Commun. Math. Phys. 135, 547-580 (1991) Communications in
Mathematical
Physics

© Springer-Verlag 1991

BRST Cohomology and Highest Weight Vectors. 1

Bong H. Lian' and Gregg J. Zuckerman’*

! Center for Theoretical Physics, Yale University, New Haven, CT 06520, USA
2 Department of Mathematics, Yale University, New Haven, CT 06520, USA

Received April 18, 1990

Abstract. We initiate a program to study certain recent problems in non-compact
coset CFT by the BRST approach. We derive a reduction formula for the BRST
cohomology by making use of a twisting by highest weight modules. As
illustrations, we apply the formula to the bosonic string model and a rank one
non-compact coset model [DPL]. Our formula provides a completely new
approach to non-compact coset construction.

0. Introduction

In recent years, much effort has been focused on studying aspects of conformal
field theory models, 2D gravity, string theories and their mutual relations. These
theories are often accompanied by rich algebraic structures from which many
physical quantities (correlations, critical exponents, string susceptibilities, etc.) can
be drawn. A single algebraic structure playing one role in a given model can often
play entirely different roles in others. For example, the Virasoro algebra is the
constraint algebra in string theory, but becomes a symmetry algebra in CFT. And
yet, it is part of a “hidden symmetry algebra” (via the energy momentum tensor)
in any theory with a current algebra structure. Table 1 gives a list of problems
incorporating the above three roles of algebraic structures. Although the problems
have quite different origins, each of them involves solving a system of first class
constraints. This point of view therefore suggests to us a unified method to study
these problems — the BRST approach.

In this approach, one starts with a quantum state space s which carries a
representation of (usually) a large “hidden” symmetry algebra, %, of the problem.
Due to the presence of constraints, one introduces in a natural way some auxiliary
degrees of freedom — the ghost states, #°%". Then the constraints, which form a
subalgebra of %, can be imposed simultaneously on the enlarged space # ® H#="
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Table 1.
Phy. Problem [ref] Hidden Symmetry Constraints Symmetry

1. (Super) strings (super) Heisenberg Vir(Vir,) Wigner little group
[GSW]

2. Non-compact §(p,q) W)@ 5u(p)Dsu(q) N =2 super-
coset models conformal algebra
[DPL, Ba, KS]

3. 2D gravity Vir x sI(2, R) Vir x A —
[KPZ, HPV] »

4, Quantum Hamiltonian Vir D(Q(2,R) A Vir

reduction. [BO, FF]

5.7 Vir x ﬁ(n, R) A W, -algebra

via a square zero BRST operator Q. The resulting quotient space Ker Q/Im Q is
the space of physical states. This space can carry symmetry of its own, namely,
any algebra represented on # ® #® that is BRST-invariant becomes a symmetry
algebra of the quotient space itself.

Our goal in this paper is to initiate a program to study problems of the kinds
in Table 1 via our unified approach, and to explain the scope of our method. Our
results will be reported in a series of investigations. Although the BRST approach
is a common theme in physics, its associated mathematical tools — the theory of
semi-infinite cohomology — is less well-known. One of our purposes of this paper
is to develop and to illustrate the tools suitable for our problems. To illustrate the
main ideas, we will focus first on problems of type 2 in Table 1. We will show in
detail (Chap. 3), an application to the case su(1,1) [DPL] by a completely new
approach to that problem. Our on-going work is to generalize to higher-rank
algebras. This work will be reported elsewhere.

Let % be a graded (super) Lie algebra. The theory of semi-infinite cohomology
is the study of the functor (or its relative versions) W-»H* (¥4, W) (Chap. 1) from
a suitable category ¢ of ¥-modules to the category of graded vector spaces. Certain
foundational results for non-super Lic algebras have been established in [Fe, FGZ].
In this paper, we expand the results in these references and study the above functor
for general Lie superalgebras for the first time. (See however [Fel.) Analogues of
the results in [Fe, FGZ, Zu, LZ1] will be proved. Our primary goal, however, is
to initiate a program to study a twisted version of the above functor, namely, the
composite functor:

WsWQcV-H:(G,WRYV).

We will begin the program by studying semi-infinite cohomology in the case when
% is graded by an abelian subalgebra #, V is a highest weight module, and W
is #-diagonalizable. The reasons for our assumptions are

(1) they hold in one of the most physically relevant cases [DPL, Ba, KS];

(2) they have several technical advantages over others because the highest
weight modules, V, are relatively well-studied. Thus to initiate our program, this
is a good place to start. Note however that W need not be a highest weight module.
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This paper will be the first in a series of our investigations of the above twisted
semi-cohomology functor. We note here that E. Frenkel and B. Feigin have recently
studied semi-infinite cohomology in connection with flag manifolds and
representations of affine Lie algebras [FF]. The cohomology with coefficients in
a tensor product module was briefly alluded to in [Fe, FGZ].

We now summarize the organization of this paper. The readers who wish to
defer the technical details may skip Chaps. 1 and 2, because applications in Chap. 3
illustrate most of the main ideas, (particularly Theorem 3.5) in a very concrete
setting. We hope that the list of symbols given in Chap. 1 will help those readers
identify the notations in Chap. 3 without going through all of Chaps. 1 and 2.
Theorem 3.13 will be the main result in Chap. 3. It illustrates how unitarity of
the“so(2, 1)/u(1) coset module” follows from our general BRST approach. The idea
is to use the reduction formula (Theorem 2.13) to identify the coset state space
with the BRST cohomology. The unitarity of the latter can be studied using general
principles in cohomology theory. Part of the proof also relies on Wallach’s method
of deforming a module in the parameter space of modules (Remark 3.15).

In Chap. 1, we introduce the notations and construct the BRST (semi-infinite)
complex and its relative subcomplexes. The readers who are already familiar with
the language of semi-infinite cohomology but who are interested in the general
results may want to use Chap. 1 as a notational guide and begin on Chap. 2. Here
we begin by introducing the notion of a reduced complex. (For the experts, this
is essentially the associated graded complex with respect to the filtration in
Proposition 2.12.) This new complex will play an important role in deriving the
reduction formula, our fundamental result (Theorem 2.13). Following from it is
Corollary 2.19, a strong version of the Vanishing Theorem. Corollary 2.30 gives a
sufficient condition on the weight A for the weight space W[4] (of a ¥-module W)
to decompose into the space of highest weight vectors and a canonical complement.

1. Definitions and Notations

Notation 1. Let I be an abelian group. Let M be a complex I'-graded vector

space, M = (—D M, with dim M, < + oo for all a. The following notations apply:
acl

(a) M’ = @ M.: the restricted dual of M.

ael’

(b) @ M?*: the restricted antidual of M.

ael’

(c) If {'}{imM= is a basis of M,, {e!}{mM- is its dual.

(d) A (M) or Etr(M): the exterior algebra of M.

(e) v (M) or Sym(M): the symmetric algebra of M.

(f) If M is Z,-graded, M®, (MV) is the even (odd) subspace of M.

(@ {(x,y>=x(y) for x’eM’, yeM defines the natural bilinear pairing between
M’ and M.

Notation 2. The following is a list of symbols frequently used throughout this
article:

(a) ¢: a complex Lie superalgebra
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(b) #,: an ad-diagonalizable abelian subalgebra of ¢ with dim #, =1+ 1
(¢) 9, an eigenspace of /', (see Al below).

(d) A,, Ay the roots of # (see Al, A2) in .

(e IF'ec %, an abelian group of rank n + 1 =dim %, (see paragraph after AS)
&) = f‘r\.}f’oz a subgroup of rank [+ 1 (see A2)

(8) 0:9 > ¥%: an involution (see A3)

(h) |-|: a height function (see paragraph after A5)

(i) I¥: (see Remark 1.1(ii))

() Specw %, (see Remark 1.1(iii))

(k) deg: (see Remark 1.1 (v))

) 2.9, ), i(*): (see paragraph after Remark 1.4)
(m) : (eJ )u(e’): normal ordering (see Definition (1.6))

(n) B (see Proposition 1.8(ii))

(o) f deg: (see Remark 2.8(i))

(p) Wlal, Wla, #,]: weight spaces (see Remark 1.1(iii))

Q) M(A), L(A): Verma module and its irreducible quotient.

(r) rad M: (see Definition 1.14(ii))

(s) W¥+: 4 -invariant elements of W.

(t) [,]: graded commutator (see Remark 1.7(iii)).

(u) ch,, sign,: Definition 1.14.

Let ¢ be a Lie superalgebra with an ad-diagonalizable nontrivial abelian
subalgebra #, < 9». We make the following assumptions on %:

Al: Let 4, ={xe%: [h,x]1={a,hd>x Yhe#,} for acH, and let A, = {aecst)|
%,+#0}. There is an abelian group I" < #’, of rank/ + 1 =dim #, < + 00, such
that Ao < I'. For all aeA,, dim 4, < 0.

A2: There isa set of generators {o;};_, of I"such thatae Ag=>a =0 orael "+, where

Z Zyo.Set Ay =AgnT,, 0= Y @,
aeA
A3: There is an antilinear involution o, such that o(%,) = ¢ _,. Denote also the

induced involution on ¥’ by ¢. Note that for x'e¥’, ye¥, (x/, y) = {ao(x"),a(y)>.
Ad: G, = H ,Dcent.(9).
A5: We will consider only the case when %) = 0. (Neveu—Schwarz type algebra).
The case 4 # 0 (Ramond type) will be dealt with elsewhere.

We embed the abelian group I"in I" = Z Zo, =%, where {0;}?_,, , is a basis

i=1

of cent.(%,). We define an integer grading || on I by | Zn,;| = X'n;. We introduce
a partial ordering on s by setting Az p if A—pel’,.
Remark 1.1.

(i) The above class of % includes all (super) Kac-Moody [K1,K2], (super) Virasoro,
Vir and u(1) algebras (see Eq. (3.3)).

(i) We will write AP = {aeA,|%P £0}; 1% ={1,...,dim %} for xeAY, and
denote a Z,-graded basis of {9(") by {ea, e “for oceA(O) and {f3}, e for aeA{".
(iii) Let W be any %-graded vector space - i.e.

W=73 W[A] (direct sum).

