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EXAMPLES OF NONCOMMUTATIVE GROUPS WITH NONTRIVIAL EXIT-BOUNDARY

V. A. Kaimanovich UDC 517.39:519.4

A number of new counterexamples are given, disproving certain assumptions about

the mutual relations of the exit-boundary (Poisson boundary)of a random walk on a
group and the amenability and growth of the group. Random walks are constructed
with nontrivial exit-boundary on the affine group of the dyadic-rational line and

on the infinite symmetric group.

The present paper is devoted to the investigation of a number of examples, illustrating
various situations which arise in the theory of boundaries of random walks on nonabelian
groups. The paper is closely connected with [17] (cf. also [4]), where the basic facts of
this theory which have been obtained recently are given.

We recall some definitions. Let fl be a countable discrete group, G be a nondegener-
ate probability measure on G (.e., supp|p, generates (O as a semigroup). A homogeneous
Markov process {%n}:Ln with state space & , initial distribution Dbe, (e is the identity
of G ), and transition probabilities P(%I‘t)=JL(&f4q) is called a (right) random walk on
G, given by the measure M . By (GG:|PP) we denote the space of trajectories {?n}:go
of the walk (0,M) with the usual probability measure pr.

By the exit-boundary of (G,M) 1is meant the quotient space (I,V) of the space of
trajectories of the walk, corresponding to its tail 6 -algebra. The boundary (LYY s
canonically provided with the structure of a measurable G‘—space. We stress that for
Abelian groups [' is always a single point. There exist a whole lot of other definitions
(stationary boundary, Poisson boundary, etc.), which lead to the same space (r,v) , which
we shall simply call the boundary of the walk (G,p) [4, 17]. With the help of these
definitions one can get various tests for trivality (= single-pointedness) of the boundary
[3, 4, 7, 17]. Until recently the number of groups investigated was not large. In the
present paper we investigate several new types of examples, which disprove certain old
assumptions about the relations of the boundary, amenability, and growth of a group.

In Sec. 1 we consider the group Gy=2Z%% % Z, which is the additive group of con-
figurations on Z" (with addition mod 2 ), extending the natural action of 7" . We

establish effective tests for the trivality of the boundary for finite measures on the
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groups G, and we show that on G, there exists a nonfinite measure for which the boundary
is nontrivial, despite the triviality of the boundary for the inverse measure.

In Sec. 2 we construct examples of measures with nontrivial boundary on the affine group
of the dyadic-rational line.

In Secs. 3 and 4 we give examples of random walks with nontrivial boundary on the in-
finite symmetric group 6. and on a solvable locally finite group of uniformly polynomial
growth.

We stress that in this paper we are not pursuing the goal of a complete description of
the boundary, but restrict ourselves to merely establishing its triviality or nontriviality.

The idea of using the groups 0y and 6, for constructing nontrivial examples in the
theory of random walks and other situations (ef. [1, 2, 6, 9]) was suggested by A. M. Ver-
shik in connection with the general program of investigations of measures on groups. The

author also thanks him for constant support and interest.

1. Extended Configuration Groups (the Groups Gk )

1. Random Walks on the Groups G, . Let ZK=é Z be the K -dimensional integral

lattice, fun(Z%2,)= 3, Z, be the direct sum of isomorphic copies of the group Z,=-{0,} ,
indexed by the elements of Z* (i.e., the group of finite Z, -valued functions on Z°).
It is also convenient to speak of {u"l (ZK, Z,) as the additive group of finite configura-
tions on Z* with the operation of pointwise addition mod 2 We shall denote by 4(113)
the value of the configuration ¥E. {LLH, (ZK,ZZ) on the element xe ZX, and by Supp'f

the support of the configuration { :

supp { = {ze 2" (x) % 0} (1)

By Gy we denote the group Gy =Z%« hm(ZK, Z,) , which is the semidirect product of
the group Z by the group {u.n(ZK, Z,), in which Z* acts by translations. The elements
of Gy will be written as ordered pairs 9=(m,{) , where xe€Z", {efun(Z%1Z,).

