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Abstract: We prove in this work that under suitable assumptions, the solution of the
spatially homogeneous non-cut-off Kac equation (or of the spatially homogeneous
non cut-off 2D Boltzmann equation with Maxwellian molecules in the radial case)
becomes very regular with respect to the velocity variable as soon as the time is
strictly positive.

1. Introduction

In the upper atmosphere, a gas is described by the nonnegative density f(z,x,v) of
particles which at time ¢ and point x, move with velocity v. Such a density satisfies
the Boltzmann equation (cf. [Ce], [Ch, Co], [Tr, Mu]):

of

5 TU Ve =00 (1.1
where @ is a quadratic collision kernel acting only on the variable v and taking in
account any collisions preserving momentum and kinetic energy:

7 2n

oNw= [ [ [{fe)f@)

v4 €R3 6=0 ¢=0

— f(©)f () }B(|v — vs|, 0) sin 0 dpdbdv, , (1.2)
with
P S TN
v=— —l——z o, (1.3)
N
v, = 5 — 9> (1.4)
cosf =g 1%

g (15)
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and B is a nonnegative cross section. When the collisions in the gas come out of
an inverse power law interaction in % (with s = 2), the cross section writes

B(x,0) = x>=1 b(6) (1.6)
where b € L72(]0,7]) and

$in 0 b(0) ~ K(s)0~ =1 (1.7)

for some K(s) > 0 when 6 — 0.

Most of the mathematical work about the Boltzmann equation is made under the
assumption of angular cut-off of Grad (cf. [Gr]), which means that b in Eq. (1.6)
is supposed to satisfy sin6b(0) € L'([0,x]). Note that for inverse power laws in
r% vxziich ;)g 2, this assumption never holds (because of the singularity appearing in
Eq. (1.7)).

For example, the existence of a global renormalized solution to the full Boltz-
mann equation (1.1} is known under this assumption (cf. [DP, L]), but it is also
the case with most of the works concerning the spatially homogeneous Boltzmann
equation (cf. [A 1], [A 3], [Ee], [De 1]):

of
-, B0) =2()Y) (1.8)
with the noticeable exception of [A 2], where existence is proved for the non-cut-off
equation (1.2)—(1.8) when s > 3.
We shall now concentrate on this spatially homogeneous equation (1.8). When
the cut-off assumption is made, it is possible to write

AN=0"(NH—-fLSf, (1.9)
where

7 2n

o= [ [ [ fO)VE)B(p—v.],0)sin0d¢d0dy, , (1.10)

o4 €R3 6=0 ¢=0
and
Lf =A% f, (1.11)
with
A(x) =2=m f B(|x|,8)sinfdb . (1.12)
6=0

Then, the solution f(¢,v) of Eq. (1.8) can be written under the form

¢ t
—fLf(z,v)dt

—[Lf(t,v)dt t
ftv) = f(O,v)e © +[OT(f)sv)e ds . (1.13)
0

But the operator 0" is known to be regularizing with respect to the variable v
(at least when f & L?(RR3), and when B satisfies some properties) (cf. [L 1]).
Therefore, if £(0,v) is not regular (for example if it belongs to L*(IR2) but not to
H'(IR3)), the solution f(#,v) of Eq. (1.8) will at best keep the regularity of /(0,v)
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when ¢ > 0. In particular, no regularizing effect is expected for the solution of the
cut-off homogeneous Boltzmann equation (1.8).

On the other hand, one can hope some regularizing properties for the solution
of the non-cut-off homogeneous Boltzmann equation (1.8), (1.2) (when (1.6), (1.7)
holds). :

One of the reasons of assuming such a conjecture is that an asymptotics of
the Boltzmann equation when the cross section is concentrating on the grazing
collisions (these collisions are those that are neglected when the cut-off assumption
is made) leads to the Fokker—Planck—Landau equation {cf. [De 2], [Dg, Lu]), which
is known to induce regularizing effects (or at least compactness properties, even in
the spatially inhomogeneous case (cf.[L 2])).

This article is devoted to the proof of such a conjecture in the simpler case of
spatially homogeneous Kac equation. We recall that the original Kac model is used
to describe a one-dimensional spatially homogeneous gas in which the collisions
preserve the mass and the energy, but not the momentum (cf. [K], [MK]).

Note also that the theorems of Sects. 2,3 and 4 hold for the spatially homo-
geneous non cut-off 2D radially symmetric solutions of the Boltzmann equation with
Maxwellian molecules, as is shown in Appendix C.

In the Kac model, the nonnegative density f(z,v) satisfies

0
6—{(1,1)) =K(f)tv), (1.14)
where ; 10
K(evy= [ [ {fOf0))~ f(U)f(v*)}EdU* ; (1.15)
vxCR B=—7
and
v =wvcos — v, sinf, (1.16)
v = vsin0 + v, cos b . (1.17)

The analysis leading to Eq. (1.13) still holds in this case. Therefore, one can at
best hope that the regularity of f(0,v) is conserved for the solution f(#,v) of
Eq. (1.14) when ¢ > 0. This affirmation is indeed easily proved when f(0,v) &
LY((1 + [v]*)dv) (cf. Theorem A.l of Appendix A), but also in the more difficult
case when f(0,v) lies in some Holder spaces (cf. [G]) (note also the results in the
same spirit for the Boltzmann equation of [We]).

We will therefore concentrate in this work on the equation

0
Y o) = e 00) (1.18)

where

K= f [ @AW — FO)f Y0 dods. . (1.19)
v+ ER f=—7
with
Bx) ~ x " (120)
When x — 0% and « €]1,3].

This kernel is obtained by analogy with the non cut-off kernel (1.2), (1.6), (1.7)
of Boltzmann equation.
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However, the analysis in the case when o = 3 (corresponding to the Coulombian
interaction in the case of the Boltzmann equation (cf. [Dg, Lu])) is very different
from the analysis when a €]1,3[. Therefore, we will only consider in the sequel the
latter case.

