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Abstract: We develop a new method, based on renormalization group ideas (block
decimation procedure), to prove, under an assumption of strong mixing in a finite cube
Ay, a Logarithmic Sobolev Inequality for the Gibbs state of a discrete spin system.
As a consequence we derive the hypercontractivity of the Markov semigroup of the
associated Glauber dynamics and the exponential convergence to equilibrium in the
uniform norm in all volumes A “multiples” of the cube A,.

1. Preliminaries, Definitions, and Results

In this paper we analyze the problem of the approach to equilibrium for a general,
not necessarily ferromagnetic, Glauber dynamics, i.e. a single spin flip stochastic
dynamics reversible with respect to the Gibbs measure of a classical discrete spin
system with finite range, translation invariant interaction. We prove that, if the Gibbs
measure satisfies a Strong Mixing Condition on a large enough finite cube A, then the
Glauber dynamics reaches the equilibrium exponentially fast in time in the uniform
norm, in any finite or infinite volume A, provided that A is a “multiple” of the basic
cube A,,. Such a result has already been proved in our previous papers [MO1, MO2] in
the so-called “attractive case” by ad hoc methods. Here we prove the result in greater
generality by proving a Logarithmic Sobolev Inequality for the Gibbs measure of the
system. We refer to [MO2] for a general introduction to the problem of approach to
equilibrium in the one phase region for Glauber dynamics; in particular in [MO2]
one finds a critical discussion of the various finite volume mixing conditions for the
Gibbs state and of the role played by the shape of the volumes involved when getting
near to a line of first order phase transition. We also refer the reader to the beautiful
series of papers by Zegarlinski [Z1, Z2, Z3] and Zegarlinski and Stroock [SZ1, SZ2,
SZ3], where the theory of the Logarithmic Sobolev Inequality for Gibbs states was
developed and its role in the proof of fast convergence to equilibrium of general, not

* Work partially supported by grant SC1-CT91-0695 of the Commission of European Communities



488 F. Martinelli, E. Olivieri

necessarily attractive, Glauber dynamics was clarified. We suggest in particular the
interested reader look at the nice review in [S].

In order to precisely state our results and for the reader’s convenience, we recall
here the model and the notation of the first paper of this series.

1. The Model. We will consider lattice spin systems with a finite single spin state
space S. We take for simplicity S = {—1,+1} and we will denote by ¢ = o, an
element of the configuration space {2, = S* in a subset A C Z¢. The symbol o, or
o(z) will always denote the value of the spin at the site z € A in the configuration o.

The energy associated to a configuration o € {2, when the boundary condition
outside A is 7 € {24 is given by:

Hy)=Hyolmy= Y, Ux [[n,, (1.1)
X1XNA#D  w€X
where, in general, o7 denotes the configuration:

(61), =0,, rxed, 12)
(o), =T1,, TE€A°, ‘

and the potential U = {U,, X CC Z4}, where X CC Z4 means that X is a finite
subset of Z9, satisfies the following hypotheses:

H1. Finiterange: Ir > 0:Ux = 0ifdiam X > r (we use Euclidean distance denoted,
in the sequel, by dist).

H2. Translation invariance
¥Xccz', VkeZ', Ux,,=Ux.
Because of the hypothesis H1, H} (o) depends only on 7, for z in 8f A:
OfA={z ¢ A:dist(z,A) <r}. (1.3)

With the energy function H (o) we construct the usual Gibbs measure in A with b.c.
T € §2,c given by:

- exp(H7% (o))
(o) = Z2A0 = (1.4)
A
where the normalization factor, or partition function, is given by
Zy =Y exp(H;(0). (1.5)

geflp

If there exists a unique limiting Gibbs measure for 4 — Z94, independent on 7, it will
be denoted by p.

Remark. Notice that, for future notation convenience, we have included the usual —3
factor in the Boltzman weight (1.4) directly in the energy H7 (o).

Next we define the stochastic jump dynamics, given by a continuous time Markov
process on {2 = 5% that will be studied in the sequel. Discrete time versions can
also be considered.

Given A CC Z9 Jet

DN ={f:2— R:f(m) = fo)if n, =0, Yz € A}
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be the set of cylindrical functions with support A. The set

D= U D(A)
A

is the set of cylindrical functions and by C(f2) we denote the set of all continuous
functions on 2 = [[ S,, S, = S with respect to the product topology of discrete
x

topologies on S.
The dynamics is defined by means of its generator L which is given, for f € D,
by:

Lf(0) = c,(0,a)(f(c™) — f(o), (1.6)

z,a

where o™ is the configuration obtained from o by setting the spin at x equal to the
value a and the non-negative quantities c_ (o, a) are called “jump rates.”

We will also consider the Markov process associated to the above described jump
rates in a finite volume A with boundary conditions 7 outside A. By this we mean the
dynamics on {2, generated by L7 defined as before starting from the jump rates

A _
cy o, a) = c (0T, a),

where, given 7 € {2, and 0 € {24, o7 has been defined in (1.2).
The general hypotheses on the jump rates, that we shall always assume, are the
following ones: .

H3. Finite range r. This means that n(y) = o(y) Vz,y:ly — z| < r implies
(0, a) = ¢, (n, a).

H4. Translation invariance. That is if n(y) = o(y+x) Yy, thenc, +ylo,a) = ¢, (n, a).

HS. Positivity and boundedness. There exist two positive constants k, k, such that

0 <k < inf ¢ (0,a) < sup ¢ (o,a) <k,.
o,z,a

o,x,a

He6. Reversibility with respect to the Gibbs measure | (in finite or infinite volume):

exp < Z Uy H oy> ¢, (o, a)

X>z yeX

— exp < Y ux I (az’a)y) (™% 0,) Ve lZd. 1.7)

X3z yeX

A similar equation holds in finite volume A with boundary conditions 7, provided
that we replace in (1.7) ¢ with the configuration o,

It is immediate to check that, in finite volume, reversibility implies that the.
unique invariant measure of the dynamics coincides with the Gibbs measure u7.
This important fact holds also in infinite volume provided that there exists a unique
Gibbs measure in the thermodynamic limit and that all the invariant measures of the
dynamics are Gibbsian.

It is well known (see [L]) that under the above conditions L(L7) generates a unique
positive selfadjoint contraction semigroup on the space L*($2, du)(L*(£2 ,,dp7,)) that
will be denoted by T} or T{"".
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2. The Logarithmic Sobolev Inequality and Hypercontractivity of T,. In order to intro-
duce the Logarithmic Sobolev Inequality (LSI) we have to define the differentiation
operator on the functions of the spin configurations. We set:

8,,f(0) = f(0) — 5 [f(@™ ) + f(e™ N1, (1.8)

where o™, respectively 0% 1, is the configuration obtained from o by setting the
spin at z equal to +1, respectively —1. Given a subset A of the lattice Z9 the symbol
(V 4f)* will be a shorthand notation for the expression Y (8, _f(0))*.