Ac%o
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WI[A] is called a ¥ -weight space of weight 4. Let Specy %, = {4| W[4] #0}. We
note that when W is % -graded, it is also ##”-graded, for any subspace # < %,. That
is, for pe A", if we let Wy, #'] = > W[A, then W= Y W[y #']
Al = u, AeSpecw %o uc K’

is a direct sum. The set of #'-weights is denoted by Specy 5. Of particular
importance in our discussion will be Specy, #, where #, is an abelian subalgebra
of 4. We will sometimes write the #;-weight spaces as W[u] rather than
WLy, o]

(iv) Now let W be a #,-graded vector space. We call W #y-bounded above, if

there are 4,,...,4,€3 such that Specy #( < U (A4;+ I'_). We have a similar
i=1

definition for %-graded spaces where I"_ is replaced by I"_. It is easy to check
that if W is %,-bounded above, then it is #,-bounded above. Note that the
converse need not be true even though %, = #, ® Cent(%). This is because Cent(¥)
need not act by constants in W.

(v) When W is #,-bounded above, we define a Z-grading deg on W as follows:

Fix a minimal set of 4, - 4,,€ #’; such that Specy, #, < | ) (A; + I'). For veW[a],

i=1

aeSpecy # g, set degv = |a — 1;|€Z, where ael; + I'; deg is well-defined because
the sets (4; + I') are mutually disjoint. We will write deg W = {neZ|W, # 0}, where
W, = {veW|degv = n}. We note that because W is #-bounded above, deg W is
also bounded above as an integer subset.

(vi) The above remarks (iii), (iv), (v) apply to any %,-diagonalizable %-module
M =3 M[A], where 9, acts by a weight 1e%, on M[A].

ic%g

Definition 1.2. O denotes the category of all ,-diagonalizable Z.,-graded 4-modules
such that for Ve0.

O1. the Z,-grading of V is consistent with that of ¥,
02. V is 3# 4-bounded above. Thus V is also bounded above as Z-graded space;
O3. for xe%,, degx = |al, ie. x(V,) = V, 4 4.
Definition 1.3. Let O, be the subcategory of O such that
04. Each Vel is %,-bounded above.
Remark 1.4. @ and 0, are closed under tensor products, direct sums and quotients.
Furthermore, if V is in O or 0, so are its submodules.
We now define a special ¥-module 2, = Q2,9 in 0. Let B=%, + %, (Borel-

subalgebra). Let A , = A % be the Z, ® Z-graded vector space: A , = A(BY @
%), 1t has a canonical basis of the form

w=e;’ll A A ei;; Aelt A Al
n m
o is even (odd) if n + me2Z(e2Z + 1) and degw = — Y |oy|+ Y |Bil. Let V=
i=1 i=1
V@M= V(BY DFWY). Itis a Z,-even, Z-graded vector space. It has a canonical
basis of the form
Q)=ifg V"'V.fg,v.fﬁlv"'v.fﬁza
n

and degw = — Z loy| + Y [B;|. We note that the Z-gradings in both A, and

i=1 i=1
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V, are Z-valued. Let Q,=02_.%=A_ 990 V %Y. Q, has an obvious
Z, ® Z-graded structure. We note that A ,%© is the space of semi-infinite forms
introduced in [Fe] and [FGZ]. We now define a %-action on Q2_%. First we
extend the pairing {,>: ¥ x¥%->C to (,): (FDRY) x (¥ D% —C by letting
{9, 9>=0=(%,%> and {a,x)> = (x,a) for ac¥, xe¥'. Let
CO=(X1 A A xn)®(y1 Vi Vv ym)eguoga

uc B, xe4', yeBY, zeg?,

acB®, be%9, ceBY, degV.
Define

SUWyO=UAX; A AX,RY VoV Yo

n

gx)yo=Y (—DFxx 0% AR AX, QP VotV Yy,
k=1

EP)O=X; A AX @YV YLV VY Y

E(Z)-a): Z <Z,yk>x1 A A xn®y1 \V; S}k V Vs
k=1

n

)yo=Y (D ax,0X ARy AX @Y1V oV Yy
k=1

ibyo=bAXi A AX,@Y;V >V Vs
m
Yoy o=~ z CEGYDXL A AXy @Y1V P V Vs
k=1

dyw=x; A AX,®dV Y V-V,

The (anti)-commutation relations and gradings of these linecar operators are
summarized as

Proposition 1.5. For xe%", ye4)', ac%),bedd,
(i) {e(x),(a)} =<x,a),
(i) [e(y), ub)1=<y,b>,
(iii) All other (anti)-commutations are zero,
(iv) e(x), a)(e(y), ub)) are Z,-odd (Z,-even).
(v) dege(x) =dege(y)= —|al,
degi(a)=degu(b)=|8|.

Definition 1.6. For xe¥ and some fixed ﬁei%, define the linear operator

nx)= 3 Y ele)ule,x]):

a€ Ao jef(0)
«

— 2 X efHursLx):

acAp iertt
«

+<B,x>,
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where
:e(ed)lel):= —i(e))e(e i B<0
= &(e})iel) f >0
= 3(eleh)uel) — uedele])) if B=0
and

S(fPuf)=ufelfy) if B<0
=D i B>
Note that because 93 = 0, we need not consider the case = 0.

Remark 1.7.

(i) In view of the (anti)-commutation relations in Proposition 1.5, the above normal
ordering is well-defined. In fact, it is necessary in the expression of #(x) only when
xe%,.

(ii) n(x) is well-defined, i.e. only finitely many terms act on each wef2 . The normal
ordering ensures that :e(e} Ji([e}, x1}: 0 =0=:e(fN)[f, x]): @ for all but finitely
many aed,.

(iii) [,] here really denotes the Lie super bracket of 4. We will use the same
notation for graded commutators.

Proposition 1.8. [cf. FGZ]: _
(i) There exists a two-cocycle y (depending on the choice of B) such that

[n(x), n(»)] = n([x, y1) + y(x, )

Jor x,ye¥%, and y(%,,%4) =0 for a + f #0.
(i) if y is a coboundary, then there exists a choice of B such that y = 0. In this case
(22,.9,7) is a 9-module in O,.

Proof .

(i) Tt follows from a long but straightforward computation that the operator
[7(x), n(y)] — n([x, y]) is a multiple of Id ,_. Denote it as y(x, y)Id;,_. The cocycle
properties of y follow from its definition. One can also check that y(%,,%,) =0 for
a+ B#0.

(i) Suppose for some fixed B = 1,7 is a coboundary, say y(x, y) = {([x, y]) for some
linear map {;€%’. Part (i) implies that {;e%|. Denote by 7, the n in Definition
1.6 corresponding to f=A Let n(x)= N4x) + ({3, x> for xe%. Then one has
[n(x) n(¥)1=n([x, y]). Thus if we now choose B = 4+ {,, then the corresponding
7 is zero. It follows that (2,,#) is a representation of 4. Proposition 1.5(iv), (v)
imply that deg#(x) = |«| for xe¥, and that (x) has a consistent Z,-grading. Note
also that Spec, %,< B+T_ Thus (2,7 defines a module in ¢,, W

Remark 1.9.

(i) In latter applications, we can explicitly determine B. For example, recall that the
second cohomology H*¥,C)=0 for an affine Kac-Moody g[F] Let ¢, f;, ",
i=0,...,1 be a set of Chevelley generators of 4, where {a;, " > =a;; is a Cartan
matrlx of %. Then it follows from direct computations that y 0 prov1ded that

<ﬁ5 [fi’ ei]> = <ei’ [eiv [ebfi]] >
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This gives (B, >=ay; for i=0,...,I. Thus it is enough to choose f=2p,
where {p,a” > = }ay.

From now on, we will assume that fe%/, can be chosen so that y = 0.

(i) Recall that [FGZ] A_,%® has a unique hermitian form such that
ey A nel 1) =1Lex)' = —e(a(x)) and #a)' = —i(a(a)) for xe%Y, ae®),
where {eJ, ..., e} } is a fixed basis of 4. Similarly, there is a unique hermitian form
on V%" such that (1,1} =1,¢(x)' = — ./ — 1&(6(x)) and ((a) = — ./ — 11(0(a))
for xe%", ae%V. The space 2, = A ® V . is then given the tensor product
of the two forms. One can check that if y = 0 (Proposition 1.8(ii)) for some choice § =
A, then y =0 for the new choice B =1(a(4) — A). We will always use the latter so
that ¢(f) = — B. It then follows that (Definition 1.6) n(x)! = —(—./— 1)n(a(x))
for xe%® s=0,1.

Definition 1.10. (cf. [Fel, [FGZ]) For (V,n)e0,let C (4, V)=V ® 2,% and define
the linear operator d on C (%,V) by

d= 3 Y n(e)elel)

2€AQ jc (O
N

+ ) Y (f)e(f)

a€do jef(1)
@

Ly Y uqe deedael):

2 a,Bedo iel(o)jel(o)
a B

+ 2> Al fiDeleel S

a,Bedo islio)jsljj”

ST AU DA

a,pedo iel“)jsl(ﬂl)
+ &(f).

Again, the normal ordering ensures that at most finitely many terms in each sum act
on a given weC (9, V). The last sum needs no normal ordering because the operators
in the term commute.

Proposition 1.11.
(i) d*=0.
(i) If V has a sesquilinear form {, >, such that {ma)-," >, = — (— / — 1), n(o(a)) Dy,
for ae % and VO, VY, =0, then withrespect 10 {,)_= Dy ® <, ) ., We have
<d's'>c‘m = <"d'>cw-
Proof .
(i) Since the detailed computation is quite long, we will only sketch how it is done.
By breaking up and regrouping the terms, one can rewrite d in the form:

d=do+ ), (nleg) +nlep))elel) + ¥,

iel®

where

y=-5 [ S dle el Deleele )+ T z([ff.,f’;a])a(fZ)E(f’la)],

acA s i,jEI‘(zo) i,jEIY)
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where d, has the same form asd with ) , ¥ replacedby ), , ) respective-

acdo a,fAq acd 4 afedy

a+f#0
ly, and the normal ordering removed. One can now compute {d, d} using the above
decomposition of d and show that the terms in this anticommutators cancel exactly.
(ii) Let u,veV"®, and fix se{0,1}. Let w,teQ_, xe%'?": Then we have
exu@w, 0@t )¢, =(—17<u,v)y < e(x)w, 1) 5
= (= 1w )y {w,ela(x))t > 5,
= ~u@w,&(a(x))r @t .