We begin in Sect. 2 by proving that the existence of a solution holds for
Eq. (1.18)—(1.20). We prove then in Sect. 3 our main theorem. Namely, if f(0,v) €
LY (R, (1 + |v|")dv) for all y > 0, the solution f(¢,v) of Eq. (1.18)—(1.20) lies in
C>(R,) for all £ > 0. Finally, in Sect. 4, we consider the case when only a fi-
nite number of moments are known to be initially bounded for f. The reader will
also find for the sake of completeness some classical results used throughout this
work in Appendix A and B at the end of the paper, Appendix C being devoted to
the extension of the results to the 2D radially symmetric Boltzmann equation with
Maxwellian molecules.

2. Existence for the Non cut-off Kac Equation

We prove in this section the following theorem:

Theorem 2.1. Let fo = 0 be an initial datum such that

[ fo(w) (1 + [v* + |log fo(v)|) dv < +o0, 2.1
vER

and let f = 0 be a cross section satisfying the following property:
3P0, f1 > 0,2 €]1,3[, Vx €]0,xn], folx|™* = Bx) = Bulx|7*. (22)

Then, there exists a nonnegative solution f(t,v) € L®([0,+oof; LI(IR,, (1 +
[v]*)dv)) to Eq. (1.18), (1.19), (2.2) with initial datum f; in the following sense:
For all functions ¢ € W»°(R,), we have

2 [ fevp@ydv= [ [ Ku,0.)f )/ (t,0.)dv.dv (2.3)
ot vER PER v ER
where .
K?(v,0.) = o,f {o(") — ¢(v)} p(10]) 0 . (2.4)
The conservation of mass
[ f@oydv= [ fo(v)dv (2.5)
vER vER

holds for these solutions, but the energy may decrease.
Moreover, if for some p ¢ N, there exists Coy > 0 such that

[ fo@) (1+[u?)dv £ Cau (2.6)
vER

one can find Coy > 0 such that for all t = 0,

[ f@o) 1+ o) dv < Caz . (2.7)
vER
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Finally, if assumption (2.6) holds for some p = 2, the conservation of energy
S f@)Pdu= [ fo()|oPdv (2.8)
vER vER
holds.
Remark. The analogue of this theorem is proved in [A 2] for the Boltzmann equa-
tion (with s > 3). The proof given is very similar to that of [A 2].
The sense to give to the right term of Definition (2.4) will become clear in the

sequel. Note however that because of the singularity of f8, this term is not defined
if ¢ is not regular (W?>>°).

Proof of Theorem 2.1. We introduce for all » € N* the truncated sequence
pp=pAn. (2.9)

Note that because of assumption (2.2), there exists for all y > «— 1 a strictly
positive C3(y) such that for all » € IN*,

[ (J1 = cos 0] + [sin 0]") Bu(10))d0 < Ca3() . (2.10)
6=—n
It is also clear that
J (11— cos O + |sin0)) [6(0)) — Bu(lODIAO — 0. (211)

f=—n

Then, we consider the (unique) nonnegative solution f,(z,v) of the classical
Kac equation
0fn

5, (60) = Kp, (f2)(50) (2.12)

with initial datum fy (for the existence and uniqueness of such a solution, cf.
Theorem A.1 of Appendix A). This solution is known to satisfy the conservation
of mass and energy, and the entropy inequality (cf. Theorem A.l1 and A.2 of
Appendix A):

[ fatvydv= [ fow)dv, (2.13)
vER vER

[ f@o)pldo= [ fo(v)[v]dv, (2.14)
vER vER

[ fat,v)log fu(t,v)do < [ fo(v)log fo(v)dy . (2.15)
veR vERR

It is now classical (cf. [De 3] for example) that Eq. (2.13) — (2.15) ensure the
existence of a constant C34 such that

I Fat0) (14 o + llogfu(t,0)]) dv < Cas - (2.16)
vER

Because of the Dunford—Pettis theorem (cf. [B]) and of estimate (2.16), one can
extract from (f,)nen @ subsequence still denoted by (f,)nen and converging to a
function f in L°°([0,+oo[;; L'(IR,)) weak *.

Moreover, for all g € L([0, +oo[) and all y € Lo ([0, +o0[;xIR,) such that

, Y (%, v)]
lim su =0, 2.17
lv|—+o0 te]g |U|2 ( )
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we have

fq(t) [ fa(t,o(e, v)dvdt - fq(z) [ f@o)(t,v)dvds . (2.18)

vER veER

Denoting for all ¢ € W*>(R,),

Ki )= [ {60")— $(0)}B(16))d6 2.19)

it is clear that (using the change of variables (v,v,0) — (v, v, —8)),

f [at0)¢pwydo = [ [ KF0,0.)fat;0) fn(t,0.) dvsd . (2:20)

UEIR pER v. €ER

We shall now prove that when ¢ € W%°(IR,), it is possible to pass to the limit
in Eq. (2.20) and to obtain Eq. (2.3). We begin by the

Lemma 1. There exists a constant Cys > 0 (depending on o) and a sequence
C,5(n) converging to 0 such that the following estimates hold.

