INTEGRAL OPERATORS DETERMINED

BY QUASIELLIPTIC EQUATIONS. II
G. V. Demidenko UDC 517.954 4+ 517.983

In this article we continue the study of properties of the families of integral operators which are
connected with quasielliptic equations [1]. The operators under consideration were introduced by the

author in 2, 3] while constructing approximate solutions to the following quasielliptic equations in
the half-space:

L(Dr)’LL:f(IE), IEER:, (1)
Bi(Dz)ulzn=0=0, j=1,...,p4,

with boundary operators satisfying the Lopatinskii condition. Study of their properties enables us to
obtain a number of new results in the theory of boundary value problems (1).

§1. Definitions and Statement of the Main Results

We shall assume that the operator L(D;) is quasielliptic and its symbol L(i€) is homogeneous
with respect to some vector a = (ay,...,an), where 1/a; are naturals; i.e., L(c*i§) = cL(i€), ¢ > 0.
Without loss of generality we can suppose that the coefficient of the highest derivative with respect
to zn equals unity. By virtue of quasiellipticity of L(D;), the equation

L(is,iA) =0, s € Rn—y\ {0}, (2)

has 1/ap roots in A; moreover, none of them can be real. Denote all roots with positive imaginary
part by /\:(s), k=1,...,u, and let

n
M™*(s,)) =H,\ (s
k=1

We now specify the conditions on the boundary operators Bj(D;) for z, = 0. Assume that the
number of the boundary operators Bj(DI) equals p and each of them has the form

B;j(D Y+ > Bik(D)Di., @ = (21, 2nm1);

k<m;

moreover, the symbols B;(i€) are homogeneous with respect to the vector a and homogeneity exponent
B, 0<B; < lie,
Bj(c*i€) = % B;(i€), ¢ > 0.
We let S, stand for the trace operator on the hyperplane {z, = 0}.
We assume that the Lopatinskii condition is satisfied for the operator

{L(Dz), Sno Bi(Dz),...,Sn0 Bu(Dz)};

i.e., the polynomials Bj(is,i)),j = 1,..., u, are mod M+ (s, A) linearly independent for s € R,_1\ {0}

as polynomlals in A. This means that det (bjk(s)) #0, s € Ra_1\ {0}, where the elements b; i(s) are
determined from the identities

> " bik(s)@N)* ! = Bj(is,id) (mod M (s, A)).
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Now we describe the construction of an approximate solution to problem (1) which was presented
in [2, 3]. It is based on the use of the following special averaging [4] for the functions f(z) € L,(Ry):

e I

Ry Ry

) G(6)f(y) dedydv, )

k k
where G(¢) = m(&)™exp(—(E)™), m=2>k+ 1, (£)* = {?/ai, o] = ¥ ai.
=1 =1

Let I'*(s) denote a contour, in the complex plane, which encloses the roots /\;:'(s) of equation (2),
and let I'"(s), be a contour enclosing all roots in the lower half-plane. Define the contour integrals

1 ol :
J+(s,zp) = — / Md,\’ J_(s,zn)z_i / exp(zmn/\)d/\,

27 L(is,iA) 27 L(1s,))
T+ (s) F=(s)
1 exp(iz,A) .
; n}) = 7 —N 3 3 = L,..., K
J}(S’.’II ) 271'1 / A’{+(S, /\) 3(3 /\) d/\ J 1 K
T+(s)

where N;(s, A) are polynomials in A such that the following equalities are valid [5]:

I Bi(is,tA)N;(s, A) ok
271 M=*(s,A) dA = &5
I'+(s)

Using the integral representation (3) for k = n— | together with the contour integrals introduced,
we define some linear integral operators R;, Ry, Rin, 5 =1,...,p, h €(0,1), as follows. Given an
arbitrary function f(z) € Lp(RY) N Li(R}), we define

RYf(e) = Gy / / [ [ exelite! = 95)G(sv 101 5,20 = 3n)S(0) sy,

Rn_y Rnoy
T = (IE )mn)7 y = (y )yn), a = (al’an)a

By f12) = Gy / - / / | explite’ = )5)G(sv") (5,20 — yn) (y) dsdy dind,
Tn Rn_y Ry

-! )

Rjnf(z) ya- o n—1 / / / exp(i(z’ —y')s)G(sv (s, Zn /11 $,Yn) f(y's yn) dyndsdy' du,

0

where j = 1,..., 1 and

1;(s,yn) = = Bj(is, Dz, )J—(s, zn — y")lz,,:o’
n—1

G(s) = m{s)™exp(—(s)™), m=2>n, (s)2= Zs?/“f.
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From the definition of the integral operators R',:', R, ,and Rj;, 5 =1,...,p, it follows (see (2, 3])
that, for small & > 0, the function

u
up(z) = (RZ + Ry +) Rj.h) f(z)
Jj=1
is an approximate solution to the boundary value problem (1).
Now, by analogy with [1], we define some scale of function spaces in which we shall investigate
the action of the operators Rf, R}, Rjn, j =1,...,4, h € (0,1).
Let r = (1/eq,...,1/an), 1 <p< oo, l/p +1/p=1,0< 0 < 1, and onj, = min{ay,...,as}.
Introduce the weighted Sobolev space Wy (R} ); by definition, W, ,(R¥) is the completion, of the set

of functions in C'°°(R:) vanishing at large |z|, in the norm

lu(z), Wyo (RO = > 111+ (2))"U=P) Dlu(z), Ly(RT)|,
0<fa<]

n
where (z)? = ) z?/m. For o = 0, the space indicated is the Sobolev space Wy (R}).

1=1
Denote by L1 ,(R;}) the space of summable functions u(z) with the finite norm ||u(z), L1 ,(R¥)|| =
(1 + (z))""u(z), Li(R})|- In particular, for v = 0 we have L1 o( B;}) = Li(RY).
Let Ly s n(R]) be the subspace of Ly(R}) constituted by the functions f(z) satisfying the con-
ditions :

(L+ (@) f(z) € Li(RT), (4)
/zﬂf(x)dz=o, 18]=0,...,N — 1. (5)
RE
We recall one definition of [1].

DEFINITION. Let V and U be normed vector spaces. We say that a family of linear operators R,
h € (0,1), is fundamental in the pair of spaces {V,U} as h — 0 if, for every h € (0,1), the operator
Ry : V — U is bounded; moreover,

sup ||Ru|| < ec< o0
0<h<1

and

”Rh1 - Rh2|| — 0, hy,hg — 0.
Now we formulate the main results of the present article.

Theorem 1. Assume |a| > 1 and |a|/p > ¢ > 1 — |@|/p'. Then the operator family (R} + Rj;)
is fundamental in the pair of spaces {L,(R¥) N L1,--(R}), W;’,(RI)} as h — 0.

Theorem 2. Assume |e|/p > o and 1 > |a| > | — Nampi,, where N is a natural number and

1-—|a|/p'—(N—1)amin >o> 1—|a|/p’—Nam;n. (6)

Then the operator family (R} + R} ) is fundamental in the pair of spaces {,C,,,U,N(R',f), W;,a(R?;L)}
as h — 0.