€A

x
Finally we define the “standard” Logarithmic Sobolev Constant c () for an
arbitrary measure v on {2, as the smallest number c such that for any non-negative
function f:£2, — R the following inequality holds:

v(f2log(f)) < c((V 4 ) + v(FH log(((fNY?), (1.9)

where v(f) denotes the average of the function f with respect to the measure v.
In the sequel we will refer to (1.9) as the “standard” Logarithmic Sobolev
Inequality for v. It is very important to observe that if we denote by

A5 ) = —pi(FLL )

the Dirichlet form associated to the generator L7 and we take in (1.9) v = u7, then
the term:

pa (VA0
satisfies the estimate:

(4 mas (0, 0)) TED S iRV < (4 min (0, ) TE D

T,0,0
Therefore, if 7, satisfies the “standard” Logarithmic Sobolev Inequality (1.9), with
standard logarithmic Sobolev constant c (17), then it also satisfies the Logarithmic
Sobolev Inequality for the semigroup TtA’T relative to the measure p7:

P (f2log(£)) < ceWDELS, ) + ph (A log((ui(FN) (1.10)

with logarithmic Sobolev constant (4k,) e, (u7) < cx(uh) < (4k)~le (u7) because
of HS. Thus the “standard” Logarithmic Sobolev Inequality and the Logarithmic
Sobolev Inequality for the Dirichlet form & are equivalent and in the sequel, whenever
confusion does not arise, we will call both of them the Logarithmic Sobolev Inequality.

Remark. From the above discussion it also immediately follows that, if c;’A(a, a) and

6;’/1(0, a) are two different jump rates satisfying H3...H6, and if & and Z are the
corresponding Dirichlet forms, then we have:

T A
5(u3) < max —A% cx () (L.11)
and
T A
Celpy) 2 max T—A?—T—a—; cglpy) - (1.12)

Remark. In the case when the single spin space consists of N elements with N > 2,
the definition of the differentiation operator is no longer so clear. One possibility (see

[SZ3]) is to set:
0, f(@) = flo) = (f),, (1.13)
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where (f), is the average with respect to the uniform measure on S of the function
f, considered as a function of the single spin o,. Another possibility is to order the
elements of S as s;,..., sy and to set:

f(3i+1) - f(sz)

0, [(o)= 7

(1.14)
if o, = s5; with sy | = 5.
Both definitions are reasonable and equivalent in the sense that:
D) (9,,f) =0,
ii) there exists a finite positive constant &, (in general depending on V) such that:

(k) &R, D < a4 ) < k&R (F, D

where the definition of the generator L and of the Gibbs measure in this more general
setting is the obvious one.

Although, in some sense, the choice of the differentiation operator reflects the
choice of the dynamics for the single spin at “infinite temperature” (a uniform
sampling in the first case or a symmetric random walk in the second case), because
of ii) above, one is free to choose whatever definition is more suited to the methods
of proof. In particular if, as we do, one wants to treat J,_ as much as possible as a
continuous derivative, then the second definition seems more suited.

The above “ambiguity” points out that the logarithmic Sobolev constant is not
intrinsically associated to the Gibbs measure but, rather, to the pair (1, V).

As it is well known since the basic work by Gross [G1] (see also [G2]), the
Logarithmic Sobolev Inequality for the Gibbs state p7 is strictly connected with the
hypercontractivity properties of the Markov semigroup TtA’T, where:

TtA’T is hypercontractive with respect to 117y if there exists a constant c(A, T) such
that

2t

|TtA’T(f)|Lq(u;1) < If|Lp(,L;1)V(P7 g,t) with p<g<I1+(@p—1Den . (1.15)

More precisely, Gross’ Theorem states that the constant ¢(A, 7) in (1.15) can be
taken equal to the logarithmic Sobolev constant ce(u47 ).

Besides its intrinsic interest, hypercontractivity of the Markov semigroup TtA’T or
of T, is a fundamental tool to transform, in the general case, exponential convergence
to equilibrium of the Glauber dynamics in the L?(dyu7)-sense into exponential
convergence to equilibrium in the L°°-sense. More exactly, for an interaction Uy
satisfying the general hypotheses H1, H2, one can easily prove the following theorem
(see [SZ2] Lemma 2.9 and Lemma 1.8 there):

Theorem 1.1. Let I be a, finite or infinite, class of subsets of Z% and suppose that
there is a constant cy such that:

sup cg(uy) <cp-
T,Ael’

Then there exists a positive constant m. and for any cylindrical (i.e. depending on
finitely many spins) f: (2,04 — R there exists a finite constant C ¢ such that:

sup |PPAf — pi(Plee < C exp(—mt).
A€l
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Thus, in this way, the problem of proving exponentially fast approach to equilibrium
in the uniform norm for a Glauber dynamics is reduced to proving a bound on the
logarithmic Sobolev constant of the Gibbs state.

The real breakthrough in this direction was made a few years ago by Zegarlinski
[Z1, 722, Z3], who proved, in particular, that, if the Gibbs state satisfies a weak
coupling condition similar to the old uniqueness Dobrushin’s condition (single site)
[D1], then the logarithmic Sobolev constant in a set A with boundary conditions 7
is finite uniformly in A and 7. In {Z2], in order to treat the one dimensional case
for all temperatures, the author uses intervals instead of points. This result was then
extended and generalized by Stroock and Zegarlinski [SZ1, SZ2, SZ3] to spin systems
with single spin space given either by a compact Riemannian manifold or by a finite
discrete set. The main result of the above mentioned works is the equivalence of the
existence of a finite logarithmic Sobolev constant, independent of the volume and
of the external spin configuration, and the Dobrushin-Shlosman complete analyticity
[DS1, DS2] of the Gibbs state p. Although the Stroock-Zegarlinski result yielded
very important progress in the general problem of relating the fast convergence to
equilibrium of the dynamics to “mixing” properties of the Gibbs measure, it cannot,
in general, be used concretely in order to establish results close to a line of a first
order phase transition since it requires good mixing properties of the measure u’ in
volumes A of arbitrary shape (see [MO2], Sect. 2, for more details). As we have
discussed in detail in the first work of this series [MO?2], if one is willing to produce
results really close to a line of a first order phase transition, one should consider the
Gibbs measure only on “fat” volumes like cubes or parallelipipeds with large enough
shortest side. This is exactly the subject of the present work.

3. The Results. In order to present the new results of the present work, we need to
recall the finite volume mixing condition that already played an important role in the
first paper of this series [MO?2].

We say that a Gibbs measure 14 on {2, satisfies a strong mixing condition with
constants C,~ if for every subset A C A:

) i
sup Var(u27A,uZ?A) < Qe dsUAY (1.16)
W e e

where pj 4 denotes the relativization (or projection) of the measure uj on §2,, Var

is the variation distance and 7% = 7, for = # y.

We denote this condition by SM(A, C, ).

In [MO2] a lower bound on the gap in the spectrum of the generator L% was
derived (see Theorem 1.2 below) under the assumption SM(A,, C,v), where A, is a
cube of side L, provided that, given C' and -y, L, is sufficiently large.

In what follows I" will denote the class of all subsets of Z¢ given by the union of
translates of the cube A, such that their vertices lay on the rescaled lattice LyZ%. The
constants C and ~ appearing in our mixing condition will be fixed once and for all.

Theorem 1.2. There exists a positive constant L depending only on the range of the
interaction and on the dimension d such that if SM(Ly, C, ) holds with Ly > L then:
1) there exists a positive constant my such that for any A € I' and for any function f
in L2(du7):

[ ul(f)IILzm;) <|If- M;(f)HLZ(d%) exp(—myt) .

ii) There exist constants C' and ~' such that for any A € I', SM(A, C’, ') holds.
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Corollary 1.1. There exists a positive constant L depending only on the range of the
interaction and on the dimension d such that if SM(Lgy, C,) holds with Ly > L then
there exists a positive constant m. such that for any pair of cylindrical functions f and
g with supports Sy and S, and for any A e, with Sy, 8, C A, one has:

pa(fs9) < 1S loolglool Syl 151 exp(=m dist(Sy, 5,)),

where | X | denotes the cardinality of the set X C Z9.
Here we considerably strengthen part i) of Theorem 1.2 by proving the following
theorem:

Theorem 1.3. There exists a positive constant L depending only on the range of the
interaction and on the dimension d, such that if SM (L, C,~y) holds with Ly > L then
there exists a positive constant ¢, such that for any A € I" and any boundary condition
T the logarithmic Sobolev constant Cgy 1S bounded by c,.