1. for all ¢ € WE=(R,),

a5

Kf w00 £ Cos (14 11 + 0. F) [@lpaoorsy 22D
2. for all ¢ € W>(R,),
KO(0,0.) = K¢ 0.0)] £ Cos(n) (1 o F + [0 ) [ @llpacem, - (222)
Proof of Lemma 1. Note that
$(W") — d(v) = P(vcos O — v,sin ) — P(v)
= (v(cos 8 — 1) — v,sin 0) ¢'(v) + (v(cos 6 — 1) — v,sin 0)>

x jlq (1 —u)¢" (v + u(v(cos§ — 1) — v,sin 0)) du . (2.23)
u=0
Therefore, for all 6 €]0, 1],
[$(0") — $(v) + v:5in 6" (0)] £ [$(0") — $(v) + vsin 0 (v)]'~°
x|v(cos O — 1)¢'(v) + (v(cos 6 — 1) — v,sin §)?
X fl (1 = u)¢" (v + u(v(cos O — 1) — v,sin 0)) dul®

u=0

S |U*|1_5)(3 ||¢7HW1,00(RU))1_6(|C0S6 — 1|5 + |sin 9|25)
X (Lol + [ou) 116 1200w,

< Cog |l ¢ lprooqmyy (loos 0 — 11 + |sin 02) (1 + o'+ + [v.]'+) (2.24)
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for some strictly positive constant Cp4. But 8 — sinf is odd and therefore

K0 =] ] (906" = b0 0
= g_fn {d(v") — p(v) + v.sin 09 (v)} B4(16]) df
< Cas [ Bllpacosy | (Icos0— 17 + [sinB%) 3,((6]) o

=T

x (14 o' + |v.[79) . (2.25)
We now use Eq. (2.10) with 6 = 12, and obtain

1+« xt3 245
K (0] < 2Cs <~2—) Cas (14101 + 0% ) 16 lly2oqm,y > (226)

which clearly implies estimate (2.21). In order to get estimate (2.22), we use exactly
the same proof, except that Eq. (2.10) is replaced by Eq. (2.11).

Lemma 2. There exists a constant Co7 > O (depending on %) such that when
¢ € WH(IR,) satisfies

¢’ ()]

= su < 400, 2.27
ol = sup 700 (227)

one has the following estimate:
IKS @, 0)] £ Cog (110" llzore) HIII) (1 + [0 + [0 ?) (228)

Proof of Lemma 2. According to Eq. (2.23),
|p(v") — ¢(v) + v,sin 0¢'(v)| = |v(cos 6 — 1)¢'(v)

+ (v(cos 0@ — 1) — v,sin §)* fl (1 —u)¢"(v+ u(v(cos @ — 1) — v,sin 0)) du|
u=0

A

= [eos 6 — 1[v]|¢'(v)] + 4(Jcos 6 — 1] + [sin 0] )(|o]* + [0]*) [ ¢” || oo,

A

= Gagfeos O — 1] + [sin O)(L + [0 + [0:[P)(||§" [lzooqryy +II1BII)  (2:29)

for some constant Cp5 > 0.

Using now the oddity of 6 — sinf as in Lemma 1, and estimate (2.10) for
y =2, we get estimate (2.28).
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We now come back to the proof of Theorem 2.1.
Suppose that ¢ € W2°(R,), g € L'([0,+0oc[), and v € IR. Then, because of
Lemma 1,

+fo [ KS(0,v.) falt,v) dvagq (£) dt — +f°° [ K*(0,0.)f(t,0.) dveq (t) dt

=0 v €R t=0 vx€R
“+o0
< [ [ K@) = KO0, 00| falt va) dvag (2) dt
t=0 v. €R

+-co
+| [ [ Ku){fu(t,0.) — f(tv.)}dv.q(2) dt

=0 v« €ER

25 25
< Cos(m) 191l osooi | @ llwzcomy S (1 + 0% + fvu | )fn(t’ Us ) ds
€R

Ux

+o0
| [ Ko {filtos) — (o) }duag(r)dt

=0 vx€R

. (2.30)

But the first term of Eq. (2.30) tends to O because of estimate (2.16). Moreover,
because of Lemma 1, we have for all v € R,

K®(v, v,
hm I (UDU ); —
los|—too  |Uk]?

(231)

Therefore, estimate (2.18) ensures that the second term of Eq. (2.30) tends to
0. Finally, we obtain for all ¢ € W>*(R,) and v € IR, the convergence in
L>(]0,+o0[;) weak * of

Lotvy = [ K2(v,0.)fult,v.)dvs (2.32)
v« €ER
towards
Lto)y= [ K%Uv,0.)f(tvs)dvs . (2.33)
vx €ER
We now observe that for all ¢ € W>°(R,) and v € R, the sequence
PKY ;
0% (v,0,) = a_uz(”’ vs) (2.34)

is bounded in L°°(IR,). More precisely,

ﬁsz x 2 He I
8—2(0’0*) =| [ sin"0¢"(v")B.(16])d8
Vs 0=—n
< C3(2) 19" lo(r,) - (2.35)
Moreover,
¢ T
B w0 =| T sim0d/ ey (100)do

* O=—n

[ = sin0{@'(v") — ¢'(0)}Bu((6]) d6

f=—=n
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< [ |sin6|{|v|lcos 8 — 1] + |v,||sin ]}

O=-n

X fl|¢"(v+u(v(cos(9—1)—v*sin9))|duﬁ,,(|8|)d0

u=0
<2Co32) (|9 |lzee (1 + Jo| + [va]) (236)

because of estimate (1.10).
Therefore, using Lemma 2, for all ¢ € W2>°(R,) and v € R,

oLe 0
= = | A, K¢ * n(, Vs d*
5 (60) 5tu*£m 2(0,04) fu(t,00)do
T
= [ [ KT w0 filtyw) fultyv.) dvadw
wER v« €ER
PK?
s [ J CallZa @) + 1K@ Ol
wER v €R * LRy, )

X (1+ [w)* + v P} fu(t, W) fult, vs) dvsdw
< C34C7{Co3(2) 19" ||Loom,y +2C23(2)Cos(1 + o)) || @ zeomay } - (2.37)

It is also clear that

ILY(tv)| < @ llw2 oo,y

[ Cs (1+|u|%5+|v*|“7*5) flt, v2) dos
v €IR

at5
= CaCos (1 + |U|%) [ llw2com,) - (2.38)

Therefore, for all ¢ € W>>°(R,) and v € IR, the sequence L? ( -,v) is bounded
in W1>°([0, +oc0[;). Using now the weak convergence (2.33) and Rellich theorem
(cf. [B]), it is clear that for all ¢ € W><(IR,), and a.e. (t,v) € [0, +oo[,xR,, the

sequence L? tends to L9. Therefore, for all g € L'([0,+oc[) and all T > 0 such
that Supp ¢ C [0,7],

_':foo{ f f K,?(U, Uy )fn(t: U)fn(t, Vs ) dvdbv..