Theorem 3. Let |a| > 1 and la|/p > 0 > 1 — |a|/p'. Then the operator family Rj, is
fundamental in the pair of spaces { Ly(R) N L1,—o(R}), W;,(RY)} as h — 0.
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Theorem 4. Assume |a|/p > 0, 1 2 |a| > 1 — Nanpin, where N is a natural number satisfying
(6). Then the operator family R;} is fundamental in the pair of spaces {Lp o n(R}), W,,’,,(R,‘f)}
as h — 0.

In consequence of the theorems we separately formulate the results on the operator family Ry,
h € (0,1), where

i
Ry=Rj + Ry +)_ Rjn
J=1

Theorem 5. Let || > 1 and |a|/p > o > 1—|a|/p’. Then the operator family R}, is fundamental
in the pair of spaces {Lp(R¥) N L1,—o(R}), Wy ,(R¥)} as b — 0.

Theorem 6. Assume|a|/p > o and 1 > |a| > 1—Nayi,, where N is a natural number satisfying
inequalities (6). Then the operator family Ry is fundamental in the pair of spaces {L,q,n(R}),
I/V;_,(R,T)} as h — 0.

Using Theorems 5 and 6, one can prove the following assertion on well-posedness of the boundary
value problem (1).

Theorem 7. Let |a| > 1 and |a|/p > 0 > 1 —|a|/p'. Then, for every function f(z) € Ly(R})N
Li,—¢(R}), the boundary value problem (1) has 2 unique solution u(z) € W,,T,U(R:); moreover, the
following estimate is valid:

[u(z), Wy o (RE)|| < ([l (=), Lo(BI)] + || £ (=), L1,—o (RT)]]) (7)

with a constant ¢ > 0 independent of f(z).

Theorem 8. Assume |a|/p > o and 1 > |a| > | — Nompiy, where N is a natural number
satisfying inequalities (6). Then, for every function f(z) € ﬁp,,,N(R:), there exists a unique
solution u(z) € W] ,(R¥) to the boundary value problem (1) which satisfies the inequality

lu(z), Wy (R < e[| f(2), Lp (R + 1|1+ (2))7* N1 f(2), Ls(RT)]]) (8)

with a constant ¢ > 0 independent of f(z).

From Theorems 7 and 8 ensues the next assertion on well-posedness of the boundary value problem
(1) in the Sobolev space W} (R}).

Theorem 9. If |a|/p' > 1 then, for every function f(z) € Lp(R}) N Li(R}), the boundary
value problem (1) has a unique solution u(z) € W, (R}) which satisfies inequality (7) for o = 0. If
lal/p' <1 and if f(z) € L,(R7) meets conditions (4), (5) for ¢ = 0 and some natural N determined
from inequalities (6), then problem (1) is also uniquely solvable in W} (R}) and its solution satisfies
estimate (8) for o = 0.

Observe that in the presented theorems we specify sufficient conditions on the right-hand side f(z)
under which the boundary value problem (1) is well-posed in W;‘,(R:‘). The natural question arises:
to what extent are these additional conditions essential? The question is still open; nevertheless, as
follows from the theorem formulated below, the orthogonality conditions (5) are close to necessary
solvability conditions.

Theorem 10. Let ['(s) be a contour, in the complex plane, which encloses all roots of the
equation L(is,i1)) =0, s € Rp—1 \ {0}. If |a|/p' + amin > 12> |e|/p', 1 < p <2, and

Bj(is, 1)
/ Lis,) DN FO
T'(s)
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for some j = 1,...,p, then for solvability of the boundary value problem (1) in W;(R:) it is

necessary that
/ f(z)dz = 0.
R

From this theorem it follows in particular that the condition [ f(z)dz = 0 is necessary for the
Ry
solvability of the Neumann problem

Au = f($)7 T € ij Dlaulzg.:() =0

in W;?(R;), p <2
At present, there are many articles devoted to study of boundary value problems for quasielliptic
equations (see, for instance, [6-15]), but the theory is not yet sufficiently complete.

REMARK. In the case of a compactly-supported right-hand side f(z), Theorem 7 follows from
[15]. The assertion of Theorem 8 for o = 0 strengthens the author’s result [2, 3]. The main results of
the article are announced in [16].

§2. Multipliers

This section is auxiliary. Here we present estimates and some identities for the contour integrals
J1(s,zp), J-(s,zn), Jj(s,2n), and Ij(s,zs), 7 = 1,...,p, as well as indicate several functions u(¢),
€ = (s,€n), that are multipliers in Lp(Ry). All of these will be essentially used below.

The following two lemmas hold [3]: ’

Lemma 1. For z, >0 and s € R,—1 \ {0} the estimates

lDfn DEJ+(S,1:,,)| < c(s)(k+l)“"’ﬂ"_l exp(—dzn(s)"),
iD';n DB J_(s, —zn)| < c(s){k+1an—pa=1 exp(—6za(s)*"),
]D’;n Dij(s,zn)l < c(s)kon—Po—b; exp(—6zn(s)")

are valid for arbitrary k and 8 = (f,...,Bn-1), where c and 6 > 0 are constants.

Lemma 2. For s € R,_; \ {0}, the identities

D';n(J+(s,zn)—J_(s,zn))| =&k k=0,...,m—1,

zn=0 m—1»

hold, where 5,’;_1 is the Kronecker symbol.
With the help of these lemmas we prove the next three lemmas.

Lemma 3. For s € R,—1 \ {0}, the identity

1

/exp(—i/\xn)(a(zn)J+(s,mn) + 0(—zn)J-(s,20)) dzs = m (9)

Ry

holds, where 0(zy,) is the Heaviside function.

PROOF. Let p(z,) be an arbitrary function in C§°(R;). Consider the following boundary value
problem on the real axis for an ordinary differential equation with parameter s € R,_1 \ {0}:

L(is, Dz )v = ¢(zs), |v(s,zn)| < 00, z, € Ri.
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Since the characteristic equation L(zs,i)) = 0 has no real roots in A, the problem has a unique
solution. Using Lemma 2, it is easy to prove that such a solution can be represented as

'U(S, :l:n) = /(0(:1:.,, - yn)J+(S, Tn — yn) + H(yn - zn)J—(S, Tn — yn))ﬂo(yn) dyn.
R

From Lemma 1 it follows that we can apply the Fourier transform to this function. Taking into
account a formula for the Fourier transform of convolution, we have

3(s, ) = /exp(—z'/\a:n)(ﬂ(:vn)J.,.(s,zn) + 0(=2n)J (5, 3n)) donB(N).
19}

On the other hand, L(is,iA)d(s, A) = @(A). Hence (9) follows in view of arbitrariness of the function
©(z,). The lemma is proven.