More generally, for xe%", ac%® we have the hermiticity properties:

Ce(x) ) =<0, — (/= DPela(x))), (1)
la) ) =< = (/= 1Pile(@))), ¥)
(@), > =5 — (= /= P alo(@)), 3)
{nlay s> = ¢ — (= = 1Pnlol@) ). )

Using (1) through (4), and the expression for d in part (i), we get
<d.,.>=<.,d.>‘ .
Definition 1.12.
(i) For (V,m)€0, let B(x) = n(x) + n(x) for xc%. Note that (C (%, V), He0.
(i) Let UeEnd¢C(%,V) be
U= 3 ¥ elebne) — Y Y we(fOufl): +1dim%,.

ae Ao ielﬁo’ aeAp e p(1
U is called the ghost number operator [GSW].

Proposition 1.13. For ac¥%, xe¥4’,

(i) [d,da)]=0(a).

(ii) [4,6(a)]=0.
(i) [U,da)] = —a),

LU, e(x)] = e(x).

@iv) [U,d]=4d.

) [U,8a)]=0.
(vi) U is diagonalizable with Spec, U =Z.
Then n™ eigenspace has the form C* (4,V)=V ® 2" G, where

" =i A nEP A A A
Qo =Span{o=¢} A Aer nep A el

Rfftveevflevfiv..vfslp—q+r—s=n}.
(See definition of basis vectors after Remark 1.4.)

Proof .

(i) can be obtained using the expression of d in the proof of Proposition 1.11(i).
(ii) follows from (i).

(iii) Break up the sum in U using the definition of the normal ordering. Then
[U,ua)] = — da), [U,&(x)] = &(x) can be seen by inspection.

(iv) is a direct consequence of (iii).

(v) is obtained from (i), (iii) and (iv).
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(vi} Recall that the vectors of the form w above constitute a canonical basis of
£ . By (iii), it follows that the vectors of the form v ® w,veV are eigenvectors of
U. Thus V ® 2" is the eigenspace of U with eigenvalue n=p—q+r—s. B

Propositions 1.11 and 1.13(iv), (vi) imply that (C* (%, V), d) is a cochain complex.
Its cohomology groups H* (¢, V) are called the semi-infinite cohomology of 4 with
coefficients in V. This theory was introduced by Feigin [Fe] and further developed
by Frenkel, Garland and Zuckerman [FGZ) for general Z-graded Lie algebras.
Several important special cases were also studied in the past [L.Z, Zu and references
therein].

Definition 1.14.
(i) if V is a 9y-graded vector space with dim V* < + co, we write ch,V = Z
dim V™ *¢* %o

(i) If, furthermore, V has a sesquilinear form with {V* V#> =0 for o # p, then we
write

sign, V = Z sign V%",
ac¥, a
where sign V™% is the difference between the number of positive signs and the number
of negative signs in the diagonalized form {,>| ., .. Let rad V = {veV|{v,V ) =0}.
If radV =0, we call V' a hermitian vector space.
@y If (V,meo has a non-degenerate hermitian form (>, such that

a(@)! = —(— /= 1) nlo(a) for ac%®, then V is called a hermitian G-module.

Proposition 1.15.

(l) ZZ Chq_Q:'OGj = 2dim{40q—ﬁ l_l (1 + qa)Zdim {9’5‘0)'(1 _ qa)—Zdimgﬁ”_
me ac A+
(i) 3 (= 1yreh, @59 =0.

Both are results of straightforward computations.

We note that Propositions 1.13 (i) and (1i) imply that for any subalgebra &/ c %,
there is a relative subcomplex given by
C* (%, o4, V)= {weC* (%, V) (a)w =0=0(a)w, for all ac.L}; dy = dlc,;(gyﬂ;y).
Of particular interest is o =%,. We will study this case with coefficients in
V =V, ®YV,. Our main focus will be for ¥, belonging to the Verma modules of
9, their quotients or their submodules.

Definition 1.16. The cohomology groups of the subcomplex (C*(%,%;V),d,) are
denoted by H* (4,9, V).

Remark 1.17.

i) In the course of the following discussion, we will encounter several different

(co-)chain complexes and their (co-)homology groups. Given a (co-)chain complex
(C,.d) (or (C*,d)) we will generically denote its (co-)homology groups by H . (C,d)
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(or H*(C,d)). When the context is clear, we may drop the d. We will also reserve
the notation such as that in Definition 1.16 for special cases.

(i) Note that d, in Definition 1.16 is given explicitly in the proof of
Proposition 1.11.

2. Relative Semi-Infinite Cohomology with Coefficients in V; & ¥,

We note here that the relative cohomology with a tensor product module as
coefficients was briefly alluded to in [Fe, FGZ]. The case of ¥ = Vir was also
studied by one of us [Zu].

The main result of this section is the “reduction formula” (Theorem 2.13). This
formula establishes a connection between the classical and the semi-infinite
cohomology. First we will define a “reduced complex.” This will be the bridge
between the above two objects. We will then show a few important consequences
of the reduction formula. In particular, we will prove a strong version of the
Vanishing Theorem (Corollary 2.26) and derive a necessary and sufficient condition
for unitarity of the cohomology group. We will also obtain a “decomposition
formula” for modules in @. Some applications of these consequences will be
discussed in Sect. 3.

2.1. The Reduced Complex. In this section, we will always asume that V_,V_ are
%-modules in ¢. We first state a theorem.

Theorem 2.1. Let & = 0@ £ be a Lie superalgebra and U % be its (Z.,-graded)
universal enveloping algebra. Let C,= ) UZLQ® APZOQ VLY. Define
d:C,-»C,_, by n=p+q

Adu®x A AX, @Y1V - VY,
=(—1D" Y (—D)"'%u®@x, AR AX,Qp V- VY,

15i5p
+ Y YURX A AX, QP Ve Py VY,
151%q

_(_1)“- z (— l)i+ju®[xi,Xj] /\xl---_)ei---_)ej.-- /\xj®y1 (VAR qu
12i<j<p

+ (-1 z (= Du®x, A R AX,®[Xp Yl Vo Py VY,
1255

(=1 Y u®MysyIAX A AX, @YY P iV Vg
1si<jsq

where (— 1) is the Z,-grading of ucUZ, x; A -+ A X, e NPLO, y v oo v y,e VIFWD,
Let ¢:Cy— C be the augmentation map. Then the sequence -

C:Cr5Cpy o> Ce>C0

is an ¥ -free resolution of the trivial ¥L-module C In fact, there is a contracting
homotopy for the complex (C,,d).
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This is a generalization of a theorem in the classical theory of Lie algebra
homology (a good exposition is given in [HS]; consult also {Le]). The proof of
this case of a Lie superalgebra requires only a slight modification of the ordinary
case. We note that the theorem holds if we replace U¥ by any #-free module.

Definition 2.2. Let (V,,n.)(V_,n_) be %-modules in 0. Let C¥% = C¥,%,%,;
V.®V_)=V,QV_®02%(9/%,) and do be a linear operator on C*, defined by
do=d., +d_, where

di= 3 Y elednsle)+ Y Y e(fn:(f2)

acdz iel(o) a€ds jey(»
L3

- Z Y eled)elel (el ed])

2, .fedy 1&1(0)161}10)

+ Y X elee(f e f3D)

@heds jerOjerH

—5 Z Y e PULS S 3

:z feds 151(1)1612“

red

A direct computation gives
Proposition 2.3. d2 =d2 =d,d_+d_d, =0. Hence d> =

Remark 2.4.

(i) Note that d, is really a reduced form of d, (see Remark 1.17(ii)). Normal
ordering is not required here because the terms in each sum in d, (anti-) commute.
From the expressions of d, it is obvious that [U,d;]=d,. Thus (C%,d)is a
cochain complex, which will be called the reduced complex

(i) Observe that there is a canonical isomorphism of cochain complexes

(C,ed,do)—(C*(%,Vﬂ d)®CHY_,V_)d_),
where
C%.. V)=V, 002, 9%,,
.9, =N99xVeY,
Q.%_=Ng9x Ve

By convention, we set the weight of 1 ® 1e£2_% _ to be B, and that of 1 ® 12, %,
to be 0. Then the isomorphism above, which maps v, ®v_R 1R 1eV, RV_.®
A GOV 9V to, ®1IRN®v_®1®1NeC(%,,V,)®C(%_,V_),is weight
preserving.

(i) We note also that the cohomology of (C*¥ _, V_)},d_) (cf. Theorem 2.1 and
Definition 2.2) is precisely the classical (Cartan—Chevalley—FEilenberg) homology of
the subalgebra % _ with coefficients in V_. We will denote the cohomology of
(C*(¥%.,V.),d.) by H¥%.,V.). When passing to cohomology the isomorphism
of complexes above gives

Proposition 2.5. (Kiinneth formula). There is a canonical isomorphism of G -graded
vector spaces: .
HYC,qdo)= Y HY%.,V.)®QH “9_,V_)

n=b—a
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(see [HS], Chap. 5).

Proof. Recall that the isomorphism in Remark 2.4(ii) preserves the ¢;-weights and
that in Definition 2.2, d;, d,, all carry weight 0. Thus H*(C,.,, dy), H¥(% +, Vy)are
all ¢,-graded spaces and the induced isomorphism on the cohomology groups is
weight preserving. M

Remark 2.6. Besides the natural Z-graded structure (i.e. ghost number) that the
space C,.4 has as a complex, there are two other important graded structures. The
first one is the % -graded structure inherited from its factor spaces V.,Q2,%.,,
ie.

Ced =V, ®V_®N2 9%, R0, .%_.
Thus we can write as a direct sum

CdlAl= Y Vi[d®V_[Fl1®2.%9.[yI1®N2,%_[5]

A=a+pB+y+ad
Since Zo carries % -weight 0, each (Cred[l],zo) is itself a complex. This gives
Lemma 2.7. For each AeSpecc__,%,, there is a canonical isomorphism
H¥C.ea(%: 96 V1 ® V_), d)[A] = H¥(C,od%, %0; V. ® V_)[41,do).