=0 | v€R v ER

— [ [ K*@v,v.) f(t,0) f(t,v*)dvdv*}q(t)dt

vER v €ER

+f°°{ [ LY(t,v) fu(t,0)dv — fL¢(t,v)f(t,v)dv}q(t)dt
reER

=0 | ve€R

sup J
t€[0,T] | veR

+oo
I { [ L2 0) (falt,0) — f(1,0)) dv} q(r)dt| .
t=0 vER

lIA

LO(t,0) — L(1,v)

It U) du} H q ”Ll([0,+oo[t)

n (2.39)
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But according to estimate (2.38),

ILY(1,0.)]

lim sup sup =0. (2.40)

04| —=+00 1€[0,4+ 0o nEN* |v*]2
Therefore, estimate (2.18) ensures that the second term of (2.39) tends to 0.

We finally use Egorov’s theorem, estimate (2.38), the equiintegrability of the
sequence f, (obtained by estimate (2.16) and the convergence a.e. of Lf,S to L?, in
order to obtain the convergence of the first term of (2.39) to 0.

As announced before, we can now pass to the limit in Eq. (2.20) and obtain
the first part of Theorem 2.1.

In order to prove the second part of Theorem 2.1, we observe that if assumption
(2.6) holds, then Theorem A.2 (cf. Appendix A) ensures the existence of Cy3 > 0
such that
J o) (1+1077) dv < Cys (2.41)
vER
(note that C,3 does not depend on n).

But estimates (2.18), (2.20) and (2.21) imply for a.e. ¢ = 0 the convergence of

Joer fn(t:0) x (0)dv to [ _p f(1,0) x (v)dv when y € C2(R,).
Therefore, for all R > 0, > 0,

[ ftv) (1 + W") dv < Cys. (2.42)

ol <R

Then, estimate (2.7) holds because of Fatou’s lemma.
Finally, we prove the conservation of mass (2.5). We observe that for some
function yz € C*(R,) such that Supp (yz) C [-R — 1,R + 1],

J f(v)ydv— [ fo(v)dv| < % J {f,,(t,v)—i—f(z‘,v)}|v|2 dv
vER 2€R [o|ZR
+ f]RXR(U){fn(I,U) — f(tv)}do, (243)
ve

for any R > 0. But according to the properties used in the proof of estimate (2.42),
estimate (2.43) ensures that the conservation of mass (2.5) holds.

In the same way, we can see that under assumption (2.6) with p = 2, the
conservation of energy (2.8) holds.

3. Regularization Properties When All Polynomial Moments are
Initially Bounded
This section is devoted to the proof of the following theorem:

Theorem 3.1. Let fo = 0 be an initial datum such that for all p € N, there exists
Cs1(p) > 0 satisfying

J Fo(w) (1 + [o|? + |log fo(w)}) dv < C3.1(p), (3.1)
vER

and let § = 0 be a cross section satisfying estimate (2.2).



Regularizing Properties of Non-cut-off Kac Equation 427

Then, if f(t,v) is a nonnegative solution of Eq. (1.18), (1.19), (2.2) in the
sense of Eq. (2.3) with initial datum [y, we have for all { > 0 and all ¢ € N:

f(t,v) € L([£, +oo[;; C1(R,)) (3.2)
or in abridged form,
S(t;v) € L=(]0, +o00[r; CZ(R,)) - (3.3)

Proof of Theorem 3.1. According to Theorem 2.1, we know that for all p € N,
there exists Cso(p) > 0 satisfying

Vie[0,4ool, [ () (1+[o]") dv < Cra(p). (34)
veER

Therefore, the Fourier transform

f,& = [ e ™ f(t,v)dv (3.5)

vER

of f is such that for all p € N,
o?
2L 0| 5 Cuatp). (6)
ocr
But v — e~ lies in W>>(R,), and therefore it is possible to use Eq. (2.3).

Then, a simple calculation leads to the following equation for the Fourier trans-
form of f-:

f(t &)= f {/(,€ cos B)F(1,¢ sin 8) = f(1,0)/(1,O)} p(i6))d6 . (3.7)

0=—n

Note that this equation is used in [G], and that it also appeared in [De 1], though
for the Laplace transform of f. We rewrite it under the form

f(t =5 f {/(t,€ sin 8) +1(t,~¢& sin 0) — 2/ (1,0)} B(ODNAOf (1, )

0——1[

+ [ LAE cos 8) —f(, )} F(4.€ sin 0) B10))d8 . 338)

O=—mn

We now use the notations

a(t,&) =~ f {f(t ¢ sin 0) +f(1,—¢ sin 0) — 2/ (s, 0)} p(|6)H 4o, (3.9)
0~77t
and .
b(t,E) = [ {f(t& cos ) — f(L,O}/ (£, sin 0) B(|0])d0 . (3.10)
=—m
Therefore,
of

—(z &) = —af(t, E)f(t Y+ b1, 3.11D)
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and
N N —}a(r,é d T t ——}a(v:,é)dr
F8)=/(0,&)e 0 + [b(s,&)e * ds . (3.12)
0
But
f(t, & sin 0) +f(z,—¢ sin 0) — 2f(1,0) < 0, (3.13)

because f = 0. Therefore, a(z, &) is real and

at8) 2 & | {2/60) =1 sin 6)— 6 sin0)} fUODAE . (3.14)