Lemma 4. For s € R, \ {0}, the following identity is valid:

/exp(i/\.’l:n)L(isl £y 44 = 200, 20) + 0(=20)- (5, 0).
4]

The proof is obtainable from (9) by applying the inverse Fourier transform.

Lemma 5. Assume f(z',z,) € Li(R}) and let f(s,2n) be the partial Fourier transform with
respect to z'. Then, for s € Ro—1 \ {0}, the following identities are valid:

o0
(s,zn) /IJ s yn)f (s,yn) dyn
0

o0 o0
= —/Dzn (Jj(s,zn+zn)/1j(s,yn—}-zn)f(s,yn)dyn) dzn, Jj=1,...,4.
0 ]

The proof is straightforward from Lemma 1.
Using the contour integrals Jy (s, zx), Ji(s,2Zn), and I(s,zs), we introduce the function

B
U(s,2n,9n) = J4(5,2n = yn) + D Jk(,Tn) k(5. Yn)
k=1

for z, > 0 and s € R,—1 \ {0}. From the definitions of the integrals J(s,zy), Ji(s, za), and Ix(s, zn)
immediately follows

Lemma 6. The identity holds:
U(c"ls, c¥"z,,0) = e U(s,2,,0), ¢> 0.

Henceforth we use the following notation:

M5, 02) = [T (3000 = 40@)s A= max)l, () =1,

k=1

¢j(s)=/%&%)—)d,\, j=1,...,p T(s)={r€C: |\ =2A(s)*}.

I'(s)
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Lemma 7. The function U(s,z5,0) is a solution to the boundary value problem

M*(s,D;,)U =0, z,>0,
Bj(is,D,,-,,)UIzn:0 =¢i(s), 7=1,...,m,
U—-0 as z, > +oo.
PROOF. From the definitions of the contour integrals J;(s,z,) and Ji(s,z,) and Lemma 1 it is

obvious that
M*(s,D;,)U(5,20,0) =0, |U(s,2,,0)| >0 for z, — +oo.

Verify the boundary conditions. Recalling the definitions of the integrals Ji(s,zn) and Ii(s,za),
we have

Zn=0

Bj(is, Dz, )U(s,zn,0)|z,=0 = Bj(is, Dxn)<J+(s 5) z (s, zn) i(s, 0))
( ) J—(Samn))lzn=0

= Bj(zs, Dy, )J+(s, zn)|z"_0 + I;(s 0) Bj(is, Dz, )(J
(1s,1A)

21r L (1s,2A) d/\ =j(s).

The lemma is proven.

Lemma 8. The following representation holds:

U(s,za,0 ZJks:cn Yir(s

The proof is straightforward from the preceding lemma.
At the conclusion of the section we state a lemma on multipliers.

Lemma 9. For every vector v = (V',v,), va = v'o + vpan =1, the functions
o0

WE(©) = (i) [ €6 D2 Jy (5, 2n) dan,
0
0
(€)= i) [ 05D (s,30) don,
)
o
i (€) = (s)fimvnen / einzn DU+l (s 1) da,
0

o0
m;jw(€) = (zs) / 'E""‘ "““"—ﬂfBj(is,Dy")J_(s,yn = Zp)|yp=0dza, j=1,..., 1,
0

are multipliers in Ly(Ry).

PROOF. By Lizorkin’s theorem [17], it is sufficient to prove that, for every vector vy = (71,...,7),
where either 4; = 0 or 4; = 1, the inequalities

€7Dt (&) < e |€7DFuy (6)] < e |€7DFpin(€)] < ¢, |€7Dfm;u(€)| S ¢

hold for & # 0, [ = 1,...,n, with some constant ¢ > 0 independent of £. The verification of the
inequalities causes no difficulties and can be accomplished with the help of Lemma 1.
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§3. Proofs of the Theorems Stating that the Operator Family
(R,T + R;) is Fundamental as A — 0

In this section we prove the main results on the property of fundamentalness of the operator family
(RZ + R;) in the corresponding pairs of weighted spaces as h — 0.
We begin proving Theorem 1. First of all, we observe that ¢ belongs to the nonempty interval

(1= lal/p',|al/p), since |af > 1.
The proof of the theorem is divided into three lemmas. In the first lemma we estimate the higher
derivative

DS(Rf + Ry) f(z), Ba=1,
in the Ly-norm; in the second we estimate all derivatives with fa < 1 in the corresponding weighted
norms; and in the third we prove that the function uj(z) = (R} + R ) f(z) can be approximated by
functions vanishing for |z| > 0 in the norm of W} , (Rf).

Lemma 1. Let |a| >0, f(z) € Ly(RF) N Li(R}), and up(z) = (R + R} ) f(z). Then
| DEun(z), Ly (RE)|| < || f(=), Ly (RE)]|, Ba=1, 0<h<l,
where the constant ¢ > 0 is independent of h and f(z); moreover,
| D2 un, (z) — DEup,(z), Lp(BT)|| =0, hi,ha — 0.

The proof of the lemma for 8 = (1/a,...,1/a,) and a compactly-supported function f(z) is
contained in [3] (see Lemma 3). The general case is settled by the same scheme by using Lemma 9 of

§2.
Lemma 2. Let f(z) € Ly(RY), (14 (z))° f(z) € Li(RY), un(z) = (R} + R;) f(z) and |a| > 1,
la|/p > o >1—|a|/p'. Then, for 1 > fa >0, the following estimate is valid:
(1 + (=) =70 DFun(e), Ly(R7)]|
< c([lf(2), Lp (R + (10 + ()72 f(a), Li(BE)), 0<h <1, (10)

where the constant ¢ > 0 is independent of h € (0,1) and f(z); moreover,
100+ ()70 (Dfun, (2) = Dfuny(2), Lo (BT
< e(, ha) (| £(2), Lo (B + 111+ ()70 f(2), La(R)]) (1)

and E(h], hz) — 0, hy,hg — 0.
PROOF. Since fa < 1, we have 0 < fp < 1/a,. Consequently,

Dlup(z) = i (2) + 0} (<),

where
h~! Zn

ot (o) = Gy [ o7 [ [ explita’ = )5)G(sv% ) is) D2 15,20 = yn) () s/ g,
h 0 Rp_j Rn—y
At oo

vy (z) = Z2—7%n—_-1- / v_l/ / exp(i(z’ — y')s)G’(sv"‘l)(i.s)‘elDf;l J_(5,Zn — yn) f(y) dsdy’ dyndv.
h Zn Rn_) Rno



Consider the function <pz'(:z:) By Minkowski’s inequality, we have

1% <1+<z>)-°“'"“>7 | [ exetite' - s)aen

0 Rp_y Rpoy

11+ (@) 70PNk (), Lp(RY)] <

x(is)P D2 J1 (5,20 — yn) f(y) dsdy'dyn, Ly(RY) | dv

o+ @ ‘f"’)///expm—y 5)G(sv™)

ORannl

x(i5)P D" J 1. (8,20 — yu) f(y) dsdy'dyn, Lp(RF)||dv = I p + Inp.