Remark 2.8.
(i) The second graded structure, f'deg, on C,. is canonically induced by the
1somorphnsm Cred @ %0 V. @V )= C(%,,V,)®C(%_,V_)as follows (cf. [FGZ]).
It is enough to define f deg on C(%.,V.),C(%_, V_) separately. V,,2,%, are
by definition ¥ -graded vector spaces. Hence they are also #-graded (Remark
L1 (it})). This means that they have the Z-graded structure deg, defined in
Remark 1.1(v). Extend deg to C(%,,V,)=V.®2,9.. Let w,eC(%,,V,) be
homogeneous elements. Define
fdegwy = Fdegw,,

fdegw, ®w_=fdegw, + fdegw_.
We note that f deg on C,g=C. 4% %;V,.®V_) is compatible with the
%,-grading. We will write, for geZ, 1%,

Cred[i]q = {wecred[l] :fdega) = q}
(i) The grading f deg plays two important roles. The first one is given by

Proposition 2.9,
(i) For each ueSpecC Yo, there is a Z-graded structure f deg, naturally induced

on H*(Cred[:u] dO) and H*(Cred’ dO) [N] such that
H*(C el 1], do)q = H¥(C,eql]% 2{0)
= H*(Creds dO) [ﬂ]q
(i) One has similar statements for the complexes (C*(% .,V ), d.).

Proof. (i) The first isomorphism follows trivially from the observation that d,
preserves fdeg on each C,4[u]. The second isomorphism follows from Lemma
2.7 and the fact that the f deg grading and %-grading are compatlble

(i) The same argument applies to (C(¥%,,V,),d,). N
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Remark 2.10. We note that by definition
Ci(g’ g0§ V+ ® V~) = red[o]

(See remarks preceding Definition 1.16.) Thus f deg defines a grading on C¥* as
well. It turns out that it defines a filtration on the complex (C¥,d,) such that
(Cx [0], do) is the associated graded complex of (C* , d,). This is the key role played
by f deg. Hence we let, for geZ,

D' ={weC, 4[0]=C (%% V. ®V.)

:fdegw =g} = C_4[0])* (2.1)
B'=Y D?=D?+ Bt 2.2)
p2q

Lemma 2.11. Let C 4[0, #] be the zeroth H# ,-weight space of C,4(%,%o; V. ® V_).
Then the-set of f deg values on C,4[0,#7], f deg C,4[0, 5], is bounded above
and below.

Proof. By definition,
Creal0, #75] = ﬂZ Vilo, 1@ V_[B, # 1@ 2,[7, #], (M
a+p+y=0

where a, f,y ranges over Specy,, ', Specy,_ Hy, Spec,, ' respectively. Since
V€0, the set det V. are bounded above by some N > 0 (Definition 1.2). Recall
that (Remark 1.1 (v)) to define deg on V,, we fixed some minimal finite subsets
A, B < # such that

Specy, #o<= |J (u+T),

pueA

Spec,_# o= J(v+T).
veB

Recall also that Specg, #Ho<=B+I_. Thus for every «, B,y in the range of
summation in Eq 1. there are unique u(x)e A, A (e)e I, v(B)eB, L,(B)el, Ay(y)el _,
such that (sce Remark 1.1 (v))

= @) + 1 ),
ﬁ =(B) + 12(6),
=F+1,0)

By definition (see Remark 1.1(v)), for v, v_,uin V [, 5], V_[B, ], 2 (7, # ;]
respectively, we have

degv, =|4,(x)l,
degv_ =|4,(B)l,
degu =|25()!.
In Eq. (1), 4+ f + y = 0 implies that
@) +v(B) + B = — (A, (o) + 22(B) + A5(7))-

Since the left-hand side varies over a (finite) subset of A + B + f8, we have a uniform
bound K > 0 such that

12,1 +12,08)1 + 1401 | < K 2
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foralla, B,y in Specy,, o Specy,_ H# o, Spec o H# o, respectively, with a + f+ 9 =0.
(Reminder:for Ae I, A=Y}_ no,=>|4| d=°r2 n)Nowleto=v, Qv_QxAa®yv
beC,4[0, 5] be a homogeneous element, with v, eV [, #'], v_eV_[B,# ],
xna®yvbel [y, #,]), o+ f+y=0 Then
fdegw= —degv, +degv. —degx + dega—degy+ degb. 3)
Recall that deg x, dega,deg y, deg b are non-positive (see paragraph after Remark
1.4), and that degv, < N as mentioned earlier. Therefore,
o degv, =[44(x)| <N,
degv_ =|A,(B)| <N,
degx Aa®y v b=|i;(y)| 0.
Thus (2) and (3) imply that
fdegw £ —degv, +degv_ —degx —dega—degy —degh
=241+ 12,(B)] — 14507
= —[A4(0)| = [ 4,(B)| — | 43()| + 2| 22(B)]

I

<K+2N
Similarl
d fdegw = —degv, +degv_ +degx
+dega+degy+degbd
= — [A1(@)| +4(B)| +145(7)|
> — K—2N.

Hence | f degw| £ K + 2N for all homogeneous elements weC,4[0,#,]. W
We are now ready to prove (Eq. (2.1), (2.2))

Proposition 2.12. {B%},.z is a finite filtration of the complex (C¥*(%4,%, V. QV_),
dy) —ie. B'*! = B, d,B< B? and there exists qq,q,, such that
B'=C,(%,%;V+®@V_) for q=qo,
Bi=0 for g=q,.

Proof. B?"! < B%is obvious.
Using the proof of Proposition 1.11 and combining it with Definition 2.2 we
can write d, as

do=d, +d_+ 0o, (1)
where
do= Y, Y mledee)+ Y Y m(f) e(fi)

ae A+ ielio) acd+ ,'Elil)

+(A,,m_ replaced by A_,n,)+ Y {— Y. ulelef)elel)ele])

iy ATl
+ Y uleLfieede D+ Y ulel, fil)e(eh)elel)
ief® jexg’ iex'(ﬁo’ jerh
i ;me(fz;)s(f;;')}. @

ie](D jett)
lEIa ]EIﬂ



562 B. H. Lian and G. J. Zuckerman

It is easy to check that d,BY< B? and §,B?< B?**. Thus d,B? = B%. To prove
finiteness of {B%} ,, it is enough to show that the subset of integers,
fdegC (%, %, V., ® V_) is bounded from above and below. By Remark 2.10 and
Remark 1.1 (iii) we have

Col%, 90, VL Q@ V_)=Croal0] S Ceal0, #5].

fdeg(C.,) < f deg(C.eal0, #,1).
Now, the boundedness of f deg(C,) follows from Lemma 2.11. W

Thus

2.2. Main results. Having defined the reduced complex, we are now ready to use
its properties to prove our main result. The proof will be done via several lemmas.
In this section we will always assume that V_ = M(A) is the Verma module of ¢
with highest weight Ae%,, and V, = W is any ¥-module in ¢. We will sometimes
abbreviate C* (4, %,; W® M(A)) as C* . B4, D?in Egs (2.1), (2.2) are now spaces

red

defined in terms of M(A) and W.

Theorem 2.13. (Reduction formula). There is a canonical isomorphism H*(%,%;
W-@M(— B — )= H¥% ., W)[4] for each Ae%,,. (See Remark 2.4(iii).)

Lemma 2.14. For each A€%,, there is a canonical isomorphism H*(C .4(%,%,;
W® M(A))) =~ H¥% .., W) such that H*(C,.g)[p]— H*(% ., W)[u— A — ] for all
weights pe%;,.

Proof. By Theorem 2.1,
H"(%_,M(A))=0 for n#0
2Cr,®1®1 for n=0,

where v, is a highest weight vector of M(A) having weight A, and
1®1e A9Y® V gD has weight f. Composing the isomorphism of Proposition
2.4 and the above, we have
H*C, oo (W] =[H*(% ,, W)®(Cv, @1 ® )] [11]
=HYG . W)[p—A—-F]. W
Lemma 2.15. For each ie%,, there is at most qeZ such that H¥% ., W)[A]?~0.
(See notation in Proposition 2.9.)

Proof. We note that

red”

Specyug, . wyH o S Specy H g + Spec 4oy # g + Spec, o . (1)
Let AeSpecyuy, wy%o- Then A €Specy.y, w,Ho- By definition, Specy s, =
Lmj A;+ I',for some A;’se 5, where the A; + I" are mutually disjoint. Also Spec , 4or
f}}lo cI'_,Spec, 40 # o < I'-. Thus by (1), for ﬁxed A therearei<manda,B,yel”
such that

Mp=latatB+y. Q)

Because the 4;+ I" are mutually disjoint, such an i is unique.
Now if yeH¥( ., W)[21]? and ¢ #0, then ¢ is represented by some cocycle
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weC(% ., W)[A] of the form w = Zv ® x’® y* with f degw = — deg v’ — deg x/ —

deg y* = g. But the middle sum here is precisely the integer — |4 |#0 — Al Thus we
have g = —|A| 4, — A;|. Since 4; is unique and A is fixed, g is also ﬁxed |

Lemma 2.16. For fixed Ae%,, let D= C,.o(9,%¢; W ® M(— B — 1))[0}? (cf. Eq.

(2.1)) for qeZ. Then H*(DY, do) H*(% ,,W)[A]% Thus there is at most one qeZ
such that H*(D*, d,) # 0.

Proof. Lemma 2.14 for A = — f— A, gives
HYC.oo(%,%0; W @ M(— B — 2)),do)[0]* = H*( ., W)[1]*.