Moreover, there exists a positive constant m such that for any A € I, any
cylindrical function f there exists a positive constant C'y, depending only on f, such
that:

PP f = pi(Dle < Cpexp(—m).

The second part of the above theorem proves Theorem 4.2 of [MO2] in the non-
attractive case.

4. The Strategy of the Proofs. We conclude this introduction by describing the
ideas behind the proof of Theorem 1.3 and by comparing them with the Stroock-
Zegarlinski’s approach.

Our proof is divided into two distinct parts:
1) In this first part (see Sect. 2) we show that any Gibbs measure v on a set A which
is the (finite or infinite) union of certain “blocks” A, .. .Aj ... (e.g. cubes of side { or

single sites of the lattice Z®) has a logarithmic Sobolev constant which is not larger
than a suitable constant depending on the maximum size of the blocks provided that
the interaction (not necessarily of finite range) berween the blocks is very weak in a
suitable sense. A simple example of such a situation is represented by a Gibbs state
at high temperature, but the result is more general since we do not assume that the
interaction inside each block is weak.

The result is a perturbative one since, as it is well known [G1], if there is no
interaction between the blocks then the logarithmic Sobolev constant of v is not
larger than
sup cs(yjlj) .

2.7
2) In the second part (see Sect. 3) of our approach we use renormalization group, in
the form known as decimation (i.e. integration over a certain subset of the variables
o,), to show that, in the assumption of the theorem, the Gibbs state p7 after a finite
(< 2% number of decimations becomes a new Gibbs measure exactly of the type
discussed in part 1). It is then a relatively easy task to derive the boundedness of the
logarithmic Sobolev constant of ;7.

As it is well known since the work of Olivieri [O] and Olivieri and Picco [OP],
the mixing condition SM(A,, C,y) implies that if the decimation is done over blocks
of a sufficiently large size (see for instance [EFS] for pathologies that may occur
if the size is not large enough) then it is possible to control, e.g. by a converging
cluster expansion, the effective potential of the renormalized measure and to show
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that it satisfies the weak coupling condition needed in part 1). This is, however, more
than what it is actually needed, since the hypotheses of part 1 are fulfilled by the
renormalized measure as soon as the truncated two point correlation functions of the
original Gibbs measure p7; decay exponentially fast. This is exactly the content of
Corollary 1.1 above; therefore the method can avoid the lengthy computations of the
cluster expansion.

We want to notice at this point a difference in the role played by the DLR structure
of Gibbs measures in our approach and in the one used by Zegarlinski and Stroock-
Zegarlinski. For simplicity let us consider the case when the Dobrushin’s uniqueness
condition holds true. For instance in [Z1] Zegarlinski uses in a crucial way the
following property of the Gibbs local specification operation E 4:

lim E, .....E, f=pu(f),

N— 00
where {i, € 2%} keN 18 a suitable sequence going infinitely many times through each
site of the lattice and p is the unique infinite volume Gibbs state. A similar property is
used in [SZ3) in the case when the Dobrushin-Shlosman complete analyticity condition
holds true.

In the present paper, on the contrary, we use the following simple general property
valid for any probability measure v on a finite space {2:

V(A N...NA) = V(A | AN DA IAAN. .. NA) . VA, |AA,).

Clearly, if the measure v is a Gibbs measure corresponding to a given potential, then
the DLR property enters in the explicit computation of the conditional probabilities
V(A A UL UAD.

After the completion of this work we learned that also Lu and Yau, in their work on
the gap for the Kawasaki dynamics for the Ising model [LY], obtained, by martingale
techniques, a uniform bound on the Logarithmic Sobolev Constant of p7, where A
is an arbitrary cube of the lattice, under the assumption that SM (A, C, ) holds for
all finite generalized cubes A.

2. Logarithmic Sobolev Inequality for Weakly Coupled Gibbs Measures

In this section we prove two results that will play a crucial role in the derivation
of the logarithmic Sobolev inequality (L.SI) for Gibbs measures satisfying a finite
volume mixing condition. In order to present our results we need to precisely define
the setting of the problem and the notation that we will adopt in the sequel. We warn
the reader that in this section we do not assume the finite range condition (H1); in
this situation we will denote the potential by @ instead of U.

1. The Setting of the Problem. Let A be a finite subset of the lattice Z4 such that
A=NUAU,... ,UAy with A;,NA; =0if i # j, sup|A4;| < oo and let 2, be the
N

space of configurations 2, = {—1,+1}". Let also &, X C Z, be a “potential”
such that for any “boundary” configuration n € de\ 4 and any configuration o € §2,,
the following Hamiltonian is finite:

H'(o)= Y &x [ (o), 2.1)

XNAH#0 zeX
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If for convenience we denote by Hzi(a Ai) the sum:

Hj (04) = > oy [ on., 2.2)

{XNAF0; X NA;=XNA} zeX
then the total Hamiltonian can be written as:

H(0) = H} (5,4,)+ W), 23)

where the term W" (o) represents now the interaction between the sets A;, ¢ =1... V.

Given the Hamiltonian H"(c), we will denote by p7 the corresponding Gibbs
measure.

In the sequel, together with the measure 17, we will need also other Gibbs measures
that are obtained from p" by integrating out one by one the variables o, , j =1,2...
(decimation procedure). More precisely for any ¢ = I,..., N we define a new Gibbs
measure p2; on the space

Qf/]?.l) — {__1’ +1}AiUAi+1U,..A,UAN

as the relativization to Q&Zi) of the measure p":
PLiOpsop )= > MO0, 2.4)
aAl""’UAi~1

Obviously the measure pZ; is also a Gibbs measure with a new Hamiltonian:

T _ O AT AN
H(zi)(azli’ s Opy = log(ZAl,___’,Ai_1 )

+ > ox [[on., @5

N i—1 z€EX
X:Xﬁ( U Aj)#@;Xﬂ< U Aj)=®
i=1 =1

oA -0 A . . . . .
where Z Al,'/.lf’ A N is the partition function in A, U ... U A,_, with boundary
conditions 7, Tpgrer T Ay
Finally, we will denote by v""*""""" the measure on {2, obtained from 7,
by conditioning to the event that the spin configurations o Agpyr o2 0ay A€ equal to
the spin configurations 7, ,, ..., Ty. We will write v, """ 7™ as:
7 .
TTidls TN _ exp(Weiy (04,4, Thsr »Tay)) 2.6
V’i = 7 ? ( . )
i
where Z, = Zi(TAiH,...,TAN,’ﬂ) is a normalization factor and the “effective”
interaction
n . — W
Weioa,; Thyr o TAn) = Wiiy(o)
is given by:
" .
I/V('i)(a/li’ TAgprr " ’TAN)
— an . (&
= Hip(op,; TAsgyr yTan) ~ Hep(Ta, TAgr AN @.7)

where 7, is a given reference configuration in A, (e.g. all spins up).
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2. Assumptions and Results. We are now in a position to precisely state the hypotheses
on the “potential” @ that we need in order to prove the main results of this section.