Since o(1 — Ba) > 0 and 0 < Ba < 1, repeating the arguments in the proof of Lemma 5 in [3], we

obtain
I < alfw), Lu(R)| (12)

with a constant c¢; independent of f(z) and h € (0,1).
Estimate the summand /5 4. On using the function

Ki(v,z',z,) = / exp(iz's)G(sv )(is)? 8(zn) D" J 4 (s, z0) ds, (13)
Rn-—l

it can be rewritten as

h—l
-1
12,h= /'U
1

here and in the sequel we assume f(y',y,) = 0 for y, < 0). By applying the estimate
q g

(= y)(1+(2))7" < a(l +(y)) (14)

together with Minkowski’s inequality and Young’s inequality, we obtain

dv

l(l + (z)) 7ot he) / Ki(v,2' =y zn — yn)0(ya) f(y) dy, Lp(RY)
Rn

h—l
12,1;Sa/v_1” )UK (0, 2" 2a), Lp(RE) | do ]| (1 + (9))70 P *8(ya) f(y) dy, La(Ra)).
1

Involving the equality
Ki(v,z',z,) = v!=Pe-lel g (1, z'v""‘l, Tpv” M), (15)
we rewrite the preceding inequality as follows:

h—-l
Ly<a / p—lal/p'—Ba—o(1-fa) O )
1
XK (1,2, za), Lp (R + @) f(y), Li(RE)])-
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Since |a|/p > o(1 — Ba), from the definition (13) of the function K4(v,z'z,) and Lemma 1 of §2 it
follows that the first norm is finite. Recalling also that 1 > ¢ > 1 — |a|/p' and Ba > 0, we have
la|/p' + Ba 4+ o(1 — Ba) > 1. Consequently, for k € (0,1), we obtain the inequality

Iop < ea|(1 + (2))70 =82 f(2), Li(RT)]| (16)

with a constant ¢; > 0 independent of f(z) and A.
From estimates (12) and (16) we infer the estimate

11+ =)0t (@), Ly (BT < eall (o), Lp(BY) || + |1 + ()70 =02 (), Lo (BT

In exactly the same way one can establish the inequality

100+ ()70 (2), Ly (R < ([ £(2), Lo(RE)| + (1 + (@) =22 f(2), Li (R)]))

with a constant ¢ > 0 independent of f(z) and A.
The estimates written down yield inequality (10). Inequality (11) can be proven analogously. The
lemma is proven.

Consider the function x(s), x(s) € C“(ﬁr), 0<x(s) <1,

1 for 0<s<1,
x(S)z{

0 for s> 2.

Lemma 3. Assume that the conditions of Theorem | are satisfied. Then, for every h € (0,1)
and 1 > Ba > 0, the limit relation

“(1 + (z))~o(-Fe) ph (uh(z) - uh(z)x((ip,zi)>, Ly(RD)|| =0 (17)

holds as p — oco.

The lemma can be proven in exactly the same manner as Lemma 3 in [1].
From Lemmas 1-3 it follows that, for every f(z) € L,(R}) N Ly, (R}), the function u,(z) =
(R} + Ry ) f(z) belongs to the space I/V;‘U(R,T); moreover, the estimate

fun(=), Wy (B < e(llf(2), Lo (B + 1|1+ (2))7 (), L (R2)])
holds with a constant ¢ > 0 independent of & € (0,1) and f(z), and
(0 + (@) (DZun, (2) = DEwny(2)), Ly(RS)] - 0

as hy,hy — 0. Consequently, the operator family (R,‘f + R;) is fundamental in the pair of spaces
{Lp,(RF) N L1—o(R)), W],',,,(R,‘f)} as h — 0. Theorem 1 is proven.

The proof of Theorem 2 can be carried out by the scheme exposed above. We expatiate on major
differences.

Recall that the assertion of Lemma 1 is valid for every |a| > 0. We formulate an analog of

Lemma 2.

Lemma 2°. Let the conditions of Lemma 2 be satisfied. Then, for every f(z) € Lyq n(RY)
and 1 > fa > 0, the estimate

(1 + (2))=0=#2) DRuy(z), L, (RY)|
< (|| £(z), Lp(BE)|| + |1 + (=)Aot NIl pz) Ly (RE)), 0 < b < 1, (18)
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holds for the function up(z) = (R} + R} ) f(z), where the constant ¢ > 0 is independent of h € (0,1)
and f(z); moreover,

(1 + (=) =708 (DB () — DPup,(2)), Lp(R})]
< e(h1, ha) (|| (), Lp(BE)|| + [[(1 + (=) =B+ ¥l p gy Ly (RD)]) (19)

and €(h1,h2) = 0, h1,hy — 0.

PROOF. From the arguments given in the proof of Lemma 2, it is seen that the main difficulty in

proving estimates (18) and (19) relates to the case in which all 8;’s equal zero. Consider the case in
more detail.

Assume N = 1 under the conditions of Theorem 2, i.e., assume

12> |a|> 1 — omjn, l—|a|/p'20’> 1_|a|/p,_amina |O‘I/P>U)

(1+ @) @) € La(RE), [ S@)ds =0
R+

Then
/f s zn 0422 =0. (20)
0

Represent the function u(z) as follows:

1

ui(a) ———( 1h/1 / / [ el = 115660 ) (5, n = ) £(3) dsd’dyn
1

—anl

)1 /i// /exp a:—y )G(sv“l)J_(s,mn—yn)f(y)dsdy'dyndv>
Zn Rn_1 Rny

( "-1/ / / / exp(i(a’ = y')s)G(s0™)J+(5,n = ya) f(y) dsdy'dynd
0 Ru_y R

= / / [ [ estite' =960 “’)J_<s,m,.—yn>f(y)dsdy'dyndu>=w;,(z)+¢i(z).

Tn Ry Ry

Consider the function ¥} (z). Using the Heaviside function, rewrite the former as

#4(#) = e h/l [ exotis)Glsn) ([ 6an = 1) (o120 = 30
1 Rnoy

Ry

+0(yn — Ta)J—(5,Zn — ¥n))0(¥n) f(5, ¥n) dyn> dsdv.
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By the formula for the Fourier transform of convolution and Lemma 3 of §2, the preceding equality
can be rewritten as

h—l
1 1 . o . -1}
¢’l'(x) = (2,”)11/2 / ;R/GXP(Z-’L‘QG(S'U )(L(is,i€n)) IfO(Syfn)dfdva £ =1(56)

Taking condition (20) into account, by Hadamard’s lemma we have

p-!
Wl(a) = W / %/exp(iz{)G’(sval)(L(z's,ifn))_](fg(s,fn)—fg(0,0)) dedv

1 R
"o LM
ol |

1

/ / exp(i(z — M)E)G(sv™ )(~itk) (L(is, i) " ykB(yn) f(y) dedyduda.