Then the group operation in Gy can be written as follows:

(m1:¥1)(m21¥2)=((x1+m2;'{1+m1{2); (2)

where :I:f is the result of the action of & on ¥ :

EhHp={y-  xyez’fefun(Z’Z,) 3
All the groups G, are solvable of stage 2, finitely generated and have exponential
growth.
Now let J. be some probability measure on Gy ; we shall denote by {(mi,,h)]::' the
collection of increments of the random walk defined by the measure f (i.e., all (xi,{})

are independent and have distribution W ); then

(o) =(x0 ) (@) (4)
is the M -th coordinate of the trajectory of the random walk defined by the measure M .
The following relations, which express the next coordinate of the trajectory of the random
walk in terms of the preceding one and the corresponding increment, follow from the defini-

tion (2) of the group operation in Gy:
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ljnﬂ “l-*n,*mnﬂ
Pres =Py * 'tn ¥n+1 (5)

2. Nontriviality of the Boundary for Finite Measures. We consider an arbitrary finite

nondegenerate measure fl on the group G (k=3) . Since any nondegenerate random walk on
Z* for K»3 1is nonrecurrent [10], Yn leaves any finite subset Z" for almost all
trajectories {(11“7‘()"-)};0 of the random walk (G, M) . The measure M 1is finite, so
for sufficiently large " the support of the configuration ‘ﬁn {nﬂ does not intersect
any previously given subset of the lattice z" . Thus, the values of the configuration
¢, at any fixed point Z € y A almost surely stabilize in n . In other words, the
configuration Y. converges pointwise a.s, to some (now nonfinite) configuration. Thus

for any ze Z" the corresponding set of trajectories of the random walk
A= {0t} g lim 90 (2)=0] (6)

is a tail. The nontriviality of A obviously follows from the nondegeneracy of the measure

Mo Thus, [ (G¢,M) is nontrivial. We have proved

THEOREM 1.1. Let M be a finite nondegenerate probability measure on the group
Gy (k>3) ; then the boundary [ (GgpM) of the random walk defined by the measure W is
nontrivial.

Remark. In the proof of the theorem we have used essentially the nonrecurrence of the
walk {ldn}:;o on Z* and the finiteness of the set U SuPP¥ , Wwhere the union is taken
over all elements (:r,,{)e SUPP W .

3. Test for Triviality of the Boundary. Now we give a simple sufficient condition for

the triviality of the boundary on the groups Gy . The following useful lemma is due to
Furstenberg [13]:

LEMMA 1.1. Let the subgroup G°C G be a set of recurrence for the random walk on
G, defined by the measure W . We define on G° a probability measure J\L° as follows:
JL°(%) is the probability that after the walk leaves the identity € the first return to
G° occurs at the point ge G°. Then the boundaries [(G,u) and [(G’,p°) are canon-
ically isomorphic as spaces with measure. In particular, the triviality of (G, ) is
equivalent with the triviality of F(GQ,JLO) .

THEOREM 1.2. If the measure | on the group G is such that the walk induced by it
on Z* is recurrent, then the boundary (G, @) 1is trivial.

Proof. The hypothesis of the theorem means that the subgroup Gy ={($,¥)e Ge: x=0}
is recurrent for the walk (Gyg, M) - But the subgroup Gy is Abelian, i.e., the boundary
of any walk on it is trivial by the Choquet—Deny theorem [12]. On the basis of the lemma we
get that [ (G, M) 1is trivial.

The theorem just proved combined with Theorem 1.1 allows us to get necessary and suf-
ficient conditions for the triviality of the boundary for finite measures on the groups Ge .

THEOREM 1.3. The random walk defined by the finite measure |l on the group Gy has

trivial boundary if and only if the projection of the walk onto Z" is recurrent. In
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particular, for symmetric finite measures M the boundary [(Ge,p) is trivial for k=1,2 ,
and nontrivial for K23 .