Assumptions. a) There exists a positive constant £ such that:

i—1

sup sup |8, W) <e (2.8)
(1,5, ; z€h; v
and
N
sup Y sup |8, W (o) <e. (2.9)

(n,k,N) j=k+1 zel;

b) There exists a positive constant oy such that:

N
sup Z sup |('977(00)W(;74)(0')|Oo < a (2.10)
(m,N) j=1 mEZd\A
and
sup sup Z |877(:1:)M/(7c)(0)|oo < o Sup 14,1
N) k- ezaa ¢
¢) There exists a positive constant «; such that for any N, any n,any i =1,..., N,
any f € L*(2g,,dv;"™*""™) and any value of the conditioning spins 7;,;, .- ., Ty
one has:

Tk TN DV Tidtro TN 1 A A 2
o TN (g TN G Y [fo,) = 6]

gA; !&Ai .
S (W) @11

Remark. Assumptions a) and b) are clearly expressing some decay property of the
effective interaction of the Gibbs measures 2 ,. The reason why in this section we do
not require finite range of the interaction is that after a few steps of our decimation
procedure, even a Gibbs state corresponding to a finite range interaction will be
transformed into a new Gibbs measure corresponding to an effective interaction with
unbounded range at least in some directions.

Assumption ¢) looks somewhat more mysterious but nevertheless plays an impor-
tant role. In some sense ¢) is a hypothesis of rapid approach to equilibrium for a
heat bath or Metropolis dynamics in A, reversible with respect to the Gibbs measure
vl 0™ Using the arguments of Sect. 1, §2, the constant o? becomes in fact
proportional to the inverse of the gap of the generator of the dynamics, i.e. o is
proportional to the relaxation time in the “block” A,. In the perturbation argument
given below, the constant £, which expresses the weak coupling between the blocks
Ay ... Ay, will always appear multiplied by the constant o2, and therefore the true
“small” parameter of the analysis becomes the “coupling among the blocks x the
relaxation time in a single block.”

We will see in the next section that all the above assumptions follow from the
finite volume mixing condition SM(C,, L) defined in Sect.1 provided that L is
large enough and that the set A consists of a union of sufficiently “fat” subsets of the
lattice Z4.

Under the above assumptions the following two theorems hold.
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Theorem 2.1. Given the constant v, for any 6 > 0 there exists €, = e4(c;, 6) such
that if e sup |A,| < e, then:
i

7757—2'+1:"‘7TN)

supc (W™ < (1 +6)sup sup c (v,

i T1Ti4+11sTN

Remark. If we denote by g the uniform measure on the single spin state space .9, it
is rather easy to see that

. exp(W/
Cs(l/?Jerlv‘--aTN) S p(Z (l)) cs(g)
! 00
(see e.g. Lemma 5.1 in [HS]).
1Tit1r-TN

In turn, using the very definition of the measure v, , it is not difficult to

check that
< exp <2 Z |QSX|).
oo XﬂAi#(D

exp(IV)
7

12

Thus the logarithmic Sobolev constant ¢, (v, **""*"V) is finite uniformly in i and N
if one has a good control on the interaction ¢ since, as it is well known, ¢ () is
finite.

Theorem 2.2. Given the constants o, and o there exists g, = £y(0y, ;) such that
if esup|A;| < g, then there exist two constants o, a, depending on oy and oy such

that for any function f :{2,4 — R the following inequality holds:
(Vaa\ g FNY?Y < ot (Vgay 4 ) + a3 sup [ A |7 (V o ) -

Theorem 2.2 is a technical result which will be needed in Sect. 3.

Remark. Notice that in Theorem 2.2 the function f is a function from (2,4 to
R and thus it may depend also on the boundary spins 7. Therefore the expression
(1"(f%))'/? may depend on the spins 1 which are involved in the derivatives Vza\a
in two ways: through the Gibbs measure ;" and through the function f.

3. Proof of Theorem 2.1. If there was no interaction among the sets A, then the
total Gibbs measure p” would have been a product measure and the proof of the
theorem would be a very simple exercise. However, our hypotheses say that the
mutual interaction among the sets A, is very weak in a suitable sense and it is
therefore natural to try to make some perturbation theory around the non-interacting
case. Because of the structure of the LSI, we found convenient first of all to write the
average ;"7(f) of an arbitrary function f in a form that resembles as much as possible
that of the average of f over a product measure. This form is as follows:

P = v R G TN ). (2.12)
If we now apply this representation of u7(f) to the function f2log(f) we get:
WA log(F) = VR @RI (.. @™ T (f log(£) )
< kg TN( PNV 4 )
YRR G @ TN TV (f)

X log(V{”z’ TN (EPRYHY), (2.13)
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where
- T2 TN
¢ = sup c,(y ).
T2+ TNT

Next we define the new function
gy = @I,

and, more generally:

g, =@ (g ) (2.14)
With these notation if we iterate (2.13) we obtain:
(P log(f) < D7 (Y 4,9, ) + 1) log(u ()Y, (2.15)
where
;= sup ¢ (TN

Titls TN

We are thus left with the estimate of the term:
> ™V 4,90 (2.16)
i

This is done in the next proposition where we show that, by paying a small price if
the constant € is small enough, one can safely replace in (2.16) the functions g,
with the function f.

Proposition 2.1. Given the constant o, for any 6 > 0 there exists £, = (e, 6) such
that if e sup |A;| < g, then:
i

DUV 40 D A+ (Y4, ).

Before giving the proof of the proposition let us finish the proof of the theorem.

If we use the result of the proposition we see that for any § > 0 there exists

gy = goey, ) such that if esup|A,| < &, then the r.h.s. of (2.15) can be bounded
i

above by:
(L+&ysupe; Y 1TV 4, NP + p'(FD) log((u ()2, @.17)

ie.
supe,(uT) < (1+&)sup  sup ¢ (v TNy
n

b Tl TN
and the theorem follows.

Proof of Proposition 2.1. One technical complication of working with discrete spins
and discrete derivatives is that the latter do not enjoy exactly the same properties of
the usual continuous derivatives like Leibniz rule and so forth.

Therefore before entering into the details of the proof let us give some elementary
results concerning discrete derivatives that will be frequently used later on. Properties
a), b), ¢), d), ) follow only from the definition of 8% and are true in general whereas
property f) is a consequence of assumption c¢) above on the interaction. A proof can
be found in the Appendix.
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In what follows (f), will denote the average of the function f(c,) with respect
to the measure %(5+1 + 6_,) and, for any given x € Aj with § > 1,

z,+1 2 -+l 7_3:,*1 75 —1
dy"']v 1+1 T dl/?h irl TN
M= v|—
) n T_z,-—l 75 —1 0,7 % +1 TZ‘,-H
dy T TN oo gy BT T oo
i

Then we have:
0, =200, ).
b) V?,Tz+1,...,TN(<|fl>m) _<_ )\f<Vir7,7'-b+17...,7'N(|f|)>m'
¢) If f is non-negative then f(c,) < 2(f),.
d) Givenz € A; with 7 > ¢
’6TZ[V;’7771'+1’~-57'N( (V’W 3T see TN(f). . )]'
<8, (TN @)

H)\:n i1 ( (1/77 T2 7TN(|87—$f|)'--),

where |[8mu;7’”“"”’m(...(V{”TZ""’TN](f)[ is a convenient way to denote the

expression:
+1 x,+1 +1 x,+1 1 x,—1 z,—1
0.7y T 7,7 ,T yeon,T 7Ty T
|V¢ H—I N ( .. (Vl 2 N (f(O'T) X H—I N ( . (Vlv 2 N (f(O'T)