Rn Rn

Q=

k=1

Grounding on the representation obtained, we estimate the function ¥} (z).
Applying Minkowski’s inequality, Young’s inequality, and an estimate of the form (14),

(z = Ay)(1+ ()" < a(l+ (W),

we obtain
n ] h_‘
”(l + (:z:))“"q,b}!(:z;), LP(R:)” < kz—l () / polel/p—e—ar g
= 1
X (x)'”/exp(z'(a:'s + -'lfnén))G(S)-(;i'f._kl“ d¢, Ly(RE)| |1 + W) f (), Ly (RH)||-
L(is, &) " "
We have |al/p’ + amin + ¢ > 1; therefore, for proving the estimate
(1 +¢2))~"8h(2), Lo (RO < el(1 + ¢2))72V (=), L1 (BT (21)
with some constant ¢ > 0 independent of f(z), h € (0, 1), it suffices to demonstrate that
By = {|(z)™7 /exp(i(z's + znfn))G(s)L—((Es—i% dé, Lp(Ra)|| < ck < o0.

n

To this end we use Lemma 4 of §2. For instance, for k = 1 it implies

By =2rn (z)“’/exp(iz's)G(s)sl(G(xn)J+(s, Ta) + 0(~22)J-(s,2a)) ds, Lp(R})|].
Hence,
Bis Y @041 [ 1DAG()s)
1Bl+Iv1<2k Rn-)

x|D;’(0(zn)J+(s, zn) + 0(—z5)J_-(s, :v,,))] ds, L, (R:)
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Taking note of the estimates for contour integrals given by in Lemma 1 of §2, we obtain
/
Bl S Z Cﬂ)‘y
1B1+|vI<2k

< Y eay||@ 7T+ P 4 feal) / |DZ(G(s)s1)|(s) " (1 + (s)°") ds, Ly(RY)
|81+|7<2k Rao1

(@)77(1 + |2'|*)7! / | D5 (G(5)s1)|(s) 77! exp(—8zn(s)*") ds, Ly(Ry)
Rn

Letting k > [(n — 1)/2p] + 1, we obtain B; < ¢1 < oo from the definition of the kernel G(s), since
|ael/p > o. In exactly the same fashion we can estimate the other norms By. Inequality (21) is thus
established.

Consider the function gb,zl(a:) Since o > 0, arguing as in the proof of Lemma 5 of [3], we can easily
demonstrate that the estimate

11+ ()~ 9k(=), Ly (RT)|| < efl f(=), Lo(BT) ] (22)

holds with a constant ¢ > 0 independent of f(z) and h € (0,1).

From inequalities (21) and (22), estimate (18) is straightforward in the case when fa = 0 and
N = 1. Inequality (19) can be proven in the same way.

Observe that, in the case considered, the orthogonality condition (5) written down in the form
(20) is essentially used in estimating the function 1}(z), whereas the condition is not required in
estimating 1¥#(z) (cf. [3]). Therefore, while dealing with the general case N > 2, we are to represent

A

the function fg(s,§s) as

fo(s,6) = (27r1)"/2 /1/1 (/eXP(—i/\l..-/\N(y'3+yn€n))
0 0

Rn

X (—iy's = iynén ) 8(yn) f(y) dy) AN=Y O s dy . dy, (23)

by using Hadamard’s lemma and afterward repeating the above arguments for w,ll(m) We omit these
easy calculations. The lemma is proven.
We also have an analog of Lemma 3:

Lemma 3°. Assume that the conditions of Theorem 2 are satisfied. Then, for every h € (0,1)
and 1 > Ba > 0, the limit relation (17) holds as p — oo.

The lemma can be proven in exactly the same way as Lemma 3 in [1].
From Lemmas 1, 2°, and 3° it follows that, for every f(z) € E,,,,,,N(RI), the function u,(z) =
(RF + R;) f(z) belongs to the space W;,G(Ri); moreover, the estimate

lun=), Wia (B < e(ll (), Lo(RDI+ 11+ (=)™ e f(a), La (7))
holds with a constant ¢ > 0 independent of A € (0,1) and f(z), and
||un, (2) — uay (), WL (RT)|| -0

as hy,hg — 0. Consequently, the operator family (R;{' + R;) is fundamental in the pair of spaces
{Lpon(RY), WS, (RE)} as b — 0. Theorem 2 is proven.
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§4. Proofs of the Theorems Stating that the Operator Family
R; ) is Fundamental as h — 0

In this section we prove Theorems 3 and 4.
The proof of Theorem 3 is carried out by the same scheme as in §3; we divide it into three lemmas.

In the first lemma we give an estimate for the highest derivatives Dij,hf(:z:), Ba =1, in the Ly-norm;
in the second we estimate all derivatives with Sa < 1 in the corresponding weighted norms; and in
the third we demonstrate that the function us(z) = R;4f(z) can be approximated in the norm of

W ,(R¥) by functions vanishing at |z| 3> 0.
Lemma 1. Let |a| >0, f(z) € Ly(RF) N Li(R}), and uy(z) = R; 4 f(z). Then
| DEun(z), Ly (RY)|| < || f(=), Ly(RT)], Ba=1, O0<h<l,
with some constant ¢ > 0 independent of h and f(z); moreover,

“Dg'u-hl(:l:) - Dfuh2(:L'), LP(R:)“ — 0, hi,hy —0.

A proof of the lemma for 8 = (1/e1,...,1/ay) and f(z) compactly-supported is contained in (3]
(see Lemma 4). The general case can be considered along the same lines by using Lemma 9 of §2.

Lemma 2. Let f(z) € Lp(R}), (1 + (2))°f(z) € Li(R}), un(z) = Rjnf(z) and o > 1,
la|/p >0 >1~|al/p'. Then, for 1 > fa >0, the following estimate is valid:

(1 + =)0 P2) Dius(z), Lp(BY) ||
< e([| @), Lp(RE)|| + |1 + (=) 0P f(=), Li(RT)])), 0 <h <1, (24)

where the constant ¢ > 0 is independent of h € (0,1) and f(z); moreover,

(1 + (=) =70~ (DEup, () — uny(2)), Ly (R)|]
e(h, ha) (|| F(2), Lo (BD)|| + (|1 + (2))7 P f(2), Lo (BR])]]) (25)

and e(h1,h2) — 0, h1,hy — 0.
PROOF. Represent Dzuh( ) as

R / [ [ emtia' - 151600

h RnIRfll

x(is)? D Ji(s, zn)/f'(s Yn)f(y', yn) dyndsdy'dv

+5 / [ [ exotita’ =110t is)”
1 Rn-1 Rn)
XDf:Jj(S,zn)/lj(s, yn) (3/ ayn) dyndey dv = Fl,h(z) + FZ,h(m)- (26)

0
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Consider the function Fj (). Since o(1 — Bca) > 0 and 0 < fa < 1, by repeating the arguments
in the proof of Lemma 6 of [3], we obtain

11+ (@)~ (), Ly(BY))| < el f(2), Ly (B (27)

with some constant ¢; > 0 independent of f(z) and h € (0,1).
Estimate the function F; j(z). Since o(1 — fa) > 0, from inequality (14) we obtain