4, Boundary for Nonfinite Measures. It follows from Theorem 1.3 that for finite

measures fl on the group G, one has the following alternative: either 1) the boundary
F(Gy,pu)  is trivial, or 2) for almost all trajectories {(lﬂm\{)"-)} neo Of the random walk
(G, M) the configurations ¢, converge pointwise and [ (Gx,M) is nontrivial. Thus,
for finite measures the triviality or nontriviality of the boundary is completely deter-
mined by the presence or absence of stabilization of the sequence {‘Pn (Z)}:=o (z EZK).
For nonfinite measures the situation is more complicated, and examples ariée here of dif-
ferent tail behavior.

Proposition 1.1. On the group G, there exist a (nonfinite) probability measure M

such that the boundary [ (G, M) is nontrivial, but nevertheless for a.a. trajectories
{(ljn,‘Pn):w and all ze€Z the sequence {¥,(Z)}n,., does not stabilize.

Proof. We consider on the group G, the following measure:

iz )
‘2%
........... ‘
J(0,80 +By+. .+ Sn)-—z-'m

Obviously the projection {%ﬂ}:lo of the random walk (Gq,}k) on Z is nonrecurrent and
%n?— oo, Here, since the jumps on Z are by not more than one, going to -, the
sequence {lt”}:;o goes through all the points 0, —1, —2, .... Moreover, by definition of
the measure W

. . _4 { {
@D} =3 (e e ) o (8)

Since, as is evident from (5), ‘Pn+4(z)=‘0n(z)+¥n,, (Z‘%n;‘, by the Borel—Cantelli lemma we get

that the equation ¥n+1 (z —lﬁu)=4 a.s. holds an infinite number of times, i.e., the sequence
{*Pn(z)}:_o does not stabilize. _

On the other hand, the difference ¥, (1)-¥,(0) now stabilizes a.s. In fact, from the
definition of the measure M we get that ¥,(1)-9,(0) # ¥,.,U)-94,,(0) only when f,m =B+

o Byn but the probability of this event is 11/(2(_%'”1)(—%“+2>)(\d”<0)' It is easy
to show that for almost all trajectories Yo ‘%nlz <@, and hence the difference
Pu()-Pu() with probability 1 changes its value a finite number of times, i.e., stabilizes.

Thus [ (G, M) is nontrivial.

Remark. In connection with the problem of the complete description of the boundary for
the group G, the following question arises. Let {AL} be an increasing sequence of
finite subsets, exhausting 2" . By |5 we shall denote the restriction of the configur-
ation ¢ to the finite subset A czZ® . It is easy to see that the stochastic process
{(td""p"'h\)}:-o . where {(‘jn.'Pn)}:;o is the original random walk, is Markov. Is it
true that the tail sets defined by the final behavior of the trajectories {(Ljn,\PMA-L)}::o
form a basis of the entire tail & -algebra of the random walk (GK,M) ?
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5. Boundary for the Inverse Measures. The entropy test for the trivality of the bound-

ary asserts [4, 17], that for a measure M with finite entropy H(M) on a countable group
G , the boundary [ (G,M) is trivial if and only if the entropy {t((‘r,‘ﬂ.) of the group
with measure vanishes. It is easy to see that if the measure j'l in inverse to the measure
M (e, ﬁ(%):}k(%") V%GG ), then k(G,}L):k((},p,), so the boundaries [( G,M) and
(G, ) are trivial or nontrivial simultaneously.

On the other hand, the triviality of [(G,M) is equivalent with the convergence of the
convolutions of the measure M to a left-invariant mean on G , and the triviality of
F(G,ﬂ) is equivalent with the convergence of the convolutions of the measure }i to a left-
invariant mean, or what is the same, the convergence of the convolutions of the measure M
to a right-invariant mean [4, 17]. Thus, for measures M with finite entropy, convergence
of the sequence of convolutions My of the measure M to a left-invariant mean is equivalent
with convergence to a right-invariant mean.

The following example (partly evoked by an example from M. Rosenblatt [18], which was
shown to the author by B. A. Rubshtein) shows that if one waives the finiteness of entropy
H(u) condition, then this equivalence is lost.