2
e) (“Leibniz rule”). Let f be non-negative. Then, for ¢ > 2:
18, (N P TOL()
<0, v TN TN L T () )

FASYPTETN (G, T L T

[0, v ™ TN

Txe

< 20, X710, Wi (om)| o [y T T (PP T TN, DT

We are now ready to start our computations.
Since we have to estimate terms like (V 4, g;_1)%, we start to estimate the following
quantity:
1igatty 2
0., (@™ (g ),
where z is an arbitrary site in the set A,. Following Zegarlinski and using a) above,
we observe that it is sufficient to estimate

18, (W™ (g7_))|
by
2@ TN (G YA L

to get that
18, (W ™ (g ) < L. (2.18)
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Using d) and e) above with f replaced by f2, we get:
N e O R O T

( H )\;c) i T’L: DTN (V?,Tz,...,'rzv(h(av_zfz)!) )

J=i—1
i—1 k+1
+Z< 1 AI) R
k=1 j=i—1
X v TN (PN ) (2.19)

The first term in the r.h.s. of (2.19), using the Schwartz inequality, and properties a)
and b), is bounded from above by:

1 3/2
2( 11 A;”) (@™ L @R (Y,

j=i—1
S R N el (CIN DI (2.20)

Using f) above, the second term in the r.h.s. of (2.19) is bounded from above by:

i—1 k+1
> ( 3 s
k=1 \ j=i—1

X I/I,ﬁa 7TN( (VZ—":lk—f—Zv--vTN ([VZ;TIC+I»--.,7'N (gi_l)]l/Z
> [VZ 1Tkl 7TNk(((vAkgk71)2))]l/2 . (221)
Using the definition of the function g,_; we have:

[I/Z’Tk“""’TN(gi,l)]l/z — [V]'Zﬁk—*—lv--wTN(. B (V;’777'2:-~77'N (fZ) . ')]1/2 7

and thus, using again a) and the Schwartz inequality, we get that (2.21) is bounded
above by:

i—1 k+1
<[1/7777'z: 7TN(. . (V?vTZ!""TN (f2 )]1/2 Z l:( H )\rc) 1aa(x) (T]IC)(UT)ioozalAz:‘
J

k=1 j=i—1
R e SN U (R e (2.22)

We now define:

B+l
Vi, = sup {( H A?)@U(E)V[/(Z)(UT)looZal)\i]

zEeA; j=io1

and
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With this notation, if we put together (2.20) and (2.22), we obtain that:
A O A O T
< 2((7/77 3Tigee 77-N( ( T2 77—N(f2) l/2)>

X{ i T TN, DY

Z TN (?”’“"TN((VAngl)z))]l/z} (2.23)

i.e., using (2.18),
|6 [V’fly"'z: :TN( (’H,Tz, 77'N(f2 )]1/2|
<BZ- A O e (RN ) o PO

Z PEEN LGP g PO 224

Thus, using the above bound, we get that

Z ’8 [an"'za 7TN( (77,7'27 aTN(fZ))]l/ZIZ

TEA;
<pB; NPT (@4, 7))

+ 14 lq(z ,k)zvk[u”’”’ VL@V g, g )] (2:25)

1 1
foranyp>1,q>1with—p5+—=1.

q
In conclusion, by summing (2.24) over the index i, we obtain for the initial
expression »_ pu7(V A gi_l)z) the bound:
i

Z Y 4,95 D7) < Z {pB B 1, DD

+ 14 1q<z )Z (V4 G 1)2»} (2.26)

At this point we use our decay assumption a) on the interaction in order to estimate
the numbers B, and V, ,
From the deﬁmtlon of A7 one has immediately that for j < u:

sup AY < exp (4 sup 19, g)joo). (2.27)
TEA;

Therefore:
i—1

B, | <exp (82 sup |0, VV(J)| ) <exp(8e) < 1+ 10e (2.28)

j=1 %€A

if € is small enough.
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Similarly:

o
|
-

MZEM.

Vik < Ce
i=h+1
for a suitable constant C (which depends on o; but not on ¢€) and any sufficiently

small e.
Thus the second term in the r.h.s. of (2.26) is smaller than:

N

sup |4, 1a(CeP* > WV 4, 9D - (2.29)
k=1

Therefore if sup |Ailq(C’E)2 < 1 we get from (2.26), (2.28) and (2.29) that:
i

y p(1 + 10¢g) 2
Z:W((VAZ-QFO VST sup 2, q(CeF XZ: PV 4, D)

SA+8)Y w4, 7

1
if we choose for example g = Z and ¢ sufficiently small. The proposition is proved.

4. Proof of Theorem 2.2. We proceed very similarly to the proof of Proposition 2.1.
By doing the same kind of computations as in (2.18), ...,(2.24) we obtain that:

{|6 ﬂﬂ'zx 7TN( (7777—2’ 7TN(]I.‘2 ‘)]1/2‘}2

2
< {2( sup H(A“f)W) @@, ) )

z€Z2d\ A

2
+2<Z xk[ nkaH7.“’TN((VAkgkaZ))]l/z) }, (2.30)

k=~
k+1
z,k {( H Ag”)\an(m) (Z)(UT)|002041)\4.

j=t—1

where

It is important to observe at this point that in general Vw’ . is not small. Assumption
a) (see (2.8) or (2.9)) in fact concerns only the interaction between different blocks
while in some sense Vz’k measures the interaction between one block A, and the
boundary spin 7,,. However, thanks to assumption b) (see (2.10)) and using (2.27),
we have that:

sup Z Ve w < 200 sup|A |exp (ZM@WWW (0T oo )

mk pezo\A j=1
< sup |A; 20 ¢ exp(dey) - (2.31)
i
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Thus if we sum over z € Zd\/l the second term in the r.h.s. of (2.30), we get, after
a Schwartz inequality:

N
Z 2<ZV$I€> [Z kVN( 77”'k+17 ,TN((vAkgk_l)z))}
k=1

zcZd\A
N
<sup|/1 12020} exp(8a0)<ZuN( AN (Vg G1) )). (2.32)
k=1

Using the identity:
VR G TV 4, 9 D) = 1Y 4, 95107

and Proposition 2.1, we see that if ¢ is small enough there exists a constant o, such
that:

N
> 212
seZA  \ k=1

< sup [ 4,]os (V4 ) - (2.33)

sz }gVN( 77,Tk+11 ,TN((vAkgk; 1) ):l

Analogously if we sum over z € Z9\ A the first term in the r.h.s. of (2.30) we get:

N 2
z 2( sup H )(y"’”’ wTN ..(V?’TZ"“’TN((anmff)...)

sezi\a \TELNA
< 2expBag) (Vo 4(F). (2.34)

If we finally combine (2.34) and (2.33) we obtain the theorem with o, =
2 exp(8ay).

3. Decimation Approach to the Logarithmic Sobolev Constant

1. Proof of Theorem 1.3. In this section we prove our main result namely Theo-
rem 1.3.

The result holds in any dimension but for the sake of simplicity of the exposition
we will discuss explicitly only the two dimensional case. As already announced in
Sect. 1, our proof is based upon ideas coming from rigorous renormalization group in
classical statistical mechanics in the form known as decimation. We begin therefore
by illustrating our decimation procedure.