Ny |

6=

™A

Then, we make the change of variables

u=1|¢ sin 6. (3.15)
We get
a(t,8) = 1 'f | {2/(,0) —f(r,u)—f(r,-w}ﬂ(arcsin IEI> B
2uie AENISTT
(3.16)
But for any x € [0, 7],
B(x) = Bolx| ™", (3.17)
and therefore
4] . R . —a
a8y 2 P T 0700y~ fiw) — fl -y |
4 T & 1¢

1 X )
E%Iél“‘l J 2F@0)—fu) —ft,~w)} ju] "du.  (3.18)

u=—[¢|

And since

R . . ) 1 aZf
2/(0) = f(tu) — [, ~u) = —uf _fl(l - 1V|)a—62(f,w)dr

)s
= —|uf fl (1 — |r])%e (%(z,@) dr, (3.19)

r=—1

we get

r=—1

4 27
a(t, &) = %M[“_l f ||~ fl (1 —1lr])%e (———Zé(t,ru)) drdu . (3.20)
u=—|¢|

But X
2
—0—]—((1«‘,0) = [ f@o)lofdv, (3.21)

aéz reER
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and estimate (2.8) ensures that

O
—6—52(1,0): [ fo)pl*dv, (3.22)
veER
Moreover, if we denote
E= [ fo)f’dv, (323)
vER

we get (thanks to estimate (3.6)), that for any # such that
{3.24)

the estimate
R L] = E (3.25)
Re 55 M) = 2 .
holds. But estimates (3.20) and (3.24) ensure that
inf(|¢l, o 2r5y)

atd)z Bmer T a

ui~inf(|ii,53€—(3~))

Bo 1y o
WEKI (mf <|£| G (3))) . (3.26)

Therefore, there exists C33 > 0, C34 > 0, such that when |¢| = Cya,7 = 0,

a(t,&) = Cyqlé*™". (3.27)
We will now use Eq. (3.12) and estimate (3.27) to prove Theorem 3.1 by induction.

Lemma 3. We make the assumptions of Theorem 3.1. We suppose moreover that
there exists 6 = 0 such that for all t; > 0,e; > 0, we can find Css(c1,1) > 0
satisfying

Css(en)

VEER, sup|f(s, &) < . (328
sup = T )
Then, for all t; > 0, &1 > 0, we can find Cs¢(e1,t1) > 0 satisfying
A Csoler, t
VEER, sup|f(s,9) < % (3.29)
s21 1 + |§’ +T—El

Proof of Lemma 3. We fix t; > 0,e; > 0. According to Eq. (3.12), for any ¢ = 1,,

— a(rf)dr
f(6,6) =f(0,0)e o

521— — j{a(r,g') - fa(‘r Edt
+ (s, O)e s ds + fb(s Ee s ds . (3.30)
0

2
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Therefore, estimate (3.27) ensures that for any ¢ = 7, |¢| = C33,

~ ~ o t z|0—
401 S 1/0.0e” 5™ 4 sup Zfp(s, e 4"

sE[O,%]
+ sup |b(s, f)ife (t=5)C34l41"™" g (3.31)
s>21 2

But for all s € [0, +oo[, ¢ € IR,

[ {(s:¢ cos 0) —f(s, &)}/ (s,¢ sin 6) B(160])d0

f=—mn

|b(s, ) =

f E( cos 0 — 1) f (s &+ ul(cos 6 — 1)duf(s, ¢ sin 8) B(|6])do

=—m

< C3(2) C32(0) Caa(1) [£] (3.32)
Therefore, estimate (3.31) implies that for any ¢ = #,|¢| = Cs3,

1f(6,6)] < C3a(0)eS48 ™ 02.3(2>ca.2<0)cg.z<1>511£|e“‘344%'5'“"1

b
+ sup BLCIIIN éa)Jl i (3.33)
szl Cs4l¢|

According to assumption (3.28), we have for all £ > 0,

/ | C3.5(55t%)
VEe R, supl|f(s,)] = —=.
o2l 1+ |g

Therefore, using Corollary B.3 of Appendix B and assumption (3.1), there exists
for all £ > 0 a strictly positive constant Cs (e, ;) such that

Cs(e, 1)
1 + |é|6_6

(3.34)

Y ER, sup /6,6 < (3.35)

31
s 5

We now compute (for all |¢] = Ci3,e > 0),

f {f(5.€ cos 8) —f(s,O)} (s, sin 0) f(|0])d0

f=—n

sup [b(s, O)] = sup

q >1
§Z 5 sZ

= sup f |/ (5, ¢ cos 6) = /s, 5)‘1 ¢ +E)|fi T +E| cos 0 — 1’7 e

t
s= I 9*—1

1 .
f é(s,é—kué( cos 0 — 1)) du Lf (s, & sin 0)|B(]0))d0
u=0
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+sup [ |F(s,€ cos 0) —f(s,6)| | f(s, & sin 6)|(6])d0

+sup [ |f(s, € cos B) — f(s, )| (s, € sin 0)IB(|0])dO . (3.36)

We now use estimates (3.34), (3.35) and resume the computation (for all |¢] =
C34335 > 0)5

sup [b(s. )| < 2C53(x 1 4 26)[E T Gy 0(0)

3]
s>2

x—1

; 1—(“7_1+6) 5 te
y Css(e, 3) C31(e, 1) )
L+ g2 L (27

T\ % C3.5(€> %) 3n - C3.5(€> %)
+2B1 () C3200) ——F=5— 4261 | — C32(0) ———5—
(4) I+ [ 4 L4 el

a—1

el < f 1 £ 2(:;1 c
< 26T 0027 (Gs (=) (Caaen) T

F0s (23)

a—1
< Gigle,n))é] 7 70 (3.37)

+41(5) G2

for some strictly positive constant Csg(e, #).
We now use estimate (3.37) to precise estimate (3.33). We get for all ¢ =
t, ¢l Z Css,6 > 0,

A ro— a—1
£ (50| < Caap(0)e=Coanlel™ +023(2)632(0)032(1>~|g|e*cﬂ4 i

n Cs, 8(6 fl)la— 15—}—25. (3.38)

Taking ¢ = —Ezi, we get some strictly positive constant Cy¢(£q,7;) such that when

t = t1,]¢ is large enough,

1/(2,6)] £ Croler,n))é|” T 2+ (3.39)

Finally, using estimate (3.6) for p = 0, we obtain estimate (3.29).