By Proposition 2.9(ii), the left-hand side is just H*(D? d,). By Lemma 2.15 the
right-hand side is non-zero for at most one geZ. M

We are now ready to prove Theorem 2.13.
Proof. (Theorem 2.13). As in Egs. (2.1), (2.2), we let
Dq = {wecred[oj = Coo(ga go, W®M( - B_ 2‘))lf degw = q}’
B'=) DP=D'+ Bl

pz4q
Then by Proposition 2.12, for V_=M(——1),V, = W, we have a long exact
sequence

> H' (DY do) > HYBT ! do) > H'(B%, do) > H' (D% dg) >+~ (1)
For qeZ such that H*(D9, JO) =0, we have
H*(B™*, do) = H*(B", do). @

If H*(D9, do) 0 for all g, then we set p=0. Otherwise, there is a unique p such
that H*(D?, do) #0, by Lemma 2.16. Thus in both cases, Eq. (2) holds for all g # p.
By finiteness of the filtration {B%},,, we have

H*(B%dy) =0 for g>p, (3)
H*(D?,do) = H¥(B%,do) = H%(%,%0; WO M(— f— 1) for q<p. @
Now the reduction formula follows from Lemma 2.16 and Eq. (4). R
Corollary 2.17.
H(%,%0; WQM(—f— 2)) =W [1].
Proof. A simple calculation shows that H%,, W)~ W%+, the space of
% ,-invariant vectorsin W. M

2.3. Important Consequences. We now proceed to an important consequence of
the reduction formula (for the case of a Hermitian ¢¥-module W) which relates
W¥+[1]/rad with a zeroth relative cohomology group (Theorem 2.25). In some
special cases, the space W¥+[1]/rad is known as the “physical Hilbert space” (see
Sect. 3 for examples.) From now on we will only consider weights Ae%;, that satisfy
the reality condition = — 1. '

Lemma 2.18. Let (B*,d) be a subcomplex of a cochain complex (A*,d) such that
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HYC)=0 for C=A,B or A/B,n+#0. Then there is an isomorphism H%A/B)=
HO(A)/i* H(B), where i* is induced by i: B —, A. If, furthermore, A has a sesquilinear
Jorm such that (d-,")=(-,d") and BC Srad A, then the isomorphism is an isometry.

Proof. The short exact sequence

0-B -4 -2 A/B—0,

where p is the canonical map, gives a long exact sequence. But since this sequence
collapses we get the desired isomorphism. The second part is a trivial exercise. H

Remark 2.19.

(i) To apply the lemma, we define a hermitian form on Q2 = Q_(%/%,). Recall
that 2, = A{FD@FN® V (% @ %) A hermitian form is uniquely defined
by lettlng A®L1R1Y, =Lex)'=—(/—1yeo(x) and (o)’ = —(\/ — 1¥1(o(a))
for xe%"', 2%, We note that ¢, )| is zero when a # B or n4+m #0,
and non-degenerate otherwise.
(i) When (V, n)e @ is given a sesquilinear form {, >,,, we will always assume that

{ma), > =<, —(—/ —Dnlo(a))),

for ae%®, and that (V©@, V"> =0, Then it is easy to check that the relative
subcomplex (CX(4,%,; V), d,) has a form {,)_ given by restricting {,>, ®{,> 5.
to the subspace C¥%(9,%;V)SV®Q%E(%/%0). Furthermore, {do', Dc.=
{*,do" )¢, (cf. Proposition 1.11(ii)). Note also that if <, > is non-degenerate, so are
olen xe-n for all

(i) We will need the following observation later: UcradV then
C%,%,;U)cradC(9,%, V) as complexes. The same is true when “<” is
replaced by “=

Q7 [« ® 2718]

Corollary 2.20. Suppose (V,n)eO has a sesquilinear form and U cradV is a
submodule. If H? (%,%4; K) =0 for K =V, U or V/U n # 0, then there is an isometry

HE(%,%0;VIU)2 HO (9, %0; V)/iI*HO(9,%0; U).

Proof. It follows from Lemma 2.18 and the observation made in Remark
2.13(iii). ®

Lemma2.21. (cf. [FGZ, Theorem1.12])IfV,,V_e0 with V, hermitian and 4 _-free
and dim V, [a] < + coVae¥,, then H" (9,9, V,. ®V_)=0 for n #0.

Proof. Let D, B? be defined by Egs. (2.1), (2.2). By Proposition 2.5 and Lemma
2.7 we have, for 1e%,

ZZ H'(C,alA]%d)= Y, [HYY..V)®H (% _,V)I[/] 1)
qe n=b-a

Note that for C,4[0]¢= D? (Eq. (2.1)). By hypothesis, V* >V, is ¥_-free. Thus
applying Theorem 2.1 to C, = C™%% _, V*),n 2 0, we have a contracting homotopy
X,:.C,—»C,. suchthatd X, + %, ,d_ =1 for n> 0. Using the natural hermitian
pairing between C™%%_,V*) and C"=C"¥9,,V.) for each n, we can define a
homotopy g,:C" > C* ! such thatd,o,+0,,,d, = L forn>0. Thus H(Y ,,V,)=

0 for n > 0. Equation (1) now implies that H(DY, do) 0 for geZ,n > 0. From the
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long exact sequence
> H*Y(D% dy) - HY(B* 1, d,)
- H"(B%dy) —H(D%dg)— - @
we conclude that for n > 0, there is a diagram
H"(B**')> HYBY)—0 3)

for each g. By finiteness of { B}, _,, it follows that H? (¥4, %; V. ® V_) = 0forn > 0.
We now interchange the roles of V. and define a similar filtration {B"} _,,
D= B/B“*! and the induced differential i, on D'2. We obtain

Y, H(D'"%,dy) = T . VI®HT (@ V)]0] €)

qeZ n a

The fact that V, is 4 _-free implies that H %% _,V,) =0 for all a > 0. As before,
using the finiteness of the filtration, we conclude that H% (¥4,%0; V+ ® V-)=0 for
n<0. N

Lemma 2.22. Suppose We( is hermitian, % _-free and dim W{a] < o Vae%,. Then
for each 1%, there is an isometry

H" (%9, %;WRQM(—B—2)=0 for n#0,
~W¥[A] for n=0.

Proof. The vanishing part follows from Lemma 2.21. One can check that the
composed isomorphism given by the proof of Corollary 2.17 and Theorem 2.13,

WS HYG ., W) S HO(%, 96 W @ M(— B~ 2), (1)
is given by
o—[o@1])-lo®r_;_,01®1], (2)
where [ ] denotes the cohomology class. This is obviously an isometry. W

Lemma 2.23. (Poincaré duality). Suppose (C*,d) is a cochain complex with
dim C* < + oo and a nondegenerate hermitian pairing {,»: C* x C™"—C for each
n, such that d* =d. Then there is an induced nondegenerate hermitian form {,):
H"x H™"—>C for each n.

The reader may refer to [LZ, Lemma 3.1] for a proof.

Lemma 2.24. Let We0,Ae%, If dim W[o] < + oo for all aeSpecy¥,, then the
vector space C(9,%q; W ® M(A)) is finite dimensional.

Proof. In Remark 2.10, we noted that

Cou(@,G; W M(A)) = Crea(, % 0; W ® M(A))[0] = C..a[0]. Y
By definition C, .y = W ® M(A)® 2, where 2 , = 2 _(9/%,) (Definition 2.2). Thus
Creal0] = ﬁZ . Wal® M(A)F1® 2, [v]. @

Here o,f,y ranges over the subsets Specy %o, Specy 4 %o, Specg, %o, of %
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respectively. Because We( (instead of in 0,) we have little control over the set
Specy %,,. Fortunately, Specy4,%, and Spec, %, are well under control.

As a %-graded space, M(A) is isomorphic to U(¥9_)® Cv,, where v, is a
highest weight vector. Thus

SpecyyGosA+T_. (3a)

(Note: If the reader wonders why it is A + I"_ and not A + I"_ on the right-hand
side, recall that 9’ which satisfies condmons A1-A5 in Sect. 1, is graded by the

sublattice I"= Z Zo,=T,not I'= Z Zy; itself. This is important because the

i=0 i=0
following finiteness argument depends crucially on this fact.) Similarly,
Specy %o B+ 1. (3b)

By construction, each of the % -weight spaces M(A)[f],2,[y] is finite
dimensional. Using also the assumption that dim W[a] < + oo, we see that each
summand in Eq. (2) is finite dimensional.

Therefore, it is enough to show that the summation in Eq. (2) admits only
finitely many pairs (B, y)€Specy4)%o x Specq, %, for then there are only finitely
many admissible o = — § — yeSpecy %,. By Remark 1.1 (iii), the right-hand side
of (2) is a subspace of

Y. Win A d@MA) v, A1 2.0p,#] )

ut+tv+p=0

where p, v, p range over
peSpecy # o< | J(A+ ) #y,

ned
peSpecy Ho S Bly,+ 1 - S H, (5

A being a finite subset of 5. Equations (5) and p+v+ p =0 imply that there
are only finitely many triples (g, v, p) admissible in Eq. (4).

Comparing Egs. (3a), (3b) and Egs. (5), we see that elements of Specy, 4)# o
and Specy 4%, are in one-to-one correspondence. Similarly for Spec, #, and
Specg_%,. This means that there can be only finitely many (B, y)eSpecy 4,90 ¥
Spec, %, admissible in Eq. (2). This completes the proof of the lemma. W

Theorem 2.25. Let We(® be hermitian, 9-free and dim W[a] < + o for all
aeSpecy G, For each A€y, there is an isometry

H" (9, % WRL(—f—1)=0 for n#0
W9 [Al/rad for n=0,
where L(— J — A) is the irreducible quotient of M(— f — A).

Proof . First apply Lemma 221 to V, = W and V_ =M, rad M, M/rad M, where
M = M(— p— 2). Then Corollary 2.20 implies that

HY(%,%,;WQ®(M/rad M)) = H° (4, %; W Q@ M)/i*H’ (4, %,; W @rad M) (1)
is an isometry. Now W ® (M/rad M) is hermitian. Thus by Remark 2.19 (ii), there
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is a hermitian pairing between C? and C_", where C* = C* (94,9, W ® (M/rad M)).
By Lemma 224 C*(9,%, W ® M(A)) is finite dimensional. Thus Lemma 2.23
implies that the left-hand side of Eq. (1) is hermitian. It follows from Eq. (1) that

*H%(9,90, W @rad M) =rad H% (4, %, W @ M). )
Now by Lemma 2.22, Egs. (1), (2) give the desired result. W .
Corollary 2.26. (Vanishing Theorem). For W as in Theorem 2.25,

H".(%9,%0; W)= W[ —Bl/rad for n=0
=0 for n=0.
Proof. LO)=C. N

Corollary 2.27. For W as in Theorem 2.25 and A%,

@)

dim(W¥+[A]/rad)= [cth-cth( —B=0g7F [T (1 —gPemo0(1 4 g7y~ 24im gw] ,
aed + o

(i)

sign(W?+[2]/rad)

= [Signq Wesign L~ F— g ™" T] [ — (1L + q“)]‘“"‘g?"d""gf'“] '
qU

ach+
Here [ ---1,0 = constant term of [ ---].