THEOREM 1.4. There exist a solvable group G and a nondegenerate probability measure
M on it such that the boundary [(G,M) is nontrivial, but the boundary of F(G,‘FL) is

trivial, i.e., the sequence of convolutions of the measure [ converges to a right-invariant

mean on (r which is not left-invariant.
Proof. We consider on the group G=G, the measure W » defined as follows:
A(0)=2
RE,0)=F
B (0,5,) = &,
J(0,81) =p(0,5+5) =% (9)

M (0, Sa)‘ﬂ(o b *52)—,}L(08+8 )= JU,(O b, “5*52)=%
OB —Mo Bt '+sn> -y

where the positive numbers &, are so chosen that % En =-52- y 2 NEy=o00 Obviously
the measure M is nondegenerate, and H(p)=c .

We shall show that I (G,j) is nontrivial. By the choice of M, for almost all tra-
jectories {(‘jn;“’n)}‘:-o of the random walk (G,M) we have Yp—>==. Since the measure
M is concentrated on configurations which only burden the positive half-axis of Z + the
configurations 1\, converge pointwise a.s., and hence r(G,pu) is nontrivial.

We proceed now to the proof of the triviality of P(G,J&,) . We note first of all that

by the definition of the group operation in G‘

4= Cx 0 (10)
and hence

}V"(LO)"%’ ’ }1(—1,0)=% ’ "1(0){)=M(0)¥) V{E *“—“(lea) (i1
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We shall prove first that for almost all trajectories {("j'“p“')}\:ao of the random walk
(C'r,ﬂ.) and all configurations £E{“”‘(_Z'Zz> one has

L, Sonlhrnnd b)) (12)

2 Pa(Yn,Pn)

(here fpl, is the K -th couwvelution of the measure ). We fix {€ {uvL(Z,ZZ), Since
supp § is [inite, one can find an mo> 0 such that 1,)(111):0 for all lxlzm  (i.e.,
su.ppf C [—md, m-{] ). We consider the trajectory {(lﬁn,‘{’n)}:':o of the random walk
Car fi) . Obviously

(\1)1='¢-1):(T!-{<) (Tn‘gn)’wny{q"%({z' -~*'jﬂ"*n) (13)
where (;LL,{L) are the increments of the random walk. The probability 2, that ¥“|[m ) # 0
is Po = 2~ B by definition of the measure } ; analogously, the probability p, that
LT, o

(-V){,Ll[m‘m) = i) is Dy = E. . The random walk { ld"jluo on Z , going to —,
passes through all points 0, —1, -2, ..., but

A B R R Y (14)

¥ =0 s o) L=meK K=
by the choice of {Ey}. Thus, by the Borel—Cante11i lemma, for almost all trajectories
J,“‘n_,\f’n)}:__o one can find an infinite set of ¥ such that ’ij_-ifv\\ [m‘m)=0 (i.e.,

(e oy 40 ).

Now we consider the following transformation in the space of trajectories of the random

L e )

walk. We choose the smallest ¥ such that \1,(,1 < -n and %K,JK | [htoo) # (3 and we change
the increment {, to fo=4,. ""1,{,;’){' codlel, Yr A, :lj‘,,,,{v +{, leaving all other incre-
ments unchanged. We denote the trajectory so obtained by {(‘.{:,L, {’,’L)vj:;o . The transforma-
tion {(“‘[""I{“A:.:o'-’ {f l{',‘,f‘.l)}:__,) is defined a.e., is one-one, and by the definitions of

v + - . 3 K3
H and pt it preserves the measure in the space of trajectories. Moreover, obviously

{lfy\,‘ {V’L )= ('—}n,{ "‘\On) :(»'J;f/‘(; lt\ty\pﬂ_\/\. (15)
for all w =¥ . (12) now follows directly from this.,
Now let F be some bounded fi ~harmonic function on @ ., We denote by § the element
et . Then
Fle) =22 Flh) fun(h) (16)
W
and
P = 2P Oy fueCh)y=2 Ty 'h) an
0 ' % !