We now come back to the proof of Theorem 3.1. We already know (because
of estimate (3.6) when p = 0) that assumption (3.28) holds when 6 = 0. Lemma 3
clearly implies by induction that for any 7 > 0,q = 0, there exists a strictly positive
constant C;19(Z,q) such that

A Ci.10(2,
vEeR, suplfro) < LD (3.40)
t2f 1+ |£|
Using now the Sobolev inequalities (or more simply the fact that H°(R) =
C*(IR)), we get Theorem 3.1.
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4. Regularization Properties when Some Polynomial Moments are
Initially Bounded

We extend in this section the results of Sect. 3 when assumption (3.1) does not
hold any more.

Theorem 4.1. Let fo = 0 be an initial datum such that

FreN,r=2,Ci >0, [ fo(v)(1+ o] +|log fo(v)])dv < Ca1,  (41)
vER

and let f = 0 satisfy (22). Then, if f(t,v) is a nonnegative solution of Eq.
(1.18), (1.19), (2.2) in the sense of Eq. (2.3) with initial datum fo, we have
forallt > 0 and all ¢ > 0:

F(t,0) € L®([F, +ooli; HY "175(R,)) . (4.2)

Corollary 4.2. In particular, under the assumptions of Theorem 4.1, we have for
allt > 0 and all € > 0O:

f(t,v) € L=([7, 400l C* > 74(R,)) - (4.3)

Proof of Theorem 4.1. Corollary 4.2 is a straightforward consequence of Theorem
4.1 and of classical Sobolev inequalities (cf. [B]).

We now prove Theorem 4.1. We use the same strategy as in Theorem 3.1.
Estimates (3.4) and (3.6) still hold, but only for p < 2r. Moreover, Eq. (3.9),
(3.10), (3.12) also hold, and lead to estimate (3.27) as in Theorem 3.1.

However, Lemma 3 is changed in the following way:

Lemma 4. We make the assumptions of Theorem 4.1. We suppose moreover that
there exists 0 = 0 such that for all t; > 0,2, > 0, we can find Cyp(e1,1;) satis-

Sying

A Caa(e1,11)
Ve R, su S, L —" 4.4
ceR sl il = g (44)
Then, for all t; > 0,e1 > 0, we can find Cs3(e1,8) satisfying
A Cya(eg,t
VEER, suplf(s,d) < caled) (4.5)
524 14 [EPU-57T H 7T =

Proof of Lemma 4. We fix 1 > 0,7 > 0. It is clear that estimate (3.33) still
holds. However, using Theorem B.2 of Appendix B, we only get for all ¢ > 0 a
strictly positive constant Cy4(g, ) such that

A

af
5—6 s5,8)

C4.4(€5 tl )

lA—L a—1

VEER, su po
C p 1—|—|f|5{ e e

t
>l
S22

=

(4.6)




Regularizing Properties of Non-cut-off Kac Equation 433

Then, we note that estimate (3.36) still holds, but estimate (3.37) becomes (for all
|£| ~_>— C3.358 > 0)5

x—1 ,
sup |b(s, &)| < 2Co3(a — 1 +26)|€]77 T2 C32(0)

szl

=2
1—(“—_l+e) 2-le
y c4.z<e,%)> ’ ( Caale, ) )2
I |2 L+ |22

+25 (E>_a C3,2(0)~9M— + 25 (3_77:)— C3.2(0)M_.

4 L | 4 o e
< Cus(e,n)|E|FHOIHT 3105 (4.7)

for some strictly positive constant Cys(e, ;).
Then, estimate (3.28) becomes for all |&] = Cs3,e > 0,

n c|o— t Elo—
()] < Coa(@)e 41 4 o3 (2)C32(0)C2(1) 5 [ele™ 343 47

. C4‘56Ei"t1)l£|—°(2;1—5{1‘a74%}+(2+2ﬁ;)5, (4.8)

Taking € = &; (2+ 2) ' we get some strictly positive constant Cy (e, ;) such that
when ¢ 2 7, |¢| is large enough,

N a—1 a—1 1 -

f@ O] £ Cagle,r)lel =7 Uzt (4.9)
Then, Lemma 4 is obtained exactly as Lemma 3.

We now come back to the proof of Theorem 4.1. We already know that assump-
tion (4.4) of Lemma 4 holds when 6 = 0. Moreover, using Lemma 4 by induction,
we can see that for all 4 > 0,27 > 0,n € N, there exists a strictly positive constant
Cs7(e1,4,n) such that

2 Cy7(e1,11,1)
V¢ eR, LE)| £ ————, 4.10
: 71Ol < T (4.10)
where (5, )nen is the sequence defined by
So=0, (4.11)
a—11 o—1
(3n+1 = 5,, {1 - 3 Z} + ) . (412)

But this sequence is strictly increasing and converges to 2r. Therefore for all £ >
0,7 > 0, there exists Cyg(e,f) such that

R C f
VEER, suplf(s o) < 8D (.13)
szt I+ |€| i
Finally, estimate (4.13) ensures that
f € L¥([f, +ools HY 175(R,)) (4.14)

and Theorem 4.1 is proved.
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Appendix A: Standard Properties of the Classical Kac Equation

We prove in this appendix some classical facts about the spatially homogeneous
Kac equation, and present some others that can easily be deduced from the theory
of the Boltzmann equation (cf. [A 1]).