For any odd integer L, let us consider the renormalized lattice Z9(L) = LOZ C
Z4 and let us define for any z & Zd(LO) the block @ Lo (z) as the square in the
original lattice, centered at  and of side L, We will collect the blocks @, (z) into
four different families, denoted in the sequel by the letters 4, B, C, D, according to
whether the coordinates of their centers x are (even, odd), (even, even), (odd, even),
or (odd, odd). We will also order in some way the blocks belonging to the same
family so that they will be denoted by A;, A,,..., 4 ., efc.

it
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Let now A(L,) be a finite subset of Zd(LO), letA= |J Q Lo (z) and let u" be
z€A(Lg)
the Gibbs state in A corresponding to the Hamiltonian (1.1) with some fixed boundary
condition 7 outisde A. Given p”7 we will consider new measures, denoted by:
Vv vt B uTATETC 3.1
on the finite sets {24 4. QBm A 2004 2p4- Such measures are defined in analogy
with the measures v; THLTN of Sect. 2 as follows:

V}SA TBTC s 51mp1y obtained from the Gibbs measure y” by conditioning the
spins in AN A, BN A, CN A to have the prescribed values 74,75, 7. To construct
l/gA "B we first integrate out the spins o5, in " and then we condition to the spins
in AN A, BN A to have the prescribed values 74, 75. Similarly to construct v* we
first integrate out the spins o and o, in " and then we condition to the spins in
AN Ato have the values 7,. v, is simply the relativization of 7 to AN A.

Remark. We observe that by construction the intersection between the family of blocks
of type A with the set A consists of a finite collection of blocks say A, 4,,..., Ay,
and the same for the other families.

In the notation for the measures v*""2""C, etc. obtained after the decimation, we
often omit, for convenience, the superscript 7.

We are now in a position to start our calculations. Given an arbitrary function

f:42, — R we write, following [OP]:
p(fPlog(h) = vt Wi B B TC(flog(H))) - (3.2)

Let us now define ¢(L,) to be the largest among the logarithmic Sobolev constant
(LSC) of the measures

TAT TATE T
N A 7 S
more precisely:
TAST TATB,T
e(Lg) = sup  max{c,(vy),c,(VF), ¢, ™B), e (W TB O

TA !TB 1TC

With this notation and if we apply the logarithmic Sobolev inequality to vt TBTC,

we obtain that the r.h.s. of (3.2) is bounded above by:
AL AW WG Pt POV 4 £
A R i O i F Y- (i V) ) P € )
Next we define the new functions:

dp = (VTAsTB:TC’(fZ))l/Z ,

9o = W BN,
g5 = i @)
With these notation, if we iterate (3.3), we obtain:
P2 10g() < L) [V 4, 98)7) + 1"V 4,,90)%)
+ (Y 2090 + 1V 4 D]
+ W1 log((um ()3 . (3.4)

The proof of Theorem 1.3 will immediately follow from the next result:
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Theorem 3.1. Let us use {*,7*} to denote a generic pair among:

{A, B, T4} {C, T4} {D, TaTp TN}

and let v be the corresponding Gibbs measure. There exists a constant L such that
if SM(L,C,~) holds for some L > L, then there exists Ly > L such that if Ly > L
then there exist two constants ay and o, such that:

i)
e(Ly) < o0,
ii)
(Vo OF DV < 0T (Y, PP+ v (V 4, D)
for any = & *.

Before giving the proof of the above crucial result, let us first complete the proof
of the main theorem.
If we apply ii) of Theorem 3.1 to p"((V A gg)?) we get that:

PV 4,980 < agu™(V 4, 9097 + a (VY 4,900 -

We have thus succeeded in moving the gradient from the function gz to the function
9o If we continue this procedure two more times we end up with all the gradients
acting on the original function f. More explicitly, after three repeated applications of
ii) of Theorem 3.1, we have that:

WY 4,950 < 0" (1)) 3.5)

for a suitable constant a,. The same estimate of course applies also to the terms:

WV ap90Y) and (Y 4,9p)).

In conclusion we have shown that:

(L) [B"((V 4,,98)°) + 1TV 4, 9607 + BV 4900 + 17V 4, P
< AT (V 4P, (3.6)

provided that SM (L, C, ) holds for some L large enough and the size of the blocks
of the decimation was also sufficiently large.
Theorem (1.3) is proved.

2. Proof of Theorem 3.1. The main idea of the proof is to show that, if we denote
by A, ... Ay« the blocks in the family =, then, in the hypotheses of the theorem

and provided that the parameter L, is large enough, the measure V;* satisfies the
assumptions a), b) and ¢) of Theorems 2.1, 2.2 with constants o, a; uniformly
bounded in the side L of the blocks of the decimation and in the boundary conditions,
with the constant £ going exponentially fast to zero as Ly — oc.

In order to verify a) and b) we first need to write in a convenient way the derivative
with respect to a conditioning spin of the effective potential appearing in any of the
measures (3.1). One possibility is to use a cluster expansion to write down the effective
potential; there is, however, another way in which the derivative with respect to a
conditioning spin of the effective potential becomes essentially a truncated correlation
function of a suitable pair of local observables computed with respect to the original
Gibbs measure 17. That is of course very convenient since (see Theorem 1.2) it has



506 F. Martinelli, E. Olivieri

been proved that in the hypotheses of the theorem the truncated correlation functions
of the measure "7 decay exponentially fast.

So let us discuss the second way in a rather general setting.

Suppose that we are given a subset A = A, U A, U A; of the lattice Z4 and a
Gibbs measure 1 on {—1,+1}/ with Hamlltoman H(oy,,04,,04,) corresponding
to a interaction ¢ with finite norm

ol =" [&(X)].
oeX
Let
Aoy, 04,) =1log(Z,"""™) 3.7)

be the effective Hamiltonian after the integration of the o5 variables in A; and let

WIUAZ(UAl)EI:I(UAI,UAZ)—ET(TI,UAZ) (3.8)

be the effective interaction entering in the conditional Gibbs measure of the spins o A
given the spins o Ay after the decimation of the spins o As [see (2.6)]. In (3.8) 7y 1s
an arbitrary reference configuration of the spins o, , e.g. all the spins up. Then we
have:

T A, O
Lemma 3.1. For each x € A, and y € A, there exist two functions fo 2o A)

and g;Al A2 (04,) with the following properties:
1) f and g, as functions of the spins o ,, have support in a ball centered at x and y
respectively with radius equal to the range of the interaction .

ii)
sup | fo 72 (04 < exp2]|B)),
‘TAlaUAzao—A3
sup gy (o) < exp2] D).
UA1704270A3
iii)

TA TA1TA TA10A,\TATA
sup (0, @y W1 2 (04))] < D exp@|Blh) sup [(f2 g )

3
TAT A, yed; TAOT A,

TA1TA\TAHTA
<<gy 1 2)/131 2 ) ‘
log - ,

AT Ay \TAT Ay
9y >A3

+Z sup

yEA TN Ay

a 50- . ., . .
where (f) A;l‘ “2 s the conditional average of the observable f with respect to the
original Gibbs state given that the spins in A, and A, are equal to 0 4, and o 4, and
(f; g) denotes the usual truncated expectation.