Subtracting (17) from (16), we get
F(e)—F(\])='LTZ_,F(}l)(\}/‘n(k)‘ﬁn(%Jk)) (18)

By the boundedness of Fand (12), the right side of (18) tends to zero with wn , 1i.e.,
F(e):F(%) . One can prove analogously that F(x,{)=F(x,0) for any element (x,hHe G ,

i.e., the function F'(x)=F(x,§) is harmonic on the Abelian group Z . Thus it follows
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from the Choquet—Deny theorem that F is constant. Thus on (G there are no nontrivial

bounded ji -harmonic functions, i.e., F(G,J‘a) is a single point. The theorem is proved.

2. Affine Group

Basing ourselves on the results given above, we now consider the group G =0¥¥(Z [JZ])
of matrices of the form <g 1Q(> , where P=2°, q=g% ( x,m,n are integers), with
the operation of matrix multiplication — the affine group of the dyadic-rational line Z [ %].
The group G is isomorphic with the semidirect product of the group Z = {( %K?>} by the
group Z[Lz] = {(40 22:—"‘ >} , is solvable of stage 2, has exponential growth, and can be
defined by the generators @ =(% ? and 6=(6 : and the relation B°a=ab . It is
essential for us that the group fr is the homomorphic image of the group G =7« fun(Z 7)

under the canonical homomorphism .‘JT:G—’G

sr(ac,¥)=< 20”‘ §2K¥(K)> 1

{

Thus, the study of the boundaries of random walks on the group G can be reduced to
the study of boundaries of the group G and their behavior under the homomorphism &
More precisely, if ﬂ is some preimage of the measure M on G , then the boundary of
NCEN"S) is the quotient-space of the boundary lq('(},ﬂ) by the partition into ergodic com-

ponents with respect to the action of the kernel
~ — bl
Ke"(,sr={(ac,f)e6:ac=o, )_KJKK)ZK=03 (2)

of the homomorphism & [7]. Now the theory of random walks on the group G is close to the
theory of random walks on the group Gy=Z4fun(Z,Z,)

THEOREM 2.1. For any symmetric finite measure f@ on the group G = aN(Z [$]) the
boundary r'\G,}L) is trivial, but there exist nonfinite symmetric and finite nonsymmetric
measures on ( with nontrivial boundaries.

Before proving the theorem we give the following lemma:

LEMMA 2.1. Let the random walk (Z,Ju) on Z , defined by some nondegenerate prob-
ability measure M , be nonrecurrent; then for almost all trajectories {Lﬂ"-}:;o of the
walk (Z,M) the sum ;i;o 2-l4nl  is finite. _

Proof. We shall show that actually the integral SEOZ'ILJ"'C{ !P}L(li) y is finite, where
P# is the canonical measure in the space of trajectories ‘F{‘jnﬁw of the walk (Z,jk) .

In fact,

J 2 ldP =2 [oid Pry) -
n
oo (3)
- T 2 M= 2 27 () = 2 2B (0
L K=-oo K = ~oo n K = -oo
where 0(x)= > fn(x) is the kernel of the Green's function of the random walk (Z,p) .
n=0

Since due to the nonrecurrence the function © is bounded [10], the sum ; 2° g (k) is

finite. The lemma is proved.
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Proof of Theorem 2.1. 1) Let M be a symmetric finite measure on the group G ; then

the projection of the random walk (G,M) to the subgroup {(%K 0 )} , isomorphic with
z , is recurrent. Since the group {(:) {j)} is Abelian, by Lemma 1.1 (cf. the proof

of Theorem 1.2) the boundary [(G,p) is trivial.

2) Now we proceed to the construction of a measure j on G with nontrivial boundary.