Theorem A.l. Let fo = 0 be an initial datum such that
I fo@) (1 + [vf*) dv < 4. (A1)
vER

Then, there exists a unique nonnegative solution f(t,v) of Eq. (1.18), (1.19) in
L>°([0, +ool;, LY(R,, (1 + |v]*)dv)) with initial datum fq as soon as the cross sec-
tion B in (1.19) belongs to L>([0, r]).

This solution satisfies the conservation of mass and energy for all t = 0:

[ favydv= [ fo(vydo, (A2)
vER vER
[ f@o)olfdo= [ fo(v)oldv. (A3)
vER vER

Proof of Theorem A.l. We introduce the sequence ( f,(%,0))nen, defined by
So(t,v) = fo(v), (A4)

FanW0) = fo@+ [ [ T Ufals ") fuls, )

s=0vx€R §=—7n

= [u1(8,0) 1 (5,0} B(10]) dOdv.ds (A.5)

and present a proof of existence in the Cauchy—Lipschitz style.
Note that it is easy to obtain (by induction) the conservation of mass and energy

for £

[ faltv)ydo= [ fo(v)dv, (A.6)
vER vER
J Fago)oPdo= [ fo()vfd. (A7)
vER veR

Therefore, it is possible to write explicitly f,.1 as a function of f,, and the se-
quence (A4), (A.5) is well defined. It is also clear that f, = 0.
Then, we define for all n € N*,
un() = [ 1 fa(t0) = fao1(60)(1 + o) dv . (A.8)
veER
We get

t

up1(t) = f f f I (s, v*)lfn(s,v) - fn—l(S,U)l

s=0 p€R vx €R

X { f (1 + |v]? cos? 0 + |v,|* sin® 9) ﬁ(l(9|)d9}dvdv*ds
f=—n

i

+f f f P (0 (8,06 ) = 108 04))

s=0 vER v ER
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X { J (1 + [v]? cos? 0 + |v,|? sin® 9> ﬁ(|0|)d9}dudv*ds
f=—n

!

+ [ S el vl S (s,0) = fals, )|

s=0vcR vx€R

x (1+ |v|2){ } ,B(|9|)d0}dudv*ds

f=—mn

+ f f f fn(S,U)|fn+1(S,U*)"'fn(S,U*)|

s=0 vER v €ER

< (L+1oP) [ {B(10)d0}dudo.ds

0=—mn

< Cat [ {un(s) + i1 (5)}ds (A.9)

s=0

for some strictly positive constant C, ;. Moreover, we can prove in the same way
that for all 1 = 0,
ui(t) = Cyof, (A.10)

where Cy, > 0.
But estimate (A.9) ensures that (when ¢ € [0,T],n = 1),

t
tns1(1) < (Cay + C51Te“41T) [ u,(s)ds . (A.11)
5=0

Therefore, for all T > 0,5 € [0,T],n = 1,

n—1 §"

Uun(s) £ (Cyqq + C3,Te11T) "

Cyz - (A12)
This estimate ensures that the sequence (f,).en satisfies the Cauchy property in
L2 ([0, +0ol;, LY(R,, (1 + |v[*)dv)). Its limit f clearly satisfies Eq. (1.18), (1.19).
Moreover, f = 0 and the conservation of mass and energy f € L>°([0, +oo[;, L'(R,,
(1 + [o]2)dv)).

The uniqueness of such a solution is then directly obtained by a Cauchy—
Lipschitz type argument.

We now consider the polynomial moments of the solution of the spatially ho-
mogeneous Kac equation.

Theorem A.2. Let fo = 0 be an initial datum such that

I fo@) (1 + Jvf* + |log fo(v)]) dv < +oo . (A.13)
vER

Then, for all t =z s = 0, the unique nonnegative solution f(t,v) of Eq. (1.18),
(1.19) with initial datum fo (when the cross section B in (1.19) belongs to
L]0, 7])) satisfies

[ f@v)log f(t,v)dv < [ f(s,v)log f(s,v)dv
vER veR

I fo(v)log fo(v)dv < +oc. (A.14)
vER

IIA
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Moreover, if

FIreN, [ fo)(1+f")dv < +o0, (A.15)
vER

there exists Cq3 > 0 (independent of ) such that for all t = 0:

J 7o) (1+ o) dv < Cys. (A.16)
vER

Proof of Theorem A.2. For estimate (A.14), we refer to [A 1], where it is proved
for the Boltzmann equation (for example for Maxwellian molecules with an angular
cut-off).

We now prove estimate (A.16) in the case where ¥ = 2. We can write

[ f@o)pl'dv= [ [ fn (lvcos @ — v, sin O]* — [v]*)

0
ot er VER v, ER =7

x f(&v)f (v )B(0]) dbdv.dv

T

= [ {cos*+sin* 0 —1}p(10))d0 [ f(t,v)|v|*dv [ f(t,v)dv

0=—n vER pER

f=—n

+6 [ cosOsin? 65(|6|)d0( I f(t,v)|v|2dv>
vER

f=—n veER vER

:{ fn coszﬁsinZHﬁ(|9|)d6}{—2ff(t,v)|v|4dvff(t,v)du

2
+6<f f(t,v)|v|2dv> } (A.17)

€R

Therefore, a simple application of the maximum principle yields

212
[ ftv)|vl*dv < sup< J fo(v)|v|4a?u,3(f"E]R S0l dv) ) . (A18)

veER vER fve]R(t:U)dU

Finally, when » > 2, the same kind of computation can be done. Note that a
rigorous proof is given in the case of the Boltzmann equation with Maxwellian
molecules in [Tr].

Appendix B: Interpolation Between Derivatives
We give here for the sake of completeness the proof of some classical results used
in Sect. 2, 3 and 4.