Proof. Letforx € A, andy € A,
f;TAlaUAz (UA3) _ eXp(HUAl 70ﬁ2 (UA3) Y = LV PRLYP (0A3))7

TATA ¥ o5 TA, TR (39)
9" 1772 (0 0,) = exp(H 4 2 (g, ) — HO41 7R (0% ).
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If we use (3.7), (3.8) and the definition of 80(m) we obtain:

2

Sp 10, oy Wy (0

T Ay (@)
TATA,

<23 sup 105, @H(oy,,04) = H(0Y ,04,)|

yEeA TAT Ay

:Z sup

yeA TAT Ay

TA1TAy pOA1TAY\TAHTA
<<gy DY A 2>A31 2)
—log

TAT R\ TA T A,
<gy >A3

log({ 741742 >Zf3‘1 ’”Az)

, (3.10)

Using log(1 +z) < z if z > 0 we get immediately that the r.h.s. of (3.10) is bounded
by:

S exp@| @) sup [(fz 1702 g TR

3
yEA A O Ay

<gUAI 1T Ay >0A1 1T Ay
A
+3 swp 1og< O >‘ (3.11)
yed; 74174 {gy"" A2>A/3‘17 "

The lemma is proved.

One can now apply the above lemma to verify assumptions a) and b) of Sect. 2,
§2 for each one of the measures (3.1), by conveniently choosing the sets A;, A,, A,.
Since the discussion is the same for anyone of the measures (3.1), let us treat in detail
only one of them, say vz

Thus let us suppose that we have fixed a block of type B, say B, and let us

consider the effective interaction W, 4 (o ;0p.., -..) obtained from the potential
@ B] 3+1

corresponding to the Gibbs measure vz* after the integration of the variables
g, ---0p, , While keeping the variables OBy fixed. If we set
A = B,, A3:OUDU<UBk> (3.12)
k<j
and
Ay = Z9\(A, U Ay) = (Z9\A) U (A ulJ Bi>, (3.13)
i>j
we can write:
T A
(j) (UB ’JB --):WAIZ(UAl)a

where
2 T4y 3774
WAI (UAI)_WA (OA1)+WA1 (UAI)
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with
~Tp TN A TA O A
Wi (o,,) = log(Zy'17"2) — log(Z,7"2),
,..O'A
OSSR | £

XNA#B;XNA3=0 z€EX

D A I B |

XA #0; X NAz=0 zeXNA  zeX\A

Ta, being a reference configuration, is the effective interaction obtained from the
original potential {U } after integration over the variables ¢ 4, While keeping fixed

the variables o 4. .
By construction:

~ G A . ) )
|05, Wa, 2 (o4, | < UYL if dist(z, 4)) <7,
19, Wj;‘z (UAl)} =0 otherwise,

where 7 is the range of the interaction U.
Therefore, since L is larger than r, in order to verify assumption a) (or b)), it is
sufficient to estimate i
o Az
05, Wa, 2 (04,1 -

This will be done by means of Lemma 3.1.

Let z be a site in B;, with 4 > j; in order to apply Lemma 3.1, we observe that
since L, is greater than the range of the interaction, then the above defined function
gZAl’aAZ does not depend on o(z) if y € B, and = € B,. Therefore in this case the
second term in the r.h.s. of iii) of the lemma is zero and we get:

sup |9 )ij2(a)|

o(x
TAT Ay
TATA TN 1T Ay \T AT A
< Y exp@l @) sup [(fa1 M) 0 (3.14)
y.EBj TAPTAy

Using now Theorem 2.1 we see that there exist constants C' and m, depending only
on the norm of the original interaction and on its range r, such that for any sufficiently
large L, the r.h.s. of (3.14) is smaller than:

C > exp(-m|z—1y) (3.15)
yEB;
which implies that:
j—1
sup . Z sup |8a(w)WAIAZ(U)’oo <e (3.16)

(1,04,5,NB) =1 T€B;

with e.g. € = exp ( - % L0> for any sufficiently large L.
In a very similar way one checks the bounds (2.9) and (2.10).

Remark. The conclusion of the above discussion is that the effective potential between
any two sites = and y, defined for example as 0,,,0..,H with H the effective
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hamiltonian of any of the measures (3.1), decays exponentially fast in the distance
between = and y. This implies in particular that in the second inequality in b) of
Sect. 2 we can replace sup | B;| = L¢ with L.

(2

In order to complete the proof of Theorem 3.1 we are left with the problem of
verifying assumption c) of Sect. 2. The idea at this point is to show that assumption
c) is equivalent to a Jower bound on the gap of the generator of the Glauber dynamics
defined in Sect. 1, reversible with respect to v*. In turn, such a lower bound will
follow from Theorem 1.2,1). As before we do the computations only for 1/ A the other
cases being analogous.

We keep the notation (3.12), (3.13) and we denote by v, the conditional distribution
on {2, of the relativization to A,UA, of the original Gibbs measure p.7. For simplicity,
in v;, we have omitted to specify the boundary conditions 7, since all our estimates
will hold uniformly in 7. First of all we observe that, from assumption H5 on the jump
rates and Theorem 1.2i), it follows, for any f € LZ(A Ay dvy) with vy () = p(f) =
that:

(87
n (D) = WD < 2TV 4 PP = 2 (Vg PP (3.17)
my my
Therefore we get immediately that:

. N 2a
D O @)~ FOLF <2V, £, (3.18)
TA ,6A1 0
2o\ /2
i.e. assumption c¢) holds true with the constant o; = ( Fz
0
Part ii) of the theorem now follows immediately from Theorem 2.2.
To get part i), namely a uniform upper bound on c(L;), we use Theorem 2.1 to
write: »
e(Ly) < sup supc, (1/ ),
{x,7%} 4

where v " s the measure on the i™-block (ordered in some way, e.g. lexicograph-
ically) of the family % with boundary conditions 7*, obtained by integrating out the
variables in the first ¢ — 1 blocks while keeping ﬁxed equal to 7, ..., the variables
inthe ¢4 1... blocks.

Using the remark after Theorem 2.1 it is sufficient to show that the sup-norm
of the Radon Nikodym derivative of uiT “t1 with respect to the uniform measure,

CXP(I/I/(:) sTi1e

7Z.
original volume A.
One possibility would be to prove a bound on the interaction of the Gibbs measure
- . However, by recalling that 1/* itself comes from the decimation of the original
GlbbS measure 4", we easily get that:

exp(Wf*zTi+[.4.)

XNA;70

, is bounded uniformly in the boundary spins and in the size of the

where A, is the iM-block of the family * and {Uy} is the original , finite range
potential.
The theorem is proved.
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4. An Application to a Non-Ferromagnetic Model

We conclude this paper by considering a non-ferromagnetic model in two dimensions,
obtained by adding a small antiferromagnetic next nearest-neighbor coupling to the
standard ferromagnetic Ising model with small positive external field.

We will show that if the antiferromagnetic n.n.n. coupling is small with respect
to the n.n. ferromagnetic one, then it is possible to find constants C' and «y such that
for all large enough L and all low enough temperatures, depending on L,, C and =,
the system satisfies our mixing condition SM(A, C,¥). It is very likely (see e.g. the
examples in Sect. 2 of [MQO2]) that the system, in the same range of the parameters,
does not satisfy the hypothesis of the main theorem in [SZ3].

If A denotes the square of side L (L odd) centered at the origin of Z2, then our
Hamiltonian reads as follows:

(%)H(@:% > o(ac)a(y>+—l;S > oc@oly)

{zy)CA {{z.y))CA

- % > o(@) +be., 4.1

zEA

where > runs over the nearest neighbors pairs in A4, > runs over the
(zy)CcA () CcA

next nearest neighbors pairs in A and b.c. contains the interaction with the boundary

configuration 7. Notice that, in order to follow our convention (see Sect. 1.4)), we

have inserted the factor —f directly into the Hamiltonian.