1

10+ (@) 0 Fyp(e), Ly(RD)] < a / A/
1 R}

(z—y)770=F) [ exp(i(z’ —y)s)
Rn/—-l

xG(sv® )(is)? DI Ji(s, zn)Ij(s,yn) ds|(1 + ()"0 29| f(y)| dy, Lp(R})]| dv

/ K;j(v,2' =4, Ta, ya) (1 + ()70~
R}

x| F@)DYP((1+ @)D f()) P dy, Ly(RY) || do-

Applying Young’s inequality, we obtain the estimate

(1 + (2)) =P Fy (), Lo(RY))

dv

" i/p
a }- vz =y . P o(1—Ba) +
< 1/ (]]R/ K55 =3 )P+ DO )y ) Lo (R3)
X [(1+ (20)7078) (), L (RE)| 7

By the Tonelli theorem, the inequality can be rewritten as

hl
0+ )05 o), (D) <@ [ 1( [ 1rw)
1 R:

: 1/p !
x(1 + (y))70=2) ( [ 1Ki60,5' = an )P dx) dy) dol|(1 + (2))°0P 5 (z), Ly (BD)||M?

Y
h—l

- 1/p s o
= a/ (/(1 + ()¢ ﬂa)|f(y)|Aj(v,y)dy> do|(1+ ()70 £(z), L(RE)||'P. (28)
1 R;t-

S
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Estimate the function A;(v,y). By definition, it is obvious that

Aj(”:y) = /IKJ'(Uvz' - y',mn,yn)lpﬁ(xn)ﬂ(yn)dz = /IKJ'('U, Zl,zn + Yn, yn)1P0(2zn + Yn)0(yn) dz
Rn Rn
= / (z)~Pol1=Fe) / exp(iz's)G(sv™ )(i5)? D22 J;(5, 2n + y)0(zn + Yn)0(yn) L (5, yn) ds

Rn Rn—l
_ (=lal/p+(1=o)(1-pa))p / (z)-Po(1-4a) / exp(iz'é)
n n—1

P
dz

P

XG(E)(5)” DEn Ji(€ Tn + yav ™" )0(30°" + yn)0(yn) (£, yv™*") ds| daz.

Put A = —|a|/p' + (1 — o)(1 — Ba) and represent A;(v,y) as
j

AJ'(v,y)=vA”/(z)"’”(1'ﬂ“)(1+lw'I“)”’ /(((1+(—1)'°A'°)exp(im'€))0(€)

Rn R—n—l

P

x(i{)ﬂ'Df;‘ Ji(€, za + Yo" )0(znv™ + ya)0(yn)j(E, yav™ ") ds| dz

< S e / (z)Po0=02) (| 4 |![2k)~P

lvi+yvi<2k Rn

P
dz.

X

/ | DEG(E)]| D7 (€% D2 Jj(€, 2n + yav™")8(2av"" + y)0(yn) (€, ynv ™)) |ds
Rn 1

Now, by Lemma 2 of §2, we obtain

Aj(v,y) < c vP? [ (zy7Po(=Ba)(y o |5 2K)-p
J Y

[v|+|vI<2k R

[ 1061 (@5 " expl-8(za + sm=)i6)°")
Rnq

X

P
XO0(znv™ + yn)0(yn) exp(—bynv ™ *"(£)°" ) ds| dz.

Since |a|/p > o, we have
Aj(v,y) < cw?P8(yn) (29)
with some constant ¢ > 0 independent of v, y. Inserting (29) into (28), we obtain
Aol
(1 + ()" B) Fy (), Lp(RE)|| < ac'/? / v dul|(1+ (2))7 0P f(2), Li(RE)|)-
1
By the conditions of the lemma, we have A < 0. Therefore,

I(+ (@)~ P Py p(a), Ly(BY)]| < ea|(1 + (20049 f(2), Li(RY)) (30)

for h € (0,1), where the constant ¢; > 0 is independent of f(z) and h.
Estimates (27) and (30) yield (24). Inequality (25) can be established analogously. The lemma is
proven.
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Lemma 3. Assume that the conditions of Theorem 3 are satisfied. Then, for every h € (0,1)
and 1 > Ba > 0, the limit relation (17) holds as p — oc.

The lemma can be proven in exactly the same way as Lemma 3 in [1].
From Lemmas 1-3 it follows that, for every function f(z) € Lp(R¥) N L1,—o(R}), the function
up(z) = R;j»f(z) belongs to Wy, (R;}); moreover, the following estimate is valid:

[[un(z), Wyo (BE)[| < c(llf(=), Ly (R + (|1 + ()7 f (=), La(R) ),

with a constant ¢ > 0 independent of & € (0,1) and f(z), and

(1 + (2)) 70 ~F) (DEup, () — DEupy(2)), Lp(RE) || — 0

as hy,hy — 0. Consequently, the operator family R;,, j = 1,...,p, is fundamental in the pair of
spaces {L,(R¥) N Ly,—o(R}), W;’U(R:)} as h — 0. Theorem 3 is proven.

The proof of Theorem 4 can be carried out by the scheme described above. We expatiate on major
differences.

Recall that the assertion of Lemma 1 is valid for every |a| > 0. We formulate an analog of
Lemma 2:

Lemma 2°. Let the conditions of Theorem 4 be satisfied. Then, for every f(z) € [,,,,U,N(Rﬁ)
and 1 > Ba > 0, the estimate

11+ ()77 P) Dluy (), Ly(BY)]
< o[ £(2), Lp(RE)| + [[(1 + ()70 -8e1Mel f(a), Ly (RE]), 0 < h <1, (31)

holds for the function uy(z) = R;4f(z), where the constant ¢ > 0 is independent of h € (0,1) and
f(z); moreover,

(1 + (2))=702) (D, (2) — DEusy(a)), Lp (RS
<e(h1, ha) (|| F(@), Lo (B3| + (1 + (a)) 0P+ NIl f(z), Ly (RY)]) (32)
and E(hl,hz) — 0, h.],hz — 0.

