduces the metric (42) to the form (40). It is now considerably
more difficult than in the Einstein case to show that A,, has constant
curvature. We proceed as follows.
From (43) we have R0, = 0 which, using (40), integrates to

R=A(t)f(=7) + B(t) (45)

where f and B are arbitrary. Using the metric (40) and the form of
the Ricci scalar (45), the (00) field equation (10) reduces after lengthy
calculations to

Q(t) = P()f(=") + L(t) f(z")? (46)
where
Q(t) = o[-6AB/A+6AB/A+ 1B? —-34/A+1B—p

P(t) = a[84A — AB] - 34
L(t) = --;—aAz.
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Equation (46) is crucial. It implies that either f, = 0 or P = 0 = L.
However, L = 0 is clearly equivalent to f, = 0 by (45). Then the only
possibility allowed by (46) is f, = 0. Hence

hs'Ry =0. (47)

Now the homogeneity of the Ricci scalar in turn leads to the constant
curvature property of A,,, which may be seen as follows. Equation (47)
implies [using (39)]

R.ap = Rugup — (RA/A)has (48)
which, by (16) and (25) implies
Eg=0=R"g — %R‘hab-

Thus the surfaces {t = constant} are intrinsically isotropic. We need finally
to show that they are isotropically embedded. The (uv) field equation (12),
using (9),(10),(48) and the form of the metric (40), can be written as

Ry =Ry (z7) + (A4 + 24%)Ay = GA’R— AA)A,  (49)

where 3R, (27) is the three-dimensional Ricci tensor formed from A, (z7)
(R*,v is the three-dimensional Ricci tensor formed from h,,(t,27)). It
is obvious from (49) that it was first necessary to prove (47) before we
could show isotropic embedding. Equation (49) implies that 3R, (z7) =
2¢A,,(27), since R = R(t) and A = A(t), where

1A°R- 2AA — 2A? = 2¢ = constant.

Thus ¢ is the constant curvature of A,, (3R = 6¢), and ¢ = 0,%1. So the
surfaces {t = constant} are isotropic and isotropically embedded. Then
the metric is FRw. The higher order Bianchi identities (19) to (22) are all
identically satisfied, except for the E,; propagation equation (21), which
reduces to the (uv) field equation (12).

In the Einstein theory, Ellis shows [8] that an equivalent set of condi-
tions to the kinematic conditions (39) (for a perfect fluid) which will result
in the FRW geometry is

hat0y = 4% = C%4 =0, 0 £0.

This equivalence relies on the Bianchi identities and the assumption that
p+p # 0 at any time. Because of the complex form of the higher order
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Bianchi identities, this equivalence does not carry through to the higher
order theory. The Bianchi identities instead set conditions on the geometry
and the kinematic quantities w® and *°.

Note that the homogeneity conditions (44), which follow from the
equation of state and the conservation equations, lead to an alternative
assumption to (41): instead of an equation of state, we could assume
homogeneous p, i.e. ho’p; = 0. Alternatively, (41) may also be replaced by
the assumption that u® is a Ricci eigenvector. (Of course for the Einstein
equations this is a trivial consequence of the vanishing of heat flow.)

In summary:

In R+aR? gravity, a perfect fluid spacetime with vanishing vorticity, shear
and acceleration is FRW only if the fluid obeys in addilion a barotropic equa-
tion of stale, or aliernatively if the energy densily is spatially homogeneous.

Flowing from this general result is an important corollary, namely
that the Ehlers—Geren—-Sachs theorem [17] on cosmic background radiation
holds also for higher order gravity. This theorem has long been consid-
ered as one of the key results motivating the standard big-bang model of
the background radiation. The fact that it extends to higher order gravity
could not have been predicted without detailed calculation, and is a signif-
icant point in favour of the higher order theory. The crucial point is that
radiation obeys the barotropic equation of state p = p/3 in general [16].
This means that our kinematic results are applicable, and a careful study
of the proof in [17] leads to the following generalised Ehlers—Geren—Sachs
theorem:

If a congruence of freely-falling observers measures an isotropic distribu-
tion of self-gravitating photons in equilibrium, then in R+ aR? gravily the
spacelime is FRW,
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