Proof.
(i) By the Euler—Poincaré Principle, for characters, and Theorem 2.25, we have

dim(W?+[2]/rad)= ¥ (— 1)"dim C"(4,%o; W ® L)

ne?,
= Y (- 1ydim W[e]-dim L{B]-dim Q[y]
a+£iz;x=0
=[ch,,W~cth(—E—,1)-z (— 1)”chq[)';o(g/%o)] )
neZ 7°

A simple computation shows that
Y (= eh Q,(@/%0)=q7" [] 1 =gPmo"(L+q)72eme" @)
ne acd+

(i) Now apply the Euler—Poincaré Principle, for signatures, and Theorem 2.25:

sign(W¥+[1]/rad)= ) signC".(%,%,; W QL)
neZ

= [signq W-sign, L(— B — 2)-) sign, Q';o(g/go)} . (3)
n qO
Computing the third term in the brackets gives
Tsign Q1 (@/%)=q7" [] [(1-g)1+ o0 " | (4

acd
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Corollary 2.28. (“No-ghost Theorem™ H°(%9,%9,; W), W¥+[B1/rad are unitary
(positive definite) iff

[cth'q_E [T (—gyme’a +q°’)‘“"“‘“fi"]
qO

acd

= [sign, W-q~% T] [(1 —g)(1 + g)]m &> ~dim80]

aeAy

Proof . Use ch,L(0) = ¢q° and apply Theorem 2.25 and Corollary 2.27. R
We now consider another special case of Theorem 2.13.

Proposition 2.29. Let We0, LeSpecy%,. If M(— B — 1) is irreducible, then

H (%, %, WOM(—B—4)=0 n#0
W% [A] n=0.
Proof. We know that M(— f — 2) is 4 _-free. By hypothesis, it is also hermitian.

Set V. =M(—f—4)and V_=W. Then Lemma 2.21 gives the vanishing part.
The isomorphism is just given by Corollary 2.17. M

Corollary 2.30. For the same hypotheses as above,
W A= (W/I-W)[4],

where 1 is the maximal proper ideal of U(%_). Thus W[A]=W¥*[1] +(I-W)[A]
(direct sum).

Proof. By interchanging the role of W and M(— B — ), we can define a second
filtration {B'"} .z as we did in the proof of Lemma 2.21. A similar argument as in
Theorem 2.13 shows that

HY(%, %0 W®M(—F— )= H¥&_,W)[B + A]. 1)
Now Proposition 2.29 and Eq. (1) imply that
WA= H @G _, W][B + i]. )

But this right-hand side is precisely (W®1®1/(I-W)Q®1®1)[A] with the
convention that 1® le A 49 ® v ¢ carries the weight . Thus Eq. (2) gives a
canonical isomorphism

W A1 =(W/I-W)[4], ©)

where w—w + I- W. This means that we have a direct sum decomposition as given
above. H

3. Examples

In this section, we present a few applications which play an important role in
string theory and recently, conformal field theory.

First, we will recover a result which has been known to physicists for quite
some time — the No-ghost theorem of the so-called bosonic Fock space in D
dimensions, as well as its superstring analogue [GT, T1, LZ, FGZ]. We will show
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how the no-ghost condition is closely related to the unitarity of some Verma
modules over Vir (Theorem 3.5).

Unitary conformal field theories are a very important class of conformal field
theories. Recently Dixon, Peskin and Lykken have demonstrated that the unitary
representations of the N =2 superconformal algebra for ¢ > 3, can be obtained
from a “coset construction” using the s6(2, 1) current algebra and its #(1) subalgebra.
They have identified the “unitary domain” in the parameter space of the s6(2,1)
representations. Later in this section, we will show that the 7i(1) , -invariant subspace
{or “SO(2,1)/U(1) coset module” as the authors called it) is precisely a zeroth
relative cohomology group; and that the description of the unitary domain is a
result of our No-ghost theorem corollary 2.28. We will make use of the Kac—
Kazhdan determinant formula (in a different way than Dixon et al.).

We now briefly review some notations for the free bosonic string theory [GSW].
Consider a Heisenberg algebra over C, spanned by {a*, u=1,...,D,neZ}u {1},
with the Lie bracket

[oh, o] =mg*’o,, _,'1, (3.1)

where g** is the Lorentz metric. Define the fock module V(D, p) of this algebra:
V(D,p) =sym @ (—D Co* (3.2)
p=1n=
The vacuum of V(D, p) is denoted by v, pecent’, where xecent acts by
X0, =P, XV, (3.3)

We will assume that {p,1) =1, that {p,x) #0 for some x¢C1, that {p,us>eR
for all 4, and that D > 2. The Virasoro algebra Vir is given by

Vir= Y CL,+Cz,
neZ

[L,,LJ=(m—nL,.,+ %(m3 — M)y

[z, Vir]=0. (34)
For m,neZ, set 4= Vir,%,=CLy+ Cz,# (= CLy, I'=ZL,,. Then clearly ¥ is
I'-graded. V(D, p) is a ¥-module whose properties are summarized as follows.
Proposition 3.1. [GSW,FGZ].

() V(D,p) is a %-module in O, where the action is given by n(L,,) = — Z 10y Oy s
meZ

7(z)=D-Idy. Here a, a,=akarg,, and: o, o, =, o, f n2m and =a,a,

otherwise.

(ii) V(D, p) is hermitian with

vty =1, at=a* , w(L,) =n(L_,).

(iii) Specyp,,y Go = {Dz’ + (n + 7>L’ } , where p°p = g,,{p, oy >{p, oy .
neZ

(iv) dim V(D, p)[A] < + 0 for all 2€Spec, ,, , %o.
(v) V(D,p) is G _-free.
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Remark 3.2.
(i) Because the central element z acts by a constant, it is customary to use the
eigenvalues of — L, alone as the set of weights, i.e. one identifies Spec,,, , %, with

p'p
—n— .
{ 2 }neZ+

(i) The Verma module of highest weight ¢z’ + hLj is denoted by M(c, k). Its
irreducible quotient is denoted by L{c,h). As in (i), one uses the eigenvalues of
— Lo as the %,-weights of the module.

We now summarize some well-known results about 4 = Vir, A % and the
%-action  on A 9.

Proposition 3.3.
(i) (cf. Proposition 1.8) H{(%)=0.
(i) o(L,)= — L_, 6(z) = — z defines an antilinear automorphism.

(iti) (A o%,7) is a G-module if B= — 262 — L. Note that o{B)= —pB. Thus A %
is hermitian.
(iv) Spec ., %o ={—262 — Ly +nLy},.z,; as before, we will identify this set with
{1 —n} ez, ie. the eigenvalues of — L,,.
Proposition 3.4. With the above identifications:

(@) dim V(D,p)[ —n— L:] < + oo,

(i) ch,V(D,p)=q""(q) ", where $(g)= [] (1 —¢")

n>0

(iii) sign, V(D,p)=q""2(q) "' [] A +q") "

The reader may consult [GSW] for detailed derivations. Recall that for a
(non-super) Lie algebra 4,02 %= A,% and Q2 (9/%,)= N(9/%,). When
% = Vir, the normal ordering defined in Definition 1.6 coincides with that in
[GSW1], where they use the notation &(L)) =c_,, (L)) = bs, neZ.

Theorem 3.5. Let D=2, he¥ +Z+:

(i) There is a canonical isometry
V(D,p)?* [ —hl/rad = H% (%, %,; V(D,p) ® L(26 — D,1 — h)).
(ii) The above space is unitary for each p iff (D, h) takes the following values
D=26, h=1 or 26>D=2, hzl
(The number h is called the “Regge slope” in the physics literature.)

Proof.

(i) We remind the reader of the convention that V(D,p)[ — h] is the eigenspace
of — L, with eigenvalue — k. Then (i) is simply a direct application of Theorem 2.25.
(ii) Now by Corollary 2.27 and Proposition 3.4,

dim V(D, p)?* [ — h]/rad = |:q”"’/2. [T —q9"°2*2ch 126 —D,1 — h)] ,
@

neN

sign V(D, p)** [ — h]/rad = [q‘*"vm-’-n (1—g7)~>*?sign, L(26 ~ D, 1 - h)} -
qO

neN



BRST Cohomology and Highest Weight Vectors 571

Thus V(D, p)?* [ — h]/rad is unitary for all p iff ch,L(26 — D, 1 — h) = sign, L(26 — D,
1 —h), ie. iff the Verma module M(26 — D,1—h) is positive semi-definite. The
latter is equivalent to precisely the conditions on (D, h), as given above. R

Remark 3.6.

(i) Since Theorem 2.25, Corollary 2.27 and Proposition 3.4 cover the case of Lie
superalgebra as well, the super analogue of Theorem 3.5 also holds. In particular,
it turns out that § = — 10z’ — ;L{, when ¥ is the super Virasoro algebra Vir, ,,. Thus

Theorem 3.5 can be restated for 4 =Vir,,, by replacing he%—p+Z+ with

hep—2£+%l+, 26 with 10,1 — h with %—h etc. For details of the notation, the
reader may consult [LZ].

(i) Theorem 2.25 can be applied to a general class of string theories, known as
the “compactified” string models in a Minkowski background. These models are
described by modules of the form V(D,p)® W, where We@ and z acts by
(26 — D)Idy. Many such theories have been constructed (see [GW], [G1], for
example). Given such a theory, one postulates that the “particle spectrum” be given
by the cohomology classes of HY (%,%,; V(D, p)® W). Thus the tools discussed in
Sect. 2 can be powerful methods for analyzing some of the properties of the
compactified strings. For example, by Corollary 2.26, we have

(VD)@ W)?* [ — 1]/rad = H(,(%4,%0; V(D,p)® W).