We set
[ _ §-1 K
M {(o 4)} ‘J“{(o 1)} =7
) (4)
270 i
J‘l{(o 1)}=7\}*(K)
where J.L' is some probability measure on Z . Obviously the symmetry (or finiteness) of

M is equivalent with the symmetry (or finiteness) of JlL' . Now we choose J.L' to be sym-

metric nonfinite or finite nonsymmetric, defined so that its walk on Z is nonrecurrent.
-

Let JNL be the preimage of the measure u on G :
ﬁ(0,80)=ﬁ(0,-50)=iq
~ K '
Fx,0)=p (57 9) =5 p'(0)

Due to the nonrecurrence of the random walk (Z ,Ju') we get that for almost all trajec-

(5)

tories {(Ljn,‘Pn)}TLo of the random walk (G,fl) the functions ¢, converge pointwise
to some (nonfinite) function Y., (and consequently r(é,jl) is nontrivial). By Lemma 2.1,
the sum Eo Yo (k)2® 1is almost surely finite. Since the action of Kerg on F(G,ﬁ)

does not change the quantities

[ Poo(x)2"] (6)

K<0
( [x] denotes the greatest integer in the number x ), we get that on r( G,ﬁ) there
exists a nontrivial measurable  Ket & -invariant function. Thus, [ (G,M) is nontrivial.
COROLLARY. Let j be a finite measure on G=O.H(Z [—’2-]) ; then the boundary [ (G, M)

is trivial if and only if the projection of the random walk (G,y.) onto the subgroup

X
{(% ?)} is recurrent.

3. Infinite Symmetric Group

We consider the symmetric group 6., of finite permutations of a countable set. The
group 0. is obviously countable and locally finite. It is clear that due to the local
finiteness of the group 6o any finite measure on it is contained in some finite subgroup,
and hence has trivial‘ boundary. Nevertheless, there exist on 6o nonfinite measures with
nontrivial boundary.

THEOREM 3.1. On the group 6o there exists a symmetric probability measure u for
which the boundary of the random walk F(6‘°°,}L) is nontrivial.

Proof. We shall assume that the group §. is realized as the group of finite permuta-
tions %ZV—>V of some countable set V . Oon V there is defined a natural right

action of G oo :
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U.q =97'(V) TeV, qeb,, 1

The basic idea of the proof is to construct a measure M on 6o , for which the

homogeneous Markov process on V with transition probabilities

P(@ilTo)=pi{ g xog =} = {g: ¢ (xo) =i} 2)
induced by the action (1) of the group 6, on V , has nontrivial exit-boundary. The
preimage of any tail event of the induced process on V will obviously be a tail event for
the random walk, and hence from the nontriviality of the exit-boundary of the induced process,
the nontriviality of the boundary ['(6e,M) of the original random walk on €. follows.

In what follows it will be convenient to provide the set V with the additional struc-
fure of a binary tree and to consider it as the set of sequences U-(e,,,...,en) of finite

length 0<|U|=ni<oe, consisting of zeros and ones (the vertex of the binary tree, the empty

sequence @ ,has length |@|=0 ). We denote by Vu the set of vertices of the V, -th level
Vu={ﬂev:|v|=n}, caidvn=2” (n=0) (3)

We define two sequences {a“}:-o and {gn}::o of elements of 6., as follows:

(611“'16&10), K=h

An(Eey €)= (E4yo 1 Exa1) ,  K=nH
(611~' i) EK)
(4)
(611"‘)6K)1); K=n
Bn(ﬁh- c 8k )= A (B, k), K=nH
IS,
In other words, a, transposes the elements V, and V,;+‘={(E1,...,Enﬂ)2 Eunai =0} s
and B, does the same to the elements Vi and Vs ={(EtEuet)  Ena=13 (ay
and Bn are not automorphisms of the binary tree!l).
Now we define the probability measure g on 6. as follows:
d 5
p@=pta-3 (v20 )
where i dp=1, 44 >0 . Then for the induced Markov process on V we get the following
w=0
values of the transition probabilities (2):
( dn-
P((Em-~-:5n—1)|(5h--~15n))=—ﬁ—(
4.
P((Eq,..,,Cmo)l(ﬁi,...,ﬁn)):'?_& (6)
{ i
2

PCE, DI, rEn)) =
UD((&,,..., ExMNCEr, . En ) =t-dn- "(';" .