PROOF. From the arguments presented while we prove Lemma 2 it is seen that the main difficulty
in demonstrating estimates (30) and (31) is in the case Sa = 0. We analyze this case in more detail.
Assume N = 1 in Theorem 4, i.e., assume similarly as in the proof of Theorem 2 that equality

(20) holds for the function f(z).
While proving the preceding lemma, we expressed the function up(z) in the form (26), where
B=(0,...,0), ie,
up(z) = Fp(z) + Fop(z).
From the arguments presented while we estimate the summands Fj 4(z) and Fy4(z) it follows that

inequality (27) is satisfied for all N > 0. Consequently, to prove estimate (31) for N =1 and fa =0
it suffices to establish the inequality

11+ (2)) ™ Fan(e), Lp(BE)|| < el|(1 + ()71 f(2), Ly (BY) | (33)

with some constant ¢ > 0 independent of f(z) and h € (0, 1).
By definition, the function Fj 4(z) can be written down as
A! o0
1 1 . o' . . 3
Foa(z) = m / - / exp(iz s)G(sv )J_,(.s,:cn)/I](s,yn)f(s,yn) dyndsdv
0

v
1 Rn-l
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and, on account of (20), as

h
1 1 _ o
f : U — Ran,h(z) = (—27'-—)("—_—1)/—2 / ; / eXp(ZxIS)G(S'U )
1 Rn—l

o
(s,2n) /I, $,Yn)(f(5,yn) = F(0,yn)) dyndsdv
0
1 " 1
- . ! a’ .
+(27r)("“1)/2/v /exp(zrz;s)G(sv )Ji(s, za)
1

n-1

x [ (05(5,30) = 15,00, 3n) dynddy = Ffy(s) + ().
0

First, we consider the function th(x). Represent it as follows:

h—]
1 1 ) o
th(z)z(—m/—z—/l—) / exp(iz’'s)G(sv® )J;(s, Tn)
Rny

oo 1
x//Dzn1] S,2n) z —hyn y,,f(O Yn) dAdypdsdv
0 0

-1

h
1 1 Yy .
= (@n)B-17 / vlaHanR,,/ exp (pr)G(é)Jj(f,znv )

-1

oo 1
x//DZn]J (&, 2zn) lzn—Aynv_°"y"f(O Yn) dAdyndsdv
0 0

(in the last equality we use the substitution & = spv**, k = 1,...,n — 1). Estimate the function
Fzz’h(:z:). Since o > 0, we obviously have

1 4!

10+ )77 Fiata), La(RD) < ¢ - 1// ~lal/p'~an—o

dvdA.

x lynf(y)] dy, Lp(B7)

/(I)_” / exp(iz'f)G(é)Jj(f,xn)Dzn]]‘(f, z"),zn=Aynv’°" d¢
RE Ray

Represent the function |yn f(y)| as

@) = lynf @) lya f ()17
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By using Holder’s inequality, we obtain

(1 + (=) Fy (), Lp(RY)| <
x( / / (z)"7
R RY

P
X Dz" ]j(£1 zﬂ)l;,.:,\ynv'a" d

. 1 AY

—la|/p' —an—0
o "—1/ / b
(2r) )

exp(iz'€)G(€)J; (€, zn)

Introduce the notation

Aj(Xv,y) = /(w)"”’

R:' Rn—l

and demonstrate that the estimate

|A;(Av,y)| £ < o0

1/p /¢
Wldyds) " dvd|zn (), L (R

[ explis G156, 20)0m) Dan 1612 e ]

(34)

(35)

holds for A > 0 and v > 0, with a constant ¢ > 0 independent of A, v, and y. Represent A;(A,v,y) in

the form

AOvu) = [0+ ][ (04 ()RR explis's)

R,T Rn—l

X G(€)J3 (6, 20)0(yn) Dan L5 (€, 22)|, _yyr-on 46

P
dz.

Now, integrating by parts and involving the definition of the function G(¢), we obtain

A< Y o / )P (1 + [/ P0(yn)

lvj+|vi<2k

| D¢G(E)DF (J5(&, 2n) Dea 565 20)], pgnuman) an

Rn—l

From the estimates for contour integrals indicated in Lemma 1 of §2, it follows

Aid vy < Y ,7/ )P (1 + |2'[*)7?6(ya)

ll+lv<2k ot

[ 1DEG@ @™+ expl=b(an + w1 e

< ¥ o /( 7+ P /le @)

vi+|v|<2k
P

x (6)”“*"“'1 exp(—6zn(€)*") dé

55



Since |a|/p > o, from the definition of the kernel G(s) we derive estimate (35).
Inserting (35) into (34), we obtain

h—l
(1 + (=) Fh(a), Lo(RE)|| < ¢ / vl == gy |2 £(2), Li(RY)-

1

Hence,

(1 + (=) Fu(@), Lp(RE)|| < llznf(2), Lo (RT) ]| (36)

with a constant c2 > 0 independent of f(z) and A € (0, 1).
Consider the function F},(z). Using Hadamard’s lemma, we write the function in the form

1

Fyulz =n§ ,,_1/1h/i//exp(w—/\y))
0 1

k=l Rn_1 R}
xG(5v® ) ~ise)Jj(, 2n) 1 (5, yn) v f (' yn) dydsdvdA.

Repeating the calculations of the proof of estimate (30), we obtain the inequality
1+ () Faa(@), Lo(RE] < |1+ (@)™ f (=), L1 (BT (37)

with a constant ¢} > 0 independent of f(z) and & € (0,1).

Estimates (36) and (37) imply (33).

By virtue of representation (26) and inequalities (27) and (33), we obtain inequality (31) in the
case fa =0 and N = 1. Inequality (32) can be proven in exactly the same manner.

The general case NV > 2 can be considered similarly. The lemma is proven.

We have the following analog of Lemma 3:

Lemma 3°. Assume that the conditions of Theorem 4 are satisfied. Then, for every h € (0,1)
and 1 > fa > 0, the limit relation (17) holds as p — oo.

The lemma can be proven as Lemma 3 in [1].
From Lemmas 1, 2°, and 3° it follows that, for every f(z) € £, n (Rj), the function uy(z) =
R; 1 f(z) belongs to the space W;,,(R,T); moreover, the following estimate is valid:

(), Wy o (R < (762D, Lo(BD1+ 10+ ()71 @), L (RY)])
with a constant ¢ > 0 independent of & € (0,1) and f(z), and
Jua, (2) = wna(), Wy o (RE)| =0

as hy,hy — 0. Thus, the operator family R;; is fundamental in the pair of spaces {‘Cp,a,N (R,T),
W; ,(R+)} as A — 0. Theorem 4 is proven.

§5. Boundary Value Problems for Quasielliptic Equations
in the Half-Space

We outline the scheme of the proof of Theorems 7 and 8.
The proof of solvability of the boundary value problem (1) is based on the use of the properties
of the family of integral operators Ry, h € (0,1).
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From the definition of the operators R}, R}, and R; it follows (see (2, 3]) that, for the function
ug(z) = Ry, f(z), hx > 0, the equalities

LD )ur(z) = 753 / o [ [ oo (52

Rn_y Ray
BJ(D )uk( )|In=0=0’ I=L...p

Ls) G(6) 0 2n)ddd,

hold. Consequently, taking (3) into account, we can consider the function ui(z) as an approximate
solution to the boundary value problem (1), and the problem of existence of a solution is reduced to
the proof of convergence of the sequence {ui(z)} as hx — 0 in the space W, ,(R*‘)

From Theorems 5 and 6 it follows that the sequence of functions {ux(z )} is fundamental in the
space W,,',,(R:) for all |a| > 0. Therefore, by virtue of completeness of W;J(R;,"), there exists a
function u(z) € W] ,(RY) such that

[[ur(z) — u(z), W), (RF)|| =0, &k — oo

Moreover, if |a| > 1 then u(z) meets estimate (7), and if |o| < 1 then estimate (8) holds. It is clear

that u(z) is a solution to the boundary value problem (1). Uniqueness of the solution can be easily
established (see (2, 3}).