Theorem B.1. Let f lie in C*(R) and satisfy
1. There exists Czy > 0,00 > 0, such that

Cg.
1+ x|

VxeR, |f(x)| = (B.1)
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2. There exists Cgy > 0, such that

VreR, |f"()] £ Cpa- (B2)

/8 Cp1Ch2
R d < —_— B3
Vx S > |f (x)| = 1 + |xI“ ( )

Proof of Theorem B.1. Suppose that

8 Cp.1Ch2
! —_— B4
[f(x0) > \/ T+ o] (B4)
Then, because of estimate (B.2), for all ¢ € [0, 1],

2 CB.I 2 CB.ICB.2
Nxo+tsgn (xg)y | ——————— | — )| € 4/ 222222 B.5
! (0 ¢ (O)\/ CB.2(1+|x0|“)> Sl = \ 1+ Ixol” (B:3)

2 Cp 2Cp1Cp2

" xo + ¢ sgn (x — =4 /= B.6
]f ( 0 gn (x0)1 Coal +|x0|°‘)>] =Y T ool (B.6)

Then,

But estimate (B.5) ensures that

Therefore,
I=\f <xo + sgn mWﬁW) — f(x0)
> 12+C;O‘| . (B.7)
But
I = sf <x0+ sgn (m)ﬂmﬁgm) + 1/ (xo))]
]2+C|i01| . (B.8)

Thus, we get a contradiction and conclude that Theorem B.1 holds.

Theorem B.2. Let p € N, p = 2, and f lie in CP(R). If f satisfies the following
properties:

1. There exists Cps > 0,00 > 0, such that
Cp3

Vx € R, < .
x 7O S T

(B.9)

2. There exists Cpy > 0, such that

Vge(l,pl¥x e R, |[fO)| £ Cpa. (B.10)
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Then, for all € > 0, there exists Cps(g) > 0, such that

C
weR, |f s —2E
1+ ’x|a(1—1—,)+5

(B.11)

Proof of Theorem B.2. We use Theorem B.1 and give a proof by induction. We
know that if there exists Czs > 0 and a finite sequence (u4)qe0,) such that for all

q €10, p],

Cgs
xeR, [fP) < 12
xeR, 00| S (B.12)
then there exists Cp7 > 0 such that for all ¢ € [0, p],
Cp
xR, |f9%) < , 13
x € If )] = 5 ] (B.13)
where .
vo=a Vie[l,p—1Lvu= 5(”1‘—1 +uip1), v,=0. (B.14)
Therefore, we define by induction the sequence
7'0(0):0(, Vie [Lp]?ri(o):()a (Bls)

and

roln+ D) =a Vie[l,p—1rn+1)= %(r,-_l(n) +rip1(n)), rp(n+1)=0.

(B.16)
It is clear that for all n € N, there exists Cpg(n) > 0, such that for all g € [0, p],
Cps(n)
(@) < B8N
VxeR, |f'Y%) = T e (B.17)
But for all i € [0, p], the sequence (ri(n)),cn tends towards r;, where
1
o = o, Vie[lap_l]srizz(ri—l—i_ri-ﬁ—l): rp:()- (Blg)
Therefore,
1
r = (1 — —) o, (B.19)
r
which yields Theorem B.2.
Finally, using Theorem B.2 by induction, we get the
Corollary B.3. Let f lie in C*°(R) and satisfy:
1. There exists Cgg > 0,00 > 0, such that
Cpo
< . B.20
weR, |10l S (B20)

2. For all g € N there exists Cgio(q) > 0, such that
VxR, |f@x) £ Cpiolg) - (B21)



Regularizing Properties of Non-cut-off Kac Equation 439

Then, for all ¢ > 0, there exists Cg11(e) > 0, such that

Cps(e)

xeR, [f(x) < TF e

(B22)

Appendix C: The Case of the Radially Symmetric 2D Boltzmann Equation
with Maxwellian Molecules

We consider now the radially symmetric solutions of the 2D spatially homogeneous
Boltzmann equation with Maxwellian molecules (Note that one can prove the ex-
istence of such solutions exactly as in Sect. 2, provided of course that the initial
datum is radially symmetric). The corresponding Boltzmann kernel can be written

o= J | {761y~ f@)7w)}b(6)sin0d6av, ,  (C1)

Ux €R? f=—=
with
R N U — Uy
= R 2
o= R (P, (€2)
, U+ U — Uy
= —_ R .
=R (U5 (©3)
We suppose moreover that b satisfies
sin 6 b(|0|) ~ K|0]|77 (C4)

for some K > 0 when 6 — 0 (this is the non-cut—off case) and that & is regular
outside 0.

Using the fact that f is radially symmetric, one can recast the kemel O under
the form:

2N W= [ f{ ( +Re(2)+2—*+R9—n(vf))

v+ €ER2 O0=—x

7 (G+Roa(5)+5 S+R (5)) - S0/ }b(}Q])sin@dev*

- ] f(RQ(v)COS (9)+Rg_ﬂ<v*)sm (?_))
vx€ERZ2 9=—= 2 2 22 2

f (Rg_%(v)sm (g) +Re(v*)cos (2)) ~f(v)f(v*)}b(|9|)sin@d@dv*
L@ () o ren(2)

- f(u)f(v*)}b(|0|)sin()d@dv* . (C.5)
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Thus, we can see that the equation is very similar to the Kac equation. The main
difference is simply that now v is in R? instead of R. It is then possible to prove
all the theorems of the previous sections with exactly the same proof.

Note however that for the 3D radially symmetric solutions of the spatially ho-
mogeneous Boltzmann equation with Maxwellian molecules, the analogy with the
Kac equation is not so clear. This case shall be discussed in a future work.

Acknowledgement. 1 would like to thank Professor Golse for his valuable remark during the
preparation of this work.
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