Thus, the induced Markov process {ac,t} :‘0 on V has nontrivial exit-boundary (con-
sisting of the ends of the binary tree), if the Markov process on L.= {0,1,?_,...} with

transition probabilities
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dy-y

p(n-fin) =
P(r+tln) =dy (7
p(rin)=1-dy,- 4

is nonrecurrent.
Processes of this type on Z, have been thoroughly studied (cf., e.g., [8, Chap. 31]).
A necessary and sufficient condition for nonrecurrence applicable to our case is the finite-

ness of the sum

= |
o< 8
:L——;oznotn< (8)

Now choosing a sequence {oLn} such that (8) holds, we get that the measure U on Gow ,
defined by (5), has nontrivial boundary [ (6., M) . The theorem is proved.

Remarks, 1. All elements of the support of the measure J constructed are elements
of the second order (ai:hi: €) and the measure M 1s thus symmetric.

2. The support supp m  of the measure u constructed generally does not generate
the entire group 6. , but only some subgroup of it, but by modifying somewhat the con-
struction given above, it is easy to give an example of a nondegenerate measure "I on

6o With nontrivial boundary. 1In fact, let {J.n_}::o and {Xn}:’___o be two sequences of

positive numbers ‘such that 'KL—_'»o(uLuv*Zan):{ . Now as before we set ﬁ(an)=ﬂ<['>en)=% and

in addition J\L(%)= _HZL for all transpositions 4 of pairs of elements (§,...,E4)eV, and

(E,(,...,En,i,nq.{)e Vet (i.e., transposition of pairs of elements lying on one edge of the

binary tree). The measure J’Z so constructed is obviously nondegenerate on Gas . Choosing
, o { ,

{J.n} and {Xn} so that Em < @0 (i.e., so that the induced process on V

has nontrivial exit-boundary), we get a nondegenerate measure on G, with nontrivial bound-
ary.

3. The measure M with nontrivial boundary F(B’m,}t) can be chosen to have finite
entropy H(}J-) , as is evident from its construction. On the other hand, for any finite
measure M’ on 6. the entropy h(ﬁ'w,#') is zero due to the local finiteness of 6o .
This shows that generally an arbitrary probability measure M on a countable group G can-
not be approximated (in any sense) by finite measures ‘}L(") such that the entropies h,(G,}L(K))
converge to the entropy h(G,M) .

4, Let the group 6., be realized as the group of finite permutations of some countable
set V (as in the proof of the theorem). It is unknown whether the boundary [ (6o, M)
admits a complete description in terms of the exit-boundary of the induced Markov process on
v , and in particular, whether from the triviality of the exit-boundary of the induced

process the triviality of [ (6.,pM) follows.

4. Solvable Locally Finite Group
Let D= {un(fN, Zg) be the countable direct sum of groups Zz= {0,1} , Indexed by

the natural numbers 1, 2, 3, ... . It isconvenient to assume that D is the group of func-
tions {:N—+7Z, with finite supports supp{-{ne[N: g(n)#O} (or: D 1is the group of

finite configurations on [N with the 6peration of pointwise addition mod 2 ).
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We denote by 4fun(D,Z,) the group of finite functions F:D-—=2Z, with the opera-
tion of pointwise addition. In other words, ¥un(D, Z,_) is the countable direct sum [)

of copies of the group Z,. The group D acts canonically on ¥|ML(D,ZZ):

JF(h) =F(d+h)  Felun(D,Z,);4 kel (1)
By D we denote the semidirect product 0= D*fun(D,L) defined by the action (1). The
group D as a set consists of pairs of elements ({,F) , where {eD , Fefun(dZ,) ,

with the group operation

GoF) e R =iy, R i) (2)

Let @ be the identity of the group D

g(n)=0 VneN (3)
We shall denote by §, (nelN) the generator of the group D :
dhn=m
8” (m)—{o otherwise, (%)
We denote by @ the identity of the group {un(D,.Zz) :
®(H-0  v{eD (5)
We single out another element u)e{un(D,lz):
D (B) =1
(6)

o)=-0, feD,{»p

We shall denote the identity (@,®) of the group D by e .