In the case |a|/p' > | Theorems 7 and 9 can be easily transferred to the case of boundary values
problems for quasielliptic equations with slowly-varying continuous coefficients

L(IE, Dz)u = Z aﬂ(z)Dfu = f(g;), T € RI,
fa=1 (38)
Bj(DI)u':cn:O:O’ I7=1...,p

At this juncture we assume the Lopatinskii condition to be satisfied by the operator
{L(z°, Dz), Sa 0 Bi(Dz),--.,Sn 0 Bu(Dz)}

at any fixed point 2% € RY.
For simplicity we shall assume that the coefficients ag(z) are constant outside some ball {|z] < r}.

Theorem 11. Let |a| > 1, ja|/p > 0 > 1 —|a|/p, and f(z) € Ly(RE) N L1,~o(R}). Then there
exists an € > 0 such that if the coefficients of the operator L(z, D) satisfy inequality

maXx |a‘ﬂ(m) - aﬂ($0)| <e leI 2T, (39)

then problem (38) has a unique solution u(z) € W ,(R}) which enjoys estimate (7).

Theorem 12. Let |a|/p' > | and f(z) € Lp(RE) N Li(RY). Then there exists an € > 0
such that if the coefficients ag(z) satisfy inequality (39), then the boundary value problem (38) is
well-posed in W (RY).

These theorems can be proven by the perturbation method.

We turn to the proof of Theorem 10. We wish to demonstrate that if

wo) = [ Feodazo sera\o (40)
r(s)
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then, even in the case of compactly-supported infinitely differentiable functions f(z), for the solvability
of the boundary value problem (1) in WP'(R,T) with

al/p' + emin > 1 2 [al/p, 1<p<2, (41)
it is necessary that
/f(z) dz = 0. (42)
R}

We carry out the proof by way of contradiction. Assume that, for f(z) € C§° (R,‘{') not satisfying

conditions (42), problem (1) has a solution u(z) € WS (R}), 1 < p < 2. Then, by virtue of the
Hausdorff-Young inequality, the following estimate is vahd

[ll@(s, zn), Ly (Ra-1)ll; Lp(RT)| < efu(z), Lp(RT)], (43)

where (s, z,) is the partial Fourier transform of u(z',z,) with respect to z'.
For s € Rnp—1 \ {0}, the function (s, z,) is a solution to the boundary value problem

L(is, Dy, )0 = f(s zn), zn > 0,
B;(is, Dz,) ,z 0= 7=1,..., 4,

u—>0aszn——>+oo,

and, since the Lopatinskil condition is satisfied, 4(s, z,) has the representation

ﬁ‘(sazn) = /J+(S,.'En "yn)f(sayn) dyn
0
u
/J— 3 yTn — yn)f S, Yn dyn +Z/J] 3 zn (s yn)f(syyn)dyn~
=1y

Using the function U(s, za,yn) of §2, for z, > d = diam (supp f(z)) we obtain
(o o]
(s,20) = [ J(3,30 = 4a)F(5,90) v
0

u X 0
+Z/J,sx" (8, 9n) (5, Yn) dyn = /Usz,,,y,. f(s,9n) dyn.

With the help of the preceding representation, from inequality (43) we obtain

Ly({zn >2d})|| < c|[u(z), Ly (RY)||-

/U(S’ zn’yn)f(sa yn) dyn; Lp'({(-S)an < 1}) )
0
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Consequently, by virtue of Minkowski’s inequality, we have

Ly({zn > 2d})

/ s Tn,0 0 yn)dyn) L ’({(S)O{" < 1}) )
0

o0

< / 5, Zn,Yn) — U(5,Tn,0)) f(s,yn) dya, Ly({(s)* < 1}, Lp({zn > 2d})
0
+ /U $,2n, 0)(f(5,yn) — F(0,9n)) dyn, Ly({{s)™ < 1}){l, Lp({zn > 2d})
0
rellua), Ly(RD)] = Fr-+ P+t Lo(RD)]| (44
Prove the estimate
F1+F2§c(f)<oo. (45)

First, we consider the norm Fy. From Lemma 1 of §2, for 0 < y, < d and 2d < z, we have

1
|U(s,Zn,yn) — U(s,z4,0)| = yn/ DZU(3’$H’Z)|Z=Ayn dA| < c1(s)2* L exp(—8zn(s)*"/2).
0

Consequently,
Fr < erl(NII(s) e exp(=8za(s)*" /2), Ly ({{s)*™ < 1}l Lp({zn > 2d})].

Similarly,

n—1

Fa<ea(f)Y [HlI{s)n+ et exp(—=6za(s)* /2), Ly ({{s)* < 1D, Lp({za>2d})].

k=1
Define the domains
wi:{SERn—l :2_i—1 < (S)a“ <2—1}, i=0,1,2,....

Then, in view of the estimates obtained, we have

Fi+ Fa < (a(f) +ea(N)Y D ()" exp(=6za(s)2"/2), Ly (willl, Lp({zn > 2d})]

i>0k 1

< (a(f) +alf ZZH antar=l 1 (wi)ll || exp(=82a272), Lyp({za > 24})]

120 k=1
ZZI/pZ“ antag~—1 L (w,)“<C4 )Zi?(l—ak—la[/p')/an‘

i>0 i>0 k=1

But, by (41), (1 — ax — |a]/p') < 0, and we obtain estimate (45).
From inequalities (44) and (45) we have

[}

/U(s,xn,O)f(O, Yn) dyn, Ly({{s)* < 11|,

0

Ly({zn > 2d})|| < c(f) + c”u(:z:), LP(R;’)” < 00,
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w ~
and since we supposed that the orthogonality condition is not satisfied, i.e., [ f(0,yn)dya # 0, we
0

obtain the estimate
IIU(s,2n,0), Ly ({{s)*" <1}, Lp({zn > 2d})|| < b < o0. (46)
Introduce the notation
V(d,e) = [[IU(s,2n,0), Ly ({{s)*" < e}ll, Lp({zn > 2d})|l, €< 1.

By virtue of Lemma 6 in §2, for every ¢ > 0 we have

c(l_lal/”’)V(d,s) = V(c®d,c™ " ¢).
Observe that condition (40) implies, via Lemma 8,

U(s,z0,0) #0, sew;, :1=0,1,2,..;

therefore, the preceding relation can be written down as

A=lal/P) v (ond, cone) [V (d,€).
Now, taking (41) into account, for every ¢ > 1 we obtain the estimate

V(c*"d, ™€) /V(d,€) > 1.

Since inequality (46) holds, we on the other hand have

lim V(c*d,c™*¢) = 0.
cC—00
A contradiction.
Thus, under the hypotheses of Theorem 10, the orthogonality condition (42) is necessary for
solvability of the boundary value problem (1) in the space WPT(R,“:) The theorem is proven.
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