Theorem 4.1. Let h > 0. There exist C,~, L such that for any 0 < K < % and

for any L > L, L odd, there exists 3, such that for any 3 > [3, the mixing condition
SM(A, C,~) holds.

Proof. Let us denote by dist’ the following disténce on Z2:

dist'(z,y) = max |z; — ], @,y €Z®.

K

Let B

% = {x € A; dist'(z, corners of A) > I}
with

ly=12(J —2K)+8K]/h.
Thus & looks like a cross.
The theorem will immediately follow (see also Sect. 5 of [MO2]) if we can show
J

that for any L large enough, any boundary configuration 7 and any 0 < K < n the

ground state of H (o) is equal to 41 at all the sites z in #. Let in fact C and +y be
such that:
Cexp(—yV20,) > 1. 4.2)

If, for any boundary condition 7, the ground state has the structure described above,
then, because of the screening effect of the plus spins in #” the ground states in each
connected component (square) Q,, i = 1,...,4 of A\% is only affected by a change
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of a boundary spin Ty Y € 8%@1- N (9:;5/1. Therefore we can always estimate the
quantity

sup Var(y;l’Au;(fZ), ACA 4.3)

T,T(y)EQA8

appearing in SM (A, C,v) by 1 when for some i =1,...,4,
yeakaa\jﬁA, ANQ, #0

or by 2u% (o, # +1 for some z € %) otherwise. In both cases we get an estimate
smaller than:
C exp(—y dist(4, y))

for large enough ( because of our choice of C' and ~ and the fact that
ﬁlim wiy (o # ground state) = 0. (4.4)
—C0
In order to prove the above structure of the set of all the ground states we will use

the following “rules™
1) Let N~ be the number of minus spins in a ground state configuration. Then:

_ M +2K)L + 16K
— h -

N-

il) In any ground state configuration there exists no horizontal or vertical segment of
minus spins (thought of as a thin rectangle) surrounded on two adjacent sides (one of
which is a “long” one) by plus spins and with at least a plus spin along a third side.
iii) In any ground state configuration there exists no Peierl’s contour with a horizontal
or vertical segment of length [ > .

iv) In any ground state configuration if there exists a Peierl’s contour ~ with a right

angle at the side (z, + %,xz + %) of the dual lattice, x = (z,,x,) € A, such that the
plus spins lay along the exterior of the angle then, starting from (xl + %, Ty + %), the
contour <y has to reach the vertical and horizontal boundary of A without bending.
Rules 1), ii), iii) are easily verified by simple energy arguments if 4K < J. Rule
iv) is slightly more complicated. The proof goes as follows.
Without loss of generality let us suppose that the angle has the plus spins at its

right and bottom and let us suppose that the contour 7 has another right angle at

-1
2

the site (z; —n + 3,2, + 3) With 2, —n > — . Using ii) the contour 7 at
the new angle can only bend down; moreover by ii), the minus spins above v at
the sites (z, — j,z, + 1), j = 1...n have to be surrounded from the left and from
above by minus spins. It is easy to see that if the spin at the side (z; + 1,2, + 2)
is minus then it is energetically convenient to flip to plus one all the minus spins at
the sites (x; — 7,2, + 1), 7 = 1...n irrespectively of the value of the spin at the
site (z; — n,z, + 2), and the same if the spin at (z; — n,z, + 2) is minus. If the
spins at (z; — n,x, +2) and at (z; + 1, z, + 2) are both plus then it is energetically
convenient to flip to plus all the minus spins at the sites (z; —j, 2, +1),j=1...n,
(r; ~J,x,+2), j =1...n. In any case the original configuration was certainly not
a ground state. Similar arguments cover all the other situations.

It is easy to show, at this point, that, for every 7, the structure of the ground state
is the one depicted above.
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If L is taken large enough,
L? > 4(31)*[(4J 4+ 2K)L + 16K]/h,

then, using 1), for any ground state it is possible to find a square Q™ of side [ = 3l
completely filled up with pluses and strictly contained in Z.

Using ii), iii), we know that on top of each face of Q™ there exists a segment of
length [, larger than [, of plus spins. If {; < I then there is at least one right angle with
exterior + spins at one end of the concerned segment. If not, all the spins adjacent
from the exterior to that face of Q™ are plus and we can repeat the argument. Then,
continuing in this way, starting from any face of Q™, either we get to &4 on a parallel
segment of equal length [ or, at a given step, we find a right angle inside A. Using
iv), by further decreasing the energy, we obtain a configuration containing a cross %
of plus spins centered inside @* with width at least /;. The complement of & in A
splits into four disjoint rectangles R,, R,, Ry, i,. Each R;, by construction, contains
a square @, of side /; having a vertex coinciding with one of the four vertices of A.
By applying to the faces of R,, internal to A, a construction similar to the one leading
to % it is easy to show that it is energetically convenient to fill by pluses the sets
Ri\Qi so that we end up with a configuration where % is full of pluses.

Appendix

We prove formulae a)...f) given at the beginning of the proof of Proposition 1.2.
The first three ones, a), b), ¢), are trivially verified. In order to derive d) we assume,

—1 z,—1
’7"'z+1 TN
without loss of generality, that 7, = +1 and we let g7 = d =TT -7 lhenwe
’ MTidl f“'”’]\f
dv;
write: ' o -~ S
DR KRR 3T 230y
0, v, o @ )]
-1 x,—1 x,—1 z,—1
TR s Ty eesT
— |Vz z+1 N ( ( 1 2 N (a"rmf)
— [0, TN L PN ()
T Tid1s TN 5725+ sTN z
e (ng w)._.)
Jj=1
URITSPIR yeees
7[87"90(”1‘ i-+1 N( (Vn 72 ™ (f)‘
MsTit LpeoesT. yeee
<O, (N L TN ()
H Az 77 3Ti4110- ( (V”] 3T 7"'N(|armf‘) . ‘),
where |[8, v, TN(. PP TNT(f)] denotes the expression:
@4l wt] , z,+1 —1 z,—1 i— z,—1
NTi4q seesT o7yt 7771 - Ty T
v, N A7 N (flor)..)— TN (.. 7 N (f(or). . [

(AL.1)
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Clearly (A1.1) proves d).
The “Leibniz rule” e) follows by essentially the same argument.
In order to prove f) we follow Zegarlinski [Z1] and we write:

4‘[87-z 1/:] yTi 10 1TN] (fZ)’
as:

2[{Vﬁ,Ti+17---7TN(f2 _ fl:Ti+17-<-7TN(gzqcf2)}’

|V777T’L+11 1Tkl TN

X ([f2o) = FP@EIg (0a) — g7 @G 4D, (A1.2)

where 0, and &, are two independent replicas in {2, .
If we assume, without loss of generality, that g7 (o 4,) = 97 (0 4,) then, from the
definition of g7, we get:

92(04,) — 9F G ) < 9F (o4 )40, W (07| (A13)

The Schwartz inequality gives that:
T V?’”“""’TN([fz(oAi) — A G 4)))
< (V?']vTi-)—l’""TN X Vﬁ 3744159 TN
X (Lf(04,) = F@ 4 ) PNV 220] 70T (212 (A14)
which, in turn, implies, using (2.11) and (A1.3) above, that
R [ T O LA | I L ) W
S A (WD A

XV

i.e. the inequality f).
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