The group D is a locally finite solvable group of stage 2. We shall establish some of
its more special properties.

LEMMA 4.1. The set {Sn}:_{u {(0} generates the group &

Proof. Since {Sn}:_’ generates the group D , it suffices to show that the D -
orbit of the element ) generates the entire group {un (D,Z,) . Let Fe fun (D, 2,),
supp F = {{1,3?,_1 ; then obviously F=fi0+},0+ +f¢ @ . The lemma is proved.

LEMMA 4.2. The orders of all elements of Q) do not exceed four.

Proof. Let %=(¥,F)€ﬂ); then since {+£=¢ and F+F=9 for al1 {€D ,
Fedfun (D,Z,), one has 32=(¥+¥,F.+{F).—.(¢,F+¥F) , from which (3“=(¢,F+¥F)z=
(B,F+F+4F+IF)=(p P)-e.

LEMMA 4.3. The orders of the finitely generated subgroups of D with no more than
K generators are bounded for all K

Proof. We fix some set | of K elements of the group D . Without loss of
generality one can assume the set ] 1is symmetric and contains the identity e , so the
group generated by T is ar(T) =goTn , while the sets 1" do not decrease, i.e.,

{e} =7’cT'c. . cT" cT"c.... We estimate the cardinality of the set T". Let
{({L,FL)}"’ be some collection of elements of | ; then

i=
CRD I T (T WS N AN ¢ S W (-4} %
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The subgroup of D consisting of all sums {1*--~+£n has no more than K generators of
order 2, and hence consists of no more than 2% elements. Thus, the subgroup 4un(D,Z,)
generated by elements of the form (4”-,. ~*£u-\)Fn has no more than k-2" generators of
order 2, and consists of no more than Pk elements. Finally we get |T"|< 2n.pxe"
for all wn . The lemma is proved.

We recall that the group G is called a group of uniformly polynomial growth {11, 17],
if there exists a collection of polynomials P such that

1Tl = pe(n) (8
for all subsets 1CG consisting of no more tham K elements. Thus, D is a group of
uniformly polynomial growth. (We note that the symmetric group G.. has weakly exponential
growth; cf. [17].)

THEOREM 4.1. On the group & there exists a nondegenerate symmetric probability
measure M with finite entropy H(R), for which the boundary T (D,M) is nontrivial.
The proof goes by the same scheme as in Theorem 1.1. We consider a probability measure

. on D . given as follows:
M (Br)=Pr, p(W)=q,, p(e)=¥ 9

where Pn,Q,; r>0 , nZ.{ Prtq+r=14 . The measure p is obviously symmetric, and on the
basis of Lemma 4.1 is nondegenerate. Let {(kn, Hn)} :,0 be a random walk defined by the

measure M, d.e.,
(hu,Hn)‘(¥1,Fq)'-..‘('{n,Fn) (10)

where ({L,F‘L) are independent D -valued random walks with distribution M (increments of
the random walk). Since the supports of all Fi are either empty or consist of the unique
point ® , for the nontriviality of the boundary [ (D,m) it is sufficient that the
random walk {h,}.; on D is nonrecurrent (then the functions Hw will be a.s. point-
wise stabilized; cf. the Remark on Theorem 1.1). It is known that if, for example,

&J':t -F%:l=1 then the walk {hn}.., on D is nonrecurrent [10], and consequently [ (D, M)
is nontrivial. The theorem is proved.

Remarks. 1. We recall that for finitely generated groups of polynomial growth Gromov's
theorem [14] combined with the triviality of the boundary for nilpotent groups [5] shows
that the boundary is trivial for any measure. The theorem proved gives an example of the
fact that for groups with an infinite number of generators the situation is very different
from the case of finitely generated groups.

2. The somewhat more "complicated" group D4 {un(D;D) was considered by Hulanicki
[15] (cf. also [16]), who proved the nonsymmetry of its group algebra. The results of this

section carry over almost word for word to this group.
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