Corollary 2.27 then gives us the dimensionality of physical space in such a theory.
Now using Corollary 2.28, we can determine whether this model is ghost-free. It
turns out that the physical space is ghost-free if ch, W = sign, W, i.e. if W itself is
a unitary ¢-module. As expected, the unitarity condition for the compactified
superstring is precisely the same. For detailed discussion of the latter, the reader
is referred to [LZ].

Next we discuss the SO(2, 1)/U(1) “Coset construction” of Dixon, Peskin and
Lykken using the tools we have developed in the previous section. We begin by
a brief review of the notations. Since the following discussion is motivated by
[DPL], we will try to follow the notations used by those authors.

Let G=s0(2,1)c =5l,(C) denote the Kac-Moody Lie algebra given by
G=)Y G,+Cd+CzG,=CJ; +CJ; +CJ2, with the Lie bracket:

neZ
[J3,031 =420, _,
[I3,05]=%J7

n+m’

Ur.J,1=—znd, _,,—2J2, ..
dJil=nJ;,a=+,3, nmel,
[z,G]=0. (3.1)
Two important subalgebra are
Go=CJj +CJ; +CJ3=502,1)c (3.2)
and
g=73 CJ2+Cd+Cz=1(1). (3.3)

neZ
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We will first focus on . Let

G, =CJ3+Cd +Cz,
F=2J3+2d+22<9,

H o =Cd,
I'=272dcx,,
F,=2,J3+2,d+2,z,
r.=272.d. (34
Thus % is I'-graded with ¥, = ) CJ>and A, ={nd'|+neN}crI,.
>0

Propesition 3.7.
(i) o(J))=—J2,,0(2)= —z and o(d)= —d defines an antilinear automorphism

of 9. _
(i) If B=pJy +vd', for u,veC, then y=0 (cf. Proposition 1.8). Thus (A %,n)
is a hermitian 9-module if u,veR.

Proof .
(i) is easily checked.
(i) Definition 1.6 gives

NIy = — Ea(JS’)z(z) +nee(d)J3) + < B I3

Thus [7(J2),n(J2)] =0. To get y =0, it is enough to choose { f,z) = 0. By Remark
1.9 (i), (A%, n) is hermitian if 6(f) = — B. Thus we need y,veR. W

Remark 3.8.

(i) For convenience, we will always assume that § = 0.

(ii) From now on we will consider %-modules We@ in which the central element
z acts by k-Idy, for keC\0, and dim W[a] < + oo for all ae¥%;,

(iii) We observe that any Verma module M(4) of 4 = (1) such that (4,z> #0
is irreducible. Together with Corollary 2.30, this will give us a further structure
on W(the ¢ module in (ii} above). This structure was implicitly assumed in [DPL,
cf. Eq. 3.19], in one of the examples that the authors gave.

Proposition 3.9. If We0 satisfies Remark 3.8(ii) then W = W¥* + I-W¥~ (direct),
where I is the maximal proper ideal of U(% _). If, furthermore, W is hermitian, then
we have an orthogonal decomposition. In particular, {,>|ws, « we. is non-degenerate
in this case.

Proof. Suppose W satisfies Remark 3.8(ii). Then for any 1eSpecy %y, {4,z #0
and M(—4) is irreducible. Since f =0, Corollary 2.30 implies that

W] =W [A]+(I-W)[1] 1
(direct sum). Thus it is enough to show that ch,I- W¥+ =ch,I-W.1t is clear that I
has a canonical basis of the form

P =3 ' (J3) with 0< ) <+ oo, 3)

i=1
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where L ={l,,1,---}. Let {w,};.z be any basis of W%+ Then the vectors P, -w; are
linearly independent. For if Z apP,-w;=0, then we get, for each J,

ZaL a(P;)P.w; —C,Za,w =0, for some C;eC\0. This implies that a, =0.

Therefore we have

chI-W¥* =ch I-ch W¥* = cthg*(— 1+ J] @ —q”‘)"1>. )

aeA ¢

Now using Proposition 2.29, the Euler-Poincaré Principle, and the fact that

chMW)=q"*T] 1 —q9)*

aed +
we get
ch,W? = ] (1 —q)ch,W. 5
acAd +
Thus (4) becomes
ch - W = —chW¥* + ch,W. (6)

But by (1), the right-hand side of (6) is just chI-W.
The fact that (W9, I-W¥* >, =0 follows from g, W =0. 1

Proposition 3.10. For W as in Remark 3.8(ii), there is an isometry

Wé =~ T[] H%%;W®M(—2).

AeSpecw %o
Proof. This is an immediate consequence of Proposition 2.29. W

We now return to the algebra G = so(2, 1)¢ and discuss an important class of
G-modules — the induced modules. Let H = Cd + Cz. Suppose N is a left G,-module
(Go=50(2,1)c). Turn it into a left B-module N(4) as follows, where B is the
subalgebra Y G,+ H. Fix AeH' and let H act by the weight 4; let each G,,n>0,

nz0
act trivially. Now take the right B-module U(G) and form the tensor product:
Indf{ N(4) = U(G) ®u N(4). This is a left G-module called the module induced

by N(A).

Remark 3.11.

(i) We will be primarily interested in G-modules induced by (semi)-unitary
G,-modules.

(i) In [DPL], the authors have reviewed the construction of all irreducible
unitary Gy-modules, which basically come in four families (for details, consult
[DPL]):

G1. The trivial module C.

G2 1<0:2_()= Y C(J4)vg, With JJv,=0, J3vo = Ivg.

nz20

G3.1>0:2,()= 5 CU )0, with J5 v =0, J30 = Ivs.
n=0
G4. pef0,1), v> p(l — p):Do(p,v)= Y. CU5)Yvo+ Y, CUF) o, with Qv = vu,,

n=0 n>0

J3vo = vy, where Q=3J3J5 +J; J;r) — (J2)? is the quadratic Casimir of G,,.
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For future convenience, we will include in each of the families G2, G3, G4
those possibly reducible G,-modules. Namely, 2 _(), 1=20; 2_(l), [<£0; and
Do, v),v < (1 — p) respectively. We will refer to these (enlarged) classes as G1,
G2 etc. in the future. Note that in G2, G3, Q= -+ 1)ld respectlvely is
determined by [, while v is independent of x in G4.

(iii) To define the induced modules, we will always assume that H = Cd + Cz
acts by the weight — kz’, keR. We will denote the induced modules in G1,...,G4
respectively as V = V(k), V_=V_(Lk), V. =V.(, k), Vy, = Vo(u, v, k). Note that as
vector spaces, they are isomorphic respectively to U(G_), U(G_}® 2 _(I),
UG-)®2.(), UG )®D(u,v), where G_= ) G,.

n<o0
(iv) Observe that each of the W=V, V,, V, has a unique sesquilinear form
{,>w such that

Vo, 097 =1,

=605,

TPy =000,
for neZ. Also each of these spaces is irreducible as a G-module iff this form is
nondegenerate. Equivalently, W is irreducible iff given a basis for each weight
space W[4], the (Shapovalov) determinant of the form is non-zero.
(v) We will argue that the V;(l,k) are essentially Verma modules over G and
that V(k) is a quotient of a Verma module.
G2: Set ay = —2J3+z,0) =2J3,00=—J3 +d,a; =J3. Then one can check
that a,a, are the simple roots of G, and that ({a;, 0 >)=< i i) is the
Cartan matrix. In this presentation of G, one can show that V_(l, k) is the Verma
module M(%) over G with highest weight 1 =1J3 —kz'.
G1: Now using the above presentation of G, we find that V(k) is a module with
highest weight 1 = — kz'. Thus it is a quotient of V_(0, k).
G3: Set ay =2J3+z,0) = —2J3,0o=J3 +d,0;=—J3. Then in this new
presentation of G, °y +(L, k) is the Verma module M(A) with 1= 3 —kz.
(vi) We will now consider V, V., V, as modules over % =#(1). Since
%, =CJ3 + Cd + Cz, they are clearly %,-graded with finite dimensional weight
spaces. Thus they satisfy the condition in Remark 3.8(ii). Recall that #, = Cd.
Thus (cf. (iii) above) Specy, #,, for W=V, V., V,, is a subset of '_=Z_d'.
Hence V, V4, Vye0. In fact, V, V.. are Fy-bounded above and thus are in @,

Proposition 3.12.

(i) ch,V(k)=v(g)~",

(i) ch, JilLk) =970 — ¢ (g,
(ii1) ch, VLky= q”"(l— (g,
(iv) ch, Vol v, k)=q~ ““x(q)!//(q)",
where

W@ =7 TTa =01 = 01 — )

=Y ¢ o=d,a=J3.

neZ
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Proof. Using Eq. (3.1), we have for he¥%,, neZ,

[hJE]={—méFa)h)Jt,
[hJ2 1= —nd,h>J3 .
This gives ch,U(G_) = $(q)~", where G_ = Y (CJ*,+CJ= +CJ3 ), ch,D.() =
n>0
g1 — g™ Lch,Do(p,v) =g~ ** Y. g™ Now the observation in Remark (iii) gives

. ne&
the desired result. M

Theorem 3.13. Let W¥* be the subspace of %, -invariants in W, where W is one of
Viky, V(I k) or Vo(u,v, k). Then precisely for the following values of the parameters,
W¥+ is positive definite:

case G1. k> 2,

case G2: k>2, k> =21 1<0,

case G3: k>2,k>21,1>0,

case G4: k>2,v> u(1 — p).

We will return to the proof later. The result is also obtained in [DPL], using
a different approach.

Proposition 3.14. For the parameter values given in Theorem 3.13, we have
(i) sign, V(k)=¢(q) ",

(i) sign, V_(L,k)=g""(1 - ¢") " 'd(g) ",

(iii) sign, V. (Lk)=q "1 —q"9) '¢(g)"",

(iv) sign, Vo(u, v, k) = ¢~ 2(@)p(q) ",

where

$la)=q~"* J](1 — g *)(1 —g"*~*)(1 + ¢").

neN

Remark 3.15. These signature formulae are intuitively clear from the commutation

relations (3.1), withz= —kand k - + oo (“classical limit™), i.e. we replace 1[,] by
[,]in Eq. (3.1), and we get for “k— + c0”, k
[3.03) = — ind,
[J3.J.1=0,
7 Jn]=nd,

But for a rigorous proof, we will invoke the Kac-Kazhdan [KK] formula and a
method of Wallach’s [W].

Lemma 3.16. For k> 2, V(k) is irreducible.

Proof. Let 2 be the generalized Casimir of G = /72.
If veV(k) is a G, -invariant with weight 1 — no, — ma;, A = — kz’ (see notation
in Remark 3.11(v), G2), n,meZ ., one has

Qu=(A—-B+2p|A—Prv=(1+2p|A)v.
Simplifying this, we get
—nk—2)=(n—m)n—m+1)=0



576 B. H. Lian and G. J. Zuckerman

for n,meZ .. Thus for k > 2, (n,m) = (0,0),(0, 1) are the only solutions. That is, the
only weight spaces of V(k) with G, -invariant are V(k)[A] and V(k)[2 — «,]. But
the former one is the highest weight space of V(k); the latter is zero.

Lemma 3.17. For the parameter values given in Theorem 3.13, the Shapovalov
determinant of W in each case is non-vanishing.

Proof.

Case G1: This follows from Lemma 3.16.

Case G2, G3: Recall that (Remark 3.11(v)) both V. (I, k) are Verma modules. Thus
one can use the Kac—-Kazhdan formula to check that, indeed, for the given
parameter values, the determinant is non-zero.

G4: Similarly, this follows from the determinant formula for Vy(u,v,k) given in
(DPL]. W

Remark 3.18.

(i) Let w(ng, mo) = (J¢ Y°(J4)™v, be a basis of C, Z_(I), D.(I) or Dy, v), where
(no,my) ranges over (0,0),(0,Z.), (Z,,0) or (Z,,0)u(0,Z,) respectively (see
Remark 3.11). Fix [, s, v. Recall that V(k), V_(l,k), V,(l,k) or Vo(u,v,k) has basis
vectors of the form:

ulk) = (J> 1)11(-]3— 2)’2 I ZYM (T I L) v(ng, mg),
where I,,n,meZ, with |I|=Y (I, +n,4+m)< + oo and I denotes the index
i=1
sequence {/;+ 1, M, m;};»0. Given m, NeZ, we call such an I admissible if

N=—Y (l,+m+n)i

i=1

m =
i

M™ls

(n; — my).
0

Note that in this case,
d-uy(k) = N-ugk),

Tuy(k) = ( m+ M) (k).

Vg, Vg )
(i) The matrix

Fm,N(k) = (<ul(k)9 ul’(k)>)a

where I, I’ ranges over the admissible index sequences (for given m, NeZ), is the
Shapovalov matrix. Note that this matrix is finite in all four cases.

Lemma 3.19. In each of the four cases G1,...,G4, for I,I' admissible, we have
() lim <ugk),upk)>k™"=c,, for some non-zero constant c,.
k—+w
(i) Lim <wug(k),up(k)pk~UI+IID2 =0 where I #I'.
k—+ o
Proof . 1t is obvious from the commutation relations that the matrix elements are
polynomials in k. Let O(k?) denote an arbitrary polynomial in k of degree at most
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p. We will only sketch the argument, leaving out the straightforward inductive
argument. By induction on |I|, one can show that

Cuy(k), u(ky ) = (vlng, mg), v(ng, me) > ﬁ I'm!n} (%)li(ik)mi(ik)n,— + Ok~ 1),
i=1

Thus (i) follows. To prove (ii), first let n = | I| # | I'| = p. By induction again, one has
o(no,mo), Ay -+ 4,C, -+ Cyv(ng, mp) > = OK™""2),

where Ai,...,Ane{J¢la= +,3,n>0} (annihilators) and Cy,...,Cre{Jila= +,3,
n <0} (creators). This implies that

s, 17R)y = O(mnIAD),
Thus (ii) follows in this case. To consider the case |I|=|I'|, I #I, one writes
{ugk), up(k)> in the form
Cu(ng, mg), Ay -+ ApCrp -+ Cyvlng, mp) >, m = |I|.
Here the A’s and the C’s are annihilators and creators as before. Then using the

fact that A; +# C] for some i (because I # I') one can show that the above inner
product is O(k™~1). Thus (ii) also holds in this case. W

Lemma 3.20. For the same assumptions as in Lemma 3.17,
sign F,, y(k) = X'signc,,
where the sum is over all admissible I, and c; is given in Lemma 3.19.

Proof. Let M(k) be the matrix whose elements are {u (k)k'"/2, u,(k)k~""2>. Thus
sign F,, (k) = sign M(k) for k > 0. By definition sign M(k) is the sum of the signs
of the eigenvalues of M(k). These eigenvalues are continuous functions of k at least
in the region k > 2. Lemma 3.17 implies that they never vanish under the conditions
of Theorem 3.13. By Lemma 3.19, the ¢,’s are the limits of these eigenvalues, as
k— + oo. Since all ¢; #0, we have sign M(k)= X'signc;. B

Proof of Proposition 3.14. We will do only sign, V(k). The other three cases are
very similar. By definition,

sign, V' (k) = Zz Zz sign F,, y(k)q =¥~ m* "4, (1)
NeZ - me

where 6 =d, a=J3 , A= —kz'. Recall (Proof of Lemma 3.19) that
signc, = (— DEish, )
Using (2), Lemma 3.20 and the notation in Remark 3.18, we can write

sign, V) =g7% 3 3 Y {(— DERibgrimale ey Liomoniy - (3)

NeZ_ mel
e )
where Z’ sums over all admissible I = {I;, {,m;, n;}; ., With N = — Z {1, +m; +n)i,
- i=0

m= ) (n;—m)and l,m,neZ, for i>0. In the case V(k), (g, ng) = (0,0). Thus

s

14



578 B. H. Lian and G. J. Zuckerman

(3) becomes ’
sign, V(k)=q~* lj (1= 1-¢"" 1+ q")=¢l@) ",

as given in Proposition 3.14. In each of the other cases, G2, G3 or G4, one has

an extra factor ¢7"%(1 — ¢ 71, g (1 — g™~ ' org~** ) ¢ It corresponds to the
neZ

range (07Z+)’ (Z+,0) or (Z+70)U(09Z+) of (n07m0)' =
We are now ready to prove Theorem 3.13.

Proof of Theorem 3.13. Using the Euler—Poincaré Principle and Proposition 3.10,
we have (see also Corollary 2.27)

ch,W¥+ =Zq“|:cth-cth(— NI a —qy)2:|
i 490

veA +

=§q“l[cth IT a- q’)]

yea +

=ch,w- [] 1—¢q), 1)

€4 +

where W is in one of the four classes, and A, = {nd,neN} is the positive roots of
% =1(1). Similarly,
sign, W9+ =sign, W [[ (1+¢). )]

yed +

Proposition 3.12(1) and Eq. (1) give

Chq V(k)g+ — qkz’ 11(1 _ qn6+a)(1 _ qnd—u), (3)

which is identical to sign, V(k)?+, following Proposition 3.14(i) and Eq. (2). Cases
G2, G3 and G4 are similar, i.e.

ch,W¥+ =sign, W9+
in all four cases. This establishes that the parameter values given in Theorem 3.13
are sufficient to guarantee unitarity.
To see that these values are necessary, it is enough to give ¢, -invariants in
W that require these parameter values. One finds that in V(k),
vy =kJ3 w0+ kJ T T 00— 273 T3 10,
Uz = J f 11)0
are 4 . -invariants with
(03,01 ) =k (k —2)(k + 1){vo, 00,
03,02 = k<o, 00 ).
Thus unitarity requires k > 2 in case G1. Similarly, in case G2,
vy =Jg vy,
Uz = J + 1170,

vy=4lJ3 oo —kJT T v,
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are  , -invariants in V_(l, k) and

vg,010 = — 210,00,
03,020 =(k + 21)<vg, 10,
(v3,03) = — 2lk(k + 21)(k — 2)<{ v, 0o ).

Thus unitarity of V_(l, k)** requires I <0,k > — 21,k > 2. There are similar vectors
in case G3 which require I > 0,k > 21,k > 2, for unitarity of V,(,k)?*. Finally, in
case G4, the following ¥, -invariants in Vy(u,v,k) have positive norm only if
v>u(l —p) and k>2:

vy =Jg0,,
v, =kJ I T (U 0o + kJZ (IS tog — 4mJ2 [(J 3 ) ve,m > 0.
This completes the proof of Theorem 3.13. M

4. Discussions

In Chaps. 1 and 2, we have dealt with the functor
W-wH% (9,9, WR V),

where %, is ad-diagonalizable. One can generalize to the case in which (A) %, is
not ad-diagonalizable or (B) %, is non-abelian. In these cases, one has to deal
with certain technical problems in computing H*. Another interesting problem
that arises in Chap. 1 is (C) What is the role of the representation of the super
Heisenberg algebra? To explain this, we recall some of Chap. 1.

The construction of the BRST complex can be viewed abstractly as follows.
Given a graded super Lie algebra %, there is a natural graded super-Heisenberg
algebra #(¥ ® ¥') associated with . To define a semi-infinite complex, we have
chosen a particular irreducible representation of the associated super Weyl algebra
W (% ®Y'). However, it is well-known that there are many inequivalent irreps of
the Weyl algebra (even when dim % < + co!). The problem is to decide when the
functors W-~»H?¥ (%, W) resulting from different irreps of # are naturally
isomorphic. In [LZ1], we have had a glimpse at this problem in the case of the
super Virasoro algebra. We have shown that in some cases, two distinct irreps of
¥ do result in the same cohomology. Note that the above problem does not arise
when ¥ is non-super. In this case #” reduces to a graded Clifford algebra C(% ® ¢')
which has a unique irrep.

We note that problem (C) is in fact physically relevant. It is equivalent to the
question of whether the physical states in a model are dependent on the choice
of (super) ghost states. In the context of superstring theories, Friedan, Martinec
and Shenker [FMS] have shown that the answer is negative, at least for a certain
class of superghost representations.

Problems (A), (B), (C) will be the subject of our future investigations. We note
here that problems (B) and (C) are also of direct relevance to the problems listed
in the introduction.

We emphasize here that the material in Chapter 3 serves merely as an exercise
to illustrate our fundamental results developed in Chap. 2. Our on-going work
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now is to apply our machinery to higher-rank algebras. The new results will be
reported soon.
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